NONLOCAL LAGRANGE MULTIPLIERS AND TRANSPORT DENSITIES

ASSIS AZEVEDO, JOSE FRANCISCO RODRIGUES, AND LISA SANTOS

ABsTRACT. We prove the existence of generalised solutions of the Monge-Kantorovich equations
with fractional s-gradient constraint, 0 < s < 1, associated to a general, possibly degenerate,

linear fractional operator of the type,
L*u=—-D*- (AD*u+ bu) +d- D*u + cu,

with integrable data, in the space Ay (Q2), which is the completion of the set of smooth functions
with compact support in a bounded domain 2 for the LP-norm of the distributional Riesz
fractional gradient D*® in R? (when s = 1, D' = D is the classical gradient). The transport
densities arise as generalised Lagrange multipliers in the dual space of L™ (]Rd) and are associated
to the variational inequalities of the corresponding transport potentials under the constraint
|D*u| < g. Their existence is shown by approximating the variational inequality through a
penalisation of the constraint and nonlinear regularisation of the linear operator .Z*u. For this
purpose, we also develop some relevant properties of the spaces Ag””(€2), including the limit case
p = oo and the continuous embeddings A;9(Q2) C AFP(R2), for 1 < p < ¢ < co. We also show
the localisation of the nonlocal problems (0 < s < 1), to the local limit problem with classical
gradient constraint when s — 1, for which most results are also new for a general, possibly
degenerate, partial differential operator .#*u only with integrable coefficients and bounded

gradient constraint.

1. INTRODUCTION

In a bounded open set  of R?, consider the model problem for the pair of functions (u, \),
(1.1) —D-((6+XN)Du)=f inQ, u=0 ondQ
(1.2) Dul <1, A>0, A|Du|—1)=0 inQ,

where § > 0 is a constant, D denotes the gradient, D- denotes the divergence and f = f(z) is a

given function.
For § > 0, the problem (1.1)-(1.2]), being equivalent to minimise the functional

(1.3) qu/Sleu\Q—/ﬂfu

in the convex subset of H{ () subjected to the constraint [Du| < 1 in €2, is well-known to model
the elastoplastic torsion of a cylindric bar of cross section €2, where A is the respective Lagrange
multiplier. In 1972, Breézis [10] has shown that, if f = const > 0 and 2 is simply connected,

A € L*™(Q) is unique and even continuous if €2 is convex. This was partially extended to more
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general strictly convex functionals than (1.3)), by Chiado Piat and Percivale [13], for f € LP((),
p > d, obtaining a solution u in C**(Q), a =1 — % and \ as a positive Radon measure (see the
survey [26], for references and more results).

In the degenerate case § = 0, f are usually called the Monge-Kantorovich equations,
as they appear in a classical mass transfer problem [I8], where v and A represent the transport
potential and density, respectively. This is the dual problem of with 0 = 0 over all Lipschitz
continuous functions with |Du| < 1 and vanishing on 0€2. This same problem also arises in shape
optimization [7], in the equilibrium configurations [6] and in the time discretisation of the growing
sandpile problem [17].

In general, and specially in the case 6 = 0 with more general gradients thresholds, the main
difficulty in studying (1.1)—(1.2) is the non-regularity of the flux, since Du is just bounded and
it can not be multiplied by A, whenever this is a Radon measure. Several approaches have been
proposed, by relaxing the Monge-Kantorovich problem (see [7], [19] or [g]).

A different and more direct approach was proposed by [4] to solve (L.I)-(1.2) with § > 0,
f € L?(Q) and a variable general constraint |Du| < g € L*>(Q), with g > 0, by proving the
existence of a pair (u, \) € WH°(Q) x L>*(Q)’. The generalised Lagrange multiplier A being a
charge, i.e., an element of L*°(Q)’, allows to interpret the equation in a duality sense and
the second and third conditions of (with 1 replaced by g) in the dual space L>°(2)".

Recently, this charges approach was extended in [3] to a class of coercive nonlocal problems

considered in [26] with fractional gradient constraint of the type
(1.4) |D°ul <g, 0<s<1,

where D? is the distributional fractional Riesz gradient. The fractional s-gradient D® has been
recently studied by several authors [28], [29], [14], [15]. It may be defined via smooth functions
C>®(R%) by the convolution of the classical gradient with the Riesz kernel I, i.e., D%u =
Ii_s % Du = D(I1_s * u), with the nice properties (—A)%u = —D* - (D%u) and

(1.5) /R uD* € = —/Rd Dlu-g, VEeCERYY

where D?- denotes the s-divergence and (—A)® the fractional s-Laplacian. For smooth functions
with compact support D?® can also be equivalently defined by a vector-valued fractional singular
integral, which satisfies elementary physical requirements, such as translational and rotational in-
variances, homogeneity of degree s under isotropic scaling and certain basic continuity properties
[29], in order to model long-range forces and nonlocal effects in continuum mechanics.

Another important property of D? is due to the fact that the Riesz kernel I1_¢ approaches
the identity operator as s — 1, which implies that D*u — Du in LP-spaces, provided Du €
LP(RY) = LP(RY)? (see Section [2| for details). However it should be noted that even when u has
compact support in R? and D%u makes sense as a p-integrable function, in general, D%u has not

compact support in contrast with Du = D!u.
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Here we shall be concerned with the more general fractional Monge-Kantorovich-type problem

for a function u, satisfying « = 0 in R?\ ©, and a charge ), such that
(1.6)5 L°u—D*- (AD°u)=f—-D°- f
(1.7)s |D°ul <gs, A>0 and A(|D%u|—gs)=0.

For a bounded positive threshold g, the first condition in |(1.7),| holds a.e. z € R?, for
0 < s <1,and a.e. in Q, for s = 1, while the second and third ones are interpreted in L (R?)
and in L*>(Q)’, respectively.

The equation must be interpreted in an appropriate functional space duality with the
bilinear form associated to a linear operator for 0 < s < 1, possibly degenerate, in the general

form:
(1.8)5 ZL*u=—-D%- (AD’u+bu) +d- D*u+ cu,

where the nonnegative matrix A = A(z) has integrable coefficients, which may degenerate or
even vanish completely, the vector fields b and d, as well as the function ¢ and the given data f
and f are also merely integrable in the case of bounded gs, even in the classical local case s = 1.

The fractional setting for the homogeneous Dirichlet condition is considered within the func-

tional framework of the following family of Banach spaces
(1.9) AFH Q) CAGP(Q), 1<p<g<oo, 0<s<1,

where AS’Q(Q) are the usual fractional Sobolev spaces H§(€2) and the limit case s = 1 corresponds
to the usual Sobolev spaces HE(Q) and Wol’p(Q) if p#2. For 1 <p < oo, AgP(Q) is the closure
of C5°(2) for the norm [|[D*ul| pp(ray (see Section .

We observe that, for p # 2, 0 < s < 1, the Lions-Caldéron spaces Aj*(Q) are different from
the Sobolev-Slobodeckij spaces W*(€), although they are contiguous (see [1, p 219] or [12]),
ie.

AT S WEPO) S ATN@), 55250, 1<p<oo, pA2

The paper is organised as follows: in Section [2] we develop the required functional framework
for the Riesz fractional derivatives and we recall and prove some interesting properties of the
spaces AjP (), including (1.9); in Section [3| we precise the assumptions on %, which may be
a degenerate operator, and we prove the existence of a solution to the corresponding pseudo-
monotone variational inequality with the convex set of the s-gradient constraint in H3()
and in Ag>°(Q) for nonnegative threshold g € L2 (R?) and g € L2 (RY), respectively. We
also give sufficient conditions for the operator .Z° to be strictly coercive in H§(f2) and, as a
consequence, we extend the strong continuous dependence (and the uniqueness) of the transport
potential u with respect to the data, including the continuous dependence on the s-gradient
thresholds.

Our main results are in Section [ where we prove the existence of a generalised transport

potential-density pair solving the Monge-Kantorovich equations |(1.6)4 and |(1.7) under rather
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general conditions on the operator .#*, including the L' integrability of its coefficients. The proof
is based on a new generalised weak continuous dependence on the pair (u, ) with respect not
only on the coefficients of .#° and on the data f, f (in L') but also on the threshold g (in L>)
and on the solvability and a priori estimates of a suitable family of approximation problems in
the space Aj?(Q), for a large finite ¢, with a penalisation of the s-gradient and with a nonlinear
regularisation of g-power type of the possible degenerate operator .Z°. Finally in Section
we extend the weak convergence on the generalised localisation of the transport potentials and
densities as the fractional parameter s — 1, improving the result of [3]. In Sections 4 and 5, we

work with generalised sequences, also called nets, see for instance [20].

2. THE FUNCTIONAL FRAMEWORK

Following [28] we recall that the fractional gradient of order s € (0,1), denoted by D® =
(Df, e ,Dfl), may be defined in the distributional sense by

D*u = D(I1_u)

for any function u € LP(R%), 1 < p < oo, such that the Riesz potential I;_ju = I, *u is locally

integrable, i.e., foreach i =1,...,d:
(2.1) (Dju,p) = —(I1_s xu, Dip) = /Rd(fl_s xu)D;p, Yo € C°(RY).
The Riesz kernel of order a € (0,1), for z € R%\ {0}, is given by
Lo(w) = 2 with g0 = ﬁ
|z]d=e T rE2eT(9)

and it satisfies the following well-known properties which proof is reproduced for completeness.
We fix the notation B(z,r) for the open ball centered at z € R? and radius r > 0.

Lemma 2.1. Let I, be the Riesz kernel, 0 < a < 1, p € (1,00) and R > 0. Then, denoting by
041 the surface area of the unit sphere in R%, we have:

(1) MallLr(Bo,r) = oa-1722R%;

7 ap—d
(i) If ap < d then ||l e\ 5o, r)) = Vda (Ud—ldp:;ZJ)p R v .

As a consequence iu_r}%] I allL1(B0,R)) = 1 and ili)% ol 1o g\ B0, R)) = O-

Proof. We start by noticing that, if b # d, 0 < Ry < Re < 400, then

1 Ry d—b d—b
/ - O'd—l/ S [Rz R ]
B(0,R2)\B(0,R,) |Z] R d—b d—b

Considering first b = d — a, Ry = R and Ry = 0 we obtain (i). Then choosing b = (d — a) 5,

R; = R we obtain (ii) by letting Re — oo and noticing that ap < d or equivalently d — b < 0.

Since
G IS G-l IS ) B

a—0 « a—0 7'&'%20‘+1%F(%) a—0 W%2a+1r(% + 1) 2

lim Jdo _ lim



the conclusions follows. O

As a consequence, the Riesz kernel is an approximation of the identity, and it was observed
by Kurokawa [21], in the sense that

Ioxf— f, asa—0,

for instance, in LP(R?), if f € LP(R?) N LY(RY), 1 < ¢ < p or pointwise at each point x of the
Lebesgue set of f € LP(RY), 1 < p < co. In particular, if Du € LP(RY) N LY(RY), with 1 < ¢ < p,
as observed in [26], we have D®u - Du in LP(R?). We shall need the following stronger result
which is also a consequence of this observation (see also Proposition 2.10 of [21] for the pointwise

convergence).
Theorem 2.2. If g € LP(RY) N L¥(RY) NC(RY), for p > 1, is uniformly continuous in R?, then
lim [[1a g = gl oo (ray = 0.
Proof. Let € >0 and 0 < § < 1 be such that
lz—2| <8 = |g(z) —g(z)| <e, Vz,zecRY
Using Lemma [2.1] consider g such that, for 0 < a < ay,

H|IaHL1(B(0,6)) - 1‘ <¢, HIaHLp’(Rd\B(o,(s)) <e.

Then, for all € RY,

Lov @) —9@) = [ L —vdy+ [ Lo - )y - gl
B(0,9) RI\ B(0,5)
- /B(o,a) Ia(y)(9(z —y) — g(x)) dy + g(a:)(/B(oﬁ) Tn(y) dy — 1)

+ / I(y)g(x — y) dy.
R4\ B(0,6)

Hence
[(In % 9)(x) — g(2)] <elllallL1(B0,6)) + 9]l Lo ®a) (IHallL1(B0.5)) — 1)
+ HIaHLp’(Rd\B(o,(s))HQHLP(Rd)
<e? + (gl oo ray + g1l Lo rey)
and the conclusion follows. O

As it was proved in 28] Theorem 1.2], the fractional gradient satisfies
(2.2) D*u=11_sDu=I_s % Du,

at least for functions v € C°(RY), although that proof is equally valid for functions only in
CHR?), see [15, Proposition 2.2]. As a consequence of well-known properties of the Riesz po-
tential, (2.2)) is then also valid for functions u in the usual Sobolev space W1P(R?), 1 < p < oo,
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since Du € LP(R?). In particular, as an immediate consequence of Theorem , we obtain the

uniform approximation of continuous gradients by their fractional gradients.

Corollary 2.3. For w € C}(R?) we have

(2.3) D%w — Dw in L®(R?).

s—1
Remark 2.4. The convergence in (2.3) has been shown with a different proof for functions in
C%(R?) and, if w € WIP(RY), also in LP(R?) for 1 < p < oo, respectively in Proposition 4.4 and
in Theorem 4.11 of [I14]. This property can be seen as a localization of the fractional gradient.

It has also been shown for functions in WP(R%) for 1 < p < oo, in [5, Theorem 3.2].

For smooth functions with compact support, as it was observed in [15], the distributional Riesz
fractional gradient D® can also be defined for 0 < s < 1 by

(2_4) DS’LL(:L‘) — MS/R u(:):) — u(y) -y d

a |z =yl -y

where p1s = (d + s — 1)74,1—s is bounded and lims_,1 ps = 0.
Let Q be a bounded open subset of R? and set

r={zeR?:dx Q) <R}, forR>0.

In this work, for a function u defined in €, we still denote its extension by zero to R? by u.
From (2.2) or (2.4)), we see that for a function u € C}(), while Du = 0 in R%\ Q, D%u is in

general different from zero in the whole R?. Nevertheless the following remark holds.

Remark 2.5. For u € C}(Q), from (2.4) we easily obtain

s Hs re)
|D*u(z)| < WHUHU , VzeR\Q,

and, consequently, for all R > 0
lim [ Duf| oo (ger2r) = O-

Now, for u € C°(R?%) and 1 < p < o0, 0 < s < 1, we introduce the norms

1
lullassr = (Nl gty + 1Dl )
and we define the Banach spaces
As,p(Rd) — W” : ||AS’P’

where we recognize AMP(R?) = W1P(R?), as the usual Sobolev spaces.

For 1 < p < oo, in [28] it was proved that A*P(R?) (denoted there as X*P(R?)) is equal to
{u € LP(R?) : u = g, * f, for some f € LP(R?)}, where g, are the Bessel potentials, for s € R,
which were introduced in 1960 by A. Caldéron and J. L. Lions. They are also called Bessel
potential spaces or generalised Sobolev spaces (see [I, p. 219] or [12]). It is worth to recall that
we have ASTEP(R?) — WHP(RY) < AS™5P(RY), if 1 < p < 0o and s > € > 0, where W5P(R%)
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denotes the fractional Sobolev-Slobodeckij spaces. In fact, A*P(R%) = W*P(R?) for nonnegative
integers k or when p = 2 and s > 0, being A®2(R%) = W*2(RY) = H*(R?) Hilbert spaces.
For an open bounded set  C R?, we define the subspace, for 0 < s < 1,

(2.5) APy =@ I < p <

Clearly, considering the smooth functions with compact support trivially extended by zero outside
their support, we have AjP(€2) C AP(R?). We observe that, by definition, for u € AJ?(Q) the
D*y is the limit in LP(R?) of D3u,, for some sequence u, € C(2). Observing that, for
v € C(9), we have

/ e D%u, = —/ unDscp:—/ un(Il_SDgo):—/ (I1—sun)Dep,
Rd Rd R4 Rd

by using Fubini’s Theorem. Letting n — oo, by Hardy-Littlewood-Sobolev’s Theorem (see [30,
Theorem 1, p. 119]), we conclude I1_su, — I;_su in LY(R?), for 1/q = 1/p — (1 — 5)/d, and
consequently D*u = D(I1_su), i.e. D®u is the distributional Riesz fractional gradient of w.

Moreover, in the limit, we may also conclude that u € Ag¥(Q) also satisfies

(2.6) / eD%u = —/ uD?¢, Vo € C°(Q),
R4 R4

giving the distributional nature of D® and corresponding to the definition of weak s-gradient
of [I5]. It is also possible to introduce the subspace S*P(R?) of the LP(R?) functions with
fractional s-gradient in LP(R%)?, which corresponds to the distributional approach of [29] and
[15]. As proved in Appendix A of [I1], C2°(R?) is dense in SP(R?) for 1 < p < oo, and therefore
we have S*P(R%) = A*P(RY), for 0 < s < 1.

Also in [28] it was shown the fractional Sobolev inequality for 1 < p < oo and 0 < s < 1,

(2.7) lull Lo+ ey < Cull D¥ullpogay,  Vu € CE(RY),

dp
d—sp?
if sp = d) and Morrey (p* = oo, if sp > d) inequalities. If sp > d, in the left side of (2.7)), we
d

may take the semi-norm of S-Hélder continuous functions, 0 < = s — >

for a constant Cy > 0, where p* = if sp < d, as well as the fractional Trudinger (p* < oo,

From ([2.7) we obtain a Poincaré inequality
(2.8) [ull zr) < CpllD%ullpo(gay, VYu € AGP(Q),
for some Cj, > 0, and in Aj*”(Q) we shall use the equivalent norm
(2.9) lullazr ) = [I1D°ull Lr (ra)-

We can extend the definition (2.5) for p = co and define

ASX(Q) = {u e () A"(Q):Due LOO(Rd)}.
1<p<oo
The fractional Poincaré inequality (2.8)) can be made more precise with respect to s, 0 < s < 1,

to also include the limit cases p = 1 and p = oo.
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Proposition 2.6. Let Q@ C R? be a bounded open set. Then there exists a constant Cy =
Co(2,d) > 0 such that, for all0 <s <1 and 1 <p < oo,

(2.10) ullLe(o) < %HDSUHLP(]Rd)v Vu € AgP(Q).

Proof. For 1 < p < oo, this is Theorem 2.9 of [5], but the same proof is still valid for p = 1.
Since Cp is independent of p, the case p = oo is obtained by letting p — oo in ([2.10). O

In addition, in a bounded open set  C R satisfying the extension property, it is well known
that AJ?(Q) = W2 (Q) = HE(Q) (see, for instance, [23]).

Although there is no monotone inclusions in p of LP(R?) the following result holds.

Theorem 2.7. Let Q C R? be a bounded open set, p € [1,00) and 0 < s < 1. Then there exists
a positive constant C = (1 + m)C(d, Q), such that, for R > 1,

4o :
211) Joa, 1@ < el o € AE)

As a consequence, the following inclusions hold
(2.12) AJY(Q) CAP(Q), 1<p<qg< oo,
and are continuous, since there exists Cp 4 > 0 such that
(2.13) 1D%ull oty < CogllDulpagueys w € AFIQ).
In addition, C1 4 = %, where E is independent of s, and Cy, 4 ts independent of s, if p > 1.

Proof. 1t is enough to consider u € C°(Q2). If 6(Q) denotes the diameter of Q, consider S =
26(92)+ R and z such that Qr C B(z, S). Consider the annulus A,, = B(z, S+n+1)\B(z, S+n),
for each n € Ny.

Letting wq = |B(0,1)| and ps be as in (2.4), we have

p
p o puepaes [ [
* JRN\B(z,5) RN\ B(z,5) | Ja
oo V4
=Z /A ( /Q ) dy) da
Ju(y)| P
<Z/ (/ n+Ryd+e dy) dx

:i wy [(S—i—n—i—l)d (S+n) ] ” H

(n+R)p(d+s)

n=0



By the Lagrange theorem, there exists v € (n,n + 1) such that (n + 1+ S)¢ — (n + S)¢ =
d(v+ 98)¥ 1 <d(n+1+ 9)? ! and then, as S > 1 and n + R > %(n +.9),

= 1
1 D* P < d (S p(d+s) ntl+s\d »
? Rd\B(z,s)| u(z)Pdz < d (%) wdnzz:o( S ) (n—|-S)(p—1)d+ps+1Hu”Ll(Q)
S \p(d+s) d—1 = 1
<d(§)" " w2ty e A
n=0

S\ P(d+s) d—1 1 > 1 P
<d(p)" wa? wa*/s x@—mmﬂdw]llu!mm

_ a(s\Pld+s) a1 1 1
= a (" ez + ot s |

s\p(d+s)  od—1 1 1 P
<d (F) wa2 (1 + (p—1)d +p8> S(p—1)d+ps HUHLl(Q)

- S d d—1 1 1 p
=d (R) wa2 <1 + (p — 1)d—|—ps> R(—1)d+ps HUHLI(Q)'

On the other hand,
> dx

s D*u(a >|de</ ([ g
* JB(2,5)\Qr (2:9\Qr
/B(z SN\QR < / )

d
<wa(%)" gotrams [l o).

As 2 <14 50(Q) we have

1
2

v/[v5)

. |D*u(z)|Pdx < wy(1+ %5(9))d [d2d‘1 <1 +

1 p
# Jaaap <p_1>d+p> + 1] roarps L)

from where we obtain (2.11]).

For the inclusion (2.12)), by considering R = 1, there exists C such that

/ D () [Pda — / D u(z)|Pdz + / D u()[Pda
Rd R\

< Cpllullf ) + [+ Dl (@)
< C(max u§> Ul + 1901771 D%
< 01||U||7\3,q
by using Poincaré inequality , yielding the conclusion. 0

As in (2.9) we define in A7 (Q) the topology induced by [ullas>= (@) = [I1D*ul| oo (gay, which

is a norm by Poincaré inequality.
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Proposition 2.8. There exists a constant Cp o > 0, which is independent of s € [0,1) for each
o >0, such that (2.13)) holds for ¢ = oo. In particular the inclusion

Ay™(Q) € AGP(Q)
is continuous for all p > 1, and Ay (Q) is a Banach space.

Proof. From Theorem for R > 1 there exists C' > 0 independent of R, such that for all
u € AT (),

/]R D u(@)Pd < / Du@)Pde + - 1)d+ps lull?,

Qg
Cus|QP~!
e LT
Cy !

< 1QRIID Ul o ray + o R nyarps 1Pl Lo )

1
2C8Cuk|Q|P~1 G=DaFrs
R = max {1, <3P

|D%ull oy < 27 |QRI7[|D%ul g (RY)s

by (2.10). Choosing

we obtain

which yields the continuity of the embedding Ay~ (22) C AgP(Q).

Finally, since a Cauchy sequence (u,) in Ay™(Q) is also, for all 1 < p < oo, a Cauchy
sequence in the nested Banach spaces Ag¥(Q2), its common limit u € (;_, .., Ag¥(Q). As D*u,
are uniformly bounded, then D®u is bounded, and therefore u € Aj™(€2). O

Remark 2.9. The inclusion (2.12)) was also obtained independently in [I2, Corollary 2.4.1], as
a consequence of an interesting variant of the Poincaré inequality, see [12] Theorem 2.4.3|, for
some constant C7 = C1(2,Q,d) >0

ull o) < ED%u|l ey, Yu € AGP(Q),
for an open set 27 D B(0,2R) D Q, with R>1,1<p<ooand 0 <s < 1.

Remark 2.10. We note that, for p € [1, 00) we have the inclusions Wy ?(€2) € AP() C AJP(Q),
for 0 < 0 < s < 1. We may conclude that, as a consequence of (2.11)), for R > 1, as lirq s =0,
S—r

lim | D%ul|ppmavay) =0, Vu € Wy ().

Remark 2.11. Also from Theorem [2.7] for R > 1 we can take the limit as p — oo in (2.1, to
conclude (compare with Remark [2.5)):

”DSU”LOO(RCI\QR) S ﬁ”UHLI(Q), Yu € AS’OO(Q), 0<s<1.
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Remark 2.12. We denote by VVO1 "*°(Q) the space of Lipschitz functions vanishing on the bound-
ary of Q. Extending a function u € WO1 >°(Q) by zero outside  and using definition (2.4), we
have, for each z € R?,
u(z) ~ uly)|
S
|D*u(z)| SNS/REIW—W“dy
dy

— fta]| D] o / 2l
D Jo-sizry b =yt )

dy
(o—y|>1} [T —y|oT

< ps Cs|| Dul| po ).

for a finite Cs > 0, by the Poincaré inequality and since both integrals are finite for s € (0,1).
Consequently,

(2.14) Wy ™(Q) C AT®(Q), Vs e (0,1).

The Lions-Calderén spaces AgP(R2), 0 < s < 1, 1 < p < oo, similarly to the Sobolev-
Slobodeckij spaces W;*(£2), have continuous and compact embeddings of Sobolev and Rellich-

Kondrachov-type for Q ¢ R? open and bounded,
(2.15) AP (Q) C LY(Q),

for q € [1, di’;p} if sp < d, for all ¢ > 1if sp = d, and for ¢ = oo if sp > d, the embeddings being

compact in the case sp < d only for g < df—ﬁp = p*. Also the embeddings

(2.16) AJP(Q) € C™P(Q), for sp>d

are continuous for 0 < § < s — g and compact for 0 < § < s — %, where C%%(Q) denotes the
space of Holder continuous functions in € of exponent 3. Consequently, by Proposition , we

have the compact embeddings

(2.17) AFZ(Q) € COP([@Q) Cc L®(Q), for0<f<s<1.
We also have the non-trivial compact embeddings

(2.18) AJP(Q) CAJP (), O0<o<s<l, 1<p<oo,

which proof can be found in [I2] pg. 65| and is well known for p = 2.
We denote the dual space of AJP() by A= (Q), 0 < s < 1,1 < p < oo, and we have a
similar characterization in terms of the fractional s-gradient as it was shown in [12] Theorem

2.4.4, p. 66] for bounded and unbounded open domains Q C R,

Proposition 2.13. Let 0 < s < 1, 1 < p < 0o and F € A5 (Q). Then there exist functions
foe LP(Q) and fi1,..., fq € LV (R?) such that

d
(2.19) [F,v]s,p:/fov—{— E / fiDjv, v e AgP(Q).
Q — JRd
Jj=1
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When p = oo and fy € LY(Q) and fi,..., fa € L'(R?), (2:19) defines a linear form in A5 ().

However, these forms do not exhaust A5™(Q)".

We shall also work with the dual of L>(R%), which is also denoted as ba(R?) (see, for instance,
[24] and [2]) and their elements are sometimes called charges. We recall (see Example 5, Section
9, Chapter IV of [31]) that an element A € L°(R?)" can be represented by a Radon integral

(2.20) (%w)z/ pd\*, Ve L®(RY),
Rd

for a finitely additive measure A*, which is of bounded variation and absolutely continuous with
respect to the Lebesgue measure in R%.
We say that a charge \ is positive, or simply A > 0, if (A, ) > 0 for any ¢ € L*°(Q), ¢ > 0.
Exactly as for the Lebesgue integral, we have the Holder inequality for positive charges (see
[24], p.122]).

Proposition 2.14. Let p > 1 and A € L®(R?)’ be positive. Then

1
7

[ )] < (@) s (0 [6F)7, Vg, v € LO(Q).

3. VARIATIONAL INEQUALITIES WITH s-GRADIENT CONSTRAINTS

Let © C R? be open and bounded, with the extension property, i.e., the extension of u € H§(Q)
by zero in R\ Q is in H*(R?), 0 < s < 1. This holds, in particular, for domains with Lipschitz
boundaries (see for instance [16, Section 5|). To consider s-gradient constrained problems, we

define the following closed convex sets
(3.1) Ké = {ve Hj(Q): |D*v| < gae inR*}, 0<s<1,
for prescribed thresholds satisfying

(3.2) geL? (RY), ¢g>0ae. inRY

loc

or, in the bounded case,

(3.3) ge LX(RY), g>0ae in RL

loc

In Lemma we will see that these assumptions on g are enough for K7 to be bounded in
H(Q) and Ay (Q), respectively.
For 0 < s <1, we define a bilinear form by letting

(3.4) Z%(u,v) = / AD%u - D%v + / du- D°v+ / (b D°u+ cu)v.
R4 Q Q
Here the principal part may be degenerate, under the assumption on the matrix A = A(x):
(3.5) A(x)E-£€>0, VEeR? ae zeRL
In addition, we shall assume that the coefficients of the bilinear form satisfy, when w,v € H{(€2),

(3.6) AeL*®RY” bde L'(Q) and ce L2(Q), r> ¢
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or, in the bounded case, when u,v € Aj™ (),
(3.7) Ae P (RH?, p; € [1,00), b,d e L'(Q) and ce L'(Q).
Similarly, for 0 < s < 1, we may define the linear form
(38) R =(Fol= [ fpo+ [ £D%
Q R4

for any v € H§(12), with

(3.9) fa e ¥ (Q), feL*RY,
where, by the Sobolev embedding (2.7)), 2 = d+25 fo<s< 2, or 2# = ¢ for any ¢ > 1 when

s=%,and 2# =1 when 1 < s <1 or, in the bounded case, for any v € A;>(Q), with
(3.10) fa € L'Q), feL™RY), ¢ €[1,00).

Notice that in the case s = 1, since u, v and Du, Dv are zero in R?\ €, all the integration domains

n (3.4) and (3.8) reduce to €.
Theorem 3.1. Assume (3.5)), and suppose that

i) either assumptions (3.2)), (3.6)), and (3.9)) hold,
ii) or assumptions (3.3)), (3.7), and (3.10) hold.

Then, for 0 < s < 1, there exists a solution of the s-gradient constraint variational inequality
(3.11) u e Kg: L (u,v —u) > [Fyv—uls, Vv eKg.
We will use the following lemma, in the proof of this theorem.

Lemma 3.2. For 1 <p < oo and g € LlOC(Rd), with g > 0, the set K7 is bounded in AGP ().
More precisely, there exists R = R(p,s) such that, for u € K3,

(3.12) D ull o (ray < 25|g]) 1o @p): ifp <00, ||Dullpeomay < |9l (02p)-
Proof. By the Theorem when p < oo, choosing R such that % 01QP~! < 1) and
using (2.11)), we have
Cus
1Dl gy = D0l gy + 100y < iz ooy + [ 1D%0l
R

< QHDSUHLP (R4) +/ gp’
Qpr
from where we obtain the first inequality. Letting p — oo, the second inequality follows. O

Proof. (of Theorem This existence result in the Hilbertian case i) is a consequence of a
theorem of H. Brézis (see [9] or [22, Theorem 8.1, p. 245]), since KJ is a nonempty, closed and
bounded convex set of H§(€2) and the operator P : H§(Q2) — H*(f2) defined by

(3.13) [Pu,v]s = L (u,v) — [Fyv]s, u,v €K
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is pseudo-monotone in K, i.e., if u, — u in H§(Q), for up,u € Kj with Hm[Puy, u, —uls <0
n n

then

(3.14) Bm[Pup, un — v]s > [Pu,u —vls, Yv € K.

n

Indeed, taking u, — wu in H{(Q2), which by compactness of the embedding (2.15)) (for p = 2

andl§q<2*:dz—%sif2s<d,forallq2lif23:dandforq:ooif25>d),wemayassume

also that u, — u in L(2). Write P in the form
n

[Pu,w]s = AD%u - D*w + [Bu, w]s
Rd

with
[Bu, w]s :/ (du — f) - D’w —i—/(b-DSu—i— cu — fy)w.
R4 Q
It is then clear that the assumptions (3.7)) and (3.10) imply

[Bt, upn, — v]s = [Bu,u — vl
n

as D*u, — D*u in L*(R?), and we have
n
/(b+ d)uy, - Du, — /(b—l— d)u-D*u  and / cu’ — / cu®.
Q noJa Q noJo

Hence (3.14) follows easily by noting that the assumption (3.5) implies / AD®(uy — u) -
R4

D?*(uy, —u) > 0, and hence it suffices to take the limit inferior in
(3.15) y AD%u,, - D%u,, > y AD%u,, - D%u + y AD?*u - D%u,, — 9 AD*u - D*u.

In the non-Hilbertian case, we start by approximating the data, in the respective spaces, by
smooth functions with compact support A,,, by, dn, ¢m, fam and f,, and we let u,, be a
solution of the variational inequality with these data, which exists by the previous case.

As (D*up,)m is bounded in L>®(RY) by Lemma using Proposition and the compact
embedding (2:16), there exist a u € Aj™(2) and a G € L>(R?), such that, for some subsequence,
Um — u strongly in L>°(Q) and D*u,, — G in L(R%)-weak*. Using this limit in (2.6),
we ee:slﬂy see that G = D%u. Thus, as A(S)’T&(Q) is continuously included in AJP(Q2), we have
D3u,, — D*uy in LP(R%)-weak, for any p < oo, in particular for p = p} and p = qj.

Using the above convergences, we immediately have, for any v € K¢,

/ (dmtm — ) - D¥(v —um) + / (b, - DUy + iy, — fem)(v — upy,)
R4 Q

o [ (du=£) D= un)+ [ (b Dt )0 = )
R4 Q

On the other hand, using the monotonicity of Ay, for any v € Ki we have

/ Ay Dy, - D (0 — uy,) < / A D%v - D% (v — up,).
Rd Rd
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Since / ApD%v - D*(v — up,) — AD®v - D*(v — u) then we get that, for any v € K,
Rd

m Rd

AD?v - D*(v — u) + /

du'Ds(v—u)—i—/(b-Dsu—i—cu)(v—u) > [Fyv — ul.
Q

R4 Q

Choosing v = u + t(w — u) € Kj, for ¢t € (0,1), as test function, we obtain
L (u,w —u) > [Fyw —uls, YweKy,
after letting t — 0. Therefore u solves (3.11)). O

Remark 3.3. To obtain the uniqueness to (3.11)) it suffices to require the strict positivity of the

bilinear form
L (u—tuu—1u) >0, Vuu€ekKy:u#u,

which needs stronger assumptions on its coefficients.

Remark 3.4. The constrained problem (3.11)) for u € K determines the existence of an element
I' =T'(u) € H*(Q) belonging to the sub-differential of the indicatrix function Ix. of the convex
set K7, i.e. Ixs(v) = 0if v € K7, Ixs(v) = +oo if v € H{(2) \ Ky, (see [22, p.203]), which is
given by

=F— 2% €0lgs in Hj(Q),

where .£° : Kj — H~°(12) is the linear operator defined by the bilinear form as in (3.4). A
main question is to relate I' to the solution w, for instance trough the existence of a Lagrange
multiplier A such that I' = AD®u. This has been shown only in very special cases with the

classical gradient (s = 1) (see [10] and [25], for more references).

The existence result of Theorem includes the degenerate case A = 0 in (3.11). On the

other, when the matrix A is strictly elliptic, i.e., if we replace (3.5)) by assuming the existence of
ax > 0, such that

(3.16) A(z)E - € > a.|€]?, VEeR? ae zeRY

we may give the following sufficient condition for the bilinear form (3.4)) to be strictly coercive,
by imposing

(3.17) 55%—C4M+dham+0mah%m9>a

Here C, is the Sobolev constant of the embedding H(Q) — L¥ (Q) (2* = dz—%s, 2s < d) and

¢~ = max{0, —c}.

Theorem 3.5. Let A € L®(R)? b.d € L%(Q), c € LQ%(Q) satisfy (3.16) and (3.17) for
2s < d, and g € L2 (). Then, for any f4 and f satisfying [3-9), there exists a unique solution

loc

to (3.11). If u denotes the solution to (3.11) for f# and f, we have

(3.18) lu =@l gy < 5

f# - f#HLQ#(Q) + %”f - }HLQ(Rd)'
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Proof. Using Hélder and Sobolev inequalities, we have that, for v € H{(€2),

‘ /Q (b + d)vD%v

<116+ dll g o 0]z 1 D"V g2y < Collb+dll g o 170122 g

() |

and

_ 2 2 < 2| 5,112
/ch </Qc 0 e, g o 1D ey
Therefore, using (3.16|) and (3.17), we obtain

L% (v,v) = AD?v - D%v + /

(b+d)v-Dv+ / cv?
R4 Q

Q
(3.19) > a, /Rd D = (Cullo+ dl 4, + CEIe g, g )10 0 e
= 8 D*llZ2 pa) = Ollo ) -

* # . . _ .
As L*(Q) = L*" (), (B.9) implies that FF € H (), with |[F||g-sq) < C*Hf#HLQ#(Q) +
|1l L2(ra) and Stampacchia’s theorem immediately yields the existence and uniqueness of the

solution to (3.11]).
Taking v = u in (3.11) for v and v = w in (3.11)) for @, and using (3.19), we obtain

Sllu |ty < L5 (u—Tyu—0) < [F Fou—ils < |[F = Fllg-sollu - @l z30
and (3.18)) easily follows. O

Remark 3.6. We observe that the assumption (3.6) is slightly stronger than the integrability
conditions in Theorem for the case 2s < d, including s = 1. However, for s > %, we may
have the assumption (3.6) with any 7 > 1, when s = 1, d = 2, and even b, d, ¢ € L' when s > %,
d = 1, with the respective norms in the assumption (3.17). Note that Theorem extends

Theorem 2.1 of [3], in which the coefficients b, d and ¢ are zero.

The coercivity assumption (3.17)) in the case of a bounded threshold of the s-gradient, under

the stronger assumptions
(3.20) 0<ge <glz)<g* forae zeR?

also yields strong continuous dependence of the solutions of (3.11)) with respect to the variation
of the coefficients of £, of the data and of the threshold g¢. In fact, the assumption (3.20) can

be weakened as follows

| T+ = oo,

(3.20)10c g € LS. (RY) with positive lower bound in any compact and ‘ l|1£ﬂ g(x)
x o0
as it will be shown in Proposition

Theorem 3.7. Let u; denote the solution of (3.11)) corresponding to the data A;, b, d;, ¢,

fwis fir gis for i = 1,2, satisfying (3.16), (3.17), (3.7), (3.10) and (3.20). Then the following
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estimate holds with p > g and 0 <y =s— % <s<1,
lur = w2l ) + lun = u2ll () < Callgr — g2l 2o (e
(3.21) +C <||A1 — Al oy gayaz + 1101 = b2l L1 (o) + [ld1 — dal[ 1 ()
+ [ler — eallpr) + [1f3 — fr2llpio) + 11 — f?Hqu(Rd)>v

where the positive constants C1 and C} depend on 8, gs, g*, d, s, Q and linearly on the L'-norms
Of Ai: bi; di7 Ci, f#l; fz

Proof. Since u; € K, C Ay™(Q) and g; satisfies (3.20) for each i = 1,2, we have
S llill L= (@) < 1D*uil| poo ey < g7,

where Cy > 0 is the Poincaré constant in ([2.10]).

Set n = [lg1 — 92|l oo (rey and p = gfjrn. Observe that u;; = pu; € K5 (i # j, i,j = 1,2) and

so it can be used as test function in (3.11)) for .Z° and fy;, f;. For i = 1,2, we obtain
L (wiy g, —wi) > [Fyug, — wils,
or equivalently,

(3.22) G%is(ui,ui — uj) < [FZ, U; — Uj]s + .i”is(ui,uij — UZ) + [Fi,uj - uij]s.

* Co

Since u;; —u; = (p—1)uj and 0 <1 —p < g%, setting M = max{g*, =2¢*}, we may estimate

the middle term of (3.22)) by
‘ff(uv;,uz'j = “j)’ = ‘(M - 1)»5”2‘5(%%)‘ < g%‘o%s(uiauj)‘

IN

g%MQ(HAiHLl(Rd)dQ + 163l 1) + il 1) + HCiHLl(Q)> = 1k
and the last one by
|[Fiyuj — iy )s| = (1= @) |[Fs ugls| < M (I Fall oy + 1 Fill prey) = v
Setting w = u; — ue and
E21 = / (Ag — Al)DSUQ - D%w + / (dg - dl)UQ - D%w
Rd Q
- / ((b2 — b1) - D*ug + (c2 — c1)ug)w,
Q
by using (3.22) for i = 2, we have
(3.23) =25 (ug, w) = L5 (ug, —w) + E9y < [Fo, —w]s + 1k + 1v2) + ea1,
where
|Ea1| < 2M2<||A1 — Aol p1(gayaz + [ldr — dal 1)

+[1b1 = b2l 1) + [ler — C2HL1(Q)> = e1.
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Summing (3.22) for ¢ = 1 with (3.23) and using the coercivity (3.19)), we obtain
5Hw||?{g(m < L (w,w) = L (ur, w) — L7 (u2, w)
< [F1,w)s + n(k1 +v1) + [Fa, —w]s + (ke + v2) + €21
< (k1 +v1 + ko + 1) + e21 + 12,
where |[F1 — Fy, wls| < @12, with p1a = 2M (|| fy1 — fralli) + 11 — Follpr gay)-

To conclude (3.21)) it suffices to use the continuous embedding (2.16)), which guarantees the
existence of a constant Cg > 0and 0 < 8 =5 — % < s <1, with p > max{2, %} in

—2 *x\P—2
@) Nl < [ 1Dl < 100l [ 1Dl < (5" ol

O

The following proposition shows that we can replace the assumption (3.20)) by [(3.20);, in the

above theorem.

Proposition 3.8. Let g € L (R?) be positively lower bounded in any compact set and such that

loc

3.24 lim 2)|z| = oo,
g

|z| =400

Then there exists h € L°(R®), with positive lower bound in R and such that K}, =K. More
precisely, we can choose h = g xap + kXra\q, for a certain R >0 and k > ||g||~(0y)-

Proof. Using remarks and the inequality (3.12)) for p = 1, there exists Ryg = Rp(s) > 0,
independent of g, such that, for B > Ry, and u € K7, we have

Douta) < G o Vo d O
Using (3.24), fix R > Ry such that
(3.25) g(x)d(z, ) > Lo |Op, (gl Lo (p,): Yo E QR
and
2115]2

Let k > [|gl o (qy) and consider A : R — R

x) ifx € Qpg,
(3.26) hz) = 390 K
k otherwise.

Then h satisfies assumption (3.20) and K§ = Kj. Indeed, if u € Kj then, for x € Qp,

215|2 215|€2
o 25|08 oy 214s|Q2R|
* a2t s Wl @n = 5 pa 19l < b

| D u(z)| <
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Reciprocally, if u € K then, for € Qg, we have v € Qp, and then, as HhHLoo(QRO) =
||9||L<><>(QR0)7

s QIUS’QR |
| D*u(z)| < %WHQHLW(QRO)

and then, using (3.25), |D*u(z)| < g(z). O

Remark 3.9. Assuming only |(3.20);,., Theorem remains valid by taking R > 0 sufficiently
large and replacing g1 — g2l[Loo (ray bY [|g1 — g2llL(g) in (3.21).

This is true because in the proof of the last proposition for g; and go, we can define hy and
ho as in (3.26) with the same R and hi equal to ho outside Qp.

Remark 3.10. If we assume (3.5), b =d = 0 and ¢ > ¢, > 0 instead (3.17)), keeping the other
assumptions in Theorem [3.7] we still have a weaker continuous dependence result, replacing

U1 —u2 — F||u1 —ua||%s V| U1 —u2||72 1n {}o. . In particular, wi ese assumptions
a) T30 b 72(q in (B:2I). In particular, with th ti

P
o (
we also have uniqueness of solution for the variational inequality.

4. TRANSPORT POTENTIALS AND DENSITIES

In this section we consider the Lagrange multiplier problem for 0 < s < 1, associated with
bounded s-gradient constraints: find the generalised transport potential-density pair (u,A) €
Ay™(Q) x L>=(R?) | such that

(4.1a) ZL%(u,v) + (AD’u, D*v) = [F,v]s, Yv e AT (Q)
(4.1b) |D’u| < gae inRY A>0 and A(|D%u|—g)=0 in L®(R?).

In the case s = 1 the solution (u, A) is to be found in WOI’OO(Q) x L*°(Q2)" and the test functions
v in WOI’OO(Q), since D! = D is the classical gradient.

Here (-, -} denotes the duality pairing between L>®(R?) and L*°(R?) and we set, for ¢ €
L>(R7),

(Mg, &) = (N p-€), VE&e L™RY),

where (-, -) is the duality pairing between L°°(R%)" and L>®(R9).

Theorem 4.1. Assume g satisfies (3.20), £* is given by with the assumptions (3.5)),
and F € A (Q) is given by if 0 < s <1 (respectively F € Wol’oo(Q)’, if s = 1) with
the assumption (3.10). Then problem has a solution (u, \) € Ay () x L>®(RY)', for any
0 < s <1 (respectively in Wol’oo(Q) x L>(Q) if s =1), and u solves the variational inequality
B1I).

The proof of this existence theorem is obtained by a suitable penalisation of the s-gradient
constraint, combined with an elliptic nonlinear regularisation, and by a weak stability property
of the generalised formulation (4.1)) given by the following theorem.
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Consider for 0 < v < 1 the family of solutions (u,, \,) € Ag> () x L¥(R?),if 0 < s < 1
(respectively, Wy (Q) x L=(Q) if s = 1)
(4.1a), L5 (uy,v) + (A D’uy, D) = [F,,v]s, Yve AT (Q)
(4.1b),, |D%u,| < g, a.e. in Rd, Ay >0 and A (|D%uy| —g,) =0 in LOO(Rd)',

where .Z; and F, are defined by the (3.4) and (3.6) with data A,, by, d,, ¢, and fyu ., f,,

respectively.

Theorem 4.2. Suppose the functions A,, by, d,, c,, f4., f, and g,, for each v, 0 <v < 1,

satisfy (3.3) (3.5), (3.7), (3.10) and (3.20) and have limit functions as v — 0:

(4.2a) A, — A in IPRHT | ¢, — ¢ in LY(Q),
(4.2b) b, — b in L'(Q), d, — d in L'(Q),
(4.2¢) fo — fg in LNQ),  f, — f in LT(RY),
(4.2d) gy — g in L®(RY).

Then, if (uy, \,) solves|(4.1a),[(4.1b),| there is a generalised sequence, still denoted by v — 0,
and a solution (u, \) to (4.1a)(4.1b]) such that

(4.3a) u, — u in CO%(Q)-strong
(4.3b) D?u, — D*u in L™ (Q)-weak™,
(4.3¢) Ay — X in L®°(RYY -weak®,

where 0 < o < s < 1, with the convention Aj™ () = Wh*°(Q) in the case s = 1.

Proof. Since |D%u,| < g, < ¢* a.e. in R? for all 0 < v < 1, by recalling (2.17) and (.16,
respectively, we have the a priory estimates

(4.4) D%y || pooray < g, and  [Juy[|cos) < Cp, forall 0<f<s<1.

Taking v = u, in|(4.1a),| we get

<)\I/7 ‘Dsul/|2> = <)\Z/-Dsul/7 Dsuu> = [qul/]s - gj(um UV)
(4.5)
<(Cq, forallo<s<l,

where C7 > 0 is a constant dependent on g*, Uz and a common bound of the LP*, L', and L9
norms of (A,),, (by)y, (dv)v, (cv)v, (f4v)r and (f,),, respectively, independent of v.

Observing that, as (u,, A,) solves problem |(4.1a),(4.1b),} we have A\, (|D%u,| — g,) = 0 in
L>®(R?) | which, multiplying by |D*u, |+ g,, implies

(4'6) <)‘l/7 |DSUV|2> = <>‘1/3912/>'
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Using the assumption g, > g« and A\, > 0 we have

2
Aullzeoay = sup [, Q< sup (A, [C) < (A, 1) < (A, 55)
g*
(47) ||<HLO<>(Rd)§1 HCIILOO(Rd)S]-

= £<>\m ‘Dsuu| > < %7 by " and "

As a consequence, letting ¥, = \, D*u,,, we also have

C *
(48)  llpe@ey = sup (A, D7y - €)] < [Aull oo ey | DPun || poo ey < =55
||£HLOO<]RCZ)§]-

Then, by the above estimates, we may choose some generalised sequence v — 0, such that:

i) (#.3a) holds with a < 8 for some u € C%%(Q), by estimate (4.4), and (4.3b) follows using
[2.6); ) ([@.3c) holds for some A\ € L®(R?) by estimate (4.7) and Banach-Alaoglu-Bourbaki
theorem; as well as, by (4.8), 44i) there exists also a ¥ € L>(R?)’ with

(4.9) ¥, — ¥ i L*(RYY.

Letting v — 0 in |(4.1a),] by the assumptions (4.2al), (4.2b)), (4.2d) and the convergences
(4.3a)) and (4.3bf), we conclude that (u, ¥) solves:

L% (u,v) + (¥, D*v) = [F,v]s, Vo € Ay ().

Note that A\, > 0 implies A > 0. Given any measurable set w C R? with finite measure,
taking & € LY(R?), defined by & = |Dsu‘ if 2 € wnN{|D%u| # 0} and & = 0 elsewhere, since

D3u,, — D%u in L (R%)-weak*, we have

(4.10) /gl,>/]D5ul,\ >/D3u,,-§—>/ Dsu-ﬁz/\DSu\,
w w w v Rd w

and so |D%u| < g a.e. in RY by (@2d) and the arbitrariness of w C R% Then, in order to

complete the proof, it remains to show that

(4.11) ¥ = \D%u in L>=(R%)
and
(4.12) AN Dfu| = \g in L®(R?Y,

or equivalently, using the assumption ,
(g = |Dul), 0) = (A, (9% = | D°ul’) grifmy) = 0, W € LO(RY).
Then we observe that, recalling |D*u| < g and using ([£.7),
L 1D = )P = 3 (s D" ) = 200, D, - D) + (A, [Duf?))
< (A, ID*u[?) = (A, Dy - D) + 50, 9% — g7)
< (A D%uy, D*(uy, — ) + Al oo (may 197 = goll Loo ()
< [Fyywy — uly = 25 (w0 — ) + 3G9 = 62| oo (ray.

(4.13)
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We have [F),u, —u]s — 0 and £} (uy,u) — £°(u,u), while, on the other hand,

(4.14) lim 2 (uy,uy) > L% (u,u)

since, arguing as in (3.15)) we have that, using (4.2a)),

lim A,D%u, - D%u, > lim AD?uy, - D%uy + lim | (A, — A)D*uy - Du,
v Rd v Rd v Rd

> AD%y - D%u
Rd
as

‘ /Rd(AV — A)D*u, - D*u| < (6?1 4y — All 1 aye — 0

and, using the convergences (4.3a)) with (4.2a) and (4.2b)),

/ b, - D’uy(uy — u) + dyuy - D%(uy, — u) + cpuy(uy, —u) — 0.
Q

v

Hence we conclude that

0 < lim(\,, |D*(u, — u)[?) < Tm(\,, |D*(u, — u)|?) < 0.

v

By the Holder inequality (see Proposition ,
[ D (= ) - €)] < (A, | D (uy — w)[€]) < (A | D (uy — w)2)2 (N, €%
< O Dty = ) PV A2 g 1€
which by yields
(4.15) lim(\y, D*(w, —u) - €) =0, Vg€ L>(RY).

Now, recalling , follows now from , since
(T,€) = lm (L,,€) = lm{\,., D*u, - €) = lim(\,. Du - )
(416 = (\,D*u- &) = (\D*u,£) V& € L®(RY).

Using and with & = D*u,, we obtain lim, (\, D%u,, D*(u, — u)) = 0 and
(4.17) A g?) = lim(A,, g2) = lim (A, D*uy, D) = lim (A, D*u,,, D*u) = (X, |D%ul?),
which implies (A\(g? — |D*ul?),1) = 0.

Finally, follows again by the Holder inequality for charges, with an arbitrary ¢ €
L*(RY),

[(A(g = [D*ul), )| = [(Mg? = [D*uf*), )|

s 1 s 2 1
< (Mg® = [D*u?), 1)2 (\(g? = |D*ul?), (o Beae) 2 = 0.

(4.18)
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Proof. (of Theorem It can be obtained with the following approximating problem. Let
0<5<1andﬁxq>1—1—%>2,sothatA8’r(Q)CC’(Q),for0<s§1andr:q—1>%,
recalling the convention AJ"(Q) = Wy (Q) if s = 1. We firstly consider 2% and F defined by

(3.4) and (3.8) under the assumption (3.5)) and, letting 7' = L,
(4.19) Ac L®RHY”, bdeL”(Q), feL'RY, ¢ fsecLl'(Q),

with which we shall prove the existence of a solution (u,A) € Ay™ () x L¥(R%)’, 0 < s <1 of

ED.
The approximating problem is given, for € > 0, by

(4.20) u € AU Q) : L% (ue,v) + ke (ue) + eDgue, v] = [F,v], Vo € AYY(Q),
where € > 0 and the penalisation operator
[ke(w),v] = /Rd k.(|D*w| — g)D*w - D%v,  Yu,w € AJYQ),
is defined with the continuous monotone function
k-(t) =0 fort <0, ke(t):eﬁ—l for0<t§% and ke(t):ee%—l fortZ%
and the nonlinear elliptic regularisation is given by
[eDyw, v] = E/Rd |D*w|72D*w - D%, Vo, w € AJY(Q).
As in Lemma , the nonlinear operator [Beu,v] = £%(u,v) + [ke(u) + eDjue,v] is easily

seen to be pseudo-monotone in A7?(2) and also coercive (see [22] or [27]), since, setting |Jv]| =

|1 D*]| aay,
B.v,v 1
[TUH] = |U||</]Rd (E|D2v’q + AD%v - D%v + ka(|st‘ _ g)’DSU|2)

+ /Q (v(d+b) - D% + cu2))

s, (19— llv]l oo s
> €| D*0l|Fagy = " or (Hd+ bll v o 1Dl Lr(e) + ||CHL1(Q)HU||L°°(Q)>

> o]l (ello]| T = Cq) — 00 as o] — oo,

with C, = CrgCq(lld + b”L’“’(Q) + Cyllell L1 (q)), where C; g4 is given by and Cy > 0 is given
by the continuous embedding (2.15)), i.c., such that [[v]| e () < Cyl|D*v|| pa(gay, v € AFI ().

Then, by the theory of pseudo-monotone and coercive operators (see [22] or [27], for instance),
since F' € Ay?(Q)', there exists u. € Ay?(Q) solving ([#.20)). Taking v = u. in and setting
Ea = ke(|D%ue| — 9),

/ EE|Dsua\2+e/ |D*ucl? < ol D*ue |3 oy
Rd Rd

(1.21) + (Collfallr ) + 11l o gy ) 1Dt oy

< GID e gty < CC7 | Dl g
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with C, = Cr(||d + b||Lq/(Q) + Cpllellpr()) by assuming, without loss of generality, that
| D*uel| ey > 1, which will allow the proof of the following a priori estimates independent

of ¢, e sufficiently small,

(4.22) ID*ue || o gy < C,
(4.23) ||E€|Dsu5\2\|L1(Rd) <C and |lke|lpime) < C,
(4.24) ke Dt | oo (gay < C.

From (4.21)), there exists C' > 0, independent of ¢, such that [[D%uc|| ga(ray < Ce1/(4=2) and

consequently also
~ ~ _2
(4.25) 92 kellp1(ray < llke| D*uel?(| pr(gay < Ce -2,

since, as Eg = 0if |Duc| < g, we have EE\DSUEP > gQ/k\é- > ngE.

Now we split R? in two subsets,
(4.26) U.={zeR?: |Du|—g<+ve} and V.=R%\Use

and we observe that, as k. is a monotone function, in V. we have k. = ke(|D%uc| — g) > k-(VE) =
1
eve —1 and

7 .
(4.27) V= 1< =< ke < ——5%—— —0,
1 1 2 1
V. Veeve —1 evei-1JRrd ci-2 (evi-1) &0
r ” q—-r
q qg=r 1 \g 1 q
[ < (Lamas) e (i) o
‘/5 Rd 6qj (6\7@—1) e—0
Given R > 0,

/' wmwg/ (94 V&) < (" +1)"12,
U:NQRr U:NQRr

D™ < O(R) [y < CRCI 1D el g

U\ (R9)

using (2.7) and (2.11)), with C representing different constants. Then, for € small enough,
g g g

y | Dfuc|" < (g* + 1)T|QR| + C(R)quJHDsuEHz,.(Rd) + 1.

Choosing Ry > 0 such that C'(Ro)Cy; < 1 we get ([£.22) from

S =

s 1 * T
D% ue || pr(may < 27 ((9° + 1)"[QRo)| + 1) 7

Hence, also from (4.21)) we immediately obtain that ||EE\DSUE|2HL1(R¢) < O, and (4.23)) follows
from the first inequality in (4.25)).
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As a consequence, (4.24]) now easily follows from (4.23]):

D ulmpey = s | [ Dtug

H£||L00(Rd)gl Rd

~1 1 ~ 1 ~ 1
< [ RRE D el < el ey e Dl o

By compactness, from the estimates (4.22)), (4.23) and (4.24)), using the Rellich-Kondrachov
and the Banach-Alaoglu-Bourbaki theorems, there exist u € A" (Q)NC%7(Q), A € L>®(R?)’ and
¥ ¢ L*(R?) and a generalised sequence £ — 0 such that

D*u, — D%uin L"(RY)-weak, wu. — uin C%7(Q) strong,
&€ €
k. — Xin L®(R%-weak*, k.D*u. — ¥ in L™(R%)-weak*.
€ s

Now, arguing as in the proof of Theorem we show that u € Kj, ¥ = AD%u and (u, \)
satisfies ({.1]).

Firstly we conclude that |D%u| < g a.e. in R?, from

L ptul=g* <tim [ (D%l =g = Ve = lim | (D%l =g~

e—0 JRd e—=0JVe
<lim [ [D*uc| < lim || D*ue| 1o gay |Vl =0,
e—>0JVe e—0

since € — (]€] — ¢g)T is a convex lower semicontinuous function and V;, defined in (4.26]), has
vanishing measure as ¢ — 0 by (4.27)).
Observing that

< ”DsueHET(Rd)HDSUHL“(RT)a

/d |Dsu5\q_2DSu5 - D%v
R

taking the generalised limit in (£.16) with an arbitrarily v € Ay (2) C AJ?(£2), we obtain
(4.28) (U, D*v) = [F,v] — L*(u,v), YveATT(Q),

and, since k>0 implies A > 0, it remains to show that ¥ = AD%u and A|D%u| = Ag.
Taking v = u. in ([£.20) and using (4.28)) and the semicontinuity ([4.14) for u. — u in A} (),
g

we easily obtain
lim [ ke|D*ucl?> < (¥, Du).
e—0 JRd

Comparing the inequality

0<Tim [ ke|D*(ue —u)|?

e—0 Rd
:17 ADS 2_2 ADS 'DS ADS 2
(4.29) b (/Rd kel D%ue| /Rd ke D ue ”+/Rd ke| D%l >
< (W, D*u) — 2lim (ke D*u., D*u) + lim (k., | D°ul?)
e—0 e—0

< (A, |D*ul?) — (¥, D*u),
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with (recall that k.g® < §5|D5u5\2 by definition of k)

D% u?) < (A g?) =1lim | keg? <Tm [ ke|D%uc|? < (, D%u,

e—=0 Jpd e—=0 Jpd

we conclude that

A |D*uy = (A, ¢?) =Tim [ k| D%u.|?> = (¥, D*u)

e—0 Rd
and, afterwards from (4.29)), also
lim [ %.|D%(ue —u)|? = 0.
lim y ke|D*(ue — )| =0

Then ¥ = AD*u since, for an arbitrary & € L>(R?),

(¥ — AD%u, &)| = lim
e—0

/Rd%smug—u)-s‘

T o s 2 2 >3 _
<t ([ R0* (= 0 ) Wl o€l = = 0.

From (4.24) it follows (\,|D*ul? — g?) = 0 and we conclude, as in (£.18)), that

M| D%u| — g) =0 in L®(R%).

The general case follows by Theorem by approximating with solutions of |(4.1a),} [(4.1b),|

with data A,, b,, d,, ¢, fg, f, and g satistying (3.5)), (4.19) and (3.20) and converging strongly

in LP', L' and L%, for instance by using f, = sup(—21,inf(2, F))Xp(o,1), where X 1) denotes

the characteristic function of B(0, 1).

Finally, since u € K, given v € K¢, taking v — u as test function in (4.1a)) and noting that

(\D*u, D*(v — u)) = (\, D*u - D*(v — u)) = (\, D%u - D%v — | D%ul?)
< (A [D2uf(|D*] = [Dul)) < (A, [D%ul(g — [D*ul))
= (Mg — [D?ul), |D*ul) = 0,

it is clear that u solves the variational inequality (3.11)), which concludes the proof of Theorem
4.1 O

Remark 4.3. Theorem as a weak continuous dependence result, generalises Theorem |3.5| to
the case of degenerate operators, including the case A = 0, with L'-data. In fact, if A satisfies
and holds with the strictly coercive assumption , it is clear that u solving
problem is unique. On the other hand, the uniqueness of A is an open problem, even in
the local case of s = 1, which was considered first for the Laplacian in [4] in the special case
fu € L2(Q) and f = 0.

Remark 4.4. As in Section 3, we may assume in Theorems and that g and g, satisfy
(1(3.20) 0 instead ([3.20), with uniform limit in v.



27
5. LOCALISATION OF TRANSPORT DENSITIES AS s — 1

In order to consider the generalised convergence of the fractional problem to the local one as
s—1,for 0 < o < s <1, with o fixed, we consider (us, As) € Ay™(€2) x L>®(R?) such that
(5.1) L% (us,v) + (AsD*us, D) = [F,v]s, Vv € AF(Q)

(5.2) s |Dfug| < g ae. in RY, Xy >0 and A\s(|D%us| — g5) =0 in L®°(R?Y,

with the convention s = 1 corresponds to the local problem (u, \) € Wol’oo(Q) x L>(Q), where
D' = D is the classical gradient in the definitions of % and [F,-]s given by (3.4) and (3.5),

respectively, and holds only in €.
Here we can also allow a variable threshold gs under the assumption

(5.3) 0<ge <gs(z)<g*, ae zeRY oc<s<l,
and such that
(5.4) gs — g1 in LO(RY) ass— 1.

The corresponding variational inequality now reads as follows
(5.5)s us € Ky 0 L%(us,v —us) > [Fyv —usls, Yo e Ky,

where the convex set K, is defined by with g5, 0 < s < 1.

Now we can state the localisation theorem for (5.2)sf as s — 1, which is essentially a
variant of the generalised continuous dependence property of Theorem with the additional
difficulty on the variable spaces Ay™ (), with s, 0 < s < 1. For ¢ € L®(R%)’, we denote its
restriction to Q C R? by (o € L®(Q), defined by

(Carp) = (G 9), Ve L*(Q),

where @ is the extension of ¢ by zero to R\ Q.

Theorem 5.1. For any 0 < o < 1, let (us, As) € Ay™(Q) x L®°(R%) solve|(5.1):H(5.2),| for any
s, 0 <o < s <1, under the assumptions (3.5), (3.7), (3.10) and (5.3), (5.4). Then, there is a

generalised sequence denoted by s — 1, such that, for any 0 < a < o,
us —u in AJP(Q) N O (Q),
S

D3ug — Du in L™ (RY)-weak”,

S

(As)o — X in L*(Q) -weak™,

S

where (u, \) € WOLOO(Q) N L>®(Q) is a solution to the local problem |(5.1)1H(5.2)1}, in €.

Proof. We adapt the steps of the proof of Theorem i) a priori estimates with respect to s;

ii) existence of limits of generalised sequences, by compactness, and iii) characterization of those
limits as solutions of the local problem ((5.1);} [(5.2);} For 0 < ¢ < s < 1, using the Poincarée
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inequality (2.8)), we have & ||us|[roo (@) < [|D*us||poc(ra). Then by the assumption (5.3)) we obtain
for any us € Kj_ solution of |(5.1){(5.2)s}, we get that
(5.6) Cpoall D2us| o (ray < 1Dl poomay < g%, 1 < p < 00,

. HusHCOﬁ@) < Cg, forany 3,0< B <s <1,
where the constant C is independent of s.

Letting W5 = AsD%us, arguing exactly as in (4.5)-(4.7)) and (4.8)), by replacing the label v by
s, we obtain that

Cig*

C
||)\SH/LOO(Rd) ngzl and ”‘IJSH/L‘X’(RUZ) < 92

where C'1 > 0 is a constant independent of s, 0 < s < 1
Therefore, by compactness, in particular, by (5.6) and (2.18)), there are u € C%%(Q) NATP(Q),
for0<a<f,0<o<landl<p< oo, x € L®RY), X e LRY, ¥ € LR%) and a

generalised sequence s — 1, such that
us —>u in AJP(Q) N OO (Q),
Déuy, —X in L®(R%)-weak*,
(As)a - Ain L(Q)-weak™,
T, — ¥ in L™ (R%)-weak*.

Letting by @ be the extension of u by zero to R, and applying Corollary componentwise
to an arbitrarily ¢ € C2°(R9)?, we have, by (2.6) and recalling D* - ¢ — D - as s — 1,
S
/X-cp:hm D*u® - p = —lim ﬂsDS-goz—/ uD - p,
Rd S Rd s Rd Rd
which means that x = Du € L>(R?%) and u € Wol’oo(Q), and therefore D& = Du.

Arguing as in (#.10)) with an arbitrarily measurable subset w C R? with finite measure and
with & = |g—uu|xv, V =wnN {|Du| # 0}, we obtain

/ypa\:/ Dﬂ-&zlim/ Dsas.ggnm/ \Dsusygnm/gs:/gl
w R4 S R4 S w S w w

and so |[Du| < g1 ae. in Q, ie. u € Kg.
Observe that we still have the lower semicontinuity property

(5.7) lim .Z° (ug, us) > L (u,u)

s

as we easily see by using (3.5)) and taking lim, in

/ AD%ug - Dug > / AD%uy - Dﬁ—i—/ ADu - Dug — / ADu - Du.
Rd Rd Rd Rd

On the other hand, recalling ([2.14), we have C2°(€) € W, () C AJ™(). Taking the limit
s — 1in|(5.1) | with v € CZ°(Q2) we get

(5.8) LY (u,v) + (g, Dv) = [F,v];.
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Since for each v € Wol’OO(Q) we may take a sequence v, € C§°(f2) such that v, — v in
H}(Q) with Du, — Dv in L*°(Q)-weak®, the equation also holds for any v € WOI’OO(Q),
as ¥ € L>®(Q). So will follows if we show Wq = ADu, with A\ = XQ, which can be done
exactly as in the proof of (4.11)), by replacing the subscript v by s in and in (4.16)).

Similarly, the corresponding limit as s — 1 implies (A(g? — |Du|?),1) = 0 and the same
argument of yields A(g — [Dul) = 0 in L*>°(2)’, showing that (u, \) also satisfies |(5.2);|in
Q. O

Remark 5.2. In the coercive case, i.e., if (3.16) and (3.17) hold, it is clear that us and uy are
also the unique solutions of the respective variational inequalities (3.11]), with s < 1. In this

case, in particular, with ¢ = fg = 0 and b = d = 0, the result was given in [3] only with the

convergence us — u in HJ(Q2), 0 <o < 1.
S

Remark 5.3. Under the assumptions of Theorem [3.5]it is easy to obtain the estimates, similarly

to (3.18),
Cy
)

HUSHHS(Q) < ||f*||L2#(Q) + %Hf”LQ(Rd)

and, denoting I'* € 8IK§ (us)> @5 in Remark , it is easy to conclude that I'* is also uniformly
bounded in H*(2), independently of o < s < 1. This allows us to take subsequences us — u
S
in HJ(Q) and T — ' in H9(Q), Vo < 1, with u € H}(Q), I € H~}(Q) satisfying the local
S

problem s = 1.

Remark 5.4. As in Remark in Theorem we may replace the assumptions on g5 by

[e.9]

loc(Rd), with positive lower bound in any compact set, and

the weaker assumption gs € L

|d+s

lim gs(x)|x = oo uniformly in s.

|z]—o0
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