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The modal shift to electric mobility is perceived worldwide as a great technological advance 

to reduce the emission of greenhouse gases and air pollution, especially in urban areas. In 

conjunction with the large-scale adoption of renewable energy sources, the electrification of 

vehicles is envisaged as an ultimate solution to a zero carbon footprint in transports. However, the 

per capita consumption levels of raw materials and energy in today’s industrialized societies are 

historically very high, and may constitute a possible menace to the equilibrium of life on Earth, 

and to the long term economic sustainability of mankind. Even then, the current trends in the 

electrification of the urban fleet do not yet indicate an effective handling of this more general 

problem, or even the consciousness for a necessary change in this consumption pattern. 

This research was originated based on the perception that, concerning transports and 

transportation infrastructure, in addition to the electrification technology, it is also highly desirable 

to reduce the energy expenditure and the allocation of raw materials, for a more sustainable and 

egalitarian economy. Motivated by this inspiration, we propose, prospect, and demonstrate the 

technical viability of a new transport mode variant, the human-inductively-powered lightweight 

electric vehicle (HIPLEV), which is the combination of the relatively new technology of dynamic 

inductive wireless transfer with the well-established, and environmentally friendly, human-powered 

pedal vehicles. The new resulting hybrid soft transport mode is not expected to replace standard, 

purely electric vehicles, in all applications, but, if consistently supported by new urban architectural 

guidelines, it might help the cities to achieve a more sustainable transportation profile, and 

improve our quality of life. 

Keywords: Electric mobility, human-powered vehicles, lightweight electric vehicles, economic 

sustainability, smart cities, dynamic inductive wireless power transfer. 
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A progressiva introdução da mobilidade elétrica é percebida, a nível mundial, como um 

grande avanço tecnológico que permitirá redução na emissão de gases de efeito estufa e na 

poluição do ar, especialmente nos entornos urbanos. Juntamente com a adoção em larga-escala 

de fontes de geração de energia renováveis, a eletrificação de veículos é antevista como uma 

solução definitiva para a anulação da pegada de carbono dos transportes. Entretanto, os níveis de 

consumo per capita de energia e matérias-primas nas atuais sociedades industrializadas são 

historicamente muito altos, e também se constituem de uma possível ameaça ao equilíbrio da 

vida na Terra, e à sustentabilidade econômica da humanidade, a longo prazo. Apesar disso, a 

tendência atualmente percebida da eletrificação veicular ainda não reflete uma adequada 

consideração deste problema mais geral, nem mesmo indica a existência de uma conscientização 

para a necessidade de mudança nesse elevado padrão de consumo. 

Para além da eletrificação dos transportes, é então também altamente desejável reduzir-se 

os gastos energéticos e o consumo de matérias-primas na implementação e operação da 

infraestrutura de transportes, para uma economia sustentável, e que contemple mais 

equitativamente toda a sociedade. Alinhado com esse objetivo, este trabalho propõe, prospecta e 

demonstra a viabilidade técnica de um nova variante de transporte, o veículo à tração humana 

eletricamente assistido por transferência indutiva de potência (HIPLEV), uma combinação da 

relativamente nova tecnologia de transferência de potência elétrica sem fios a veículos, por 

indução magnética, aos veículos de tracção humana – uma solução considerada de baixo nível 

tecnológico, mas bastante accessível e ambientalmente correta. Este novo meio híbrido de 

transporte resultante não será expectavelmente empregável em todas as aplicações, mas, se 

consistentemente apoiado pela adoção de novas diretrizes arquitetônicas urbanas, poderá 

contribuir para que as cidades atinjam um superior patamar de sustentabilidade nos transportes, 

e nos propiciem melhor qualidade de vida. 

 

Keywords: Mobilidade elétrica, veículos de propulsão humana, veículos elétricos leves, 

sustentabilidade, cidades inteligentes, transferência de energia sem fios. 
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La movilidad eléctrica se percibe a nivel mundial como un gran avance tecnológico para 

reducirse la emisión de gases de efecto invernadero y la contaminación atmosférica, 

especialmente en las zonas urbanas. En conjunto con la adopción a gran escala de fuentes de 

energía renovables, la electrificación de vehículos se prevé como una solución para alcanzar una 

huella de carbono más próxima a cero en la operación de los medios de transporte. Sin embargo, 

los niveles de consumo per cápita de materias primas y energía, en las sociedades industrializadas 

hoy, están históricamente muy altos, y también pueden constituir una posible amenaza al 

equilibrio de la vida en la Tierra, y a la sostenibilidad económica de la humanidad a largo plazo. 

Aun así, las tendencias actuales en la electrificación de la flota urbana todavía no indican un 

manejo efectivo de este problema más general, ni siquiera la conciencia de ser necesario un 

cambio en este patrón de consumo. 

Esta investigación se originó en la percepción de que, en materia de transportes e 

infraestructura de transporte, además de la adopción de la tecnología de electrificación, también 

es altamente deseable reducir el gasto energético y la asignación de materias primas, para una 

economía más sostenible e igualitaria. Motivados por esta inspiración, proponemos, prospectamos 

y demostramos la viabilidad técnica de una nueva variante de medio de transporte, el vehículo de 

propulsión humana eléctricamente asistido por transferencia inductiva de energía (HIPLEV), que 

es la combinación de la relativamente nueva tecnología de transferencia inalámbrica de potencia 

con los vehículos de tracción humana, hoy considerados de baja tecnología, pero respetuosos con 

el medio ambiente. No se espera que ese nuevo modo de transporte híbrido resultante reemplace 

a los vehículos eléctricos más pesados, en todas las aplicaciones, pero, si es apoyado por nuevas 

directivas arquitectónicas urbanas, podría ayudar a las ciudades a lograr un perfil de transporte 

más sostenible y mejorar nuestra calidad de vida. 

 

Keywords: Movilidad eléctrica, vehículos de tracción humana, vehículos eléctricos ligeros, 

sostenibilidad, ciudades inteligentes, transferencia de energía inalámbrica. 
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The following symbols express, or are preferably used in association with, the following 

constants, variables, or concepts, except where otherwise explicitly defined in the text: 

 

Symbols starting with a letter from the Roman alphabet: A Ampère (unit of current in the International System of Units). 𝐵 Magnetic vector field, magnetic field density (T). 𝑏  External diameter of the 10G1.5mm  cable used in the primary coil windings. 𝑏  External diameter of the cable of which the secondary coil winding is made of. 𝐵  Time-independent magnetic (vector) field in region 𝐺 ⊂ ℝ . 𝐶 Capacitance. 𝑐 Ground clearance of the HIPLEV’s secondary coil to ground, with the HIPLEV 
standing in a perfectly upright position. 𝐷 Width of a primary coil. 𝑑 Width of a secondary coil. 𝐷 Heuristic quasi-optimum approximation for the width of the oblong rectangular 
primary coil that induces maximum voltage on the HIPLEV’s secondary coil. �̅� Average width of the secondary coil turns. 𝐷  Width of the central lane stripe where the secondary coil within which the secondary 
coil can be displaced with the maximum nominal transfer power 𝑃  still assured. 𝑑  Calibrated reading beam length from the left LIDAR to the (left) corridor wall. 𝑑  Calibrated reading beam length from the right LIDAR to the (right) corridor wall. 

dB T Decibel-Tesla - magnetic field unit in decibels (dB), referenced to 1 Tesla. 𝐸 Electric vector field (V/m) or electric potential (V). F Faraday (unit of capacitance in the International System of Units). 𝑓 Frequency. 
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 𝑓  Even split frequency of a resonant system.  𝑓  Odd split frequency of a resonant system. 

g Standard acceleration of gravity on the Earths’ surface, 9.81 m/s   ℎ Distance between the parallel support planes for primary and secondary coils. H Henry (unit of inductance in the International System of Units). 𝐻 Magnetic field strength (A/m). ℎ  Height of the lane surface above the landing zone surface for the primary coil 
windings, in the HIPLEV prototype. 𝐼 Electric current. 𝑗 Complex number √−1. 𝙹  Jacobian of the vector field 𝐵 . 𝑘 Magnetic coupling coefficient. 𝐿 Inductance. ℓ Length of a rectangular coil or a rectangular coil turn. 

ℓ  
Estimated length of the oblong coil with rounded extremities that has the same 
inductance of a rectangular coil with length ℓ  and its same width. ℓ  Distance between two consecutive primary coils in the HIPLEV i-lane. ℓ  Length of the oblong primary coil with rounded extremities of the HIPLEV prototype.𝑀 Mutual inductance. 𝑁 Depending on the context, either an integer number representing the number of 
turns of some coil or the normal (Gaussian) probability distribution. 𝑃 Power. 𝑃  Estimated power losses on the primary coil. 𝑃  Estimated power losses on the secondary coil. 𝑃  Estimated power losses on the rectifier circuit and DC capacitor filter. 𝑝  Pitch distance between two consecutive secondary coil turns in the HIPLEV. 𝑃  Maximum regulated power transfer over of a IWPT link. 𝑃  Nominal maximum power of a powertrain. 
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𝑃  Radiated power. 𝑄 Quality factor (of a reactive component). 𝑅 Electrical resistance. 𝑅 ,  Estimated AC resistance of the secondary coil in a IWPT configuration. 𝑅  Radiation resistance. 𝑆 Phasor representing (total) power. 𝑈 Phasor 𝑈, for any upper-dotted symbol 𝑈. 𝑣 Velocity (vector). V Volt (unity of voltage in the International System of Units). 𝑉 Voltage. 𝑉  Voltage drop across a diode polarized with a forward bias voltage. 𝑉  Nominal DC output voltage of design to the powertrain. 𝑤  Maximum reference width for a bicycle. 𝑤  Width of the reference corridor for measuring the lateral displacements of the EOM.𝑤  Maximum allowed width of a secondary coil to be installed on the HIPLEV. 

𝑤  

Width of a filamentary rectangular oblong primary coil that maximizes the 
flatness of the induced voltage on a filamentary rectangular secondary coil at the 
center-alignment point, as the secondary coil is laterally displaced over the 
primary coil. 

𝑤  
Depending on the context, either the minimum recommended paved lane width 
for the HIPLEV or the distance between opposite external faces of the housing of 
the electro-optical monitor. 

𝑤  
Width of a filamentary rectangular oblong primary coil that maximizes the 
induced voltage on a filamentary rectangular secondary coil, in center-alignment 
conditions between primary and secondary coils. 𝑤  Minimum total lane width recommended for the HIPLEV. 𝑍 Impedance. 
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Symbols starting with a letter from other alphabets: 

𝛾  
Optimum ℎ 𝑑⁄  ratio for maximum linearity of the induced voltage on a 
filamentary rectangular secondary coil due to a single, infinitely long, filamentary 
primary conductor. 𝛿 Electromagnetic skin depth (due to skin effect). Δ𝑡 Time delay. 𝜂 Electrical efficiency. 𝜂  Efficiency of the onboard energy storage device, either a battery or a supercapacitor 
bank, or an association of them. 𝜂  An efficiency measure from a DC input voltage to a DC output voltage. 𝜆  Wavelength in free space of electromagnetic wave with frequency 𝑓 . 𝛬  Estimated incremental distributed inductance along the longitude of the primary coil 
designed for the HIPLEV (expressed in Henry per meter). 𝜇 Magnetic permeability. 𝜇  Magnetic permeability of free space. 𝜉 Normalized induced voltage on the secondary coil by an oblong primary coil. 𝜌  Electric resistivity of copper at 20 C. 𝜑  Maximum inclination angle for the HIPLEV. 𝜔 Angular frequency. 

Ω Ohm (unit of resistance in the International System of Units). л Lightweightness coefficient, mass ratio of a vehicle to its payload (the 13th letter 
of the Cyrillic alphabet, pronounced /elʲ/). 

 Function representing the inductance of a rectangular coil (the 13th letter of the מ
Hebrew alphabet, pronounced /mem/). 

 Ratio of secondary to primary phasor currents in a magnetic link (the 21st letter ש
of the Hebrew alphabet, pronounced /ʃɪn/). 

Warning: (i) Symbols not listed in this section may find different meanings in different 

contexts, and their definition will be provided locally at the point of occurrence in the text. (ii) Local 

symbol definitions have precedence over the symbol definitions provided in this section. 
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The sparkle over the human-inductively-powered lightweight electric vehicle (HIPLEV) concept 

was originated from my personal experience as a biker and the observation of the enthusiastic 

acceptation of the bicycle as a preferred transport by my young children, years ago, when we were 

living in Rio de Janeiro. In our neighborhood there was an urban lake with slightly more than 7 km 

of perimeter, around which a bike lane provided our daily connection to the school, the club, shopping 

and, in the weekends, to our favorite restaurant and other amusing rides. This simple vehicle is fun 

to use, environmentally friendly, affordable, and more than enough to satisfy a significant part of our 

urban displacement requirements, if we live in a city with favorable topography, reasonably good 

weather and adequate cycling infrastructure. 

The consolidation of the main ideas for this thesis only came though during the Eurobike 2014, 

in Friedrichshafen, when I finally realized the enormous potential of the lightweight electrically 

assisted vehicles. In this short trip, already living in Europe, I was accompanied by my then 10-year-

old son, who, after enjoying a demo riding and enthusiastically approving one of the e-bikes at the 

show, commented how cool would it be if he could just ride “forever”, without having to stop for 

recharging, or anything. One more of his frequent serendipitous but profound reflections… 

I quickly evaluated that my son’s demand would be completely satisfied if energy could be 

continuously transferred to the bicycle while it was being ridden. Reviewing the bibliography, it did 

not take much to come across KAIST achievements with the On-Line Electric Bus, which had recently 

been successfully prototyped and tested, and to discover all the rising interest in dynamic inductive 

wireless power transfer. Well, if dynamic induction could work for a bus, it could possibly work for a 

bike as well. Also, since the basic operation mode for e-bikes and other lightweight pedal vehicles 

relies on pure human powered traction, I realized that these vehicles could optionally completely 

dismiss the use of a standard battery, being capable of providing new distinctive sustainable 

commuting services when wirelessly powered. The research work just followed to prove its viability. 

Not being sure about whether the HIPLEV concept will someday be considered for large-scale 

adoption, this small contribution effort to a sustainable world is then dedicated to all of our kids, who 

with their serendipity and natural-born wisdom can change the world for much better — as long as 

they keep faithful to their own inspiration, and remember that some work, often, lots of work, must 

follow, for ideas do not usually became reality by themselves... 
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“I would prize every invention of science made for the benefit of all. 

There is a difference between one invention and another. I should not 

care fur poisonous gases capable of killing masses of men at a time. 

I also have no consideration for machinery which is meant either to 

enrich a few at the expense of the many, or without reason, to 

displace the labour of the people. The machine should not be allowed 

to cripple the limbs of man.” 

Mohandas Karamchand Gandhi (Mahatma Gandhi) 

(https://www.mkgandhi.org/) 
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The modal shift to electric mobility is worldwide perceived as a key technological advance 

to reduce the emission of greenhouse gases and the air pollution, especially in urban areas. In 

conjunction with the large-scale adoption of renewable energy sources, the electrification of 

vehicles is envisaged as an ultimate strategy to achieve zero direct greenhouse gas emissions in 

most transportation applications. However, indirect emissions, those generated in the production 

and distribution of the vehicles products [1], should also be considered. The levels of per capita 

raw materials and energy consumption observed in today’s industrialized societies are historically 

very high, and also represent a risk factor for the equilibrium of the environment [2]. Concerning 

electric mobility, the trends in the electrification of the urban fleet by the replacement of internal 

combustion engine vehicles, by electric vehicles with even more powerful engines, do not indicate 

a change in this consumption pattern. 

For a desirable sustainable economy and social equality, it then seems also important to 

reduce the total energy expenditure, the consumption of raw materials in transports, and the 

associated carbon footprint of the manufacturing of vehicles and vehicular infrastructure. Based 

on this perception, this work proposes and prospects the viability of combining the newly developed 

technology of dynamic inductive wireless power transfer with the well-established, relatively old, 

but environmentally friendly, human-powered vehicles. The design approach is strongly 

interdisciplinary, requiring a joint analysis of human powered vehicles and different other 

technologies for its idealization, implementation, and evaluation. The final result is the conceptual 

development and prototyping of a new transport mode variant, the human-inductively-powered 

lightweight electric vehicle (HIPLEV), which is shown to be technologically viable, and a promising 

sustainable response for urban transportation, particularly in commuting applications. 

Figure 1 depicts the context of the thesis research as a germinating plant, which, in its 

leaves, shows the main results achieved by the work, namely: 

• The theoretical analysis of Inductive Wireless Power Transfer (IWPT) and Dynamic IWPT 

(DIWPT) systems, bringing new interpretations and tools to the analysis of the basic IWPT 
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compensation topologies, and new theorems that help the magnetic field design of the cross-

section of oblong inductively electrified lanes (i-lanes). 

• The HIPLEV concept itself, a new urban transport mode variant, based on lightweight 

electrically assisted human-powered vehicles. 

• A successful laboratory implementation of the first known HIPLEV prototype, which was built 

by the adaptation of a popular Electric Pedal-Assisted Cycle (EPAC) type bike. 

• A new measurement technique and prototype tool system, to help evaluate the behavior and 

performance of DIWPT systems, when the vehicle misalignment from the center of lane is 

varied under dynamic conditions. 

 

Figure 1: Contextual elements of the thesis research and the results achieved. 

The research was supported by five institutions in three countries. In an initial stage, along 

2014 and up to early 2015, it was conducted at the University of Minho (UMinho), University of 

Porto (UPorto) and the University of Lisboa (UL/IST), in Portugal, covering base studies and initial 

considerations. This study phase eventually led to the top-down definition of the thesis research 

theme in the middle of 2015. After a few prototype implementations at the University of Minho, to 

refine the goals of the work, a research stay was started at the University of Vigo (UVigo), Spain, 

which lasted until the end of 2017. There, for about two and a half years, prototypes of i - lanes 

for lightweight electric vehicles (LEV) and the adaption of an e-bike with an inductive energy harvest 

system were accomplished and evaluated. In 2018, the research was hosted by the Computer 

Science and Artificial Intelligence Laboratory (CSAIL) of the Massachusetts Institute of Technology 

(MIT), United States, where the conceptualization and development of an electro-optical equipment 

for aiding the dynamic evaluation of i-lanes and vehicles was accomplished. 
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Theoretical analysis and reflections on all results obtained during the experimental phase of 

the work were matured into the proposition of the HIPLEV, with all work translated into this final 

thesis report, with the conclusion that the proposed concept is valid, technologically viable and 

constitutes a promising non-exclusive adequate sustainable response for urban transportation, 

particularly in commuting applications. 

Although different areas of knowledge were conjugated in this research, its focal subject is 

the magnetic field design for dynamic inductive wireless power transfer for electric mobility. Circuit 

theory, power electronics and mechanical analysis were regarded as support tools and minimally 

developed, whereas essential. Thus, in the experimental work, maximum effort was made on the 

reuse of existing electronics modules, with the necessary adaptations, when required, leaving 

circuit optimization for a follow-up development work. An exception to this was the development 

of the electro-optical tool for DIWPT evaluation, that, unparalleled in its approach, required specific 

software and electronics design to be fully implemented. 

In the following sections of this introductory chapter, the objectives of the thesis research 

are asserted, and its contributions summarized, in association with the publications so far 

released. The contents of the other chapters are also commented, to facilitate an organized reading 

of the thesis, allowing readers to directly jump into the sections of their major interest. 

1.1 Objectives, Approach and Contributions 

The main objective of this doctoral thesis is to explore aspects of the application of the 

technology of dynamic inductive wireless power transfer to electrically assisted cycles, such as e-

bikes, e-trikes, and other lightweight human powered vehicles. This association, unaddressed in 

the literature by the time of our first publication, led us to propose the creation of a new variation 

of the cycling transport, one that draws less resources for its implantation and less electric energy 

for its operation, than alternative heavier urban traffic, either electric or fuel-based. This was 

accomplished by: 

• The comprehensive study of the IWPT technology, with the identification of the design 

paradigms that would best fit the requirements of DIWPT for lightweight, lower power, 

electric transports. 

• The review of the evolution of the technology and performance limits of pedal-powered 

cycles, specifically, bikes and velomobiles. 
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• The study of recent data of the bike and e-bike markets, aiming a future perspective for the 

popularity and availability of e-bikes among the population, to support their use as a leverage 

for a possible introduction of the HIPLEV, and a justification for the necessary investment in 

the electrification of bike lanes. 

• The adaptation of an e-bike with an especially designed harvesting system that is able to 

draw energy from such a compatible (and also especially designed) inductive lane (i-lane), 

providing the experimental evidence of the feasibility of the concept. 

• The initial stationary evaluation and of the above design. 

• The development of a new specialized tool that can facilitate the detailed dynamic 

performance analysis of DIWPT systems such as the HIPLEV. In order to limit the total effort 

and resources allocated to the thesis research, this actual, detailed data collection was left 

for future work though, as it will require a more realistic test range, with a longer i-lane 

segment, outdoors, involving road construction works. 

1.2 Publications 

The publications in international journals, book chapters and international conferences, 

which have resulted from the research activity associated to this work, are listed below, each 

followed by a short commentary linking the publication with some contribution of this work. The 

first five of these publications contain the key ideas related to the thesis research, while the other 

three consist in collateral results, as a consequence of the involvement in the study of accessory 

technologies to the DIWPT design. The theorems developed and some implementation details, 

however, remain yet undisclosed, and shall be published only after reviewed and approved by the 

thesis committee. 

[3]  L. A. L. Cardoso, M. C. Martinez, A. A. N. Melendez, and J. L. Afonso, “Dynamic inductive 

power transfer lane design for e-bikes,” in 2016 IEEE 19th International Conference on 

Intelligent Transportation Systems (ITSC), 2016, pp. 2307–2312. 

In this first publication, the design of an inductive lane for e-bikes and the possibility of the 

reuse of this combination of technologies in other lightweight EV was reported, together with the 

electrification and adaption of a standard bike to harvest energy from that lane, by using inductive 

wireless power transfer. Key point in that design was the installation of a secondary coil around 

the rear wheel of the bike, in such a way that it neither interferes with the pedaling nor with the 

bike maneuvering, while making turns or going up and down smooth ramps. Special emphasis 
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was given on reporting experimental results, proving that it is viable to achieve 250 W of net power 

transfer between the i-lane and the powertrain of an e-bike over a 27 cm-wide center strip of the 

lane, more the 20 cm width that is minimally required for an average cyclist to keep balance while 

riding a bike on a straight line at speeds above 11.3 km/h [4]. Further, the power transfer can be 

increased up to 400 W, along all the width a 20 cm-wide central strip, within which the rider 

remains most of the time, when pedaling. 

The extra power transferred above the minimum required 250 W permits extra energy to be 

stored on board of the vehicle, in either a standard battery or a short-term storage supercapacitor, 

which will keep the vehicle electrically assisted at 250 W, even when traversing the gaps in 

between multiple such electrified path modules, where no energy from the lane is available. This 

power level of 250 W was chosen by design because it is the nominal maximum power level of 

assistance to the powertrain recommended for an EPAC class e-bike in the European Union [5]. 

By having 400 W available in the center strip, transient power demands in excess of 50% of the 

base 250 W value, which can be easily observed in real systems (resulting in an instantaneous 

power demand in excess of 375 W), can also be more easily accommodated. The designed lane 

was not optimized for efficiency or misalignment tolerance, but rather, all effort was directed to 

making the prototype as simple as possible, avoiding the use of either expensive software magnetic 

core materials or true litz wire, in both primary and secondary, to facilitate an implementation that 

could simply validate the concept. 

Under these conditions, an electrical efficiency of 64% was initially achieved at the center of 

the lane and reported in the paper. This efficiency was latter improved to above 65%, by fixing the 

workbench setup, and it is believed to be possibly further improved to a figure closer to 70%, just 

by a circuit optimization design phase. But even at this relatively low efficiency level, the HIPLEV 

overall energy consumption can be much less than that of standard road electric vehicles, for the 

same payload, in urban and commuting transportation tasks. Also, the system affordability of the 

HIPLEV is expected to be brought into a cost range compatible with that of e-bikes and bike lanes. 

Last, a new technique was proposed for synchronizing the energization of the primary coils 

in the presence of a vehicle, using near-field RFID. After some modeling improvements and further 

testing, this technique was detailed in a second paper, in the following year. 

[6]  L. A. L. Cardoso, J. L. Afonso, M. C. Martinez, and A. A. N. Meléndez, “RFID-Triggered Power 

Activation for Smart Dynamic Inductive Wireless Power Transfer,” in IECON - The Annual 
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Conference of the IEEE Industrial Electronics Society (IES), October 29 - November 1, 2017, 

2017. 

While in the first paper the emphasis was on the power transfer design, in this second paper 

a more detailed description is given on the technique invented to switch the power of the primary 

coils on and off. This was accomplished by placing an RFID reader at the extremity of each primary 

coil, which is the entry point for a one-way traffic. This RFID reader was then used to detect and 

identify an RFID tag placed on the secondary coil, installed on the e-bike. A microcontroller, having 

the continuously updated information coming from the RFID reader, detects the presence of the 

vehicle at the beginning of the coil run, verifies that the tag identifier is in association with an 

authorization to drive power from the lane, and, within about 30 ms, triggers the primary coil 

power on. The power excitation of the primary coil is later turned off irrespectively of the RFID 

reading status, after the vehicle has passed over the coil, when the power demand is detected to 

have been reduced below a pre-determined level, or when a time-out parameter is reached. 

Because the magnetic field from the power coils can interfere with the RFID readings, and 

even be destructive to the RFID circuitry, some modifications were made to the RFID circuitry itself, 

and special attention was given on the collocation of the coils: On the lane side, the primary power 

coil and RFID reader coil were positioned in magnetic orthogonality to each other, the same 

technique being used on board of the vehicle to position the RFID tag coil with respect to secondary 

coil, which can also generate a strong magnetic field. The decoupling of the RFID reader coil from 

the secondary power coil, and of the RFID tag coil from the primary power coil, could be achieved 

by frequency separation only (the power transfer occurs around 50 kHz, and the RFID works at 

13.56 MHz), due to the relatively greater distance between the coils in these pairs. The level of 

separation achieved for the power and RFID systems was enough to prevent the power coils from 

damaging the RFID sensor and tag, but not enough to prevent occasional interference in the RFID 

data transfer. However, in the scheme used, this was not an issue, because the RFID was used 

only to trigger WPT initiation, with all valid RFID readings performed when the primary coil being 

crossed is still off, and the RFID tag is far enough from other neighbor primary coils that could 

possibly be energized. At the time of detection, the secondary is then not yet energized as well, 

thus, also unable to induce noise on the RFID reader. Due to speed limitations of the RFID reading 

code implemented, the maximum transit speed of a vehicle that would still guarantee virtually 

100% vehicle detection was estimated to be in the range of 30 km/h to 35 km/h. While this is not 

a high speed, relatively to standard road traffic, it is entirely compatible with the maximum speed 

at which an EPAC is specified to receive electrical assistance, which is 25 km/h. 
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[7]  L. A. Lisboa Cardoso, D. Fourie, J. J. Leonard, A. A. Nogueiras Meléndez, and J. L. Afonso, 

“Electro-Optical System for Evaluation of Dynamic Inductive Wireless Power Transfer to 

Electric Vehicles,” in Green Energy and Networking, 2019, pp. 154–174. 

The characterization of power transfer as a function of the in-lane lateral alignment of a 

vehicle is crucial to guarantee that the DWIPT to the EV occurs at a designed nominal power levels 

and time pattern. In [3], the lateral misalignment effects were measured with the e-bike stationary. 

This provided a good system characterization, since the quasi-stationary approach for DIWPT holds 

at the speed and dimensions of terrestrial EVs, at the induction frequency range used. However, 

it was perceived as highly convenient to be able to evaluate the DIWPT under real maneuverability 

conditions of an EV, which, depending on the circuit implementation, might potentially interfere in 

the dynamical performance. In this way, thinking of new future circuit implementations, the design 

and development of a special opto-electric instrumentation system was undertaken. This system 

was successfully completed, and the results reported in this third publication. 

The designed system simultaneously collects the EV’s dynamic misalignment, angular 

attitude, and power data, while it is running over DIWPT lanes. The system is based on LIDAR, 

inertial and power sensors, installed on board of the vehicle, which are synchronously read, and 

their data time-tagged and transmitted to a ground-fixed analysis station, by means of a customized 

UHF relay link. The hardware and software developed can handle the collection of 6 kilo-samples 

per second of simultaneous position and attitude of the e-bike, synchronized with electrical data 

showing the received power and the electric status of the powertrain. Although the system was 

inspired by the case of instrumenting the developed HIPLEV prototype, its characteristics would fit 

a wider class of vehicles, not being limited, for instance, to the lower speed of bikes. The system 

was successfully tested indoors, using a non-electric bike, and became an independent and more 

general contribution of the thesis work to the development of DIWPT systems. As the next step a 

full outdoor DIWPT lane for electric bikes would have to be built to allow the dynamic evaluation 

of system developed in [3] and [6], but it was not possible to include this development effort in 

the thesis framework, due to time and resources limitations, and this was left as a recommendation 

for a future work. 

[8]  L. A. L. Cardoso, A. A. N. Meléndez, L. A. S. B. Martins, and J. L. Afonso, “Human-Inductively 

Powered Lightweight Electric Vehicles: Sustainable Transportation for the Smart City,” in 

Proc. 4th International Conference on Energy and Environment: bringing together 

Engineering and Economics, 2019, pp. 185–190. 
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In this paper, the concept of the Human-Inductively Powered Lightweight Electric Vehicle 

(HIPLEV) and its perspective applications are introduced, which, ultimately, is the application for 

the results achieved in [3] and [6], the design of an inductively powered e-bike and its i-lane. The 

HIPLEV is proposed in the quest for energy conservation and more sustainable personal 

transportation. It opens unprecedented application possibilities for hybrid human-powered 

lightweight electric vehicles, such as e-bikes, electric rickshaws and similar lower mass, lower 

power vehicles. Their combined use with dynamic inductive wireless power transfer lanes is 

predicted to deliver sustainable urban and commuting transportation services, constituting an 

alternative to heavier personal cars and even to public transports, in many application contexts. 

[9]  J. A. Afonso, H. G. Duarte, L. A. L. Cardoso, V. Monteiro, and J. L. Afonso, “Wireless 

Communication and Management System for E-Bike Dynamic Inductive Power Transfer 

Lanes,” Electronics, vol. 9, no. 9, p. 1485, 2020. 

This article resulted from the investigation and prototype implementation of a simple Wi-Fi -

based management system for inductive lanes specifically proposed for e-bikes in [3] and [6], and 

extends the basic authorization schema initially proposed for energizing the primary coils of the 

lanes. While in the first implementation of the system the authorization was granted via enquires 

to a fixed, pre-loaded, local list of valid vehicle identifiers, in [9] this list can be dynamically updated 

via message exchanging with a central server that keeps a database of vehicles. This opens the 

path for future implementation of higher application layers that, for instance, will be able to 

monitor, authorize the safe handling of a large number of vehicles. It would also permit toll 

collection on large scale lane systems for HIPLEV’s – although the author would rather prefer the 

system to evolve, in the future, into a toll-free, city-provided infrastructure for transport, as a foment 

for social equality, much in alignment with the cycling philosophy. 

[10]  V. Monteiro, J. A. Afonso, T. J. C. Sousa, L. L. Cardoso, J. G. Pinto, and J. L. Afonso, “Vehicle 

Electrification: Technologies, Challenges, and a Global Perspective for Smart Grids,” in 

Innovation in Energy Systems, T. S. Ustun, Ed. Rijeka: IntechOpen, 2019. 

In this book chapter, a general survey of vehicle electrification technologies is provided, 

where the author’s main contribution was the writing of section 4, “Vehicle electrification: a 

comprehensive perspective of wireless charging systems.” 
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[11]  L. A. L. Cardoso, V. Monteiro, J. G. Pinto, M. Nogueira, A. Abreu, J. A. Afonso, J. L. Afonso, 

“Design of an intrinsically safe series-series compensation WPT system for automotive 

LiDAR”, MDPI Electronics, vol. 9, no.1, p. 86, Jan. 2020, ISSN: 2079-9292, 

DOI: 10.3390/electronics9010086. 

In this article, a practical design methodology for SS-compensated IWPT topologies 

exhibiting frequency splitting, where the magnetic coupling coefficient is constant (as described in 

section 2.5.2), is proposed. In this solution, the overloading of the primary circuit is avoided, in 

case of incidental unloading of the secondary, what makes the system intrinsically safe. Instead 

of using the principal resonance frequency 𝑓 , the operation point is set closer to the higher 

resonance split frequency 𝑓 , with the equivalent load resistance 𝑅  seen by the secondary set 

to a value above that required for maximum power output at that frequency. The solution was 

successfully used to build a prototype of a wireless power supply for a LIDAR unit, revealing a good 

balance between efficiency, safety, and flexibility of employment. Also, as part of the development, 

a robust method for experimentally evaluating the power transferred over the IWPT air-gap was 

derived, based on the direct synchronous measurement of primary and secondary currents, and 

their FFT decomposition into harmonic components. 

[12]  J. L. Afonso, L. L. Cardoso, D. Pedrosa, T. Sousa, L. Machado, M. Tanta, V. Monteiro, 

“A Review on Power Electronics Technologies for Electric Mobility”, MDPI Energies, vol. 13, 

no. 23, p. 6343, Dec. 2020, DOI: 10.3390/en13236343. 

In this article, a general survey of the power electronics for application in electric vehicles is 

provided, where the author’s main contribution was given in section 2.2, “Inductive Wireless 

Battery Charging”, presenting the basic theory, the current achievements, and the trends in the 

application of both stationary and dynamic inductive wireless power transfer. 

1.3 Organization of the Thesis 

In this first chapter, a brief presentation of the motivation for the research, a summary of 

the methodological approach used, the contributions and publications achieved along the research 

are provided in the former sections. 

Chapter 2 brings the essential technical background for the design of inductive wireless 

power transfer (IWPT), which is being progressively more used in recent years, and it is expected 

to be consolidated as one of the standard interfaces for stationary vehicular charging. Effort was 
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made to explain basic circuit concepts in order to facilitate the reader whose background is mostly 

related to transportation systems. In addition to theory, some simulations and experiments are 

punctually provided to illustrate the main concepts. Although the subject is already extensively 

covered by recent literature, new graphical tools are introduced for visualization of IWPT 

parameters, which shall help in design procedures. 

In Chapter 3, the theory, some of the most relevant concepts and prior designs and 

developments in the application of IWPT to moving objects, known as dynamic inductive wireless 

power transfer (DIWPT), are introduced. Design strategies and parameters are discussed, together 

with the presentation of some of the most interesting concepts and prototype implementations of 

DIWPT observed in the literature. In section 3.6.3, some theorems concerning DIWPT based on 

oblong primary coils are derived, that are crucial to the design and experimental development 

achievements reported in Chapter 5. 

Chapter 4 brings into focus the Lightweight Electric Vehicles (LEV), highlighting their possible 

role as a complementary resource in the urban sustainable development. This is succeeded by 

one of the main thesis statements, which is the usefulness of the association of hybrid electric-

human-powered lightweight vehicles with the imminently available DIWPT technology. General 

design requirements and considerations are given, in preparation for the design and 

characterization of the prototypes implemented in Chapter 5. 

Chapter 5 describes the power transfer design for the HIPLEV, and its initial stationary 

evaluation, which can be considered the most critical aspect for proving the feasibility of the 

HIPLEV concept, and the main contribution of this thesis research. This previously unseen design 

method developed can be applied to other DIWPT applications as well, where the electrical y 

mechanic characteristics of the EV to be powered are imposed to the problem. Chapter 5 also 

describes a new near-field wireless power control variant scheme, based on the reuse of RFID 

hardware and software protocols, which can be used by the HIPLEV. Chapter 5 extensively uses 

previous art and new theoretical analysis reviewed and developed in Chapters 2 and 3, to satisfy 

the HIPLEV requirements, identified in Chapter 4. The experimental results achieved reveal the 

technical viability of the HIPLEV concept. The vehicle adapted in this first HIPLEV prototype is the 

most emblematic and par excellence representative of the LEV, the standard upright two-wheel e-

bike, which is also one of the most difficult of them to adapt, due its unique mechanic features. 

The conclusion is, if the concept can work with upright bikes, it can work even better with other 

more refined cycle types, such as recumbent faired velomobiles. Some other important questions, 



Chapter 1 - Introduction 

Dynamic Inductive Wireless Power Transfer for Lightweight Electric Vehicles 
Luiz Alberto Lisboa da Silva Cardoso – University of Minho 11 

 

such as the full EMF exposure compliance and the economic evaluation of HIPLEV, however, are 

not in the focus of this work and were left for future research. 

Chapter 6 describes a general electro-optical instrumentation technique, conceived for 

dynamically testing a wide class of DIWPT configurations, including the HIPLEV. After the main 

results of the thesis were conquered, as reported in Chapter 5, a prototype instrument, based on 

the idea, was also developed, and submitted to initial stationary power tests and dynamic 

positioning tests, using a non-electric bicycle as the testing platform. Favorable experimental 

results were also obtained, indicating that the proposed technique permits the dynamic 

characterization and evaluation of DIWPT performance, concerning the simultaneous 

measurement of electrical parameters and dynamic misalignment tolerance, which is recognized 

as one of most critical aspects in DIWPT applications for land transports. 

In this manner, except by the common application point of view, results in Chapter 6 are 

entirely independent from the main results in previous chapters. It was included in this thesis not 

only due to its originality and pertinence to the development of DIWPT configurations, but also 

because it is a promising low-cost precision tool to conduct future dynamics tests of HIPLEV 

systems, which are deemed as necessary. A graphic description of the interdependence of the 

Chapters is shown in Figure 2, and might help the reader navigate through the thesis. 

At the beginning of each of these chapters, a short synopsis is provided, to help contextualize 

the reader and, as much as possible, to facilitate the independent reading of different chapters. 

In Chapter 7, a summary of the main contributions achieved is provided, together with the 

conclusions driven from the work accomplished. Finally, some suggestions for future investigative 

work are also presented. 

More than 90% of the other following pages of this thesis were written to review and develop 

the mathematical insight and algorithms used to solve the DIWPT requirements and other 

engineering problems associated to the implementation and rigorous testing of HIPLEVs. However, 

it is in Chapter 4 where the facts and thoughts that inspired the mathematical development of this 

thesis are briefly recollected. 

According to the reader’s own experience and background, either more or on the electrical 

engineering field or more on transport systems, the preferable order for reading the thesis chapters 

might be different, with Chapter 4 alternatively coming before Chapter 2 and Chapter 3. 
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Figure 2: Organization and interdependence of the thesis chapters. 
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In this chapter a review of the concept, some historic milestones, and the most important 

theoretical aspects of this technology are presented. Some state-of-the-art applications and 

achievements are also illustrated, in preparation for the discussions of the next chapter. Portions 

of the text and some of the figures in this introductory chapter were extracted or adapted from the 

author’s contributions to [10], [11] and [12]. 

Throughout the literature, the Inductive Wireless Power Transfer (IWPT) is either simply 

referred as Inductive Power Transfer (IPT) or Wireless Power Transfer (WPT) as well. This 

phenomenon, that results from the interaction between two or more non-galvanically coupled 

electric circuits, by means of their magnetic field, was early observed by Michel Faraday in 1831, 

while experimenting with an “induction ring”, which was actually a toroidal transformer of iron 

core [13]. The same phenomenon was later exploited by Nikolas Tesla, by using air core resonant 

coils at higher frequencies, to achieve very high voltages in his lightening demonstrations. While 

the development of electric transformers using ferromagnetic cores became one the foundations 

for the distribution of alternated current at 50 and 60 Hz, the use of air core configurations for 

power applications, for many decades, remained restricted, due to the difficult of building efficient 

and powerful electrical oscillators at higher frequencies.  

With the development of solid-state power electronics, it became progressively more 

practical to implement efficient circuitry to drive primary coils at higher frequencies and power 

levels. The subject regained increasingly attention in the 1990s [14], and a great publicity along 

2007, with the publication of the experimental achievements of Kurs, Karalis, and others [15] [16] 

at the Massachusetts Institute of Technology, in which a bulb attached to a receiver secondary coil 

was wirelessly lightened with 60 W at 40% electric efficiency, 2 m away from the transmitter 

primary coil. The distance in between coils was 4 times larger than the 50 cm diameter of the 

coils, was small enough to prevent a large power loss in electromagnetic radiation at the 9.9 MHz 

frequency employed, although incompatible with current EMF safety recommendations [17]. In 

these last ten years, IWPT became a technology of wide interest in the engineering community, 

frequently as a means of wirelessly recharging batteries of mobile appliances.  
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2.1 Magnetic Induction 

Cored inductive power transfer is a popular technology that has been extensively used since 

the electric transformers have been invented [18], and it is based on the magnetic induction effect 

earlier observed and explored by Michael Faraday in 1831 [19] [20]: When two coils are wound 

around a body of magnetic material (the “core”), their electrical behaviors are mutually 

interdependent. This happens in such a way that energy can be exchanged between the coils and, 

ultimately, between the circuits they are connected to, by means of a commonly shared magnetic 

field. This is not itself an invention, but rather, a natural phenomenon that is easier to observe 

when the core material has a high magnetic permeability, but that also occurs even if the core is 

constituted by air or, simply, by vacuum.  

After Faraday’s work, James C. Maxwell developed a theory [21] that, further than 

consolidating all the mathematical relations between electrical and magnetic fields, predicted the 

existence of electromagnetic waves, that could potentially make an electric circuit radiate energy 

to the free space, irrespectively of the existence of another circuit to sense that energy. 

In a sequence of experiments from 1886 to 1889 [22], while seeking evidence for the 

electromagnetic waves predicted by Maxwell, Heinrich R. Hertz first came across IWPT, by realizing 

that it was possible to produce a spark in between the terminals of a Riess coil, when switching 

electric current in another of these coils, positioned close to the first one, in a parallel plane [23]. 

This short-range phenomenon, which can be purely credited to magnetic induction, constituted a 

variant of the “cored” induction, discovered by Faraday in 1831, in his ring transformer 

experiment. In the latter cases, where there is no solid material to serve as a path for the magnetic 

field all the way between the two coils, the pair of coils form an “air-gapped” magnetic coupling, 

and the phenomenon is often referred to as “wireless” power transfer (WPT) or, more precisely, 

inductive wireless power transfer (IWPT). 

Soon it was realized that, in IWPT, the transmission of energy was not 100% efficient, the 

losses being later explained by (i) the energy dissipated in the electrical resistance of the 

conductors of both coils; (ii) the energy dissipated in the core material (if not air-gapped), that can 

be due to either induced parasitic (eddy) currents or magnetic reluctance; and (iii) the energy that 

is radiated to free-space by the coils. All these losses vary with the working frequency. Noticeably, 

the frequency dependency of conductive losses in (i) is due to skin and proximity effects [24], that 

results from the interaction of the conductor with the magnetic fields respectively generated by the 

current passing on that same conductor and other nearby conductors, making the current 
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distribution uneven along the conductive elements in the cross-section, and thus, increasing the 

apparent resistance of the coil windings. 

2.2 Near Field versus Far Field Electromagnetic Interaction 

One of the critical requirements for inductive power transfer by magnetic resonance is that 

the coils operate in a low enough frequency, so that the energy they lose to the environment by 

electromagnetic radiation is negligible. This condition is called near field operation and it is the 

intended operational mode for IWPT systems. In order to be achieved, the dimensions of the coils 

must be significantly less than the wavelength associated to the frequency of the current feeding 

the coils. When the dominant part of the energy is otherwise transferred by radiation, the 

electromagnetic interaction between two antennas is named of far field interactions, which is used 

in standard radio-communication systems, but is not the intended operation for IWPT systems. 

Although some WPT configurations can be devised to operate in the radiative near-field 

(Fresnel) transition region, resulting in improved efficiencies over the standard far-field WPT 

configuration [25], the achievable efficiency level in near-field IWPT is commonly higher than either 

far-field configurations. In addition, in all far-field configurations, part of the energy is also radiated 

to unwanted directions and targets, potentially causing interference in other systems. 

Because of these conditions, in most high-power WPT designs the near-field WPT operation 

is preferred, whenever the relative distance of the between the transmitter and receiver antennas 

can be relatively small, compared to the size of the largest of these antennas. To ensure that any 

particular WPT configuration operates in near-field operation, it is necessary to keep the energy 

radiated by the antennas to negligible levels. 

The power radiated by an antenna can be calculated by first estimating its radiation 

resistance 𝑅 . The power radiated by the antenna, 𝑃 , is then expressed by: 

𝑃 = 𝑅 𝐼  (2.1)

where  𝐼  is the rms current feeding the antenna at frequency 𝑓 , corresponding to the 

wavelength 𝜆 . 

The radiation resistance of loop antennas of a total length much smaller than the wavelength 

in free space associated to the current feeding that loop can be approximated by the radiation 

resistance 𝑅  of a circular loop antenna with the same loop area, 𝐴  [26], which is given in [27]: 
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𝑅  =  320 𝜋 𝑁 𝐴


Ω , (2.2) 

where 𝑁 is the number of turns of the antenna and 𝜆  is the wavelength of the current traversing 

the antenna, which can be assumed to be constant in amplitude along the antenna in these 

relatively small antennas, and therefore equal to the current feeding the loop. 

For instance, if the primary induction coil is considered to be perfectly rectangular, with 

length and width respectively 𝑎 and 𝑏, its radiation resistance and the radiated power 𝑃  of the 

primary loop can be approximated respectively by (2.3), directly derived from (2.2): 

𝑅  =  320 𝜋 𝑁 𝑎 𝑏


Ω (2.3) 

As an example, if a single-loop (single turn) primary coil is 0.5 m wide and 4 m long, and 

operates at the frequency of 100 kHz, the associated wavelength is 2997.9m, its radiation 

resistance is approximately 1.5436 x 10  Ω and, at loop current of 100 A rms, it will radiate only 

15.4 μW. The same coil operating at the lower frequency of 85 kHz would radiate 8.1 μW, and, at 

50 kHz, only 1 μW, as summarized in Table 1, and this power value that would further decrease 

with the fourth power of the frequency. If a secondary coil is being induced by a primary coil, the 

former will also be subjected to radiation losses, which are similarly calculated. 

Table 1: Power radiated by a 0.5 m wide x 4 m long coil at different frequencies and current levels. 

Current 
(A rms) 

Radiated Power (μW) 

at 50 kHz at 85 kHz at 100 kHz 
50 0.2 2.0 3.9 

75 0.5 4.5 8.7 

100 1.0 8.1 15.4 
 

The radiated power is an important parameter to control in IWPT design, not only for the 

system efficiency, but principally, for safety and electromagnetic compatibility issues, as the 

system is not expected to cause electromagnetic interference in other systems using the same 

band of the spectrum. Power levels in the order a few μW, as those found in Table 1, however, 

would rarely interfere with other circuitry away from the radiating primary coil because, at this low 

frequencies, the circuitry subject to receiving this power as an interference signal would have to 

be of large dimensions, in the other of the wavelength, to exhibit a significative antenna gain, and 

be capable of capturing a significant amount of the radiated power. 
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The radiated power can thus be limited by a priori limiting the maximum current, frequency, 

and dimensions of the primary coils in an IWPT design, or it can be otherwise checked and reduced 

along the optimization phase of the design. If many primary coils distributed in a region of the 

space are coherently excited at the same frequency, the power incident on a given receiver may 

add-up by constructive interference, and this may constitute a further concern for the IWPT design. 

2.3 Principles of Inductive Wireless Power Transfer 

In both “cored” or “wireless” versions, when submitted to sinusoidal oscillations of 

sufficiently low frequency 𝑓  (i.e., producing a negligible radiated power), the magnetic coupling 

can be modeled in terms of phasors, by ideal linear circuit components, as shown in Figure 3. 

(a) (b) 

Figure 3. Two non-radiating magnetically coupled coils (a) and their simplified circuit model (b). 

In this model, 𝜔 = 2𝜋𝑓 , and 𝑀 is the mutual inductance between the coils. 𝑅  and 𝑅  

depend on both skin and proximity effects and, for any fixed frequency operation 𝑓 , they should 

be recalculated, so that the model can still conserve its linearity. In this manner, in sinusoidal 

regimen, with no radiation assumed for the magnetic coupling, the power transferred from Coil 1 

to Coil 2 is given by the phasor 𝑆 , : 

𝑆 ,  =   𝑉 𝐼∗ = 𝑗 𝜔 𝑀 𝐼∗ 𝐼 , (2.4)

where for 𝑖 ∊  1, 2 , 𝑉  and 𝐼  are the phasors representing respectively the voltage across the 

dependent voltage source and the current flowing on side 𝑖 of the magnetic coupling. 

The real power 𝑃 ,  transferred from Coil 1 to Coil 2 is then given by: 

𝑃 ,  =   Re 𝑆 , = 𝜔 𝑀 Re 𝐼 Im − 𝐼 − 𝜔 𝑀 Re 𝐼 Im − 𝐼  (2.5)

Assuming, without loss of generality, that the zero-phase reference is that phase of current  𝐼 , this expression further simplifies to: 
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𝑃 ,  =   𝜔 𝑀 Re 𝐼 Im − 𝐼 , (2.6)

Expression (2.5) can be perceived geometrically as: 

𝑃 ,  =   𝜔 𝑀  𝐼 𝐼 sin(𝜑 − 𝜑 ), (2.7)

where 𝜑 − 𝜑  is the angle difference between the phase of current in Coil 1 (the primary coil) to 

the phase of current in Coil 2 (the secondary coil), which will be referred as the compensation 

angle. Noticeable, if sin(𝜑 − 𝜑 ) < 0, 𝑃 ,  is negative, and the power is actually transferred 

backwards, that is, from Coil 2 to Coil 1, what constitute the basis for implementation of 

bidirectional IWPT configurations. 

For fixed RMS values 𝐼  and 𝐼 , 𝑓  and 𝑀, it can be seen that the transferred power 

will be positive and maximized when 𝜑 − 𝜑 =  𝜋 2⁄ , that is, when 𝐼 , the current entering the 

reference node on Coil 2 has a phase delay of 𝜋 2⁄ , with respect to the phase of 𝐼 , the current 

entering the reference node on Coil 1. This condition is met when:  

− 𝐼 =    𝛼  𝑗 𝐼   = 𝛽 𝑗 𝜔 𝑀 𝐼 , 𝛼, 𝛽 > 0, (2.8)

and it is equivalent to requiring the current − 𝐼  leaving the reference node of Coil 2 to be in phase 

with the voltage  𝐸 = 𝑗𝜔𝑀𝐼  induced on the secondary, a condition that is met when the total 

equivalent impedance driven by 𝐸  is purely resistive. Once fixing the magnetic coupling inductive 

parameters (𝐿 , 𝐿 , 𝑀) and 𝑓 , this can be achieved by introducing a compensation network in 

the secondary circuit. From (2.7), it can also be seen that, at the resonance condition given by 

(2.8), in order to obtain larger values for 𝑃 , , either 𝑓 , 𝑀, 𝐼  or 𝐼  have to be increased. 

When the operating frequency, the resonant frequency of the primary (transmitting) and 

secondary (receiving) coils circuits are the same, the currents on the coils are greatly increased, 

and the power levels achieved can be very high, at high efficiency levels, a condition called 

magnetic resonance coupling, early observed by Nikola Tesla along his work with AC currents [28]. 

One last remark is that 𝑃 , , in (2.7), is the power transferred though the magnetic link 

between the two coils, not the power delivered to the resistive load attached to the secondary (Coil 

2). Part of 𝑃 ,  is expected to be dissipated on the resistive components of both the secondary coil 

itself and the compensation network used to adjust the phase of 𝐼 . Although this approximation 

can be done, as the WPT efficiency becomes sufficiently high. 
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2.4 Self and Mutual Inductance Calculations 

Essential to the prediction of power transference between energized coils, and thus, to the 

design of IWPT configurations, are: 

• The calculation of the maximum current that a conductor can handle, at a given frequency; 

or conversely, what conductive cross-section a conductor must have in order to handle, at 

that frequency, some required current. 

• The calculation of mutual inductances between two coils; or equivalently, the determination 

of their geometry to implement the some required mutual inductance value. 

• The calculation of self-inductances of coils, to determine how to electrically excite their 

terminals in order to obtain the required design current. 

These problems can be solved by numeric simulation using finite element modeling (FEM); 

if required, in a number of iterations, to determine some feasible or optimum solution. This method 

can be complemented or, sometimes, replaced by simplified algebraic calculations, using formulae 

previously developed, often compromising precision and computational effort. 

To support other applications in general physics, such as radio communications, analytical 

studies and formulae of inductance of conductive geometries were early developed [29] [30], 

which hold, to a good approximation, valid and useful even today. In the design of the HIPLEV, 

oblong coils are used, and the calculation of the inductance of rectangular coils is especially useful. 

2.4.1 The Inductance of a Rectangular Coil 

One of the popular shapes of coils used in IWPT is the rectangular form, which is used in 

the design of the inductive lane for the HIPLEV (as detailed in Chapter 5), to approximate the 

inductance of oblong coils, where the extremities are not necessary perfectly rectangular. The 

formula for calculation of the inductance מ of a rectangular coil of round wire of relative magnetic 

permeability µ  is presented in [31], and reproduced here for the study of some of its properties, 

which is used (in Section 5.9) in the design of the primary coil for the HIPLEV prototype. 

,𝑎)מ 𝑏, 𝑟, µ ) = 

= µ𝜋 𝑎 log 2𝑎𝑏𝑟(𝑎 + 𝑑) + 𝑏 log 2𝑎𝑏𝑟(𝑏 + 𝑑) + 2𝑑 − (𝑎 + 𝑏) 2 − µ4 , (2.9) 

where 𝑎 and 𝑏 are the lengths of its sides, 𝑟 the radius of the wire, and 𝑑 = √𝑎 + 𝑏 . 
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If curves of מ versus the length 𝑎 of the coil are plot for different values of 𝑏, when both 𝑎 

and 𝑏 are much larger than 𝑟, it is verified that for every different 𝑏, מ can be approximated by 

an affine function of 𝑎, provided that 𝑎 is large enough. This approximation is apparently very 

good for  𝑎 ≥  2𝑏, as show in Figure 4. This can be interpreted as the inductance of a rectangular 

coil being sum of a fixed “inductance of the extremities”, which mostly depends on the width and 

the radius of the wire, and the inductance of the central portion of the coil, i.e., the inductance of 

the two parallel conductors along the length of the coil, from which the extremities were excluded. 

 
 

Figure 4: Inductance of rectangular coil compared with adjusted affine function of its length. 

 

In the graph of Figure 4, the inductance curves were traced for the case where the radius 

of the conductor 𝑟 =  10 mm.  Both the length and the width are normalized to this radius. The 

continuous curves correspond to the actual inductance curves, while the dashed curves of the 

same color are the corresponding affine approximations. The black dashed line define the region (𝑎 >  2𝑏) where the approximation can be considered good. As an additional verification, the 

maximum errors under the affine approximation are also plot Figure 5, confirming that, for 𝑎 ≥  2𝑏, the error is less 1.5% for 𝑏 =  20𝑟, and less than 1.1% for 𝑏 =  50𝑟. For all 𝑏/𝑟 

ratios, the error decreases rapidly if the ration 𝑎/𝑏 is further increased: 
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Figure 5: Inductance of rectangular coil compared with adjusted affine function of its length. 

 

Then it is also possible to express מ as: 

,𝑎)מ 𝑏, 𝑟, µ ) ≅ 𝑎)מ  , 𝑏, 𝑟, µ ) + (𝑎 − 𝑎 )𝛬(𝑏, 𝑟, µ ) (2.10)

for any 𝑎 ≥ 2𝑏. Noticeably, for the case that both 𝑏 and 𝑟 are fixed and µ = 1, the term 𝛬(𝑏, 𝑟, µ ) is a constant, meaning that, in an rectangular coil, there is an increment of inductance 

proportional to increment in length, above the minimum length 𝑎 . The term מ(𝑎 , 𝑏, 𝑟, µ ), 

which is the inductance of a rectangular coil with same cross-section and length 𝑎 , can be 

interpreted as the “inductance of the extremities” of the coil with the overall length 𝑎 . 

Due to vanishing mutual inductance between the center segment of the coil and its 

extremities, as the length is increased, a similar approximation is also expectedly possible for other 

types of oblong coils, irrespectively of the detail of geometry of its extremities. Intuitively, this 

approximation should hold as long as the windings at the extremities of the coil are actually 

confined to the extremities of the coil, and have an inductance comparable to that of the extremities 

of a rectangular coil of same size. 

2.5 The Serial-Serial Compensated IWPT 

The principle of IWPT by magnetic resonance coupling is exemplified and analyzed on basis 

of the so called serial compensated magnetic coupling circuit, which was the simplest and first 

engineered compensation network. This is achieved when the resistive load 𝑅  is connected to 

Coil 2 through a circuit network that transforms the load impedance 𝑅  into a new impedance 𝑍  
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that perfectly “compensates” (in the sense that it cancels the complex component of) the 

impedance of branch of the model formed by 𝑅  and 𝐿 , as shown in Figure 6(a). 

 

(a) (b) 
Figure 6: Impedance compensation network in the secondary (a), implemented by a series capacitor (b). 

It is constituted of a single capacitor in series with the load, as shown in Figure 6(b), a 

configuration already used by Nikola Tesla in the late 19th Century [28]. In this configuration, the 

reactive component of the equivalent impedance 𝑍 , as seen by 𝐸 : 

𝑍   =   𝑗𝜔𝐿 +   𝑅 +   𝑍  = 𝑅 + 𝑅 + 𝑗 𝜔𝐿 − 1𝜔𝐶 , (2.11)

is canceled, assuring that sin(𝜑 − 𝜑 ) in (2.7) is maximized to 1. At 𝜔 = 2𝜋𝑓 , this happens 

when 𝐿 𝐶 = 1 (2𝜋𝑓 )⁄ , or equivalently, when 𝐶  assumes the value: 

   𝐶 = 1(2𝜋𝑓 ) 𝐿  (2.12)

If the mutual inductance 𝑀 is low enough compared with 𝐿  and 𝐿 , the back-induced 

voltage 𝐸  =  𝑗𝜔𝑀𝐼  will be sufficiently small not to significantly influence the current 𝐼 . Under 

this approximation, the current 𝐼 =  𝐼   will also be maximized (resonance condition on the 

secondary) by 𝐶 = 𝐶 , as can be derived from (2.13): 

𝐼  =   𝐸𝑍   =   −𝑗 𝜔 𝑀 𝑗 𝜔 𝐿 − 1𝜔 𝐶 + (𝑅 + 𝑅 ) 𝐼  
(2.13)

By defining ש as the ratio between 𝐼  and 𝐼 , it follows that: 

= ש  𝐼2𝐼1   =  −𝑗 𝜔 𝑀𝑟 + 𝑗𝑥 , 𝑟 = 𝑅2 + 𝑅𝐿, 𝑥 = 𝜔 𝐿2 − 1𝜔 𝐶2, (2.14)

− ש  − 𝑗 𝜔 𝑀2𝑟 = − 𝑗 𝜔 𝑀2𝑟 𝑟 − 𝑗 𝑥𝑟 + 𝑗 𝑥 = − 𝑗 𝜔 𝑀2𝑟 1 − 𝑗 𝑥𝑟1 + 𝑗 𝑥𝑟  (2.15)
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Because of this mathematical structure, the ratio 𝐼 𝐼⁄  as function of the load 𝑅  and the 

compensation capacitor 𝐶  can be plot as in Figure 7, built in analogy to the Smith chart [32][33], 

where 𝐼  is assumed, without loss of generality, to have zero phase. 

 

Figure 7: Variation of 𝐼  as function of the load 𝑅  and the secondary compensation capacitor 𝐶 , if 𝐼  is fixed and 
used as the zero-phase reference. 

The dashed circles are the loci for constant load 𝑅 , the most external one corresponding 

to 𝑅 = 0. The red and blue curves are also arcs of circles, the loci for different constant 𝐶 , the 

red curves corresponding to 𝐶  <  𝐶 , and the blue ones to 𝐶  >  𝐶 . 

The limit condition where 𝐶 ⟶ ∞, corresponding to the non-resonant, purely inductive 

coupling of 𝑅  to 𝐿 , is given by the by the small green arc on the third quadrant of the chart in 

Figure 7. In particular, with 𝐿  short-circuited, the current 𝐼 ,  is obtained. This 𝐼 ,  tends to be in 

the opposite direction to the current 𝐼 , as to cancel the magnetic flux induced by 𝐼  on Coil 2, not 

been perfectly so due to the parasite Coil 2 resistance,  𝑅 . The magnitude of 𝐼 ,  is limited by the 

total current 𝑁 𝐼 , where 𝑁  is the number of turns of Coil 1. It can be much less than 𝑁 𝐼 , as 

it will decrease with decreasing magnetic coupling between the two coils, what happens when the 

distance between the coils is increased, for instance. 
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By the use of the compensation capacitor 𝐶  in the circuit, the current limitation 𝐼  ≤  𝐼 ,  can be overcome, and more power can be transferred from Coil 1 to Coil 2. 

When 𝐶 = 𝐶 , the expression of current 𝐼  in terms of 𝐼  simplifies to: 

𝐼   = −𝑗 𝜔 𝑀 𝐼𝑅 + 𝑅 , (2.16)

and 𝐼  assumes negative values on the imaginary axis, with its locus on the magenta line segment 

in Figure 7. At this resonant condition, the back-induced voltage, 𝐸 = 𝑗𝜔𝑀𝐼 , is a real multiple 

of 𝐼 . If Coil 1 is externally excited by a power source of constant voltage 𝑉  (RMS) and a similar 

serial compensation network is used in the primary side, as shown in Figure 8, the primary circuit 

behaves as loaded by a purely resistive load, and 𝐼  is maximized. 

 

Figure 8: Introduction of an impedance compensation network (serial) in the primary circuit. 

This is established by considering the equivalent impedance 𝑍  seen by the voltage source 𝑉 , that, with 𝐶  in series, becomes: 

𝑍   =   1𝑗 𝜔 𝐶 +  𝑗 𝜔 𝐿 + 𝑅 + 𝜔 𝑀𝑅 + 𝑅 , (2.17)

Having the capacitor 𝐶  as the free variable, 𝑍  is minimized, and 𝐼  is maximized 

(resonant condition on the primary circuit), when 𝐶  is equal to 𝐶 : 

  𝐶 = 1(2𝜋𝑓 ) 𝐿  (2.18)

This maximizes the power dissipated on 𝐸 , which is in fact transferred to the secondary 

and, proportionally, delivered by 𝐸  to the load, via 𝑅 . Again, this approximation for the condition 

of maximum power transfer is only acceptable If the mutual inductance 𝑀 is low enough compared 

with 𝐿  and 𝐿  (low coupling coefficient 𝑘). In general, relative maxima in the power transfer 

functions will be found in operation frequencies that, depending on the load conditions, may be 

different than the resonance frequency 𝑓 . That is, the overall maximum for 𝑃 , , in (2.7), will be 
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potentially achieved with the factor sin(𝜑 − 𝜑 ) < 1 instead. This often happens in association 

with the occurrence of more than one relative maxima in 𝑃 , , and it is known as the frequency 

splitting phenomenon, discussed in Section 2.5.2. 

The serial compensation, when used in both the primary and secondary circuits, originates 

what is called the Serial-Serial compensation topology, or abbreviately, SS-compensation, one the 

most widely used configurations for IWPT. 

Another general observation is that, at the resonance frequency 𝑓 , a system of linear 

complex equation is defined on the phasors  𝐼  and  𝐼 : 

 𝑉    =    𝑅 𝐼 + 𝑗 𝜔 𝑀 𝐼  (2.19)

𝑗 𝜔 𝑀 𝐼   =  − (𝑅 + 𝑅 ) 𝐼  (2.20)

Solving the system, expressions for  𝐼   and 𝐼  are obtained and respectively given in 

equations (2.27) and (2.37), from where it can be noticed that the current on the secondary, 𝐼 , 

is delayed  2⁄  relatively to the current on the primary circuit for  𝐼 , thus satisfying (2.8). 

 𝐼   =   𝑗  (𝑅 + 𝑅 )𝜔 𝑀 𝐼  (2.21)

 𝐼   =  −𝑗 𝜔 𝑀 𝑉𝑅  (𝑅 + 𝑅 ) + 𝜔 𝑀  (2.22)

Equation (2.22) can be rewritten as equation (2.23): 

−𝐼   =   𝑗 𝑉 𝜔 𝑀𝑅 𝑅  + 𝑅 + 𝜔 𝑀𝑅  (2.23)

Hence, at resonance condition, the relationship between the load 𝑅  and the current 𝐼  =  −𝐼  on load 𝑅  can be promptly recognized as the load equation of a Thévenin equivalent 

circuit, where the equivalent source voltage phasor, 𝑉 , and the equivalent series impedance 𝑅  

are given by equations (2.24) and (2.25): 

𝑉   = 𝑗 𝑉 𝜔 𝑀𝑅  (2.24)
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𝑅    =    𝑅 + 𝜔 𝑀𝑅  (2.25)

The maximum power will be developed over the load 𝑅  when it is equal to 𝑅 : 

𝑅   = 𝑅    =   𝑅   + 𝜔 𝑀𝑅 = 𝑅 (1 + 𝑘 𝑄 𝑄 ), (2.26)

where the 𝑄  are the quality factors (or “Q-factors”) of the coils 𝐿 , defined by: 

𝑄  =   ω  𝐿  𝑅 , 𝒊 ∈ 1, 2  (2.27) 

The maximum power that can be transferred over the magnetic link to 𝑅  is then: 

𝑃   =   𝑉 𝜔 𝑀 4𝑅 𝑅 + 𝜔 𝑀𝑅 = 𝑉4𝑅 11 + 1𝑘 𝑄 𝑄 , (2.28)

The Thèvenin equivalent given by (2.24) and (2.25) only models the relation of the load 𝑅  

with the IWPT system, and it is not good for directly evaluating the total power lost in the system 

itself, that is, lost on the windings of Coil 1 and Coil 2, which, at maximum power transfer condition, 

can be much higher than the power delivered to 𝑅 . So, regarding the efficiency, the maximum 

power output condition is usually not a good design option. 

2.5.1 Efficiency and Power Output in a SS-Compensated IWPT 

For a good IWPT system, where are looking for systems requiring minimum building efforts 

(cost, materials, size) that can transfer a specified maximum nominal power, with an acceptably 

high efficiency. Even with both primary and secondary circuits at resonance conditions, the energy 

transmission efficiency of a magnetic coupling will be less than 100%, due to the non-zero 

equivalent electrical resistance of the coils. 

The electrical efficiency, , of a SS-Compensated IWPT at the resonance frequency 𝑓 , with 𝜔 =  2𝜋𝑓 , can be calculated by the ratio between the power delivered by the primary source 𝑉  

and the power consumed at the load 𝑅 : 

    =    𝐼  𝐼∗ 𝑅   𝑉  𝐼∗   = 𝑗 𝜔 𝑀 𝐼 𝑅𝑉 (𝑅 + 𝑅 ) =   
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=   𝜔 𝑀 𝑅 (𝑅 +  𝑅 ) (𝑅  (𝑅 + 𝑅 ) + 𝜔 𝑀 ) =  

=    1 1 +   𝑅𝑅  1 + 𝑅 (𝑅 + 𝑅 )𝜔 𝑀 ,  
(2.29)

or, expressing  in terms of the quality factors 𝑄  (2.27): 

  =    1
 1 +   𝑅𝑅 1 + 1 + 𝑅𝑅𝑘 𝑄 𝑄  

(2.30)

Considering all other circuit elements given, then  can be regarded as a real continuous 

and differentiable function of the load 𝑅 , defined for all  𝑅 > 0. The conditions for 𝑅 = 𝑅  

to be a point of relative maximum of η are (2.31) and (2.33): 𝜕𝜕𝑅  𝑅
= 0, 𝑅 > 0 (2.31)𝜕 𝜕𝑅  𝑅
< 0, 𝑅 > 0 (2.32)

This calculation has been accomplished [34], [35], resulting in only one point of relative 

maximum in the interval 𝑅 > 0, which then is the point of maximum in . This point is given by: 

𝑅  =  𝑅  = 𝑅 1 + 𝑘 𝑄 𝑄 ,  (2.33)

so, the maximum achievable efficiency   at the resonant frequency 𝑓  can be calculated by 

substituting (2.33) in (2.30): 

  =   𝑘 𝑄 𝑄1 + 1 + 𝑘 𝑄 𝑄 ,  
(2.34)

From (2.26) and (2.33), it can be further noticed that 𝑅  is incidentally equal to 

geometric mean of 𝑅  and 𝑅  : 

𝑅   =   𝑅 𝑅  (2.35)
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By replacing  𝑅  by 𝑅  , as given by equation (2.26), into equation (2.30), it is 

possible to calculate the efficiency at the maximum power condition  , which is visibly 

less than 1 2⁄ , as expected: 

  =   12 1 +  11 + 𝑘2𝑄1𝑄2 1 + 1𝑘2𝑄1𝑄2
< 12 

(2.36)

For values of 𝑄 = 𝑘  𝑄  𝑄   much greater than 1,   approaches the limiting 

50%, while   can be approximated by: 

 ≅   =  1 − 2𝑘 𝑄 𝑄 = 1 − 2𝑄 , (2.37)

where 𝑄 = 𝑘 𝑄 𝑄   is defined as the magnetic coupling quality factor. 

Thus, when both primary and secondary are tuned to excitation frequency 𝑓  (magnetic 

resonance condition), the behavior of   as function of 𝑄  is a sigmoidal curve, as shown in 

Figure 9: 

 

Figure 9: Maximum achievable efficiency in a SS-compensated IWPT, at the fundamental resonant frequency 𝑓 , as 
a function of the quality factor of the magnetic coupling. 

This characteristic curve reveals, for instance, that in order for a magnetic coupling to 

electric efficiencies over 85% it is necessary that 𝑄 > 12.3, and for efficiencies over 95%, 𝑄  >  39. As the desired efficiency comes closer to 100% it is more difficult to implement the 

system, because the required quality factors of both primary and secondary increase exponentially. 

In this case a large magnetic coupling coefficient, 𝑘, as close as possible to 1, is highly 

recommendable, if the application permits. 
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From Figure 9 and expressions (2.27) and (2.37), it also possible to see that the simpler 

expression   (2.37) is a good approximation for   (within 2% error) when the magnetic 

coupling quality factor 𝑄  is larger than 10.7. 

Typical behavior patterns of the efficiency as a function of the normalized  𝑅  to  𝑅  ratio, 

for the magnetic resonance condition in circuits where  𝑅 =  𝑅 , are shown in Figure 9, where 

the color of the plotted curves, ranging from red (lower curve) to blue, correspond respectively to 𝑄  values ranging from ascending value 1 to 100, in the set 1, 2, 5, 10, 20, 50, 100 . If the value 

of the load resistor,  𝑅 , does not exactly match its optimum value, the electrical efficiency that 

will be actually obtained from the magnetic coupling is less than   for each curve, which is 

only achieved when condition (2.33) is met, that is, when 𝑅 𝑅⁄ = 𝑘  𝑄  𝑄  . 

 

Figure 10: Curves of efficiency of the magnetic coupling in a SS-compensated IWPT, as a function of the 
normalized load  𝑅  𝑅⁄ , parametrized by different quality factors, 𝑘  𝑄  𝑄  . 

In an IWPT design at a fixed frequency 𝑓 , given a desired load  𝑅 , the ratio 𝑅  𝑅⁄  can 

be adjusted to its optimum target value 𝑘  𝑄  𝑄   with either of two main strategies. The first 

one is by changing the geometry and constitution of the coils, consequently, their parameters in 

the model. To achieve this, for instance, the number of turns and the size of Coil 2, as well as the 

constitution of its wiring, can be varied. But this may affect the voltage induced in the secondary 

too, so in this procedure it would also be possibly necessary to change Coil 1 configuration 

accordingly. 

A second possible strategy is, instead of changing the magnetic coupling, keep its 

configuration, and modify the apparent load 𝑅  that is seen by Coil 2, by means of the introduction 

of another impedance converter in between the secondary circuit and 𝑅 , as shown in Figure 11. 
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This converter should ideally act as a lossless voltage transformer, matching the load to the phase-

compensated secondary circuit. 

 

Figure 11: Load-matching in a SS-compensated IWPT. 

If 𝑁: 1 is the voltage transformation ratio of the load-matching section, the equivalent 

resistance seen by the secondary at the input terminals of the voltage transformer will be: 

𝑅 = 𝑁 𝑅  (2.38)

The necessary 𝑁 for achieving the maximum efficiency   in the IWPT will be such that: 

𝑁 𝑅     =  𝑅  =     𝑅 1 + 𝑘 𝑄 𝑄 ≅ 𝑅 𝑄  (2.39)

⇒     𝑁    =   𝑅   𝑅 1 + 𝑘 𝑄 𝑄 ≅ 𝑅𝑅 𝑄  (2.40)

Since the circuit model works with AC current and voltage levels, the voltage transformation 

at the secondary can be simply implemented by a cored 𝑁: 1 electric transformer, one with low 

losses at the operating frequency 𝑓 , which is presumed to be the only allowed operation 

frequency, directly linked to the impedance compensation property. 

Eventually, an SS-compensated IWPT configuration can be forced to operate in a frequency 

that is different from the primary and secondary resonant frequency 𝑓 . Figure 12 shows the 

computed efficiency surface in this general situation, in which circuit parameters were fixed for a 

resonance set at 𝑓 , but the IWPT circuit can be operated away from 𝑓  as well. This example was 

run with 𝑘 = 0.3, 𝑅 = 𝑅 = 0.1Ω, 𝐶 = 𝐶 = 1μF and 𝑓 = 100 kHz. The red dotted curve 

is the output of the maximum efficiency function, extrapolated for frequencies other than the 

resonance frequency 𝑓  for which this function is originally defined. The blue dotted curve is the 

locus of the maximum efficiency points, if the compensation capacitors were continuously 

readjusted for each new frequency 𝑓. It can be noticed that the curve of the extrapolated maximum 
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efficiency (red dots) only touches the efficiency surface at the plane defined by 𝐿𝑜𝑔 (𝑓 𝑓⁄ ) =  0 

(that is, at 𝑓 =  𝑓 ), giving false and too optimistic estimates for the efficiency at frequencies 

other than 𝑓 . However, for frequencies 𝑓 higher than 𝑓 , the estimation given by extrapolating 

the maximum efficiency function is apparently lower than the real efficiency (blue dots) that could 

be achieved if capacitors were readjusted for resonance at each corresponding frequency 𝑓. It is 

also possible to observe that the value of 𝑅  at the maximum efficiency only coincides with that 

given by (2.33) at 𝑓 = 𝑓 . 

 

Figure 12: Typical efficiency behavior in a SS-compensated WPT coupling. 

This example also shows that even not being possible to exceed the maximum efficiency 

  while operating at the associated resonant frequency 𝑓 , it may be possible to find, for the 

same IWPT configuration, another operation point that exhibits an efficiency which is greater than 

this   at 𝑓 . At this new operation point, however, the resulting output power is potentially 

different from that at 𝑓 , as addressed in section 2.5.2. 

If the load 𝑅  requires DC current instead of AC, 𝑅  will be usually connected to the 

secondary compensation circuit through a rectifier and a DC filter. In this case, a DC-DC converter 

can be used to match the load to 𝑅 , for optimum efficiency. However, as a rectifier is a 

nonlinear element, the characteristic output response curve will be not linear as well, and a new 

optimum 𝑅  for the efficiency, 𝑅 , will arise and should be considered instead. In [36], it is 

shown that not only 𝑅  can be larger than 𝑅 , but also that the rectifier load causes a 

change in the secondary impedance, thus requiring some adjustment in the compensation 

network, to keep an optimum efficiency. 

After design conditions for the target efficiency   are established, the output power at 

the at the operation point (𝑓 , 𝑅 ) can be calculated by: 
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𝑃    =  𝑃  (2.41)

Observing (2.17), at the resonance condition,  𝑃  can be computed as: 

 𝑃     =    𝑉𝑅 +   𝜔 𝑀𝑅 + 𝑅  = 𝑉𝑅 𝑘 𝑄 𝑄1 + 1 + 𝑘 𝑄 𝑄 , (2.42)

and then 𝑃  becomes: 

𝑃    =    𝑉 𝑅 1𝐴 1 − 2𝐴 + 1 , (2.43)

where: 

𝐴  =   1 + 𝑘 𝑄 𝑄  (2.44)

When the magnetic coupling quality factor 𝑄  is high enough, it is possible to approximate 𝐴 by 𝑄  (2.37), and then (2.41) can be further simplified to: 

𝑃    ≅   1 𝑄  1 − 2 𝑄 + 1 𝑉 𝑅 ≅ 1𝑄 𝑉 𝑅  (2.45)

In a typical design approach, once established an adequate equivalent load for the 

secondary, the target efficiency of the magnetic coupling and the overall IWPT efficiency can be 

met, except for the introduction of some loss factor exhibited by the voltage transformer (Figure 

11). The desired output power level (2.45) can then be set by adjusting the amplitude of the 

voltage source 𝑉 . If this cannot be directly accomplished because the power source 𝑉  is a fixed 

specified value, another voltage transformation could be used in the primary circuit. 

If the required IWPT power is close to but less than the available output power 𝑃  at the 

operation point where  , alternatively, the primary circuit can be detuned from the resonance 

condition, thus reducing the primary current and lowering the transferred power to the target value. 

This can be done by either slightly changing the compensation circuits or the operation frequency. 

But this will also cause some change the system efficiency, due to the displacement of the 

operation point away from the previously calculated resonance condition [11]. In some 

circumstances, the efficiency may even improve with respect to   at 𝑓 , revealing that the 

resonant frequency chosen at first might have not been optimal for the circuit. To minimize iterated 
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checks on the design, efficiency and power output can be jointly considered, as discussed in 

Section 2.5.2. 

The task of building a magnetic coupling with a reasonably high efficiency then translates 

into the problem of building resonant pairs coil-capacitor with high quality factors 𝑄 , as high as 

necessary to compensate for the low magnetic coupling coefficient 𝑘 between these coils. Further 

than that, when choosing circuit parameters and an operation point, the designer should be able 

to balance the efficiency with the required output power under the application constraints. 

Worthwhile mentioning, the overall system efficiency of an IWPT system shall be further 

reduced by the intrinsic efficiencies of power converters on the primary side as well as rectifiers 

and other eventual converters on the secondary, used in series association with the magnetic 

coupling. For instance, in a given IWPT configuration, if the primary converter, the magnetic 

coupling and the secondary rectifier/converter have each an efficiency of 95%, the total net 

efficiency will be 0.95 = 85.7%. 
2.5.2 Resonant Frequency Splitting in SS-Compensation 

It is long known that, in a double tuned coupled circuit, when the mutual inductive coupling 

coefficient is increased above a critical value, two resonance peaks in frequency may appear 

instead of one [24]. This phenomenon, early observed in the design of communication circuits, 

was called resonant frequency splitting, or simply, frequency splitting, and it is also referred to as 

frequency bifurcation [37]. In IWPT applications, this translates into the possibility that the circuits 

have peak power responses in two distinct frequencies, neither of them the predicted resonant 

frequency 𝑓  for the primary or secondary RLC branches individually. 

The simplified mathematical formulation shown in section 2.5, that leads to the development 

in section 2.5.1, hides the frequency splitting effect, which may only become experimentally 

evident when either the magnetic coupling coefficient 𝑘 is not small enough, or the load resistor 𝑅  is not high enough, to justify the approximations used in the optimal choice of 𝐶  (2.18) 

and 𝐶  (2.12). A more detailed analysis reveals a subtle behavior in the SS topology. 

The implicit initial consideration that conceals frequency splitting is the heuristics adopted 

for partial optimization of 𝑃 , , in (2.7), by individually and sequentially maximizing its factors: 

Firstly, sin(𝜑 − 𝜑 ) is maximized, by making it equals to 1 and forcing the phase of 𝐼  to be 𝜋 2⁄  delayed with respect to the phase of 𝐼 . Then, restricted to this condition, 𝐼 ,s maximized, 
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and finally, restricted to these two previous conditions, 𝐼  is maximized. By doing this, the 

circuit parameters chosen for the compensation network may not lead to the true maximum in the 

power transfer, not even to a relative maximum in the frequency × load domain. Since the 

subsequent load matching for the best efficiency is based on the circuit parameters induced by 

this heuristic, the computed load of maximum efficiency (2.33) is also potentially not what it should 

be in the missed point of maximum power transfer. These approximations, as mentioned, are only 

good when the back induced voltage in the primary circuit by the secondary current  𝐼   is 

negligible. 

In general, due to dependency of current 𝐼  on 𝐼  as well, the maximum in the product of 

currents 𝐼  and 𝐼  will not be achieved exactly at 𝐶 = 𝐶 , although this is the 

condition to obtain the phase difference 𝜑 − 𝜑 =  𝜋 2⁄ , that maximizes the  sin(𝜑 − 𝜑 ) 

factor in the expression for the inductively transferred power (2.7). So, to obtain an exact solution 

for any frequency 𝑓, with 𝜔 = 2𝜋𝑓, under the linear model of Figure 11, the complex linear 

system that should be considered instead is given by (2.48) and (2.49): 

 𝑉    =    𝑅  𝐼 +  𝑗𝐼 𝜔 𝐿 − 1𝜔 𝐶 + 𝑗 𝜔 𝑀 𝐼  (2.46)

𝑗 𝜔 𝑀 𝐼 +  𝑅  +   𝑅 + 𝑗 𝜔 𝐿 − 1𝜔 𝐶 𝐼 = 0 (2.47)

If 𝐶  and 𝐶  are set to values that produce resonance at 𝑓 , with 𝜔 = 2𝜋𝑓 , respectively 

with 𝐿  and 𝐿 , then solving the above system for the phasor currents 𝐼  and 𝐼  leads to an exact 

expression for 𝑃 , the power output over 𝑅 : 

𝑃 =  𝑘  𝑅 𝐶 𝐶 𝑉 𝜆 ω(𝑅 𝐶 + (𝑅 + 𝑅 )𝐶 ) 𝜆 (𝜆 − 1) ω + (2𝜆 − 1 − (1 − 𝑘 )𝜆 + 𝑅 (𝑅 + 𝑅 )𝐶 𝐶 𝜆 ω )  , (2.48)

where  = 𝑓 𝑓⁄  is the normalized frequency of operation, 𝑓  is the resonance frequency of the 

isolated primary and secondary branches, as in (2.18) and (2.12), and ω = 2𝜋𝑓 . An equivalent 

expression for 𝑃  was provided in [38]. At frequency 𝑓 , that is, when  = 1, (2.48) becomes 

equivalent to the simpler form: 

𝑃 = 𝑘 𝑄 𝑄 𝑅 𝑅 𝑉𝑅 (𝑅 (1 + 𝑘 𝑄 𝑄 ) + 𝑅 ) , (2.49)

where quality factors 𝑄  and 𝑄  are defined as in (2.27). 
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While it is not immediate to extract some insight from direct algebraic manipulation of the 

general expression (2.48), by plotting curves of 𝑃 ×  (, 𝑘), it is apparent that, depending on 

the combination of values of the magnetic coupling coefficient 𝑘 and the load 𝑅 , the IWPT may 

present one or two maxima in . Figure 13 exemplifies this behavior when the model is run with 

parameters 𝑅  =  𝑅  =  0.1Ω, 𝐶  =  𝐶  =  1 μ𝐹, and 𝑓  =  100 kHz, and, without loss of 

generality 𝑅 = 𝑅 , case where the necessary voltage transform to match de load 𝑅  to the 

IWPT output is the identity. It then can be seen that, for a low enough 𝑅 , as 𝑘 increases from a 

value close to zero towards 1, at some point, the single existing peak in the power curve starts to 

flatten out, and then two peaks are observed in the transferred power. As 𝑘 continues to increase, 

these two new resonance frequencies get further apart from each other and from the original 

resonant frequency 𝑓 , thus causing what is called the frequency splitting phenomenon. 

For a given load 𝑅 , there is a certain 𝑘 < 1  that maximizes the transferred power. 

When 𝑅  is low enough to enable frequency splitting, this 𝑘  is less than a critical value of 𝑘, 𝑘 , above which the splitting is actually observed. When 𝑅  is high enough, as in Figure 13a, on 

the contrary, there is no frequency splitting, no matter how large the coefficient 𝑘 can be. 

  

   

Figure 13: Evolution of the power output in a SS-compensated IWPT, as a function of the normalized frequency, 𝑓/𝑓 , and 𝑘, as the equivalent load 𝑅  is decreased. 

(a) (b) 

(c) (d) 

𝑅 ↓ 

𝑅 ↓ 

𝑅 ↓ 
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As 𝑅  is lowered, following the sequence from Figure 13b to Figure 13d, it can be noticed 

that the single initial resonance frequency 𝑓  is actually split into two other frequencies, if 𝑘 is 

large enough. These frequencies are often referred in the literature as  𝑓 , which is lower than  𝑓 , and  𝑓 , higher. 

Some approximated formulations can be found in the literature, associated with the addition 

of further simplifying hypotheses. For instance, in the case that primary and secondary circuits 

are equal, with 𝐶 = 𝐶 , 𝐿 = 𝐿 , 𝑅  can be neglected when compared to |𝜔 𝐿 | and 𝑅  is 

much larger than 𝑅 , expression (2.48) is reduced to: 

𝑃 ≅ 𝑉 𝑘 𝛬𝑅 (𝑄 + (1 − 4𝑄 )𝛬 − 2(1 − 3𝑄 + 𝑘 𝑄 )𝛬 − (4(1 − 𝑘 )𝑄 − 1)𝛬 + (1 − 𝑘 ) 𝑄 𝛬 ) , (2.50)

where 𝛬 = (𝑓 𝑓⁄ )  and  𝑄  is the loaded quality factor of the secondary, given by: 

 𝑄 = 𝜔 𝐿(𝑅 + 𝑅 ) ≅ 𝜔 𝐿𝑅  (2.51)

Under this simplified model, an analytical solution for  𝑓  and  𝑓  has been found [38]: 

𝑓  , 𝑓   =  𝑓  (2 − 1 𝑄⁄ ) ± (2 − 1 𝑄⁄ ) − 4(1 − 𝑘 )2(1 − 𝑘 ) , (2.52)

whenever  𝑘 >  𝑘 , where: 

𝑘  =   1𝑄 1 − 14𝑄  (2.53)

For large values of 𝑄  and magnetic coupling coefficients 𝑘 that sufficiently exceeds the 

critical value 𝑘 , the new odd and even resonance frequencies can be approximated by: 

𝑓  = 1√1 + 𝑘 𝑓 , (2.54)

𝑓  = 1√1 − 𝑘 𝑓  (2.55)

At 𝑘 = 𝑘  (at the frequency splitting point), the overall resonance frequency 𝑓  can be also 

estimated by [38]: 

𝑓  = 𝑓1 − 12𝑄  
(2.56)
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For large values of 𝑄 , it can be noticed that  𝑓  is close to, but slightly greater than 𝑓 . If 𝑘 

is greater than 𝑘 , as given by (2.53), then magnetic resonance will be found at two other 

frequencies that can be significantly different from 𝑓 . This behavior and simplified formulation, 

as given by (2.54) and (2.55), has been characterized by many other authors since Terman [24], 

and used and radio circuit design, but it also has to be considered in IWPT design, either to avoid 

the frequency splitting operation [39] [40], or just to tune circuits to the adequate operating 

frequency [11]. General expressions for 𝑓  and 𝑓 , in conditions where the primary and 

secondary branch resonance frequencies of an SS-compensated circuit, respectively 𝑓  and 𝑓 , 

may be different from each other is given in [41], and will coincide for the case where 𝑓  =  𝑓  (=  𝑓 ). This calculation corresponds to geometrical construction visualized in Figure 

14.  

𝑓  =   𝑓 + 𝑓 − 𝛥2(1 − 𝑘 ) , (2.57)

𝑓  =   𝑓 + 𝑓 + 𝛥2(1 − 𝑘 ) , (2.58)

where:                     𝛥 =  ( 𝑓 + 𝑓 ) − 4(1 − 𝑘 ) 𝑓 𝑓  (2.59)

 

Figure 14: Geometric interpretation of the relationship of the split-frequencies 𝑓  and 𝑓 , 𝑓  and 𝑘. 

The frequency splitting phenomenon in systems with varying 𝑘, can be better visualized and 

understood by plotting sequences of power surfaces defined on the space of operation points 

(𝑓, 𝑅 ). For this purpose plots of 𝑃  × (𝑓, 𝑅 ) for different 𝑘 values are drawn in Figure 15, 

using the same circuit parameters as those used to run the example in Figure 13. The general 

effect observed in the power output, when 𝑘 is varied from zero to one, is the actual splitting in 

the power ridge, for higher loads (lower values of 𝑅 ), as shown in the sequence from Figure 15a 

to Figure 15d. It can be also noticed that the main peak in the transferred power at 𝑓  is displaced 

toward larger values of the load 𝑅  as 𝑘 is increased. The red arrows indicate the displacement 



Chapter 2 - Inductive Wireless Power Transfer 

Dynamic Inductive Wireless Power Transfer for Lightweight Electric Vehicles 
Luiz Alberto Lisboa da Silva Cardoso – University of Minho 38 

 

tendency of the resonance frequencies in the 𝑓 × 𝑅  plane, as 𝑘 is increased and the black arrows 

mark the resonance frequencies, 𝑓 , 𝑓  and 𝑓 . 

   

 

Figure 15: Frequency splitting behavior in a SS-compensated IWPT circuit, as 𝑘 is increased. 

Since the magnetic coupling factor is associated with the materials and the geometry of the 

coils involved in an IWPT configuration, applications where 𝑘 varies are usually associated with 

some dynamic behavior in the geometry of the coils or their cores, such as a change in relative 

position. The SS-compensation circuit favors the design of IWPT using a single fixed operating 

frequency in these conditions of a varying 𝑘, as long as the circuit parameters are previously 

adjusted to match the operation frequency 𝑓 . 

The graphics in Figure 13 and Figure 15, however, say nothing about efficiency. Similarly 

as the output power (2.48), based on (2.46) and (2.47), exact algebraic expressions for the input 

power and for the efficiency of the SS compensation can be computationally derived, with the aid 

of software tools for algebraic manipulation. These expressions have a large number of terms and 

are not practical to analyze analytically. Their results, however, can be visualized graphically. 

In applications where the parameter 𝑘 is fixed, the analysis can be accomplished by plotting 

superposed efficiency contour maps over the surface defined by the output power of an SS-

compensated IWPT, as a function of the operation point (𝑓, 𝑅 ). This approach is illustrated in the 

example of Figure 16, where the following parameters were used 𝑘 =  0.5, 𝑓  = 100 kHz, 

(a) (b) 

(c) (d) 

𝑘 ↑ 

𝑘 ↑ 

𝑘 ↑ 
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𝐶 = 𝐶 = 1 μF, 𝐿  = 𝐿 = 2.53 μH and 𝑅  =  𝑅  = 30 mΩ. If the analysis is more of 

qualitative nature, the input voltage is irrelevant, as long as 𝑃  is plotted in normalized scale. 

 

Figure 16: Bounded efficiency regions (green) drawn over the power output surface of a SS-compensated IWPT 
coupling, having the frequency of operation and the equivalent output load as free parameters. 

In Figure 16, the thin green contour curve indicates the loci of the points where the efficiency 

equals to 70%, while the green shaded regions indicate efficiencies in between 80% and 90% (dark 

green) and over 90% (light green). Both the frequency, normalized by the ratio 𝑓 𝑓⁄ , and the 

equivalent 𝑅  are plotted in logarithm scale, to facilitate the analysis over a wider dynamic range 

of these parameters. The red dot is placed at the point with coordinates implied by (i) the primary 

and secondary isolated branch resonance, 𝑓 , (ii) the optimum load 𝑅  for best efficiency at 𝑓 , as given by (2.39), and (iii) the output power 𝑃 , as given by (2.45). In this particular 

example,   is approximately 92.7%. The power can be increased beyond 𝑃  if the operation 

point is shifted towards one the power peak ridges, associated with the resonating frequencies 𝑓 , 𝑓  and 𝑓 , thus leading to an increase in the power transferred to the load. But this will tend 

to decrease the resulting efficiency. For the ideal SS-compensation IWPT model, using parameters 

with no frequency dependency, there may be, on the other hand, an operation point at a higher 

frequency than 𝑓 , where an efficiency higher than   is found, although the output power is 

be potentially much less than 𝑃  (e.g., the point marked with the green dot on Figure 16). 

While giving a good intuitive understanding of the joint behavior of output power and 

efficiency, the three-dimensional plotting scheme is not as practical, for design purposes, as its 
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simpler two-dimensional counterpart. This is shown for the new example of Figure 17, where a 

40 W power output is desired with an efficiency equal to or better than 90%. 

 

Figure 17: Typical constant output power (black) and constant efficiency (green) contours of a SS-compensated 
WPT coupling, having the frequency of operation and equivalent output load as free parameters. 

Since the power output is now relevant for the solution, instead of the qualitative approach 

for power visualization used when plotting Figure 16, the actual value of the input voltage, 𝑉 , 

should be also considered. Because the method of analysis uses exact expressions for power and 

efficiency, even asymmetries in the primary and secondary circuit can be easily handled. The SS-

compensation in Figure 17, for instance, was run with the following circuit parameters: 𝑉  =10.8 V rms, 𝑘 =  0.69, 𝑓  = 52 kHz, 𝐿 = 6.79 μH,  𝐿 = 7.74 μH, 𝐶 = 1.38 μF, 𝐶 = 1.21 μF, and  𝑅  = 𝑅 = 70 mΩ. The horizontal axis is the logarithm of normalized 

frequency, ranging from 0.6 (corresponding to 𝑓 =  31.2 kHz) to 2.5 (corresponding to 𝑓 = 130 kHz), and the vertical axis, the equivalent output resistive load, ranging from 0.2 Ω to 

10 Ω, also in logarithm scale. 

Level curves are plot for both power and efficiency, with value tags on it: The black curves 

are the loci of constant output power in multiples of 10 W, until 100 W, while the green curves are 

the loci of constant efficiency, for values from 70% to 80%, in increments of 10%, and higher than 

90%, in increments of 1%. For the target design power output, 40 W, it is possible to pick any 
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operation point on one of the three black contour curves (constant output power) marked “40”. 

As an example, at point “A”, marked in red in Figure 17, corresponding to an excitation frequency 

of approximately 83.0 kHz and an equivalent output load of 3.8 Ω, the resulting efficiency will be 

93%, because “A” is also on a constant efficiency contour curve labeled “0.93”. It is also possible 

to predict that at point of operation “B”, marked in green, close to point “A” and over the same 

black contour of 40 W, the efficiency will be slightly higher than 93%, but still less than 94%. If, 

however, the frequency operation is kept at the resonance frequency of primary and secondary 

branches, 𝑓  = 52 kHz, for a 40 W output, the operation point “C” would have to be selected, 

and the efficiency would decrease to slightly less than 91%, worse than that at “A” or “B”. Not 

within plotting range of Figure 17, another solution at 𝑓  could possibly exist for a much higher 

resistive load than that at point “C”, but at a much lower efficiency. 

From Figure 17 it can also be verified that for higher power output levels, operation should 

be close to the resonant frequency 𝑓 , for higher load resistances, or to the split frequencies  𝑓  

and  𝑓 , for lower load resistances. The pink-colored regions, approximately centered on these 

frequencies, indicate the locus for the points of operation, in the range of frequencies and loads 

plotted, where output power in excess of 100 W can be achieved, at the expense of a reduction in 

the efficiency. 

For applications with varying magnetic coupling factor, 𝑘, the analysis can be alternatively 

accomplished by mapping efficiency contour plots over power surfaces built on the (𝑓, 𝑘)  

domain, such as those in drawn in Figure 13. At any 𝑘, however, operating at maximum power 

output reduces the best possible efficiency that can be attainable by the adequate load matching. 

While the maximum possible efficiency at 𝑓  is  , as calculated by (2.34), the efficiency at 

this same frequency on an arbitrary load may be much less, depending on how apart from 𝑅  

(2.33) the load  𝑅  is. 

2.5.3 Relation between the Secondary Coil Current and the DC Load 

In many IWPT applications, the AC induced voltage on the secondary is required to supply 

power to a DC load. In a series-compensated secondary, often a rectifier circuit constituted of a 

diode bridge is connected to output of the compensated secondary, and the remaining AC voltage 

passing through this rectifier is filtered out by a capacitor, modifying the configuration of the 

secondary circuit in Figure 6b to that shown in Figure 18. 
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Figure 18: DC load attached to a series-compensated secondary through a full-wave rectifier and a filter capacitor.

Under perfect compensation of the secondary coil inductance, for large enough loads (low 

enough 𝑅 ) and amplitudes of  𝐸  much larger than the voltage drop across de diode bridge, 2𝑉 , 

the current 𝐼  can be approximated by a purely sinusoidal wave, represented by the phasor  𝐼 . In 

this condition, due to the conservation of energy, the input power 𝑃  to the lossless filter capacitor 𝐶 , which is given by the constant voltage 𝑉  multiplied by the average value of a sinusoid with 

amplitude equal to √2 𝐼 , , must be equal to power 𝑃  delivered to load 𝑅 , given by 𝑉  𝐼 . 

This leads to the approximation in (2.60): 

𝑉  2𝜋 √2 𝐼 , ≅ 𝑉 𝐼 , (2.60)

which simplifies to: 𝐼 , ≅ 𝜋2√2 𝐼  (2.61)

2.5.4 Relation between the Induced Voltage and the DC Load Voltage 

Under the same simplifying considerations made in 2.5.3, the input voltage to the bridge 

rectifier in Figure 18 can be approximated by a square wave with amplitude 𝑉 + 2𝑉 , with 50 % 

duty cycle, which has a first order harmonic component that approximately corresponds, due to 

band pass characteristics of the 𝐿 𝐶  resonator branch, to the induced voltage signal,  𝐸 : 

        4𝜋 (𝑉 + 2𝑉 ) ≅ √2 𝐸 , − 𝐼 , 𝑅  (2.62)

⟹ 𝐸 , ≅  2√2𝜋 (𝑉 + 2𝑉 ) + 𝐼 , 𝑅  (2.63)

Results in (2.61) and (2.63) facilitate enormously the estimation of both the required current 

on the secondary coil and the required induced voltage in an IWPT configuration, when using a 

serial-compensated secondary. 
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2.5.5 Secondary Coil Current as a Function of Induced Voltage 

Based on the results in Sections 2.5.3 and 2.5.4, an approximated value for the secondary 

coil current can be expressed as a function of the (open circuit) induced voltage in the same 

secondary coil, if tank serial resistance 𝑅 , the power 𝑃  dissipated on the load 𝑅 , and the 

forward voltage drop 𝑉  on the diodes are also known. 

The power dissipated on the load, 𝑃 , can be expressed as the product of the 

approximation of 𝐼  and the approximation of the voltage on the load, 𝑉 .Using (2.61) to express 𝐼  and (2.63) to express 𝑉 , it results in: 

𝐼 , 2√2𝜋 𝜋2√2  𝐸 , − 𝐼 , 𝑅 − 2𝑉 ≅ 𝑃 , (2.64)

which can be re-written as: 

𝐼 ,  𝑅 − 𝐼 , 𝐸 , − 𝑉 4√2𝜋 + 𝑃 ≅ 0 (2.65)

Recognizing (2.65) as a second degree quadratic equation in 𝐼 , , the two possible 

solutions satisfying this equation are: 

𝐼 , , ≅  𝐸 , − 𝑉 4√2𝜋 − √𝛥2𝑅  (2.66)

and 

𝐼 , , ≅  𝐸 , − 𝑉 4√2𝜋 + √𝛥2𝑅  (2.67)

where: 

𝛥 =  𝐸 , − 𝑉 4√2𝜋 − 4 𝑅 𝑃  (2.68)

In practical applications 𝐸 ,  is much larger than 2𝑉 , and the equivalent AC resistance 𝑅  of the rectifier connected to the load 𝑅  is also much larger than 𝑅 . Then, if 𝛥 is divided by 𝑅  +  𝑅 , it follows that: 𝛥𝑅 + 𝑅 ≅  𝐸 ,𝑅 + 𝑅 − 4 𝑅𝑅 + 𝑅 𝑃  (2.69)
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The term 𝐸 , /(𝑅 + 𝑅 ) in the right side of (2.69) is recognized as the total power 

supplied by the induced voltage, which, in practical IWPT applications, should be on the same 

order of 𝑃 , because the power loss on  𝑅  should be much less than the power on  𝑅 . Under 

these considerations, it can be seen not only that 𝛥 > 0, but also that 𝛥 is dominated by the value 

of 𝐸 , . So, in gross approximation, √𝛥 is smaller, but has the same magnitude of 𝐸 ,  −  4√2 𝑉 /𝜋. 

If (2.67) would be a valid solution for the problem,  

𝐼 , , ≅  𝐸 , − 𝑉 4√2𝜋𝑅 ≅ 𝐸 ,𝑅  (2.70)

However, this would imply in 𝑅  being negligible in face of 𝑅 , what violates the hypothesis 

that, in the IWPT configuration, the opposite should happen, i.e., 𝑅  is much less than 𝑅 . 

Therefore, the solution (2.67) should be discarded, and the expression (2.66) should instead be 

used for approximating the value of 𝐼 , . 

Another less intuitive but mathematically simpler manner of realizing this is to consider that 𝐸 ,  is usually greater than twice the voltage drop on 𝑅  plus 2√2/𝜋 times the voltage drop on 

the diode bridge (2𝑉 ): 

𝐸 , > 2𝑅 𝐼 , + 𝑉 4√2𝜋  (2.71)

This guarantees that only the solution 𝐼 , , , with the term −√𝛥, should be considered: 

±√𝛥 = 2𝑅 𝐼 , + 𝑉 4√2𝜋 − 𝐸 , < 0 (2.72)

Hence 𝐼 ,  can be approximated by: 

𝐼 , ≅  𝐸 , − 𝑉 4√2𝜋 − 𝐸 , − 𝑉 4√2𝜋 − 4𝑅 𝑃2𝑅  
(2.73)

This expression is especially useful for estimating 𝐼 ,  when the DC load is constituted by 

a DC-DC converter regulating voltage to a constant resistance, because, in this situation, the power 𝑃  supplied to the resistor is fixed, and the power input to the DC-DC, depending on the 

implementation of the DC-DC converter, is also approximately fixed and equal to 𝑃 /𝜂. 
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In the case of constant power load constituted of a buck converter feeding a fixed resistance, 

it is typically required that, for the regulation to occur, the input voltage must be greater than the 

established output voltage 𝑉  by a minimum voltage drop 𝛥𝑉 . Then for the approximation (2.73) 

it should be further required that:        𝑉 ≅ 𝜋2√2  𝐸 , − 𝐼 , 𝑅 − 2𝑉 ≥ 𝛥𝑉 + 𝑉  (2.74)

which equivalent to require that: 

       𝐸 , ≥  𝐸 , = 2√2𝜋 (𝑉 + 𝛥𝑉 + 2𝑉 ) + 𝜋2√2 𝑃𝐿 𝜂⁄(𝛥𝑉 + 𝑉 ) 𝑅  , (2.75)

where 𝜂 is the efficiency of the DC-DC converter. 

The maximum required secondary rms current, subjected to the condition that the DC-DC 

buck converter can still regulate voltage 𝑉  on the load, is verified at  𝐸 ,  =   𝐸 ,  and can be 

obtained by replacing  𝐸 , , given by (2.75) in (2.73): 

𝐼 , ≅ 𝜋2√2 𝑃 𝜂⁄(𝛥𝑉𝐷𝐶 + 𝑉𝐿) , (2.76)

Figure 19 shows a typical curve of the current established on the secondary coil as a function 

of the induced voltage (on the same coil), for a constant DC power load implemented by a DC-DC 

converter feeding a fixed resistor. In this example, the circuit parameters were set at 𝑉  =  37.5, 𝛥𝑉  =  2 V, 𝑉  =  0.7 V, 𝑅  =  150 mΩ, 𝑃  =  400 W, and 𝜂 =  0.942. 

 
 

Figure 19: Typical secondary coil current as a function of the induced voltage for a constant DC power. 

The blue segment of the curve is the valid solution region, where the induced voltage is high 

enough for the DC-DC converter to deliver the required power 𝑃  at a fixed regulated voltage 𝑉 . 
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The orange dashed part of the curve could be used it the DC-DC converter is of buck-buster type, 

being capable of accepting input voltages that are smaller than the required regulated output 

voltage 𝑉 , however the approximation (2.73) becomes worse for higher currents. 

2.6 The Serial-Parallel-Compensation Topology 

Frequency splitting is not unique to SS-compensated circuits. This phenomenon can occur, 

and be exploited, in other circuit topologies as well, due to the presence of multiple poles in the 

circuit transfer function and the joint dependence of their location on the coupling coefficient and 

the load. Another similar compensation topology exhibiting frequency splitting, that is also of 

simple construct and often used in IWPT applications is the Serial-Parallel (SP) compensation [42], 

where on the secondary side there is a capacitor in parallel with the load, as shown in Figure 20. 

 

Figure 20: SP-Compensated IWPT circuit. 

Using the system of linear equations given by (2.77) and (2.78), it is possible to calculate 

analytically all the response functions of the SP-compensated IWPT. 

 𝑉    =    𝑅  𝐼 +  𝑗 𝐼 𝜔 𝐿 − 1𝜔 𝐶 + 𝑗 𝜔 𝑀 𝐼  (2.77)

𝑗𝜔𝑀 𝐼 +  𝐼 (𝑅 + 𝑗 𝜔 𝐿 + 𝑅1 + 𝑗 𝜔 𝐶 𝑅 ) = 0 (2.78)

If 𝐶  and 𝐶  are set to the natural resonance frequency of respectively the primary and 

secondary circuits when these are decoupled, the power output response of the SP-compensated 

circuit, for instance, can be analytically calculated as: 

𝑃 = 𝑘 𝑅 𝐶 𝐶 𝑉 𝜆 ω𝜆 𝑋 + ω 𝑌 , (2.79)

where: 
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𝑋 = 1 − 𝜆 + 𝑘 𝜆 + ω (𝑅 𝐶 𝑅 𝐶 + (1 − 𝜆 )(𝑅 𝐶 + 𝑅 𝐶 )𝑅 𝐶 ) , (2.80)

𝑌 = (𝑅 + 𝑅 )𝐶 − 𝜆 (𝑅 𝐶 + 𝑅 𝐶 + 𝑅 𝐶 (2 − 𝜆 + 𝑘 𝜆 + 𝑅 𝐶 𝑅 𝐶 𝜔 )))  (2.81)

and, likewise to the SS-compensated circuit, 

  ω    = 1𝐿 𝐶 = 1𝐿 𝐶  (2.82)

Running the model for the SP-compensated circuit with the same parameters as those used 

to generate Figure 13, results in the plots of Figure 21, where the power output surface, as a 

function of the normalized frequency  = 𝑓 𝑓⁄  (in logarithm scale), and the magnetic coupling 

coefficient, 𝑘, is shown for different load conditions. 

   

Figure 21. Evolution of the power output in a SP-compensated IWPT, as a function of the normalized frequency, 𝑓/𝑓 , and 𝑘, as the load 𝑅   is decreased. 

It can be noticed that the power output characteristic of the SP-compensated circuit loaded 

with a high 𝑅 , as shown in Figure 21a, resembles that of a SS-compensated circuit loaded with 

low 𝑅 , as shown in Figure 13d, in both cases with maxima at frequencies 𝑓  and 𝑓 . As the 

SP-compensated circuit load 𝑅  is decreased, oppositely to what happens in the SS-compensated 

case when 𝑅  is increased, the 𝑓  ridge disappears and the response at 𝑓  is reinforced, 

with an observable displacement towards 𝑓 , as shown in Figure 21c. 

Expressions for the input power and, thus, for the true efficiency of the SP compensation, 

 , can be computationally derived with the aid of software tools for algebraic manipulation. The 

results are again better visualized by plotting superposed contour maps of the output power and 

the efficiency. Using the same circuit parameters as those used to draw the SS-compensated 

example of Figure 16 results in the SP-compensated typical plot of Figure 22. 

(a) (b) (c) 

𝑅 ↓ 𝑅 ↓ 
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Figure 22: Bounded efficiency regions (green) drawn over the power output surface of a SP-compensated IWPT 
coupling, having the frequency of operation and the equivalent output load as free parameters. 

The SP-compensation output response is similar to that of the SS-compensation, however 

as 𝑘 is increased, differently from the SS-compensation case, the frequency splitting is observed 

at the high values of the equivalent secondary load 𝑅 , not on the low values. Likewise, in SP-

compensation, a single power peak is observed at lower enough values of 𝑅 , whereas a single 

power peak was observed at high enough values, in the case of SS-compensation. The new 

resonant frequencies at high enough 𝑅  values,  𝑓  and  𝑓 , are given by the same equations 

(2.54) and (2.55), as in the SS-compensated case, departing from  𝑓  as 𝑘 is increased. In the SP 

case, however, in the low values of 𝑅  a new resonant frequency  𝑓  occurs, with  𝑓 >  𝑓 , in 

place of the constant resonance frequency  𝑓 . This frequency  𝑓 , departing from  𝑓  =   𝑓  for 𝑘 =  0, also increases with the increase in 𝑘, being calculated by considering the required 

primary capacitance for resonance of the unloaded secondary (𝑅 = 0), as can be derived from 

the expression in Table I of [41] (SP topology), here also reproduced in Table 2: 

𝐶  =   1ω 𝐿 − 𝑀𝐿  
(2.83)

⟹ 𝐿 𝐶  =   1ω 1 − 𝑀𝐿 𝐿 = 1ω (1 − 𝑘 ) 
(2.84)
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But, by hypothesis (2.82), 𝐿 𝐶 = 𝐿 𝐶 = 1/ω , so: 

𝑓  =   1√1 − 𝑘 𝑓  (2.85)

Instead of using a three-dimensional plot, the analysis and design of a SP-compensated 

IWPT circuit, as in the case of SS, can also be facilitated by the use of joint power and efficiency 

contour maps. An example, using the same circuit parameters as those used to generate the chart 

in Figure 17, is given in Figure 23, where the same plotting scales and color convention for the 

contour curves and peak power surfaces were also used. 

 

Figure 23: Typical constant output power (black) and constant efficiency (green) contours of a SS-compensated 
WPT coupling, having the frequency of operation and equivalent output load as free parameters. 

Point “A”, marked with a red dot in the middle of the central lighter green spot 

(efficiency ≥ 90%), is the operation point where the overall maximum achievable efficiency   

is obtained, which, in this example, incidentally happens to be approximately 92.2%. Point “A” lies 

between the power ridges associated to 𝑓  and  𝑓 , at a frequency lower than 𝑓 , that tends to 𝑓  as 𝑘 is decreased to zero. 

The power output at point “A”, 𝑃 , can visibly be exceeded, if the operation point 

“climbs” one of the power ridges (best observed in Figure 22), associated to the resonance 

frequencies  𝑓 , 𝑓   and  𝑓 . But, just as in the SS-compensation case, this would come at 
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the expense of a decrease in efficiency, as the operation point would be departing from the red 

dot. For fixed 𝑘, a good strategy design to satisfy a required power output level, with an efficiency 

bounded to a minimum given value, is to select the operation point on one of the power contour 

curves satisfying that required power, as close as possible to the point of  . More precisely, 

the point where the contour curve for the required power is tangent to contour curve of highest 

possible efficiency should be selected as the operation point. In the example of Figure 23, if the 

required output power is 40 W, for instance, the thick black curves indicate the locus for this 

power, and point “B” should be the preferable choice for the operation point. 

Considering (2.54), (2.55) and (2.85), it can be noticed that product of  𝑓  and  𝑓  is 

equal to the product of  𝑓  and  𝑓 : 

𝑓   𝑓  = 𝑓 𝑓 , (2.86)

an expression that leads to a simple geometric interpretation, shown in Figure 24, that helps in 

the design of SP-compensated circuits (and PP-compensated too, as explained in section 2.7). 

 

Figure 24: Geometric interpretation of the relative positioning of the resonant frequencies in SS and SP-
compensated IWPT circuits on a logarithm scale. 

Because in the SP-compensation all resonant frequencies in the frequency splitting zone 

(𝑘 >  𝑘 ) are dependent on 𝑘, an IWPT implementation where k is expected to vary along the 

power transfer process may be more complex to design than it is in the SS case, usually requiring 

some sort of frequency tracking mechanism, even if the load is constant. 

These characteristics may lead to the choice of an SP-compensated IWPT over an SS-

compensated topology, or vice versa, depending on whether the impedance of the load being 

respectively higher or lower, and ultimately, on the actual point of operation (𝑓,  𝑅 ) satisfying the 

constraints of each particular IWPT application. 

2.7 Comparison of the Basic-IWPT Compensation Topologies 

The SS and SP topologies, together with their counterpart topologies in which the primary 

circuit is current-fed, respectively the parallel-serial (PS) and parallel-parallel (PP) compensated 

topologies, are referred to as the basic IWPT compensation topologies. The SS, SP, PP and PS 
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basic topologies are summarized in Figure 25, where, for simplicity, the equivalent winding loss 

resistors 𝑅  and 𝑅  have been omitted from the models. 

 

Figure 25. Summary of basic compensation topologies used in IWPT: (a) SS, (b) SP, (c) PS and (d) PP. 

Similar to the SS and SP-compensated topologies, presented in sections 2.5 to 2.7, Parallel-

Series (PS) and Parallel-Parallel (PP) compensation circuits are defined by alternatively using a 

capacitor in parallel in the primary as a compensation device, a configuration that requires, 

instead, excitation from an alternate current source. 

The PS and the PP-compensated topologies have distinct power requirements in terms of 

the power source that feds to the primary circuit, but they have similar power responses and 

efficiency patterns respectively to the SS and SP-compensated ones. This happens under the 

assumption that the topologies with a capacitor in parallel with primary coil are fed by a current 

source, whereas those with a capacitor in series with the primary coil, by a voltage source. The 

equivalence, under the point of view of the secondary load 𝑅 , follows by the Thévenin’s theorem. 

Concerning the currents and voltage levels demanded from the input power source, the 

equivalence is not applicable, in the sense that, to transmit the same power, the power source of 

a PS-compensated configuration will generally work better with larger input currents than one that 

is SS-compensated, while the necessary voltage to drive an SS-compensated IWPT will tend to be 

higher than that used to drive a PS-compensated configuration. Similar happening when comparing 

the PP to the SP-compensated networks. 

One of the firsts in depth general comparisons of these four basic compensation topologies, 

aiming their use in wireless power transfer applications, was brought by Wang, Covic and Stielau 

[43]. Similarly to the simplification adopted in Figure 25, Wang et al. also assumed in their analysis 

the resistors 𝑅  and 𝑅  of the linear magnetic coupling model to be zero. However, instead of 

setting the individual isolated resonant frequencies of both primary and secondary circuits to the 
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same frequency, 𝑓 , and analyzing the transfer characteristic of the resulting WPT for variable 

coupling coefficient and operating frequency, as done in the previous sections in this chapter, 

Wang et al. kept the overall resonant frequency at the value of the secondary resonance frequency, 𝑓 . This step in the design paradigm is accomplished by tunning the primary circuit in each of the 

topologies to a different frequency, by adjusting the value of 𝐶  according to Table 2. 

Table 2: Secondary impedance reflected on primary circuit, 𝑍 , and optimal primary capacitor, 𝐶 , for maximum 
power transfer in SS, SP, PS and PP compensation topologies. 

Topology 
Reflected Impedance 𝑍  

(of the secondary onto the 
primary circuit) 

𝐶  

SS 𝜔 𝑀𝑅  

1𝜔 𝐿  

PS 

𝐿𝜔 𝑀𝑅 + 𝜔 𝐿  

SP 𝑀 𝑅𝐿 − 𝑗 𝜔 𝑀𝐿  

1𝜔 𝐿 − 𝑀𝐿  

PP 

𝐿 − 𝑀 𝐿⁄𝑀 𝑅𝐿 + 𝜔 𝐿 − 𝑀𝐿  

However, except in the case of SS-compensation, this design approach and analysis may be 

not the most convenient one, when the IWPT configuration is going to be used in DIWPT 

applications, where variable magnetic coupling coefficients, 𝑘, are likely to be encountered. For 

the other topologies, SP, PS and PP, this would require the capacitor 𝐶  or 𝜔  to be continuously 

adjusted, as 𝑘 and 𝑀 vary, to keep an optimum power transfer, which is not usually practical, 

especially if more than one secondary is simultaneously harvesting energy from the primary. 

If this inconvenience is disregarded, the analysis provided by Wang et al. is very interesting, 

for they have established that all these basic IWPT topologies [43], as displayed in Figure 25, are 

prone to exhibit frequency splitting, also called as the frequency bifurcation phenomenon. The 

condition for frequency splitting to occur have been expressed as a function of the loaded quality 

factors of the primary, 𝑄 , and secondary, 𝑄 , as calculated in Table 3. 
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Table 3: Loaded quality factors for SS, SP, PS and PP IWPT topologies. 

Topology 𝑄  𝑄  

SS, PS 
𝐿 𝑅𝜔 𝑀  

𝜔 𝐿𝑅  

PS, PP 
𝜔 𝐿 𝐿𝑀 𝑅  

𝑅𝜔 𝐿  

In approximate terms, it has been determined that bifurcation will not occur when 𝑄 > 𝑄 . 

More precisely, bifurcation will not occur only when the condition given by Table 4 is verified. 

Table 4: Loaded quality factors for SS, SP, PS and PP IWPT topologies. 

Topology 
Condition for no 

Frequency Bifurcation 

SS 𝑄 > 𝑄 4𝑄4𝑄 − 1  

SP, PP 𝑄 > 𝑄 + 1𝑄  

PS 𝑄 > 𝑄 . 

In some applications authors try to avoid frequency splitting [39] [40], what simplifies the 

calculation of circuit parameters for IWPT. Instead, with the graphical analysis exemplified in 

sections 2.5 and 2.6 it is possible to compute any desired operation point, exploiting the output 

response abnormalities caused by frequency splitting. The procedure is however computationally 

intensive, and some numeric computing tool should be employed. 

The SS and SP-compensated topologies are possibly the most popular so far observed in 

academic studies and most real-world implementations. Excited by an alternated voltage source 

in the primary side, they are simpler to implement, easier to analyze than the more complex 

topologies, and still can successfully handle a large number of applications. For wireless vehicular 

charging power ranges from a few kilowatts to a few tens of kilowatts, a number of laboratory 

implementations report the use the SS and SP-compensation schemata [44], with some authors 

having identified efficiency advantages of the SS over the SP-compensated circuits for this type 

application [45]. This advantage can be relativized by the fact that the parallel compensation may 

be the preferable topology to be used if high currents and power levels are to be achieved, and 

either the input or output voltage is restricted not to be exceedingly high. This will often be the 

case in circumstances where the mutual inductance between the coils is low. In principle, the 
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efficiency will depend on the passive components of the compensation circuits having less losses, 

and this is more related to the quality factor of the components themselves and the choice of the 

more favorable operation point, which may be different for each topology, similarly to what 

happens with the power output (compare results in Figure 13 and Figure 21). This conclusion is 

supported by a case study [46] where the SP efficiency is reported to be better than that of the 

SS-compensation when lower magnetic coupling coefficients, resulting from asymmetry in the 

coils, are observed, and worse otherwise. 

Under the perspective of a DIWPT application, it is more useful to compare the 

compensation topologies according to the variability of the magnetic coupling coefficient, 𝑘. 

2.7.1 Comparison of IWPT Circuits under Constant k 

For the SS-compensated coupling, the transferred power will be very high at the resonant 

frequency 𝑓 , for adequately large values of 𝑅 , or at any of the split frequencies 𝑓  and 𝑓 , 

for low values of 𝑅 . However, for high efficiency in the power transfer, the operation point should 

be set away from the maxima in transferred power. Other than that, structural improvements to 

the efficiency come when the magnetic coupling quality factor, 𝑘 𝑄 𝑄   is increased. That is, 

when higher frequencies are used and the circuit components exhibit low losses at these higher 

frequencies, or, when the magnetic coupling coefficient 𝑘 is made as high as possible, if it happens 

to be a free design parameter. The parameter 𝑘 can be increased, for instance, when coils of 

comparable size are approached to each other, or when magnetic shaping is implemented, by 

means of the use of soft magnetic core materials, such as high quality (low losses) ferrites. 

Formulation found in the literature can help the design in the simpler cases [35], as 

exemplified in this work for the SS and SP-compensation circuits with coils of high quality factors 

that are not heavily loaded. But, in general, numerical simulation is the prevalent tool for both 

IWPT evaluation and design. Its use becomes especially necessary if other more complex 

compensation circuit topologies are investigated, and the appearance of multiple resonance 

frequencies is expected, or if non-linear elements, such as a rectifier as an output stage, are 

introduced in the circuit, leading to more difficult and impractical exact algebraic analysis. 

By the use of superposed contour maps of constant output power and efficiency, as 

exemplified in sections 2.5 (Figure 17) and 2.6 (Figure 23), it is possible to either analyze an 

existing IWPT configuration, refine its circuit parameters, or optimize the choice of the point of 

operation, accordingly to some simultaneously given efficiency and power output requirements. 
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These contour maps can be used analyze and design other circuit compensation topologies as 

well and the requirements for power and efficiency can also be expressed in terms of maximum 

and minimum boundaries, instead of single target values. 

For the same fixed circuit parameters used in the examples of Figure 16 and Figure 22, the 

power output and efficiency patterns are compared in Figure 26. Under the assumption of lossless 

ideal power sources, similar graphics can be drawn when comparing power and efficiency in the 

PS and PP configurations. 

  

 

 

 

 

Figure 26: Comparison of power output (black contours) and efficiency patterns (green shades and contour) 
between IWPT topologies with series-loaded (a) and parallel-loaded (b) secondary; and efficiency values (c). 

The blue curve, in Figure 26a, and red curve, in Figure 26b, indicate the loci of the maximum 

achievable efficiency at different operation frequencies, respectively for the SS and SP cases. In 

the SS-compensation (Figure 26a), the blue dot on the blue curve indicates the operation point at 

the resonance frequency 𝑓  where the best efficiency is found, while in the Figure 26b the red dot 

on the red curve indicates the point of operation with overall maximum SP-efficiency.  

At 𝑓 , there is a slight advantage, in terms of efficiency, for the SS-compensation. At higher 

than 𝑓  frequencies, higher efficiencies than that observed at the red dot will be found, provided 

(b) 

(a) 

(c) 
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the equivalent load 𝑅  is conveniently adjusted. At frequencies that are lower enough than 𝑓 , the 

efficiency of the SP-compensation will be higher than that of SS-compensation. It should be 

emphasized, however, that this apparent improvement of the SS-compensation over the SP-

compensation only holds when the both SS and SP-compensation circuits are implemented using 

the same design resonance frequency 𝑓  for the primary and secondary branches, when 

individually considered (i.e., calculated as if the magnetic coupling was zero). But this is a 

restriction that need not to be adopted when designing SS and SP configuration in a competitive 

basis. In fact, it is possible to pick a resonant frequency 𝑓  for the individual branches of a SP-

compensated IWPT, with 𝑓  higher than the base resonant frequency of the SS-compensated 

topology, 𝑓 , in such a way that the point of maximum efficiency in the SP configuration is found 

exactly at 𝑓  , and choose 𝑓  as the operating frequency in both circuits. This would diminish 

the difference in the SS and SP efficiencies at that operation point. 

For fixed-𝑘 operation, the choice of the operation point presumes a compromise between 

efficiency and output power. The higher the efficiency, the better, subjected to the satisfaction of 

the minimum power requirements of the application. 

2.7.2 Comparison of IWPT Circuits under Variable k 

When 𝑘 is allowed to vary, the frequencies 𝑓 , 𝑓  and, for the SP and PP topologies, 

the 𝑓  as well, will also vary, being displaced further away from 𝑓  as 𝑘 is increased. In these 

conditions, the SS or the PS-compensated IWPT are the preferable choice, for it will more easily 

allow to sustain a predetermined output power level at the fixed resonant frequency 𝑓  exhibited 

in these compensation circuits. In the same circumstances, the PP and SP-compensation 

topologies with fixed circuit parameters would require more elaborated frequency track schemes 

to sustain the output power, resulting in a more complex implementation, even if the load is kept 

constant (𝑘 cannot be assumed constant in DIWPT configurations). For this reason, the SS and 

PS-compensated topologies are deemed as more adequate for applications where the magnetic 

coupling coefficient varies dynamically. 

The relative efficiency performance of SS and PS topologies can be visualized in Figure 27 

for the whole valid range of 𝑘, by concatenating plots similar to that in Figure 26c. Similar plots 

could be derived to compare PS and PP topologies. 
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Figure 27: Family of SS and SP efficiency curves as the magnetic coupling coefficient 𝑘 is varied. 

Analyzing the curves of Figure 27, it is possible to verify that, between two WPT circuits 

tuned to the same resonant frequency 𝑓 , the one with the serial compensation in the secondary 

and the other with parallel compensation, the serial compensated will have slightly better efficiency 

that the parallel compensated when both are operated in frequency in the vicinity of 𝑓 . However, 

this difference is negligible when 𝑘 ≤ 0.2. The black dashed line in Figure 27 is the locus of the 

points where these two efficiencies are equal. 

In many practical applications in where 𝑘 dynamically varies, the value range for this 

parameter is in the interval 0, 𝑘 , often with 𝑘  significantly less than the unity. So, the 

choice of for a SS/PS or PP/SP compensated WPT topology will not be critical, under the point of 

view of the efficiency achieved, and this design option can rely on other practical requirements. 

The choice, ultimately, may depend on the voltage and current levels required by the load, for the 

same power level. The variable 𝑘 is a common assumption, for instance, in most dynamic inductive 

wireless power transfer (DIWPT) applications, as described in Chapter 3. 

2.8 Other Circuit Compensation Topologies 

Other topologies using arbitrarily more complex passive matching circuits can also be used 

to connect the load and the power source through a magnetic coupling. Authors have been 

investigating such topic and extensive reviews on compensation topologies and their uses in IWPT 

are available [47] [48]. The general approach to evaluate any compensation topology is to 

recognize it as a passive two-port network. 

For instance, all the basic IWPT compensation topologies, as shown in Figure 25, can be 

thought of as two-port network that is constituted of cascaded two-port networks, in which the 
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central one is the linear transformer model, usually expressed as an impedance matrix, as in 

(2.87), where 𝑍  =  𝑗𝜔𝐿 , 𝑍  =  𝑍  =  𝑗𝜔𝑀 and 𝑍  =  𝑗𝜔𝐿 .  𝑉 𝑉  =  𝑍 𝑍𝑍 𝑍 𝐼𝐼  (2.87)

The corresponding circuit model interpretation is shown in Figure 28, which is the usual 

manner to represent a magnetic coupling, as previously shown in Figure 3b. 

 

Figure 28: Impedance model for a passive two-port network. 

However, the two-port network can be alternatively expressed by an ABCD linear model, in 

which the voltage and current phasors of the two ports are related by (2.110):  𝑉𝐼  = 𝐴 𝐵𝐶 𝐷 𝑉𝐼  (2.88)

where 𝐼 = −𝐼  (in the ABCD model, the positive conventional direction of the secondary current 

is the opposite of that in the impedance model, to facilitate the computation of cascaded two-port 

networks). 

So, expressing 𝐼 , in terms of 𝐼 :  𝑉−𝐼  = 𝐴 𝐵𝐶 𝐷 𝑉𝐼  (2.89)

These coefficients 𝐴, 𝐵, 𝐶 and 𝐷 can be expressed in terms of the impedance parameters 

of the two-port network: 

𝐴 𝐵𝐶 𝐷 = ⎣⎢⎢
⎡ 𝑍𝑍 𝑍 − 𝑍 𝑍𝑍− 1𝑍 𝑍𝑍 ⎦⎥⎥

⎤
 (2.90)

The ABCD-model was used in to demonstrate that the expression for maximum efficiency 

  of any two-port network, coupled to the source and the load by respectively input and output 
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matching networks [49], where the authors still considered the primary voltage source with an 

intrinsic associated output impedance. Here, for simplification, the output impedance of the source 

is considered null. Then, in these conditions, the maximum efficiency of the two-port network is 

given by: 

  =  𝜒1 + 1 + 𝜒 , 
(2.91)

where: 

𝜒 =   𝑍𝑅𝑒(𝑍 )𝑅𝑒(𝑍 ) − 𝑅𝑒(𝑍 ) (2.92)

Exemplifying the use of this more general approach, it can be derived that for the SS-

compensated topology: 

𝜒 =   𝜔 𝑀𝑅 𝑅 + 𝜔 𝑀  (2.93)

Recalling that 𝑀 = 𝑘 𝐿 𝐿  and that the quality factors 𝑄  are defined as in (2.27), then 𝜒 can be written: 

𝜒 =   𝑘 𝜔𝐿 𝜔𝐿𝑅 𝑅 + 𝑘 𝜔𝐿 𝜔𝐿 = 𝑘 𝑄 𝑄1 + 𝑘 𝑄 𝑄 , (2.94)

and replacing 𝜒 in (2.91) the expression for   becomes: 

  =   𝑘 𝑄 𝑄1 + 1 + 𝑘 𝑄 𝑄 , 
(2.95)

exactly as directly derived before for the SS-Compensated IWPT topology, in (2.34). 

One advantage in the ABCD modeling for assessing   is recognizing that the magnetic 

coupling, formed just by the coupled coils and no compensation circuit, is a two-port itself and the 

maximum achievable total efficiency of the IWPT circuit formed by cascading lossless primary and 

secondary compensation circuits is the same as the base magnetic coupling. That means that the 

expression of the maximum achievable efficiency   (2.34) and (2.95), derived for the SS-

compensated case, holds for the SP, PS and PP cases well, as it will hold for other arbitrary 

compensation topologies, as long as the compensation circuit components added to the primary 

and secondary circuits are lossless, and all losses of the compensated coupling can be accounted 
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to the equivalent serial resistors 𝑅  and 𝑅  of the coil windings. Naturally, for each compensation 

topology, this   will be achieved for potentially different optimum loading conditions. 

In practice, the electronic components in the compensation circuits do have parasitic 

resistances, which will add extra losses in the power transfer. So, it can be expectable that more 

complex compensation circuits may tend to be less efficient than a simpler one, with less 

components. This as well may not be true in all cases, because the losses depend not only on the 

number of components and their parasitic resistances, but also on the current pattern flowing in 

each of them. As a general rule, unless some specific circuit behavior is sought, more complex 

compensation circuits should be avoided, and only modeling and circuit simulation can precisely 

anticipate the actual efficiency of an IWPT configuration. 

2.9 Power Electronics for WPT 

As exposed in Section 1, power electronics is one of the tools, not the focus of this work. 

However, it is necessary to briefly consider some of the basic concepts and most popular circuit 

types available to drive the primary coil, because the WPT behavior can be affected by its 

characteristics, and vice-versa. In the same manner, the designer should be aware of the options 

for harvesting energy at the output terminals of the secondary compensation circuit, since in all 

cases of interest in the electric mobility application, the target load requires a DC voltage, instead 

of the AC voltage at the WPT operation frequency. Although the electric motor inside an EV may 

actually require either DC or AC current, from the systemic point of view, the motor is always used 

in connection with a specific power electronics module, called motor controller, which will always 

receive DC power, originally coming from the EV’s main battery. The motor controller then converts 

the DC power according to the intended mechanical response from the motor being controlled, 

and generates the corresponding DC or AC power signals to drive it. 

Figure 29 shows the representation of at typical IWPT system architecture, where the active 

power electronics are self-contained functional blocks inserted in the primary, to transform the 

available power source into high frequency AC at the required power level, and in the secondary, 

to rectify and filter the induced voltage on secondary, as well as to provide the DC impedance 

match that may be eventually also required, as referred in Section 2.5.1. 
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Figure 29: Typical insertion of active power electronics blocks in a IWPT system. 

Most power electronics functionality required for IWPT applications can be built by the proper 

association of three elementary power blocks: The AC-DC converter, which is called rectifier, the 

DC-AC converter, which is commonly called as “inverter” and the DC-DC converter. These blocks 

may either have fixed behavior, or similarly to what happens with a motor controller, can be 

optionally monitored and controlled by intelligent electronics (processors), that will implement 

more complex characteristics of the converter. In the scope of this work, in order to implement 

the prototype and validate the HIPLEV concept, simpler, fixed behavior converters will suffice. The 

converters circuit blocks are represented by their symbols in Figure 30. 

 

Figure 30: Symbology for the elementary power electronic converters used in this work. 

The power source indicated as an input in the IWPT system architecture can be either AC 

or DC. When it is AC, it will usually be supplied by the power grid, at the frequencies of 50 Hz or 

60 Hz worldwide, which are inadequately low for direct driving of the magnetic coupling. The power 

electronics connected to the primary coil then first rectifies the grid power to an adequate value 𝑉 , which is then inverted, i.e., transformed into a square wave power signal at the IWPT design 

operating frequency 𝑓 . Often, as seen in sections 2.5 and 2.6, 𝑓  will be close to the intrinsic 

resonant frequency of both primary and secondary compensation circuits, in such a way that the 

compensated magnetic coupling will function as a band-pass filter for 𝑓 , and, for the purpose of 

computing voltages and currents across the magnetic coupling, only the fundamental sinusoidal 

component of the power signal will give a good approximation for the primary and secondary 

currents, as well as the nominal power output values. 

In this section, the most basic topologies of inverters used to energize the primary coils and 

generate the AC magnetic field that allows the IWPT to occur are presented and discussed. Using 

only two power transistors, the simplest of these circuits presented is the Mazzilli-Baxandall auto-
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resonant inverter. Because of that, and in alignment with the design directives for the HIPLEV 

(section 5.1) this is the topology of choice for the implementation of an i-lane for our first HIPLEV 

prototype. Despite being sometimes regarded as an unstable cheap circuit, most commonly used 

in inductive heating, the Mazzilli-Baxandall driver has proved in the simulation and in the lab to be 

a robust and, although exhibiting a mathematically sophisticated model, completely predictable, 

being adequate for industrial use in different applications [50], if carefully designed and used 

within its operational envelope. The analysis developed, numeric example and simulations further 

presented in 2.9.4 are then not incidental, but intentionally use the same voltage and power levels 

required in the prototype, which uses the exact same circuit drawn in Figure 46, with nominal 

parameters as in Table 5, among which some were finely tuned to achieve the required circuit 

performance. 

2.9.1 Resonant Inverters using Full H-Bridge 

One of the simplest power circuits that is also popularly used in IWPT designs is shown in 

Figure 31. It uses a full h-bridge inverter to generate the high frequency power component that is 

fed to the compensation network of the primary coil. The h-bridge is formed by two “arms”, each 

consisting of the series association of two active switches, which can be bipolar transistors, 

Insulated Gate Bipolar Transistors (IGBT), Metal Oxide Semiconductor Field Effect Transistor 

(MOSFET), or any other electronic switching device. In each arm, at any given time, only one switch 

is supposed to be in the conductive state. The timing and levels of the control lines for theses 

switches also guarantee that, during normal operation, different arms of the h-bridge are in 

complementary state, in such a way that, in Figure 31, point A and B are alternately connected to 

the positive and negative poles of 𝑉 , but always with opposite polarity. This continuous ON and 

OFF commuting generates a square wave with frequency 𝑓  and amplitude 𝑉  in between 

terminals A and B. 𝐶 ,  and 𝐶 ,  are the decoupling capacitors for the two half-bridges. They are 

inserted in parallel for decoupling of the two half-bridges from parasitic inductances, which, except 

from 𝐿 , are not shown in the schematics. 
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Figure 31: H-bridge driving primary coil of a SS-compensated magnetic coupling, with a diode bridge as a rectifier 
and a DC-DC converter for load matching in the secondary. 

Specifically, in the example of Figure 31, MOSFETs are used, and the control signals are 

the gate signals 𝑔 , , 𝑔 , , 𝑔 ,  and 𝑔 , . These signals have to be generated by the adequate 

voltage level translation of the respective digital signals 𝑔 , , 𝑔 , , 𝑔 ,  and 𝑔 , , derived from a 

common inverter controller, as shown in Figure 32. 

 

Figure 32: Logical control signals for the gate drivers of the H-bridge inverter. 

Common to all DIWPT applications, the primary coil has to be energized only at proper 

times, when a secondary pick-up coil is ready to harvest energy. So, the oscillation of the primary 

circuit must be turned on and off accordingly. A standard way to implement this is illustrated in 

the timing chart of Figure 32, by the use of a control signal named STOP/RUN. When this signal 

is logically low (RUN), the gate signals oscillate in synchronism, to promote the switching of the 

MOSFETs. When it is brought to a logically high level (STOP), the cycles are terminated, with the 

lower transistors being shortened to the negative terminal of 𝑉 , which is usually the zero voltage 

reference, and the higher transistors shortened to the positive terminal of 𝑉 . 

Inverter controller logic, as well as the clock generator (“CLOCK GEN”) can be normally 

implemented in micro-controller, by software, which further allows the fine adjustment of the 

fundamental frequency of the IWPT, according to the designed operation frequency. 

The compensation network, with primary and secondary circuits tuned to the resonant 

frequency 𝑓 , which is close to 𝑓 , behaves as band pass filter, so that, for the effect of the WPT 
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calculations, the equivalent sinusoidal input voltage 𝑉  to the primary compensation circuit can 

be approximated by the first harmonic component of the square wave in between A and B. For 

square waves with 50% duty-cycle, the amplitude of the equivalent sinusoidal input voltage between 

points A and B would be 4 𝜋⁄  times the amplitude of the squared wave. 

Variants of the circuit in Figure 31 can be implemented, usually aiming an improvement in 

efficiency. For instance, active rectification may be used in the secondary, as shown in the 

schematics of Figure 33, where the gates of the MOSFET at the secondary are driven to reinforce 

the direct conductivity of their clamp diodes. In this way, the direct voltage across the diodes of 

the rectifier bridges is reduced, and the losses on the secondary can be minimized. The gates 

drivers should sense the voltage across points C and D to determine which gates, whether 𝑟 ,  

and 𝑟 ,  (if 𝑉 < 𝑉 ), or 𝑟 ,  and 𝑟 ,  (if 𝑉 > 𝑉 ) should be active at any given time. The 

capacitor 𝐶  across the H-bridge works as a DC filter for the voltage being input to the DC-DC 

converter. 

Figure 33: H-bridge driving primary coil of a SS-compensated magnetic coupling, with another H-bridge functioning 
as a rectifier at the secondary and a DC-DC converter for load matching. 

The MOSFETs act as switches during the normal operation. When gate signal is above the 

threshold limit 𝑉 ( ), the transistor is switched ON and the resistance of the MOSFET channel 

drops from a quasi-open circuit to a very low value 𝑅 ( ), and current can flow through the 

channel. If power is connected through an external load in series with either of these terminals, 

the drain to source voltage, 𝑉  can decrease to a minimum, which is the product of 𝑅 ( ) by 

the current established by external constraints. 

So, after any switching transition, MOSFETs under directly polarization, will either be in the 

OFF state and have 𝐼  =  0, or in the ON state, when the power dissipated by the transistor will 

be very low, because 𝑅 ( ) is usually also very low, if compared with other elements in the 

circuit. However, the power dissipation is the average of the product of the voltage across the drain 

to source and the drain current, which, during the transitions of state, may happen to be both 
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simultaneously high. This condition will lead to a high instantaneous power dissipation, that, in 

association with high switching frequencies, can increase average power dissipated to an 

inconveniently high figure, and spoil the system efficiency. 

To reduce these switch losses on the MOSFETs, the transition of the gate signals should 

ideally occur when either 𝐼  =  0, which is called the Zero Current Switching (ZCS), or 𝑉  =  0, 

which is called the Zero Voltage Switching (ZVS). Under either of these conditions, the inverter can 

safely drive the circuit, the H-bridge inverter is said to works as a resonant converter. 

2.9.1.1 Operation Frequency of the H-Bridge Inverter 

When driving a resonant load with an H-bridge, the choice of the frequency of operation 𝑓  

should not be completely arbitrary. Tuning the operation frequency of the inverter to match the 

natural resonance frequency 𝑓  of the magnetic coupling (and attached load) is a critical issue for 

the efficiency of the system. A slightly higher efficiency of the magnetic coupling itself (blue-shaded 

area in Figure 33) may be found in a frequency other than 𝑓 , as seen in 2.5 (for the series-

compensated secondary) and 2.6 (for the parallel-compensated secondary). But there is a stronger 

reason to do this. 

In a circuit exhibiting resonance, the current will naturally tend to oscillate after an stimulus 

is injected, such as voltage step across its terminals. The sequence of events in the vicinity of the 

inversion of the polarity of the h-bridge output voltage can be seen in Figure 34, obtained by 

numeric simulations with the LT Spice software [51], for the case where 𝑓  <  𝑓 . Focusing on 

the half-bridge which midpoint is A, it can be realized that, when the transistor 𝑄  is cut-off, 

the voltage on A swings immediately from 𝑉  to zero. At this time, since the current 𝐼  is negative 

(it is entering the bridge at point A), this current flow is automatically redirected to the protection 

diode of 𝑄 , causing the voltage drop 𝑉 (𝑄 ) to be −𝑉 , where 𝑉  is the forward voltage 

on that diode. After the dead-time 𝑡 , just before 𝑄  is finally switched ON, to complete the 

switching of the half-bridge, the drain-to-source voltage 𝑄  will be high, at 𝑉  +  𝑉 , causing 

a high displacement current in the transistor, that will cause a peak in 𝐼 (𝑄 ) to momentarily 

occur, until the new voltage 𝑉 (𝑄 ) stabilizes at −𝐼 . 𝑟 ( ) >  0. So, the ZVS condition 

is not met. In addition to the resulting power losses, depending on the transistor parameters, there 

a the possibility that this current surge can be destructive to MOSFET 𝑄  [52]. 
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Figure 34: Simulated waveforms of an H-bridge driving a resonant serial LC load at a lower frequency than the 
natural resonant frequency of the load: (a) Drain to source currents on the MOSFETs driving midpoint A; (b) output 

voltages on midpoints A and B, and current supplied to the load at A. 

The same current surges will be similarly present when the half-bridge output is switched 

from zero (almost zero, since 𝑟 ( ) is not zero) to 𝑉 , in which case the current 𝐼  will be 

positive (leaving the bridge at point A), and the voltage drop 𝑉 (𝑄 ) will also be also high 

when 𝑄  is switched ON. And they will equally happen on the other half-bridge of the H-bridge, 

and, in a real circuit, could have been minimized with the use of snubber resistive-capacitive circuit 

branches across the MOSFETs. But the point, in this example, is just to show the issues with this 

inadequate switching strategy for the H-bridge inverter. 

When 𝑓  >  𝑓 , on the contrary, these current surges do not happen, as it can be seen in 

Figure 35, also obtained by numeric simulation with LT Spice software. Again, focusing on the 

half-bridge which midpoint is A, it can be realized that this time the current 𝐼  will be positive 

(leaving the bridge at point A), when the transistor 𝑄  is cut-off. The current flow will be instead 

automatically redirected to the protection diode of 𝑄 , causing the voltage drop 𝑉 (𝑄 ) to 

be −𝑉 . So, when 𝑄  is switched on, the voltage drop across its terminals will be already low, 

thus avoiding current surges on 𝐼 (𝑄 ). Similar happening when 𝑄  is switched ON. 
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Figure 35: Simulated waveforms of an H-bridge driving a resonant serial LC load at a higher frequency than the 
natural resonant frequency of the load: (a) Drain to source currents on the MOSFETs driving midpoint A; (b) output 

voltages on midpoints A and B, and current supplied to the load at A. 

It is then a customary practice to drive the resonant tank at 𝑓  >  𝑓 , with 𝑓  as close as 

safely possible to 𝑓 . This avoids switching a MOSFET ON when there is already voltage with a 

magnitude equal to 𝑉  +  𝑉  across its drain and source terminals, where 𝑉  is the directed 

voltage drop on a conducting protection diode. In this manner, the ZVS condition is assured and 

there will be no extra losses to current displacement to charge de MOSFET, a process that also 

produces inconvenient surges on the power supply, constitute a source of electromagnetic 

interference EMI, and additionally, can ultimately damage the transistors themselves. 

In general, the resulting waveform of the current supplied by the H-bridge to the load is not 

a perfect sinusoidal function as Figure 34 and Figure 35 may suggest, but rather, a similar-shaped 

signal that can be approximated by segments of sinusoidal waveforms, within which, the resonant 

circuit responds freely. In the case of the SS-compensated circuit of Figure 33, the condition of 

resonant driving, which also depends on the mutual inductance, can then be evaluated by 

inspecting the current waveform on the primary coil, 𝐿  [53] [54], as indicated in Figure 36. 
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Figure 36: Typical waveforms of the primary coil current on a H-bridge driven resonant IWPT. 

When operating very close to the resonance condition, the prompt identification of the 

relative value of the operation frequency with respect to the natural resonance frequency may be 

largely difficulted, if the instrument measuring the primary current does not have a bandwidth that 

is much greater than then base frequency 𝑓 , or if it presents too much phase distortion over its 

frequency band. 

In the next section, a prototype built in order to verify and understand practical issues in the 

design and implementation using H-bridge resonant converters is described. This work, although 

not incorporated in the final HIPLEV prototype, was considered an important step to consolidate 

the option for an auto-resonant power circuit in its implementation. 

2.9.1.2 Experimentation with a Resonant Converter using a COTS H-Bridge 

In order to have more practical experience with power electronics and their issues when 

used as a component system in a IWPT system, two prototypes using H-bridge inverters were built 

and tested. In a first implementation, some COTS sub-systems were used as components: An H-

bridge originally designed for brushed DC (BDC) motor control, a power source, a DC-DC converter, 

and a digital frequency generator, to which were added an especially designed gate signals 

conditioning module, to adjust a duty cycle of slightly less than 100%, as required by the module. 

A capacitor bank and a COTS inductor were connected in series with the H-bridge output, to serve 

as the serial resonant tank. The system was tested in an open secondary configuration, just to 

acquire more insight into the H-bridge inverter itself. 
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In this first implementation, the COTS H-bridge used was originally intended to drive DC 

brushed motors, with an alleged nominal maximum current of 100 A. It requires a PWM input 

signal to control motor speed with a maximum nominal modulating frequency of 60 kHz, and two 

signals to select the control the switching of individual branches of the H-bridge, and establish the 

direction of the motor, forward or reverse. This module was provided with only basic interface 

documentation, in which no implementation internals were specified, so it was treated as a system 

component. It was recognized that, by supplying gate enabling signals in a continuous alternance, 

as if continuedly commanding changes in the motor rotation direction, and a PWM frequency with 

an active duty cycle is correspondence with the gate signals, it is possible to use the same 

hardware as the H-bridge driver of a resonant load. 

The gate control signals are constituted by two periodic pulse trains at drive frequency, at 

180º out of phase from each other. The operation frequency was set at the maximum acceptable 

by the H-bridge module specification, 𝑓 = 60 kHz. To illustrate the principle of operation, a duty 

cycle of 85% was chosen and implemented with a simple circuit using TTL digital discrete logic 

circuits, as shown in Figure 37.  

 

Figure 37: Diagram the simple controller circuit designed to generate the control signal for the COTS H-bridge. 

The circuit introduces a delay Δ𝑡 in a base 50% duty cycle square signal 𝑞(𝑡) and its 

complement, 𝑞(𝑡), to generate the gate control signals 𝑎  and 𝑎 , as well as the required PWM 

control signal 𝑎 , with the same active duty cycle as that of the gate control signals. The 

required delay Δ𝑡 for a given duty cycle 𝜆 can be calculated by: 

Δ𝑡 = 1𝑓 1 − λ2 , (2.96)
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Therefore, for the desired duty cycle of 85%, at 𝑓 = 60 kHz, a Δ𝑡 = 1.25 μs was 

implemented. Alternatively, these control signals could have been generated by a microcontroller, 

making the duty cycle of the PWM re-programmable to any desired value, and thus reducing the 

current on the primary coil to a fraction of its maximum possible value, while keeping the drive 

frequency constant. The circuit implemented provided the three waveforms necessary to drive the 

H-bridge module, as shown in Figure 38. 

Figure 38: Waveforms of the H-bridge control signals. 

In the prototype, a COTS digital frequency generator, programmable in both frequency and 

duty cycle, was used to supply the reference signal 𝑞(𝑡), at 60 kHz, with a 50% duty cycle. For a 

safety startup, these two parameters are set before the modules are integrated, and remain stored 

in the non-volatile memory of the frequency generator. 

The prototype, shown in Figure 39, is then completed by a 36 V DC power source (main 

power supply to the H-bridge), a low power DC-DC converter to derive the 5 V from the power 

source, which is used to power the frequency generator and the gate control circuit, and a simple 

line filter, inserted in between the DC power source and the H-bridge. The line filter is included to 

protect the power source from the residual oscillations in the DC power produced by the switching 

of the transistors in the H-bridge. 
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Figure 39: Prototype of H-bridge resonant inverter built and tested. 

The output terminals of the H-bridge, indicated by A and B in Figure 33, which are usually 

connected to terminals of a DC motor, in the original application of this module, are then connected 

to the terminals of the primary side of the compensated magnetic coupling, constituted by series 

connection of a resonance capacitor bank (73.3 nF) and a commercial flat spiral primary coil 

(102 𝜇H), which have a natural resonance 𝑓  at approximately 58 kHz. The measured waveforms 

of the resulting primary current and the control signals, after setting the drive frequency 𝑓  at 

approximately 60.3 kHz, are shown in Figure 40. 

 

Figure 40: Observed waveforms of outputs of the H-bridges, 𝑉  (channel Ch3) and 𝑉  (channel Ch4), and the 
resulting current 𝐼  (channel Ch5) and voltage 𝑉  (channel Math 1) over the primary coil. 

As expected, it can be seen in the graph, a hard-copy taken from the oscilloscope screen 

(Tektronix MSO46) that current waveform (light blue curve) shows no apparent distortion, 

indicating that operation is set near resonance. It can be deduced, however, that there is some 
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distortion, because the voltage across 𝐿  is not a perfect sinusoid, reflecting the voltage switching 

of the H-bridge. It can also be noted that the current derivative is in phase with the voltage output 

on point A, as in the case of Figure 35, giving a visual indication that the driving frequency imposed 

by the H-bridge is actually greater than 𝑓 . 

No effort was made to build a secondary side to complete an IWPT configuration. Rather, 

this prototype was used in the study off the proximity effect, described in 2.10.2. 

Among the basic WPT compensation topologies, as described in section 2.7, it can be 

noticed that in SP and PP-compensated circuits, the reflected impedance 𝑍  of the secondary onto 

the primary circuit has a purely complex term associated to 𝑀 , independently of the load 

characteristic. This does not happen in the case of SS and PS-compensated circuits, when the 

load 𝑅  is purely resistive. So, in DIWPT applications, where some variation in the mutual 

inductance 𝑀 is expected, it should be more difficult to keep a H-bridge inverter in good resonant 

condition by adjusting a fixed frequency of operation, when driving WPT circuits using these 

compensation topologies. Because of this, when using resonant converters in DIWPT, the SS and 

PS topologies should be preferentially used. But even then, the use of a fixed frequency driving 

frequency might bring some difficulties, as exposed in section 2.9.2. 

2.9.2 Issues of Simple Resonant Converters in WPT 

Resonant inverters of fixed frequency are intrinsically very stable. However, the obtention of 

a good resonant-drive condition, where both the power wireless power link and the inverter 

efficiencies are high, is subjected not only to robust design and careful adjustment of this operation 

frequency: The temperature and aging stability of circuit parameters of the inverter, the 

compensation networks, the magnetic coupling, and the load itself, are also critical for this 

condition to be maintained. So, for long term operation, in some applications it may not be enough 

to have the initial nominal value of these parameters within strict design limits. 

In the case of stationary IWPT systems, when efficiency is often the top priority of the design, 

it is usual to establish some feedback from the secondary to the primary, and use this information 

to produce an error signal that becomes an input to control the operation of the inverter, and track 

the resonant condition under slight mispositioning of the coils. This procedure automatically 

adjusts the frequency of operation to compensate for minor variations of the magnetic coupling 

coefficient around a design target but, ultimately, it also handles the variation of other circuit 

parameters in the IWPT configuration. 
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The information signal derived from the secondary, for instance, can be explicitly passed to 

the primary as digitally codified message, through a wireless communication link established in 

between the primary and secondary, as proposed in SAE Recommended Practice, SAE J2847-6 

[55]. This technique involves algorithmic control, a relatively complex addition to the pure inductive 

coupling model, but implementations using it are already reported [56]. 

Alternatively, this feedback can result from electric signals that can be sensed in the primary 

itself, such as the secondary reflected impedance and the active power being injected in the 

primary coil. The inverter frequency can then be adjusted for optimal efficiency while the amplitude 

and duty cycle can be further adjusted and used in conjugation with the frequency to achieve some 

specific power or voltage level on the load. 

This simpler adaptive approach may be particularly useful in DIWPT systems as well, where 

three sources of intrinsic potential variability are found: 

(i) The variation of the magnetic coupling parameters, due to the relative movement of 

primary and secondary coils. 

(ii) The variation of the power instantaneously demanded by the secondary of a vehicle 

and its battery management system, which may depend on the traffic conditions 

and the grading of the lane where some particular primary coil is installed. 

(iii) The dispersion of parameters existing in the combinations of multiple interactions 

of the many primary coil modules often used in an inductive lane, and the many 

vehicles that are eligible to harvest energy from them, can cause variability of design 

parameters from one to another lane-vehicle interaction, as shown in Figure 46. 

 
 

Figure 41: DIWPT interactions between any of the n primary coils in a lane and m vehicles. 
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Yet referring to Figure 46, this means that while the design inductance value for all primary 

coils 𝐾 , , with 1 ≤  𝑖 ≤  𝑛, is 𝐿 , but the actual value for each of these coils may be 𝐿 , , 

modeled for instance as samples of independent aleatory variables distributed as 𝑁 𝐿 , 𝜎 ,  , 

similar happening with other circuit parameters in any primary module or vehicle. 

(iv) The variability caused by aging and temperature variations, which may be 

particularly relevant, due to the fact that primary modules are deployed outdoors in 

large numbers, often underneath the surface of lane, and they will age, being 

especially prone to parameter drifting, due to ambient conditions, without being 

easily replaced or individually readjusted by some maintenance procedure. 

Because of all this, individual fixed adjustment of each inverter driving a primary may 

become a too expensive and poorly effective strategy to circumvent parameter dispersion, when 

dealing with vehicular DIWPT applications. The power electronics design should account for all 

these sources of variability, and the auto-resonant inverter is deemed as an adequate approach 

because it avoids keeping readjusting or re-tuning individual primary modules. 

The need to transfer power to from multiple different primary power modules to multiple 

different secondary sets (on board of multiple vehicles) creates the need to accommodate more 

parameter dispersion. The expected average efficiency of an inverter in the system will be lower 

than that that could be achieved by careful fixed adjustment of a single coil pair in a stationary 

IWPT. The same happens with the average power transfer itself. 

The efficiency so far studied in sections 2.5 through 2.8 respect to the magnetic coupling 

and attached compensation networks, and do not include the losses in the primary power source 

and rectification stages of the IWPT chain. In those studies, the power signal to be fed to the 

primary compensation network is considered to be generated by an ideal voltage or current 

alternating sources, whereas it is actually implemented by the inverter at the primary side. 

For the analysis of the efficiency a single interaction of a primary coil in the lane and a 

vehicle, from the many pair that can be incidentally formed during the operation of the lane, the 

block diagram in Figure 29 can then be rearranged into that shown in Figure 42. 
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Figure 42: The IWPT as serial chain of power electronics blocks. 

The total efficiency 𝜂  of the system during the interaction of primary module 𝑖 and vehicle 𝑗 is then obtained by the product of the efficiencies in the IWPT chain: 

𝜂 ( , )  = 𝜂 , 𝜂 , 𝜂 ,  (2.97)

To exemplify how difficult it can be, to achieve higher overall efficiency levels (above 90%), 

let us considerer that typical efficiencies of commercially produced power electronics and magnetic 

coupling elements can be aleatorily distributed in the range of 𝜂 =  85% to 95%, with an expected 

average of 90%. The overall efficiency will then be in the range of 𝜂 , that is, from about 61% to 

90%, with an expected average of only 73%. 

The efficiency of the power electronics in the secondary, usually a rectifier circuit followed 

by a level translation DC-DC converter is not structurally affected by the change of the operating 

frequency, although the power losses in individual components may vary and, to some extent, can 

potentially impact it. On the other hand, the efficiency 𝜂 ,  is often more dependent on the power 

level itself. This is easier to see in the case of a simple rectifier diode bridge, where the voltage 

drop across the diodes is approximately constant around nominal current, and does not change 

significantly from one component sample to another of the same type. In these conditions, the 

efficiency of the rectifier bridge will not vary much with the frequency varying around a given design 

operation point 𝑓 , but rather, it will decrease as the fraction of the power dissipated on the bridge 

is increased, which happens as the DC output voltage is also increased. In this case, the variability 

of 𝜂 ,  then ultimately depends on the load conditions. 

So, especially in a DWIPT design, the problem of keeping the efficiency and nominal 

transferred power above given minimum design values falls principally on the variability in 𝜂 , and 

ultimately on the variability of 𝜂 ,  and 𝜂 , , over a large number of possible combinations of the 

multiple instances of primary modules and vehicles. 
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2.9.3 Auto-Resonant Inverters 

Instead of using a fixed drive frequency, in some applications it is convenient to use inverter 

circuit topologies exhibiting auto-oscillation. In these inverters, the amplitude of oscillation is often 

automatically regulated, independently of the load, with either a ZVS or ZCS condition being also 

established. In this manner, the 𝜂 ,  in (2.97) are minimized, potentially yielding better overall 

efficiencies 𝜂 ( , ), for the different pairs (𝑖, 𝑗) of primary power module and secondary power 

harvesting circuit (in the case of DIWPT, in a vehicle). 

The oscillation in these topologies is usually produced by a resonant “tank”, which is 

stimulated by injection of energy in amplified feedback, sensed from its natural response 

waveform. This stimulus can be linear (proportional to the sensed feedback) or nonlinear. For 

efficiency reasons, nonlinear feedback by current or voltage switching is often more advantageous, 

and preferred in power circuits. In the case of IWPT, the resonant tank can be considered to 

include, or to be influenced by, the overall assembly constituted by the magnetic coupling, all the 

connected compensation circuits, the rectifier in the secondary and a DC resistive load itself. 

2.9.3.1 The Baxandall Auto-Resonant Inverter 

One of the first popular designs of a sinusoidal waveform auto-resonant inverter using solid 

state technology (initially, BJTs) as active switches was introduced by Peter J. Baxandall in 1959 

[57]. It uses an out of phase feedback to inject control current in the base of each of the two only 

transistors in the circuit, 𝑄  and 𝑄 . This feedback is directly obtained from a secondary winding 𝐿  magnetically coupled to the primary coil 𝐿 , the inductive component of main resonant tank of 

the inverter, formed by parallel association of 𝐿  and 𝐶 , as shown in Figure 43a. Although 

topologically similar to the design introduced a few years before, by Bright and Royer [58], this 

latter used the saturation properties of the magnetic core and generated a signal that is 

approximately a square wave, while in Baxandall’s there is a resonant tank forcing a sinusoidal 

output, which is more adequate for using in WPT applications. 
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Figure 43: Baxandall resonant inverter circuit topology (a) and main electric waveforms. 

Still in the schematics of Figure 43a, the voltage power source 𝑉  is connected to the 

center tap of 𝐿  through an inductor 𝐿  of a much larger value than 𝐿 , what makes the ensemble 

approximately equivalent to a current source injecting current in this center tap. This current finds 

its path back to the ground reference (which, in this design, is assigned to the positive pole of the 

power source) through either the 𝑄  or 𝑄 , but not both at the same time, because the terminals 

of 𝐿  inject differential currents in the bases 𝐵  or 𝐵  of the transistors with opposite polarities. 

Since the bases of the transistors are fed with a 180º out of phase signal sample of the current 

flowing respectively through the collector of each transistor, the system oscillates permanently, 

with the resonant tank being alternately loaded to maximum current levels in both directions. 

The waveforms of the main signals in the circuit are established as shown in Figure 43b. 

The diode formed by at the base-emitter N-P junction of each transistor conducts and saturates 

the transistors alternately voltages. Each of the voltages 𝑉  and 𝑉  are negative with a 

magnitude of collector−emitter saturation voltage, 𝑉 ( ) when the transistor is in the “open” 

state and current can flow from the emitter to the collector. 𝑉  and 𝑉  will alternately go to the 

maximum amplitude value picked at 𝐿 . The current injected at the center tap of 𝐿  will then 

alternately pass through 𝑄  or 𝑄 . The waveforms of the emitter currents 𝐼  and 𝐼  will be 

approximately square waves of opposite phase, as represented by the red and blue curves on the 

second graph. Due to the resonant tank, however, the sum of the currents flowing through the two 

halves of 𝐿  will be a sinusoidal wave form, drawn in magenta, in the same scale of the emitter 

currents 𝐼  and 𝐼  on the same graph. 
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Very important, the transistors in this auto-resonant configuration are switched at (or very 

close to) zero voltage, thus reducing the switching losses, what would improve the efficiencies 𝜂 , , if used in a DIWPT system, as illustrated in Figure 42. 

Although this circuit was proposed using PNP bipolar junction transistors (BJT), other active 

elements can be used as controlled switches. Due to its improved switching characteristics, 

modernly MOSFETs are commonly used instead of BJTs. 

A non-auto-resonant variant of the Baxandall inverter, where the switches are driven close 

to the resonant frequency by an external gate control circuit, is shown in Figure 44, was analyzed 

by Edry and Ben-Yaakov in 1993, as they proposed its use in a DC-DC converter [59]. For boost 

operation, the external gate control keeps the operating frequency, 𝑓 , greater or equal to the 

natural resonance frequency of the circuit, 𝑓 , and the resulting waveforms of 𝑉  and 𝑉  are 

similar to that observed for 𝑉  and 𝑉 , in the case of Baxandall’s auto-resonant inverter. The 

total current flowing in 𝐿  also has a sinusoidal waveform, with a magnitude that can be much 

higher the that of the current flowing though the switches (the transistors), as in the former case. 

 

Figure 44: Edry’s and Ben-Yaakov’s variant of Baxandall’s inverter in a DC-DC converter application. 

By considering that 𝐿  is much higher than 𝐿 , and that the current is injected in the center 

tap is approximately constant, Edry and Ben-Yaakov demonstrated [59] that the amplitude 𝑉 ,  

of 𝑉  −  𝑉  can be estimated by: 

𝑉 , = π 𝑉 𝑓𝑓  (2.98)

In the particular case where 𝑓  is set equal to 𝑓 , such as the original Baxandall auto-

resonant configuration: 
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𝑉 , = 𝑉 , √2 = π 𝑉  (2.99)

The Baxandall circuit and their variants exhibit an useful property that could be explored in 

WPT configurations: the current obtained on 𝐿  can be much higher than the currents traversing 

the transistors. This means that the terminals of 𝐿  could be used to drive a magnetic antenna for 

WPT or, if another secondary is directly coupled to 𝐿  this coil of the resonant tank, could itself be 

used as a magnetic antenna. 

2.9.4 The Mazzilli-Baxandall Auto-Resonant Inverter 

Auto-resonant inverters such as Baxandall’s automatically achieve two important conditions 

for power transfer and efficiency in IWPT applications: 

(i) The resulting oscillating frequency is that of natural resonance of the circuit being 

driven. That includes the reflected impedance in the primary circuit of the 

compensation circuit and load attached to the secondary coil. 

(ii) They work close to zero voltage switching (ZVS) conditions, with the auto-established 

operation frequency resulting in minimum switching losses. 

One of the simplest inverter auto-resonant circuits, is a ZVS resonant inverter which is 

attributed to Mazzilli [60] [61], the so called Royer-Mazzilli inverter or, simply the ZVS Mazzilli 

driver, shown in Figure 45. It is a converter that currently finds popular use in induction heating 

and other consumer applications, due to its low complexity and cost. Its name refers to the original 

design by Bright and Royer, however it is probably best described as variant of the auto-resonant 

circuit of Baxandall. The main contribution in the Bright and Royer original circuit design [58] is 

perhaps the manner the feedback signal is taken from a secondary winding that is magnetically 

coupled to the coil of the resonant tank, which is actually not used in this new version of the circuit. 

Rather, the feedback signal for controlling switch (transistor) in the Royer-Mazzilli inverter is directly 

derived from the main voltage over the other switch, which is expected to have opposite phase to 

the first branch being switched. Because of that, in this work this circuit is referred to as the 

Mazzilli-Baxandall inverter, or simply, the Mazzilli inverter. 

In the schematics, the two MOSFETs, represented without the body diodes, for simplicity, 

are set in the push-pull configuration just as in the Edry and Ben-Yaakov converter [59]. The 

polarization of the MOSFET gates, however, sets the switches in the operation point for ON state. 
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Figure 45: Mazzilli-Baxandall auto-resonant inverter. 

The inverter works similarly to the Baxandall circuit. Still referring to Figure 45, the gate of 

each transistor 𝑀  is polarized by resistors 𝑅 ,  and 𝑅 ,  at the breakdown voltage of the Zener 

diode 𝐷 , , chosen above the gate threshold voltage 𝑉 ( ) and less than the maximum 

acceptable gate-to-source voltage, 𝑉 , . So, when transistor 𝑀  is cut-off, 𝑀  will be saturated, 

with 𝑉  becoming low, and vice-versa. Gate diodes 𝐷 , , permit a fast gate discharge of 𝑀  when 

the drain voltage of 𝑀  (which at this point is cut off) falls below 𝑉 ( ) plus the direct voltage 

drop across 𝐷 , , and transistor 𝑀  is also cut off, allowing the voltage 𝑉  start to increase. 𝑉  

will eventually surpass 𝑉 ( ) minus the direct voltage drop across 𝐷 , , and that will cut-off 

transistor 𝑀 , assuring that 𝑉  will stay low for the next half cycle, while the voltage over the 

drain 𝑉  of the first transistor rises and is cycled by the resonant tank, reaching a maximum 

value of 𝜋𝑉  and then falling back towards zero again, which will lead to a continuous repetition 

of the same sequence of events with transistors 𝑖 and 𝑗 reversed. These half cycles sustain each 

other, causing the oscillation to be perpetuated. A similar split-capacitor resonant converter variant 

of the Mazzilli inverter load dependent zero voltage switching control was proposed and analyzed, 

which can alternatively be further controlled in either buck or boost mode [62]. 

2.9.4.1 Application of the Mazzilli-Baxandall Inverter in IWPT Systems 

In the Mazzilli inverter, the coil 𝐿  of the resonant rank does not need to have a center tap, 

as it is in Baxandall’s original circuit, because separate current sources, formed by direct 

connection of the switches to the power source through a large inductance, force currents also 

separately over each of the two switches, which are connected to the tank. This facilitates the 

design of IWPT systems based on this circuit design, where the coil of the resonant tank, 𝐿  can 

be the primary coil itself as shown in Figure 46. 
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Figure 46: Mazzilli auto-resonant inverter driving the primary coil of a PS-compensated magnetic coupling, with a 
diode bridge as a rectifier, at the secondary. 

The inverter itself is the dashed, pink-shaded area, depicted separated from its resonant 

tank. The model implicitly includes and considers the effects of the reflected impedance of the 

secondary side of the IWPT. This circuit was simulated with parameters shown in Table 5, aiming 

the excitation of a primary coil with a current of 65.4 A rms at approximately 51 kHz. 

Table 5: Component parameters used in simulation of the Mazzilli-Baxandall driven IWPT. 

Component Symbol Value/Description 𝑉  48 V (with series internal resistance of 0.1 Ω) 𝐿  10 μH 𝐶  400 μF 𝑅 , , 𝑅 ,  470 Ω 𝑅 , , 𝑅 ,  10 kΩ 𝐷 , , 𝐷 ,  12 V, 1 A max current 𝐷 , , 𝐷 ,  FR103 𝐿 , , 𝐿 ,  150 μH (with series resistance of 50 mΩ) 𝑀 , 𝑀  IRFP260N 𝐿  5.17 μH (with series resistance of 17 mΩ) 𝐶  1.97 μH (with series resistance of 20 mΩ) 𝑘 0.1137 𝐿  106.9 μH (with series resistance of 20 mΩ) 𝐶  96 nF 𝐷 , … 𝐷 ,  Schottky rectifier diodes, 𝑉 = 100 V 𝐶  470 μF 𝑅𝐿𝐸𝑞 3.6 Ω 

The circuit in Figure 46, and most of the parameter values in Table 5 correspond exactly to 

those in the actual circuit used in Chapter 5 for the conceptual testing of the HIPLEV prototype. 



Chapter 2 - Inductive Wireless Power Transfer 

Dynamic Inductive Wireless Power Transfer for Lightweight Electric Vehicles 
Luiz Alberto Lisboa da Silva Cardoso – University of Minho 82 

 

The major exception is that, later, by introducing concrete values of 𝑅  and the parameters of the 

particular DC-DC converter used, new values for 𝑅𝐿𝐸𝑞 are prone to arise. Also, in this model 

some components were considered as ideal, with no losses (e.g., 𝐶 ), or their power losses were 

likely underestimated (such as 𝐿  and 𝐿 ). Numeric simulations were then conducted using the 

SPICE [63] based software simulator LTSpice [64], to verify the waveforms, predict the main IWPT 

electrical performance parameters and understand some limitations of the circuit.  

The main waveforms resulting from numeric simulation are shown in Figure 47, where it 

can be noticed that the current generated in the primary coil with an amplitude 𝐼 ,  of 92.3 A. 

This current is, as desired, much larger than the peak current alternately observed to be flowing 

in each of the transistors, 𝐼 ,  =  15.7 A, a ratio of almost six times. This avoids the use of 

transistors with higher current capacity. The main voltages and currents, as well as the resulting 

operating frequency are shown in Table 6. 

 

Figure 47: Main waveforms of the WPT driven by an auto-resonant Royer-Mazzilli inverter, as obtained by numeric 
simulation with LTSpice, using the circuit parameters in Table 5. 
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It is remarkable that, with a peak drain current of only 𝐼 , = 15.7 A, a sinusoidal 

primary current with a peak value of 𝐼 , = 92.3 A can be obtained. This large primary current 

allows an inductive power transfer to the load in excess of 500 W, even with such a low power 

supply and small magnetic coupling factor 𝑘 = 0.1137. The small inductance value of the primary 

coil (5.17 𝜇H), on the other hand, keeps the voltage on its terminals to a relatively low value of 103.3 𝑉 rms at the current level achieved. 

Table 6: Main circuit voltages and currents resulting from numeric simulation of the Royer-Mazzilli driven IWPT. 

Component Symbol Value/Description 𝑉 ,   146.1 V 𝑉 − 𝑉          103.3 V rms 𝑓        51.9 kHz 𝐼 ,    15.7 A 𝐼 ,    9.13 A 𝐼 ,    92.3 A 𝐼           65.3 A rms 𝐼 ,     18.8 A 𝐼            13.3 A rms 𝑃      722 W 𝑃   515.5 W 𝜂 ,     71.4% 

The estimated efficiency 𝜂 , = 71.4% is measured from the DC power source to 𝑅𝐿𝐸𝑞, which is the input of the DC-DC converter used to match the DC load 𝑅 . This efficiency 

figure for 𝜂 ,  is very much dependent on the actual values of the small series resistances in 

the model of 𝐿  and 𝐶 , which were not measured, but arbitrarily set in this simulation.  

The total efficiency of the system shall then be calculated by: 

𝜂  =   𝜂 , 𝜂  (2.100)

where 𝜂  is the efficiency of the DC-DC converter. 

As shown in Figure 48, the circuit responds with the rising rate of the power delivered to the 

equivalent load 𝑅𝐿𝐸𝑞 on the order of 100 kW/s, a figure of merit that is, in a first instance, 

dominated by the use of the capacitor 𝐶 , necessary to filter the DC output from the rectifier. 
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Figure 48: Time response of WPT increase, from primary coil activation to final stable value. 

This response curve obtained from simulation indicates that 90% of the final power level 

delivered to the load will be achieved in about 5 ms, with the final power level obtained in around 12 ms.  For most stationary IWPT applications, this performance is satisfactory, for 12 ms is less 

the duration of one cycle of the power grid voltage. 

To analyze this parameter in automotive DIWPT and determine whether it is satisfactorily 

low in some concrete application, it is necessary to consider factors such as the speed of the 

vehicles harvesting energy and the length of the DIWPT interaction zone along the vehicle’s path 

over the primary coil. To illustrate this, let us consider an hypothetical case where a vehicle is 

running at 100 km/h, in 5 ms it will displace about 14 cm over the primary coil and in 12 ms it 

will displace about 33 cm. If both the primary and secondary coil are as short as 50 cm long and 

they useful interaction length is 60 cm, 5 ms is about 14 60 ≅⁄ 23%  of the interaction time. So, 

considering that full power is established on the load 5 ms after the vehicle has entered the harvest 

zone, in 23% of the opportunity windows for energy harvest the energy transfer will be impaired by 

55% (one minus half of 90%), on average, if the primary coil is enabled synchronously to the 

entrance of the vehicle in that harvest zone. However, if the vehicle is slower or longer primary 

coils are used, the loss of the opportunity window for power harvesting may be not as relevant. 

2.9.4.2 Characteristic Output Curve of the Mazzilli-Baxandall Inverter IWPT 

The output waveforms of the Mazzilli-Baxandall inverter are simple. However, when it drives 

a primary coil which is coupled to a compensated secondary coil connected to a load circuit, as in 

a typical IWPT configuration, such as that in Figure 46, the interactions are complex, and involve 

elements with non-linear models, such as the rectifier and the DC-DC converter, in the secondary, 

and the MOSFETs in switched operation, on the primary side. 
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Figure 49 shows typical output characteristic curves of the DC-filtered output of the rectifier, 

which is connected to the input of the DC-DC converter: These curves are obtained by circuit 

simulation, when the magnetic coupling coefficient linking primary and secondary coils, 𝑘 =  0.106, the primary coil 𝐿  =  5.12 μH, 𝐶  =  1.914 μF, 𝐶  =  470 μF, 𝑉  =  49 V 

and the other circuit parameters are as described in Table 5. In the plot, the black dashed curve 

is obtained when capacitor 𝐶  =  𝐶 = 92.1 nF, tunning the secondary to the same resonance 

frequency of the inverter (when the secondary is not highly loaded). 

 

Figure 49: Characteristic output curve of Mazzilli-Baxandall-inverter-driven IWPT. 

Still in the plot of Figure 49, the red curves are obtained when the secondary is 

overcompensated, that is, when 𝐶  capacitors have values that are higher than that at resonance. 

Similarly, the blue curves are obtained when the secondary is undercompensated, that is, when 𝐶  capacitors with values lower than the resonant value are used. The overall effect of offsetting 

the value of 𝐶  away from the resonance point, in both cases, is to diminish the maximum power 

that can be transferred to the load. 

This can be better observed if the power output on the DC load is plotted against the DC 

voltage on its terminals, as shown in Figure 50. 
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Figure 50: Power transferred to DC load by a Mazzilli-Baxandall-inverter-driven IWPT. 

Remarkably, the adjustment of the value of the secondary capacitor 𝐶  is critical, if operation 

close to the point of maximum power transfer is required. In this numerical example, for instance, 

a reduction in the maximum power of about 14% is observed at a deviation of only ±1.1% in the 

capacitance of 𝐶  away from the capacitance value that is required for resonance, 𝐶 . 

So, while every effort should be made to match 𝐶  to the ideal compensation capacitance 𝐶 , in a robust design (with respect to 𝐶  and the inductance of the secondary coil) the power 

to be transferred at the operation point should not be set very close to the maximum transferrable 

power, where the sensitivity to the match of 𝐶  to 𝐶  is higher. This can be done, for example, 

by clipping the output voltage to a fixed output value on given output load. In a vehicular DIWPT 

application, this voltage will be usually set to that required by the powertrain. 

2.9.4.3 Effect of Parasitic Capacitances on the Secondary Coil on the Output 

When the coil of a serial compensated WPT circuit, either primary or secondary, has many 

turns, which are not enough spaced from each other, the physical implementation of the coil may 

often be more precisely modeled by considering the existence of a parasitic capacitance in parallel 

with the terminals of that coil. That is, the resulting WPT circuit model has to consider this 

capacitance as well, with the response characteristics potentially deviating from that of pure SS-

compensated model. By using parallel compensation on the primary side, the Mazzilli-Baxandall 

auto-resonant inverter already has a capacitor 𝐶  in parallel to the primary coil, so it is easy to 

adjust the value of 𝐶  to compensate this effect. But this circuit may be especially sensitive to 

parasitic capacitances on the secondary coil, which is serial-compensated. The resulting model to 
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consider is then represented in the schematic diagram of Figure 51, where the parasitic 

capacitance 𝐶 ,  is highlighted. 

 

Figure 51: Mazzilli-Baxandall driven PS-compensated WPT architecture, with the inclusion of the parasitic 
capacitance 𝐶 ,  in the model of the secondary compensation circuit. 

Figure 52a shows a family of output characteristic curves for the Mazzilli-Baxandall circuit 

in Figure 46, where it is added a parasitic parallel capacitance 𝐶 ,  across the terminals of the 

secondary coil, 𝐿 . These curves were traced using the LTSpice [64] simulator, again using the 

parameters in Table 5, and capacitances 𝐶 ,  increasing from zero (thicker curve) to a maximum 

of 16 𝑛𝐹 (thinner curve), in the discreet set 0, 0.5 nF, 1 nF, 2 nF, 4 nF, 8 nF, 16 nF . These 

values, for the adopted resonance capacitor 𝐶 = 96 nF, correspond respectively to the fractions 0, 0.5%, 1.0%, 2.0%, 4.0%, 7.7%, 14.3%  of the total secondary capacitance, 𝐶 ,  +  𝐶 , . In 

the same manner, the effect of this parasitic capacitance on the load output regulation is shown 

in Figure 52b, revealing that for any 𝐶 , .there is a current threshold that, if exceeded, will result 

in a large increase in the observed ripple on the output equivalent DC load 𝑅𝐿𝐸𝑞. 

Figure 52: Behavior of (a) output characteristic curve and (b) ripple in the Royer-Mazzilli driven PS-compensated 
WPT, as the parasitic capacitance 𝐶 ,  is increased, by numeric simulation with LTSpice.  

The observed effect is that this parasitic capacitance on the secondary coil can clearly impair 

the maximum output current for high load values (associated to low load resistances and low 

output voltages), decreasing the maximum transferable power with these higher loads. However, 

it can slightly increase the available current and power for lighter loads (of higher resistance). 
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Another highly undesirable characteristic is that, as shown in in Figure 52b, the presence 

of 𝐶 ,  also abruptly spoils the load regulation earlier, as the load current is increased. 

Concerning the power transferred to the load, the effect of this parasitic capacitance can be 

observed on the curves, also obtained by simulation, drawn in Figure 53a and Figure 53b. 

Figure 53: Simulated behavior of the DC power output in the Royer-Mazzilli driven PS-compensated WPT, when the 
parasitic capacitance 𝐶 ,  is increased, as a function of (a) the output voltage and (b) the equivalent DC load. 

The parasitic capacitance is a difficult to model collateral design parameter that, in general, 

should be made as small as possible. As indicated by Figure 52a, it can be indirectly evaluated 

from the output characteristic V x I of the Mazzilli-Baxandall WPT, and, once modeled and 

considered in the design, predictable results for the power transfer characteristic of this 

architecture can be expected. 

In the frequency range currently used in automotive IWPT applications, from 10 kHz to 

100 kHz, 𝐶 ,  commonly has a very small value though, if compared to the secondary resonance 

capacitor. In this case, it may be even possible to consider the intentional addition a physical small 

value (less than 1% of 𝐶 ) capacitor in parallel to the secondary coil. The justification for this new 

capacitor is that, at the expense of a slight reduction on the maximum load current and transferable 

power, by dominating the value of 𝐶 , , it will make the circuit response more predictable and, 

principally, more independent of the dispersion of the parasitic capacitance, which can vary from 

one implementation instance of 𝐿  to another of the same nominal inductance value. 

2.9.4.4 Effect of Parasitic Capacitances of the Secondary Coil on the Primary Circuit 

The dependency of the primary current on the value of 𝐶 , , for a resonant series capacitor 𝐶  with a fixed value capacitance (96 nF) slightly above the value that would make the secondary 

resonant at the oscillation frequency, is shown in Figure 54a and, zoomed in the primary current 
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axis, in Figure 54b. In both of these figures, the thicker curve is associated with the ideal 𝐶 ,  =  0, and thinner curves to progressively higher parasitic capacitances. The points of 

maximum power transfer to the load are indicated by red dots. 

 

Figure 54: Variation of the primary coil current in response to the DC output current (a), and the same zoomed to 
show the target operation zone (b). 

As expected, due to the low magnetic coupling coefficient, 𝑘, the resulting primary current 

is essentially constant, independent of the output current on the DC load, except when the output 

current on the DC load significantly surpasses the value the output current of the point of maximum 

power transfer. The increase of the primary current implies the increase of primary winding and 

inverter losses, so it should be avoided. To accomplish this, the operation point of the circuit must 

preferably lie in the pink shaded zone indicated in the zoomed in plot of Figure 54b, where the 

darker the shade the lower parasitic capacitance is present, and the better it is in terms of the 

maximum transferable power that can be achieved with at the same primary current level. 

Additionally, exceeding the output current at the point of maximum power transfer by a significant 

amount and causing the primary current to increase abruptly, may endanger the physical integrity 

of the electronic components on the primary circuit (including the primary coil itself). 

The behavior of the relative phase between secondary and primary currents, on the other 

hand, is also impacted by the secondary parasitic capacitance, as shown in Figure 55. 



Chapter 2 - Inductive Wireless Power Transfer 

Dynamic Inductive Wireless Power Transfer for Lightweight Electric Vehicles 
Luiz Alberto Lisboa da Silva Cardoso – University of Minho 90 

 

 

Figure 55: Relative phase of the secondary current with respect to primary current, as the Dc load is increased: (a) 
as a function of the DC output voltage and (b) as a function of the DC output current. 

It can be notice that by working with lighter loads (higher output voltages and lower output 

currents) than that observed at the point of maximum power transfer (red dots in both Figure 55a 

and Figure 55b) brings the additional advantage of conveying the relative phase of secondary and 

primary currents closer to −𝜋/2 (90º of arc), what tends to be beneficial for the efficiency of the 

magnetic coupling. 

2.9.4.5 Circuit Auto Resonant Behavior Due to Frequency Splitting 

Referring to the uncoupled circuit in Figure 45, and considering symmetrical branches with 𝐿 , = 𝐿 , = 𝐿 , as normally adopted in the design of Mazzilli-Baxandall auto-resonant 

inverters, the natural oscillation frequency of the primary tank (and thus, the oscillation frequency), 𝑓 , can be calculated by: 

𝑓   =   12𝜋 (𝐿 // 𝐿 )𝐶 = 12𝜋 𝐿 𝐿𝐿 +𝐿 𝐶 , 
(2.101)

This is so because, in terms of AC signal, in each half cycle of the oscillation, the primary 

coil 𝐿  is connected in parallel with just one of the 𝐿 , , 𝑖 ∈  1,  2 . That is, in each half-cycle, 𝐿  has one of its terminals connected to 𝐿 ,  and kept floating (the associated transistor 𝑀  is 

open), while the opposite terminal of 𝐿  is shortened to ground, through the other MOSFET 𝑀 , 𝑖 ≠  𝑗. Since the other terminal of 𝐿 ,  is connected to 𝑉 , that is, it is also AC-grounded, 𝐿  

and 𝐿 ,  can be considered in parallel, under the AC perspective. Similar occurs in the next half-

cycle, when 𝐿  can be considered in parallel with 𝐿 , , for AC signals. 
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Looking at (2.101), it can be seen that, in a first approximation, when 𝐿 ,  and 𝐿 ,  are 

much higher that 𝐿 , the magnitude of the oscillation frequency can then be determined by the 

resonant primary tank 𝐿 , 𝐶 . 

According to the results in section 2.5, which equally apply to either SS or current driven 

PS-compensated IWPT topologies, under small enough loading, the maximum circuit response will 

be found asymptotically found at the same resonant frequency 𝑓  of the uncoupled inverter 

(2.101). The auto-resonant excitation is then reinforced at this frequency, also causing the Mazzilli-

Baxandall inverter to oscillate at 𝑓 . However, when the load is increased, the maximum response 

will progressively migrate from 𝑓  to one of the split-frequencies 𝑓  or 𝑓 . If the equivalent 

DC resistance of load 𝑅𝐿𝐸𝑞 (Figure 46) is less than a critical value, the point of maximum 

response can abruptly shift from one to the other of these split-frequencies. This circuit response 

causes the oscillation frequency of the auto-resonant inverter to vary accordingly, as shown in the 

family of curves obtained by simulation with LTSpice, in Figure 56. 

 

Figure 56: Oscillation frequency resulting from coupling of a series compensated secondary circuit to the primary 
coil of the resonant tank a Mazzilli-Baxandall auto-resonant inverter, obtained by numeric simulation. 

Each of these curves were obtained for a different compensation capacitance, plus a 

parasitic secondary capacitance of 1 nF, with all other circuit parameters as in Table 5. The main 

effect of a small parasitic parallel capacitance in the secondary coil is a small shift in the resonant 

frequency, or conversely, in the required serial compensation capacitance for the same given 

resonant frequency. For the parameters used in the simulation, it can be seen that if the secondary 

is overcompensated with 𝐶 , , the oscillation frequency will remain approximately constant at 𝑓 , 

then, as the load is increased, start to glide towards 𝑓 , . If the secondary in undercompensated 
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though, as the load is increased, the oscillation frequency will initially shift towards 𝑓 , , then 

eventually abruptly jumping to the ridge leading to 𝑓 , . 

The curves of primary current follows a similar pattern to those of the oscillating frequency, 

with higher currents being eventually achieved as the load is increased, as shown in Figure 57. 

 

Figure 57: Primary current resulting from coupling of a series compensated secondary circuit to the primary coil of 
the resonant tank a Mazzilli-Baxandall auto-resonant inverter, obtained by numeric simulation. 

In both plots, it can be noticed that, starting from a very lightly loaded secondary (load with 

high resistance), as the load is increased the frequency and the primary current initially decay 

slightly then, if the resistance of load falls beyond a critical value of 𝑅𝐿𝐸𝑞, there is a split behavior. 

If the secondary is overcompensated (hot colored curves in the graphs of Figure 56 and Figure 

57), the frequency of oscillation and primary current also slightly decay with the increase of the 

load, but then they increase as the load is further increased. If the secondary is undercompensated 

(cold colored curves in the graphs of Figure 56 and Figure 57), after a slight initial decrease the 

frequency and primary current tend to decay further and more pronouncedly, as the load is 

increased, until a point where they abruptly invert this tendency, causing both the frequency and 

primary current to jump up. For each level of undercompensation, there will be a loading point at 

which, if the load increases further, both the frequency and the current will increase abruptly, and 

continue to increase as the load is increased even more. 

This anomalous behavior, observed in an IWPT configuration driven by an auto-resonant 

inverter, when the secondary coil is undercompensated, may produce an instability of the circuit 

in the vicinity of the critical loading level that causes the frequency jump. To avoid this undesired 

operation characteristic, it is then recommended that the resonant capacitor is carefully adjusted 

to avoid undercompensation. For the same reason, it is an additional cautionary measure to avoid 
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loading the secondary excessively. This does not constitute any limitation for the efficacy of an 

IWPT system itself because it is not necessary to load the secondary beyond the point of frequency 

switching in order to establish maximum power transfer. 

2.9.4.6 Monitoring the Electric Stress from the Primary Side 

Concerning the undesirable abrupt increase of the primary current due to a heavily loaded 

secondary, showed in Figure 52b and Figure 54, a simple safe design rule for the Mazzilli-

Baxandall driven IWPT was derived, which was exemplified in Figure 61. Without further especial 

arrangements, the implementation of a safe design using this technique then relies on the current 

self-limiting behavior of the load attached to the output of the rectifier, or on the imposition of such 

limitation by the secondary circuit. Since the load current is not directly monitorable from the 

primary side, the task of keeping the circuit in the safe zone is, in principle, out of the direct control 

of the primary circuit. 

However, even without using an explicit message passage schema to measure the load 

current and make this information available to some circuit protection on the primary side, it is 

possible to implement a simple safeguard for keeping the system operating in the recommended 

zone, other than simply limiting the power input from the DC power source. This can be achieved 

by noticing that, in this circuit topology, as explained in the previous topic and showed in Figure 

56 and Figure 57, the load also affects the frequency of operation, which can be equally monitored 

from the primary side, as it is in the secondary. For the properly overcompensated secondary coil 

(using 𝐶  =  96 nF), the simulation results in Figure 58 show, for different values of the 

secondary parasitic capacitance, how the frequency of oscillation and the power in transferred in 

the Mazzilli-Baxandall inverter driven IWPT can vary, as the load is increased from zero (open 

secondary) to a heavily loaded condition, following the orientation given by the arrows associated 

to each blue curve. 
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Figure 58: Normalized frequency deviation and DC output power response to an increase in the DC load, when the 
secondary coil is overcompensated. 

Depending on the secondary parasitic capacitance, for low DC output power values the 

oscillation frequency can initially decrease or increase somewhat from that of the no-load 

condition. But eventually, and before the power transferred to the load reaches its maximum, the 

frequency becomes monotonically crescent with the DC load (decrescent with the load resistance).  

Based on this behavior, the primary circuit can then be designed to shut down the inverter, 

if the oscillation frequency exceeds some predetermined value, that one associated with the 

maximum power transfer. For increased safety, and to account for the case in which the secondary 

is incidentally undercompensated, the inverter protection should also be triggered if the frequency 

is too much lowered from the unloaded nominal valued. For the lab prototypes developed in 

Chapter 5, these circuit protection schemes were not required, because the main concern was 

neither circuit optimization of a featured final product, but rather conceptual demonstration. 

2.9.4.7 Maximum Required Secondary Coil Current 

In the simulations so far used in the analysis of the Mazzilli-Baxandall IWPT configuration, 

an equivalent DC resistance 𝑅𝐿𝐸  replaced the DC-DC converter and the load 𝑅 , because they 

were not crucial for the analysis of the stability of the circuit and the estimation of the power 

transferred. However, independently of the actual inverter circuit topology used to drive the primary 

coil, an useful relation between the load current and the maximum secondary current on a series 

compensated coil can be established, when a DC-DC converter is inserted in between the rectifier 

and the load, limiting the load voltage to the nominal desired value 𝑉 . The maximum required 

secondary coil current can be determined from the nominal DC current on load in two steps: First, 

based on the characteristics of the DC-DC converter, it is possible to determine the required input 
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current to the DC-DC converter itself, 𝐼 . Then, under the approximation that the current on 

the loaded secondary is purely harmonic, by conservation of energy, it is observed that the rms 

current on the secondary coil 𝐼 ,  should be proportional to 𝐼 , by a factor of 𝜋 2√2⁄  ≅  1 . 

That is, the maximum required 𝐼 ,  is about 11.1% higher than 𝐼 . To derivate this relation, 

let us then model the DC-DC converter as in Figure 59 and equations (2.102) and (2.103). 

 

Figure 59: Simplified model for the DC-DC converter at the secondary of the Mazzilli-Baxandall-inverter-driven IWPT.

 0 ≤  𝑉 ≤ min 𝑉 , 𝑉 − 𝛥𝑉  (2.102)

𝐼 = 𝑉 𝜂 𝑉 𝐼 , (2.103)

where 𝜂  is the efficiency of the DC-DC converter, which can be considered approximately 

constant for a range of loads close to the nominal load. Inequation (2.102) merely denotes that, 

for a proper regulation of the output voltage 𝑉 , due to implementation paradigms, is normally 

required to be above 𝑉  by an approximately given constant voltage drop, 𝛥𝑉 . 

Based on (2.61), it follows that: 𝐼 , ≅ 𝜋2√2 𝐼  (2.104)

At the critical relative position of the secondary coil over the primary coil where the induced 

voltage is barely the minimum required input voltage for a proper DC load voltage regulation by 

the DC-DC converter, the input current to the DC-DC converter, 𝐼 , in (2.104), can be replaced 

by the expression in (2.103), giving (2.105). 

𝐼 , ≅  𝜋2√2 𝑉  𝜂  (𝑉 + 𝛥𝑉 ) 𝐼 , (2.105)

which is immediately recognized as (2.76). 
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Including the DC-DC converter model (of Figure 59) with parameters 𝜂  =  94.5% and 𝛥𝑉  = 2 V in the simulation of the circuit in Figure 46, as a replacement to 𝑅𝐿𝐸 , and 

keeping 𝑉  set to 36.5 V, the relation between the AC secondary coil current and the DC load 

current in input range is then obtained as a family of curves, one for each output power level of 

the DC - DC converter. The results, shown in Figure 60, indicate an apparent proportionality of 𝐼 ,  with respect to 𝐼 , until the factor 𝑘 is increased enough to produce a voltage 𝑉  

that is equal to 𝑉 + 𝛥𝑉 , in good agreement with the predicted approximated relation in 

(2.105). Beyond this point, the load current becomes constant, and the secondary coil current 

decreases because, according to (2.73) and as exemplified in Figure 19, when the induced voltage 

is further increased, the same required input power can be obtained with less current supplied by 

the secondary coil. 

 

Figure 60: Numeric simulation of the relation between the secondary coil current and the DC load current on a 
Mazzilli-Baxandall-inverter-driven IWPT, as 𝑘 is increased. 

The curves are traced as the magnetic coupling factor 𝑘 is elevated from zero to a maximum 

test value, with arrows indicating the direction of this increase, and indicate the circuit behavior in 

steady state. It can be observed that, when the DC-DC converter on the secondary is adjusted for 

a constant power demand over the load 𝑅 , as 𝑘 is increased, the rms current on the secondary 

and the DC current on the load will be approximately proportional to each other, until a point where 𝑘 is large enough to induce a secondary voltage that is above the minimum required input for the 

DC-DC converter to start effectively regulating the load at voltage 𝑉 . From this point on, the load 

power and the DC load current are kept constant to their nominal value as 𝑘 is further increased, 

while the required secondary coil current starts to decrease, as a result of the presumed constant 

efficiency 𝜂  of the DC-DC converter and the slightly increase of the efficiency of the rectifier 
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stage, with larger amplitudes of the secondary coil voltage. So, (2.105) estimates the worst-case 

value (maximum) for the secondary coil current. 

Exemplifying the use of (2.105), for this circuit simulation, at point 𝖠, on the verge of the 

DC-DC regulation at 400 W of output power (red curve), the DC load current approaches the 

nominal value of 400 W 36.5 ⁄ V ≅  11.0 A. At this point, the maximum secondary current is 

12.1 A rms, while its predicted value, using (2.105), is 12.2 A. For a DC-DC converter with an 

efficiency 𝜂  =  90%, this maximum required secondary current would be 12.9 A instead. 

2.9.4.8 Design Recommendations for Mazzilli-Baxandall Driven IWPT 

Two design recommendations that can be directly derived from the previous observations 

and discussions are: 

(i) The serial compensation capacitor should be adjusted to make the secondary loop 

resonate as close as possible to the frequency of the unloaded, auto-resonant 

Mazzilli-Baxandall inverter driven primary. However, the nominal value of this 

capacitor should be carefully set to avoid undercompensation in all circumstances; 

that is, better slightly overcompensated than undercompensated. Especially in a 

DIWPT vehicular application, where multiple primary coils and inverters are used, 

that means to handle the dispersion of the primary coil excitation frequency by 

compensating the secondary to the lowest expectable inverter frequency. 

(ii) The parasite parallel capacitance in the secondary should be kept low, by careful 

design of the secondary coil itself. 

(iii) The abrupt switching between split frequencies should be avoided, not setting the 

operation point too much far inside the constant DC output current region, by 

limiting the nominal maximum power to be less than the maximum transferable 

power, what can be easily done by setting an inferior limit for the resistance of the 

DC load. 

Concerning recommendation (iii) let us, for instance, consider a Mazzilli-Baxandall IWPT 

configuration exhibiting the characteristic output curve of in Figure 61, where the maximum 

transferable power, slightly over 450 W, is delivered at point of operation M. The maximum 

intended power transfer level should then be less than that associated to point M, for instance, 

400 W. If the minimum useful transferred power is 100 W, then the IWPT power is to lie in the 

range from 100 W and 400 W. In these circumstances, it can be noticed that there are two a priori 
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possible operation zones where this power level is satisfied: The first, associated with higher loads, 

in between points A and C, and the second, associated with lower loads (with higher resistance), 

in between points B and D. According to the design recommendation (ii), the second of these 

operation zones, the green segment of the power curve (in Figure 61) should be the preferred one, 

because, by working there, the magnitude of primary current will be lower, the efficiency will then  

be expectably higher, and the load regulation will be improved, with no frequency or primary 

current instabilities observed. Also, an excessively loaded secondary, and the consequent elevation 

of the primary current, not only would cause extra losses, but it could as well damage the 

transistors or other circuit elements, a sufficient reason to completely avoid it. 

 

Figure 61: Comparing two points of operation of a Mazzilli inverter with the same transferred power to the DC load.

With the use of a step-down DC-DC converter as a post-regulation device to the rectifier 

stage, the operation on the green segment of the curve is easily and naturally obtained, if the 

output load (a powertrain, for instance) is adequately limited. 

2.9.4.9 Efficiency of the Mazzilli-Baxandall Inverter-Based IWPT 

The efficiency of the magnetic coupling used in a Mazzilli driven IWPT is given by the same 

expression previously derived (2.95). However, in the overall IWPT efficiency, the losses in the 

auto-resonant inverter itself as well as in the rectifier on the secondary should also be considered. 

An algebraic expression for the overall efficiency a Mazzilli-Baxandall inverter driven IWPT could 

be derived, but due to its complexity, it would possibly not add much insight to the design itself. 

Rather, the efficiency curve can be drawn based on circuit simulation. For the circuit in Figure 46, 

where a parasite parallel capacitance of 1 nF was added to the secondary coil, the efficiency curves 

for different secondary compensation capacitances is shown in Figure 62. 
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Figure 62: Efficiency as a function of the load, with almost completely superposed curves obtained from numeric 
simulation for different values of the secondary compensation capacitor. 

It can be noticed that all the curves corresponding to different compensation level are almost 

coincident, as the efficiency is mostly dependent on the loss parameters of the system 

components, such as the ON resistivity of the MOSFETs, the voltage drop on the rectifier diodes 

and the quality factors of the primary and secondary tanks themselves. The point of maximum 

efficiency, as expected, is found at an operation point where the secondary is less loaded than 

when maximum power is transferred. And that is one more reason to abide by the previously stated 

design recommendation of limiting the nominal power to be less than that that can be maximally 

transferred. 

2.9.4.10 Baxandall-Mazzilli Driven IWPT with a Variable Magnetic Coupling 

All analyses done so far in this section, concerning the behavior of the Mazzilli-Baxandall 

inverter driven IWPT, considers a fixed magnetic coupling coefficient, 𝑘. This is perfect for a 

stationary IWPT configuration, but definitely not the case for a typical DIWPT vehicular application, 

where the positioning of the secondary coil is expected to vary relative to the primary coil. 

Similarly, as it has been done with other parameters, the variation of 𝑘 can also be 

considered in circuit simulations. For a given vehicular DIWPT it is reasonable to assume that a 

maximum nominal magnetic coupling coefficient 𝑘  exists, and it is usually obtained when the 

vehicle (secondary coil) is center-aligned on the i-lane (primary coil). But the case where 𝑘 >  𝑘  

must also be considered. For instance, if some irregularity on the lane makes the secondary coil 

become momentarily lower than its nominal height above ground. 
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In Figure 46, if a variable resistive equivalent load 𝑅𝐿𝐸  is considered in place of the 

regulated load formed by the DC-DC converter and RL, and keep the other circuit parameters given 

by Table 5, but, instead of using 𝑘 fixed at 0.1137, varying 𝑘 in increments of 0.025, a family of 

characteristic output curves can be obtained. This is shown in Figure 63, where the darker and 

thicker curve corresponds to the most favorable coil-to-coil alignment conditions (largest 𝑘). 

 

Figure 63: Characteristic output curves of a WPT configuration driven by an Royer-Mazzilli inverter, with no DC-DC 
converter before the load, for different coupling coefficients 𝑘, obtained by numeric simulation with LTSpice. 

As expected for this low magnetic coupling coefficient range, which is typical for air-cored 

DIWPT configurations, for a given load condition, the output voltage on the load seen before the 

load matching DC-DC converter is proportional to the magnetic coupling coefficient itself, as long 

as 𝑅  is kept higher than a minimum critical value, 𝑅 . Incidentally, the value of 𝑅  approximately 

coincides with the operation point where maximum efficiency is met. 

So, although the circuit can work with any load 𝑅  ≥  𝑅 , for both avoiding frequency 

splitting and oscillation instability, and having approximately linearly predictable induced voltage 

responses, it is recommended to keep 𝑅  ≤   𝑅 . Desirably, for maximum efficiency the operation 

point should be defined by 𝑅  =   𝑅 , at best alignment conditions (higher possible 𝑘) in DIWPT 

configurations. Last, because a very high value for 𝑅  (close to open circuit condition) produces a 

small peak in the output voltage of the rectifier, which may stress the DC-DC converter, it is also 

recommended, if the application permits, to keep 𝑅  ≤   𝑅 , resulting in the preferred operation 

region which is shown in pink shade in Figure 63. Otherwise, the DC-DC converter should simply 

be designed to handle the whole input voltage in the operation range. 
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The optimum matched load zone may be clearer to observe in the graph of the 

corresponding family of power output curves, shown in Figure 64, where the maximum available 

power (the peak in the red curves) is never the actual maximum target output power, for efficiency 

and frequency stability safe-guard reasons. 

 

Figure 64: Power output curves of a PS compensated WPT driven by an Royer-Mazzilli inverter, as a function of the 
voltage output, for different coupling coefficients k, obtained by numeric simulation with LTSpice. 

Another chart characterizing the same circuit behavior is obtained when the output power 

(from the rectifier) delivered to the input of DC-DC converter is drawn against the values of the 

matched DC load 𝑅 , as shown in Figure 65. The curves give a clear indication that the maximum 

accepted load increases, that is, the minimum accepted load resistance decreases, as the 

magnetic coupling coefficient is decreased, what makes the optimally adjusted 𝑅  for 𝑘  a safe 

value for all 𝑘 range, from zero to 𝑘 . 

 

Figure 65: Power output curves of a PS compensated WPT driven by an Royer-Mazzilli inverter, as a function of the 
output DC load, 𝑅 , for different coupling coefficients 𝑘, obtained by numeric simulation with LTSpice. 
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The Baxandall-Mazzilli driven IWPT is fail-safe concerning an unexpected increase in the 

magnetic coupling coefficient, 𝑘, that, in DIWPT for electric mobile applications, could happen, for 

instance, if the distance between coils is accidentally decreased from its minimum nominal value. 

If the resonance tanks are adjusted at the maximum nominal 𝑘 , which is usually found at the 

central-alignment condition between secondary and primary coils, this increase in 𝑘 would only 

produce a reduction in the power level that is wirelessly transferred, with no impairment to the 

efficiency, as shown in the simulation results in Figure 66. 

 

Figure 66: Power output and efficiency of a PS-compensated WPT driven by an Royer-Mazzilli inverter, as a function 
of 𝑘, with no DC-DC converter before the DC load, 𝑅 , obtained by numeric simulation with LTSpice. 

The addition of the DC-DC converter at the secondary, to match the load and regulate the 

voltage at the desired power level, for instance, 400 W, make the circuit further insensitive to 

unexpected increases in k, as shown in the zoomed in graph of Figure 67. 

 

Figure 67: Power output and efficiency of a PS-compensated WPT, when driven by the Royer-Mazzilli inverter. 
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When the sizes of primary and secondary coils in a DIWPT configuration are very dissimilar, 

which is often the case when oblong primary coils are used, the maximum possible 𝑘 is intrinsically 

limited to a value that is much less than the unity. So, in these conditions, the circuit behavior in 

the vicinity of 𝑘 =  1 is not of practical relevance anyway. 

These results were obtained by numeric simulation (with LTSpice) of the PS-compensated 

WPT circuit, when driven by the Royer-Mazzilli inverter. The DC load 𝑅  used, is such that it will 

sink 400 W when the DC-DC converter output is set to the desired nominal output voltage 𝑉  =  36.5V, that is 𝑅  ≅  3.33 𝛺. The predicted maximum efficiency in the best alignment 

conditions is slightly over 65%. 

So, in Figure 67, the thick red curve is the power at the output of the DC-DC converter, a 

function 𝑃  of 𝑘, and the thick green curve is overall DC-to-DC efficiency function, when the 

output voltage is likewise clipped by the DC-DC converter. The thin curves, red and green, are the 

same as in Figure 66, here drawn to scale for reference only, respectively the power output and 

the total DC-to-DC efficiency, when the equivalent matched load to 𝑅 , 𝑅 , is directly connected 

to the output of the rectifier, with no DC-DC converter being used. 

It can be seen that for 𝑘 <  𝑘 , the input voltage (from the rectifier) to the DC-DC 

converter is not high enough for the converter’s output to sustain the nominal voltage of 36.5 V, 

so the power on 𝑅  will be less than 𝑝  =  400 W. Also noticeable, the thin and thick curves do 

not coincide for 𝑘 <  𝑘  because the efficiency of the DC-DC converter in a real implementation 

is always lower than 100%. 

If such Mazzilli-Baxandall driven PS-compensated IWPT is used in a DIWPT configuration д, 

where 𝑘д is a function of the position that describes the variable magnetic coefficient factor, then 

the available output power can be estimated by the composition 𝑃 ∘ 𝑘д, that is the output power 

will be given by 𝑃 𝑘д(𝑥) , where the relative position 𝑥 is usually the lateral misalignment of 

the secondary coil (onboard of the vehicle) from the center of the primary coil (in the lane). 

In a real DC-DC converter implementation, also often a maximum output current and input 

voltage range are specified, potentially posing additional restrictions on the interval of 𝑘 where the 

nominal output power can be obtained. If the magnetic coupling factor is very high, in the no-load 

conditions the voltage output of the rectifier can exceed the maximum voltage acceptable by the 

DC-DC converter. On the other extreme, if it is not high enough in order to generate an induced 
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voltage that is minimally necessary to guarantee the proper operation of the DC-DC converter, 

depending on the specific design, the output can be zeroed, producing no output power. 

The maximum output current of the DC-DC converter is capable to supply, 𝐼 ˗ , , 

should be at least equal to that required to deliver the indexed power 𝑝  at the required output 

voltage 𝑉 : 

𝐼 ˗ , ≥ 𝑉𝑝  (2.106)

Improvements of this simple version of the Baxandall-Mazzilli Driven IWPT circuit may be 

the target for another specific optimization work in power electronics. In this work this circuit 

topology is safely used without any further improvement of added development, with the mere 

purpose of generating the required current to excite the primary coil and test the magnetic link 

design of the HIPLEV prototype, as described in Chapter 5. 

2.10 Factors Affecting the Efficiency of a Magnetic Coupling 

In circuit modeling of an IWPT configuration, the real coils are assumed to behave each as 

an ideal inductor in series with a fixed value resistor, both invariant with frequency. The value of 

the coil auto-inductance, which corresponds to the reactive impedance of the coil in the model, is 

usually a good approximation if parasitic interwinding capacitances are low enough for the 

frequency band exploited. The modeling of the series resistor as a frequency independent, fixed-

valued component, however, can easily produce a large error in the estimation of system efficiency. 

This phenomenon may happen even at lower frequencies, depending on the dimensions and 

construction of the coils’ windings, being called skin effect. 

Also, the increase of the apparent resistance of a conductor with the increase of the 

frequency of the current is aggravated when other wires carrying AC current are placed next to the 

first conductor, establishing a mutual influence that will increase the resistive losses in all of the 

conductors in the neighborhood. This second phenomenon, which is called the proximity effect, is 

of the same nature of the skin effect, and it should also be taken in consideration in IWPT design. 

2.10.1 Skin Effect 

The electric current flowing through a circular cross-section wire is only uniform across the 

diameter of the wire for constant DC currents. For harmonic (sinusoidal) currents, the radial 
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distribution of the current density tends to concentrate in a thin cylindrical external layer of the 

conductor. The width of this layer, called the skin depth 𝛿 [65], is given by equation (2.107): 

𝛿  =  𝜌𝜋 𝑓 𝜇 , (2.107)

where 𝑓 is the frequency of the current, 𝜌 the resistivity of the wire and 𝜇 its magnetic permeability. 

This phenomenon, known as skin effect, is known, modeled and employed in radio design 

since the early radio era [24] and can be entirely modeled and calculated by developing the 

differential equations resulting from the application of Maxwell’s Equations to the problem. One of 

its main consequences is that the apparent resistance of a wire becomes higher, as the frequency 

is raised. Specifically, for the circular cross-section case, when a phasor current 𝐼  passes through 

an infinitely long conductor of radius 𝑅, the phasor current density 𝐽 can be expressed by a 

function of the radius 𝑟, normalized by skin depth 𝛿: 

 𝐽(𝑟)  = 𝐼 (𝑗 − 1)2πδ𝑅 𝐽 𝑟𝛿 (𝑗 − 1)𝐽 𝑅𝛿 (𝑗 − 1) , (2.108)

or equivalently: 

 𝐽(𝑟)  = 𝐼π√2𝛿𝑅 𝑏𝑒𝑟 𝑟𝛿 √2 + 𝑗 𝑏𝑒𝑖 𝑟𝛿 √2𝑏𝑒𝑖 𝑟𝛿 √2 − 𝑗 𝑏𝑒𝑟 𝑟𝛿 √2 = (2.109)

  = 𝐼πδ𝑅(1 − 𝑗) 𝑏𝑒𝑟 𝑟𝛿 √2 + 𝑗 𝑏𝑒𝑖 𝑟𝛿 √2𝑏𝑒𝑖 𝑟𝛿 √2 − 𝑗 𝑏𝑒𝑟 𝑟𝛿 √2 , (2.110)

where the functions 𝐽  are the Bessel functions of the first kind and n-th order, the functions 𝑏𝑒𝑟  

and 𝑏𝑒𝑖  are the Kelvin Functions of n-th order, and 𝑏𝑒𝑟  and 𝑏𝑒𝑖  their derivatives [66]. The 

Kelvin Functions can be numerically calculated by the series (2.111) and (2.112) [65]: 

𝑏𝑒𝑟 (𝑥) =    𝑐𝑜𝑠 (3𝑛 + 2𝑚) 𝜋4 𝑥2𝑚! Γ(𝑛 + 𝑚 + 1)  (2.111)

𝑏𝑒𝑖 (𝑥) =    𝑠𝑖𝑛 (3𝑛 + 2𝑚) 𝜋4 𝑥2𝑚! Γ(𝑛 + 𝑚 + 1)  (2.112)



Chapter 2 - Inductive Wireless Power Transfer 

Dynamic Inductive Wireless Power Transfer for Lightweight Electric Vehicles 
Luiz Alberto Lisboa da Silva Cardoso – University of Minho 106

 

Illustrating the application of equation (2.110), Figure 68 shows the current distribution 

across an axial cross-section of such a cylindrical wire, as the frequency is varied from a low value 

(red curve) to a higher value (blue curve). The curves, instead of plotted for specific frequencies, 

are plotted for several normalized skin depths, 𝛿 𝑅⁄ , as 𝛿  itself is a function of the 

frequency (2.107). 

   

Figure 68: Distribution of current density along the diameter of a circular cross-section wire. 

A similar plot is shown in Figure 69, where, this time, each curve is, instead, normalized to 

the current density at the external cylindrical surface of the wire, for which the radius is 𝑅, at that 

frequency and the associated skin depth. 

 

Figure 69: Relative distribution of current density along the diameter of a circular cross-section wire. 

In both Figure 68 and Figure 69, the red curve is the current density for a skin depth 𝛿 =  𝑅, 

where it is already noticeable (especially in Figure 69) a slight sagging from the horizontal straight 

line, the characteristic uniform density distribution of a DC current. The following curves with a 
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growing bluish color tone, from the upper one to lower one, are obtained for progressively lower 

equally spaced ratios 𝛿 𝑅⁄ , in decrement steps of 0.1, the last one, touching the zero density in 

the center of the cylinder, corresponding to 𝛿 𝑅⁄  =  0.1. For 𝛿 𝑅⁄  ≤  0.1, the AC resistance of 

the wire can be approximated by the DC resistance of a hollow cylinder with the same external 

diameter of the solid wire and cylindrical walls with thickness 𝛿. 
While the magnitude of the current density decreases from the external surface of the 

circular conductor inward to the center, its phase cycles with period 2𝜋𝛿, as illustrated in FEM 

simulations results shown in Figure 70, where a cooper wire with 10 mm of diameter subjected to 

a 50 kHz AC current of 𝐼 = 1 A of amplitude was modeled, using COMSOL Multiphysics software. 

 

Figure 70: FEM simulation of current density along the diameter of a circular cross-section wire. 

In Figure 70a, the color scale varies with the logarithmic of the amplitude of the current 

density 𝐽, normalized to the average current density 𝐼 /𝐴 that is forced into the wire, which has a 

cross-section area 𝐴. In the same Figure 70a, the thin black concentric rings, spaced by distance 𝛿 (one skin depth, approximately 0.29 mm for copper at 50 kHz), from the outmost to the 

innermost, mark cylindric layers with current densities at a geometric progression with ratio 𝑒 . 

The blue region in the center of the wire is, visibly, depleted from current, which is concentrated 

on the thin external red layer. 

The behavior of the phase of the current density is, on the other hand, is shown in Figure 

70b: The current density phase is progressively delayed, from the external surface of the wire 

inward, cyclically, with a period along the radius of 2𝜋𝛿, until it reaches the center of the wire. 

The amplitude and phase evolution from the external surface of the conductor to its center 

follow the pattern of a wave penetrating the material, conjugating progressive phase delay and 

attenuation, as the wave penetrates the conductor. In good conductors, such as metals, the 
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amplitude of the current density close to the center of the wire is often negligible, and the phase 

information, except very close to external surface of the wire, is also irrelevant. The simulations 

also indicate that the current phase on the surface of the wire is slightly advanced, with respect to 

the phase of the overall current 𝐼 . Because the voltage drop across a wire is commonly measured 

at the external surface of the wire, this result is compatible with the self-inductance perceived on 

the wires. 

The concentration of the current on a thin external layer of the cylindrical conductor, 

however, increases the power dissipation for a given total current, and makes its apparent 

equivalent resistance vary with the frequency. The new apparent resistance of the conductor, when 

submitted an alternated current, at a frequency 𝑓, is called the AC resistance, often denoted by 𝑅 . The ratio of 𝑅  to the DC resistance of the conductor, 𝑅 , can then be computed by: 

 λ(𝑓) = 𝑅 (𝑓)𝑅 = 𝑃 (𝑓)𝑃 = 2𝜋𝑟 𝐽(𝑟) 𝜌 ℓ2𝜋𝑟 𝑑𝑟𝜌 ℓ𝜋𝑅 2𝜋𝑟𝐽(𝑟) 𝑑𝑟 , (2.113)

where 𝐽 is the current density along the cross-section of the cylindrical conduction, which, by 

symmetry depends only on 𝑟, 𝑃  is the power dissipated on the conductor at the frequency 𝑓, 𝑃  is the power dissipated on the conductor when the same total DC current is passing, 𝜌 is 

the resistivity of the conductor, ℓ its length, and 𝑅 its radius. 

Simplifying (2.117), it turns out that λ(𝑓) is independent of both 𝜌 and ℓ: 

 λ(𝑓) = 𝑅 (𝑓)𝑅 = 𝜋𝑅 2𝜋𝑟 𝐽(𝑟) 𝑑𝑟2𝜋𝑟𝐽(𝑟) 𝑑𝑟 , (2.114)

By using (2.110),  λ(𝑓) can be evaluated by numeric integration of (2.114). Also, since 𝑅  

is easily calculated based on the resistivity and dimensions of the conductor, it also possible to 

use (2.114), to directly compute the AC resistance 𝑅 (𝑓). Exemplifying, for the cases of two 

copper conductors with circular cross-sections of 1.0 mm  and 1.5 mm , considering a resistivity 𝜌  = 1. 71 ⨯ 10  (at 20ºC) and a relative magnetic permeability 𝜇 =0.999991, let us first 

compute the DC linear resistivity of each wire, which are given in Table 7. 

Table 7: Linear resistivity of copper wires at 20ºC, under DC excitation. 

Area of Cross-Section Radius Linear Resistivity 

1.0 mm  0.564 mm 17.1 mΩ/m 
1.5 mm  0.691 mm 11.4 mΩ/m 
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Then, using (2.114), the AC resistances of these two wires can be plot as a function of the 

frequency of excitation, as shown in Figure 71. 

 

Figure 71: Linear resistivity of copper wires of circular cross-section as a function of the frequency. 

From Figure 71 it is easily derived that for DC, or frequencies lower than 3 kHz, both wires 

with 1.0 mm  and 1.5 mm  have practically a constant linear resistivity. As the frequency is 

increased, the resistivities of both wires also increase, with the resistivity of the 1.5 mm wire 

increasing first. At 50 kHz, their resistivities are 21.0 mΩ/m and 16.3 mΩ/m, respectively 22.8% 

and 42.3% higher than their DC resistivities. 

If the wire cross-section is not circular, the current will still concentrate on its outer layer, 

but an exact algebraic expression may be not as easy to compute. In either case, for a large 

enough frequency, such that the skin depth at the conductor that is much smaller than the 

dimensions of its cross section, the AC resistance to DC resistance of a winding becomes 

approximately proportional to the square root of the frequency [24], that is: 

  ≅    𝐾 𝑓,    𝐾 constant,  when  𝛿 = < ⋯ < 𝑅 (2.115)

This fact makes it not possible to indefinitely obtain more efficient IWPT configurations, just 

by increasing the frequency. The skin effect tends to cause the quantity 𝑘 𝑄 𝑄  to be proportional 

to 𝑓, not to 𝑓, as it would be expected by using simple serial resistance models for the primary 

and secondary coils of Figure 3b: 



Chapter 2 - Inductive Wireless Power Transfer 

Dynamic Inductive Wireless Power Transfer for Lightweight Electric Vehicles 
Luiz Alberto Lisboa da Silva Cardoso – University of Minho 110

 

𝑘 𝑄 𝑄   =    𝑘  𝜔 𝐿  𝜔 𝐿𝑟  𝑟 = 𝑘 2𝜋𝑓 𝐿 𝐿𝑟 𝑟  (2.116)

Effectively, in (2.116), expressing 𝑟  and 𝑟  in accordance with (2.115), it follows that: 

𝑙𝑖𝑚→    =  𝑙𝑖𝑚→ 𝑘 2𝜋 𝑓  (2.117)

                                  =      𝑘 2𝜋      =
  𝑘 𝜆 , 𝜆 𝜖 ℝ   (2.118)

    𝑘 𝑄 𝑄     ≅    𝑘 𝜆 𝑓,     for 𝑓 > ⋯ >  (2.119)

So, while the maximum achievable efficiency for “lower” frequencies can be given by 

   =   𝑘  𝑄  𝑄  1 +  1 + 𝑘  𝑄  𝑄  ≅ (𝜆 ) 𝑘 𝑓1 + 1 + (𝜆 ) 𝑘 𝑓   , 
(2.120)

at high enough frequencies 𝑓, due to the skin effect, the maximum achievable efficiency becomes: 

    ≅   (𝜆 ) 𝑘 𝑓1 +  1 + (𝜆 ) 𝑘 𝑓  (2.121)

So, as the frequency is increased, the efficiency of the magnetic coupling will also increase, 

but will be limited to a final maximum possible value. However, by increasing the frequency, the 

power loss in other electronic components of the IWPT system will likely increase as well. This will 

eventually lead to a point where a marginal gain in the magnetic coupling will not compensate for 

the losses in the rest of the system, and the overall system efficiency will start to decrease with 

the increase of the frequency. 

In general, simulations with the method of finite element modeling should be applied to 

calculate the actual current distribution in a conductor and its resulting AC equivalent resistance 

at the any given frequency, thus permitting the numerical evaluation of the actual efficiency. 

2.10.1.1 Litz Wire 

One common strategy to minimize the losses that occur due to skin effect, making it possible 

to sustain large values of 𝑘 𝑄 𝑄  at higher frequencies, is to use many parallel-connected, 

symmetrically twisted wires of smaller diameter, instead of a single larger diameter wire. That will 
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enable the IWPT configuration to follow equation (2.120) and handle currents more efficiently at 

higher frequencies. These twisted multi-stranded conductors are called “litz wire”, coined from the 

German word “Litzendraht” (stranded). Techniques for designing with litz wiring are well 

documented [67], [68] and effectively improve efficiency. However, the extensive of use of litz 

wires can significantly increase the cost of the windings (see Table 16). 

2.10.2 Proximity Effect 

When two or more conductors or cables in the same vicinity are conducting AC current, or 

when more than one wire are packed in parallel in a cable, an additional phenomenon, similar to 

the skin effect is verified: The magnetic fields generated by the currents flowing in each wire 

interact with the currents in the other wires, altering the current density further than what would 

be expected by the skin effect alone, as exemplified in section 2.10.1. This happens because the 

eddy currents that are induced on the conductors occur as a response to any current, 

indistinctively, either flowing in the same conductor or in another conductor in the vicinity. 

The apparent effect is that AC currents flowing in parallel tend to disperse, no matter if they 

are contained in the same or in insulated conductors. For instance, if two wires of circular cross-

section and the same radius are set in parallel, are carrying identical currents in the same 

direction, the current density flowing in each wire will be displaced to the side in opposition to the 

vicinity of the other conductor, as shown in Figure 72. In this example, the two wires together 

(right picture) exhibit each a resistance 16% greater than if they were 4.86 diameters apart (left 

picture), causing a power loss increase of 16% in the wires. 

  

(a) Conductors far apart. (b) Conductors close to each other. 

Figure 72. FEM simulation showing the proximity effect in two circular cross-section wires. 
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The technique to model this interaction is the same used for the skin effect, however, since 

the geometries involved can be arbitrarily complex, an exact closed expression to compute the 

proximity effect is usually difficult to obtain. 

2.10.2.1 Consequences of the Proximity Effect in a Single Isolated Coil 

The first practical consequence of the skin effect on a single isolated coil is that the geometry 

of the coil affects not only its inductance, but also, its equivalent series resistance in a linearized 

approximation model, even if the coil is constituted of a long wire with constant cross-section. The 

magnetic field generated by the current flowing in one segment of the coil will interact with other 

neighbor segments inducing potentials and eddy currents on them. This will increase power 

dissipation, according to the shape of the coil, even if the current phasor is kept constant. 

So, the proximity effect has to be considered in any detailed analysis. The effect can more 

intuitively seen as if the serial resistor of the linear model were not evenly “distributed” along the 

conductor that constitutes the coil, but rather, concentrated where the alternating magnetic field 

is stronger. To exemplify this effect and gain familiarity with IWPT design issues, a dedicated 

prototype was specially built (section 2.9.1). The IWPT configuration was assembled using, as the 

primary, a flat spiral coil constituted of 27 turns of a 30x28AWG cable, formed of 30 individual 

conductors each of 0.32 mm in diameter, giving a total cross-section of about 2.43 mm , as 

shown in top view in Figure 73a. The coil, a COTS component normally used in induction ovens, 

has 6 radially distributed ferrite cores on the side that is not shown in the photo, to emulate a 

ferrite plane and reinforce the magnetic field. These ferrite cores increase the coil inductance from 

78 𝜇H to approximately 102 𝜇H, allowing more power to be handled at the same current level. 

 

Figure 73: Proximity effect causing non uniform heating of an spiral coil. 
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In Figure 73b, the same coil of Figure 73b is also photographed in top view by a FLIR One 

Pro thermal imaging camera, after some time the system had been energized with a current of 

approximately 5 A rms, at 60 kHz. The color transitions from yellow to violet indicate decreasing 

temperatures (yellow is hotter than orange). The temperature on the coil cable near the external 

turn can be read at 32.9ºC. Not shown in in Figure 73b, the temperature close to the innermost 

turn of the coil, by similar process, was also measured, at 44.3ºC. The ambient temperature 

during the experiment was 21.3ºC. 

The values of temperature rise above the ambient temperature, respectively calculated as 

23ºC and 11.3ºC, when close to inner and outer rims of the coils, are approximately proportional 

to the linear power dissipation density at these points of the cable, when the assembly is in thermal 

equilibrium. So, the linear power dissipation density varies along the coil. Since the power 

dissipated is proportional to the resistance and the current traversing the coil and its cross-section 

are the same along all cable length, it can be concluded that the variation in the power density 

should be attributed to an apparent variation of the resistivity (Ω/m) of the coil along its length. In 

fact, the actual temperature elevation differences, as it is observed in the coloring of Figure 73b, 

would likely be even more pronounced if copper were not such a good heat conductor as well. 

At the frequency used in the experiment (60 kHz), the skin depth in copper is approximately 

0.27 mm, which is on the order of diameter of the individual conductors (0.32 mm) in the cable 

bundle that forms the coil winding. This guarantees that a highly pronounced skin effect is not 

present. However, as seen, although the net current is the same throughout the coil cable, the 

temperature visibly rises more on the center turns. 

The results from a simplified FEM simulation of the magnetic field in the central plane of 

the coil is shown in Figure 74, considering, as a simplification, a single wire with the same 

equivalent total area of the cross-section. In this plot the black continuous curve indicates the 

value of the magnetic field amplitude inside the conductors, and the black dashed curves, outside. 

The pink shaded areas highlight the magnetic field plots within the innermost three turns and the 

outermost turn (27th turn), at 70 m away from the innermost (1st) turn. The red dashed curve is 

the envelope of the values of the magnetic field intensity at the inner limit of the conductors, and 

green dashed curve, similarly, is the outer limit. The blue curve with blue with blue shaded area 

is the envelope of the magnetic field intensity in the center of the cross-sections of each turn. 
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Figure 74: Magnetic field intensity along one radius at the central plane of the spiral coil. 

It can be noticed that the amplitude of the magnetic field is much stronger on the periphery 

of the conductors than in the center, due to model simplification that enhances the skin effect, by 

considering a single conductor of 1.76 mm in diameter, instead of the bundle of 30 conductors of 

0.32 mm diameter. 

The plot in Figure 74 can be qualitatively compared with the temperature distribution 

suggested by the thermal image of the energized coil, resulting that, as general rule, the 

temperature is higher where the magnetic field intensity is also higher. This is observed at all radial 

distances, except close to the external turns, possibly due to the presence of the terminals of the 

coil, which, due to the thermic conductivity of copper, serve as a heatsink to the other turns, 

making the observed temperature on the last inner and outer coil decrease. Possibly because of 

that, the outer turn (27th) does not show a slightly higher temperature than the 23rd and 24th 

turns, which, according to this principle should be coldest. Other reasons for this minor deviation 

from the expected behavior may be that: (i) the magnetic field is even more intensified close to 

the center of the coil, where the extremities of the ferrite bars come closer to each other; (ii) the 

turns closer to the borders can dissipater better, because the temperature in their vicinity is lower 

than that in the middle of the coil; and (iii) the thermal camera coloring scheme is not adequate 

for distinguishing the small differences in temperature. 

Overall, the results from the experiment are compatible with the hypothesis of the equivalent 

resistance per length of conductor being higher in the inner turns, where the magnetic field is 

stronger, as expected due to the proximity effect. 
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2.10.2.2 Consequences of the Proximity Effect in Two Magnetically Coupled Coils 

One of the subtle consequences of the proximity effect is that the linear model of a magnetic 

coupling, as represented in Figure 3, changes when the distance between the two coils is varied. 

The linearization can always be used as an approximation, but what happens is that the perceived 

value of the serial winding loss resistors 𝑅  and 𝑅  does not hold constant if the distance between 

the coils or, equivalently, if their mutual coupling is variated, even if the exciting frequency and 

currents are kept constant. 

When two coils of the same time of that in Figure 73a are configured in parallel planes, 

aligned by their center axis, the experimentation can show that the linear model of the resulting 

magnetic coupling may exhibit strong variability in their parameters, according to the air-gap 

(distance between the coils), when both coils carry alternated current on the same fixed frequency. 

The variation in the inductance can be easily understood and modeled, due to the presence 

of magnetic core on each of the coils. When the coils became sandwiched in between the 

equivalent ferrite planes of both coils, the self-inductance of each coil, as well as the mutual 

inductance is increased. As expected, when the distance between the coils is reduced and the 

ferrite planes of the coils come close together, the self and mutual magnetic fluxes, and all the 

associated inductance parameter are increased. This can be seen in the plots of Figure 75. 

 

Figure 75: Experimental variation of self and mutual inductances of the magnetic coupling of two spiral coils. 

In the experiment, the equal self-inductances were measured directly with Hioki’s 3532-50 

LCR HiTESTER. The mutual inductance was also evaluated with the same equipment, by 

measuring the serial connection of the coils in both the flux-additive configuration, which leads to 
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the measurement of 2𝐿 +  2𝑀, and the flux-subtractive configuration, in which it is possible to 

directly measure 2𝐿 −  2𝑀. 

The same measurements also give the serial resistance of each configuration, so it is 

possible plot, for each air-gap distance de values of serial resistance found for each of the equal 

coils in three different circumstances: (i) When there is no current in the other coil (open 

secondary); (ii) when in flux-additive (zero phase between coil currents), and (iii) when in flux-

subtractive (currents in coils in opposite phases). The results are plot in Figure 29. 

 

Figure 76: Experimental variation of serial resistance of spiral coils in magnetic coupling. 

The curves in Figure 76 demonstrate that the series resistance in the model depend not 

only on the air-gap, but also on the relative phase of the current flowing in both coils. So, although 

it can be used as an proximation, the linear transform model (Figure 3), in real configurations, 

only holds for constant relative phase currents flowing in primary and secondary coils and constant 

air-gap. In the case of these flat spiral coils, this dependence, for many applications, is only 

relevant (>15% resistance difference for in phase and out of phase currents) when the magnetic 

coupling is larger than 0.15. 

Transformers normally used in power applications have higher 𝑘 values. However, they also 

normally have ferromagnetic cores and work with low frequencies. In these conditions, the extra 

losses due to the proximity effect are often dominated by core losses and low frequency resistive 

winding losses, and the proximity effect may go unnoticed. Since coils used in IWPT generally have 

high quality factors, this the anomality in the linear model will similarly not affect much the 

calculation of the induced voltage, as well as the transferred power. But it might affect estimations 

of the electrical efficiency, especially when the magnetic coupling coefficient is high. 
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The proximity effect is also an important factor affecting the efficiency obtained by the use 

of litz wires, as well as it will influence the choice of the separation distance between neighbor 

turns in the design of a coil, that is, the “pitch” of the coil winding. A closed analytical form for 

computing this effect is not simple to derive, in a general case. In litz cabling, approximations can 

be used as a design tool [69]. 

As conclusion, it can be predicted that either in litz wire, or in WPT configurations with 

magnetic couplings of high 𝑘, whenever more precise estimations are required in a design, finite 

element model simulations will be the preferred approach to provide a reliable numerical solution. 

2.11 EMF Exposure Control 

Electromagnetic fields can produce hazardous effects on living biological tissues, particularly 

on human beings. So, the control the EMF exposure levels is a major concern in the design of all 

apparatus that people can be in contact with, including transportation systems [70]. Although 

current studies are not conclusive about all possible consequences of intense electromagnetic 

fields on health, the experience obtained so far has been studied since 1992 by the International 

Commission on Non‐Ionizing Radiation Protection (ICNIRP), an institution that sporadically 

publishes reports and recommendations concerning maximum safe human exposure levels to 

EMF. ICNIRP succeed in that mission the International Non-Ionizing Radiation Committee of the 

International Radiation Protection Association IRPA/INIRC, created in in 1977 and who started 

publishing similar reports early in 1988 [71]. The first ICNIRP design guide recommending 

maximum acceptable exposure levels covering the entire frequency range of time-varying EMF (up 

to 300 GHz) was only established in 1998 [71]. An updated design recommendation document 

was then issued in 2010 and became largely accepted by engineering community as a design 

guideline and conformity check rule, establishing maximum refence levels for EMF exposure by 

range of frequencies and type of exposure, that can be either occupational or intended for the 

general public [72]. 

According to the ICNIRP-2010 document, occupational exposures occur under subjectively 

described circumstances where adults, “with appropriate advice and training, it is reasonable for 

workers voluntarily and knowingly to experience transient effects…, effects which “are not believed 

to result in long-term or pathological health effects.” In the document, it is still enforced that, at 

these maximum exposure levels, simultaneous exposure to all parts of the body should be limited. 
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In near-field applications, such as the non-radiating oscillating magnetic fields involved in 

the implementation of Inductive Power Transfer, using frequencies up to 10 MHz, these 

recommended maximum field strengths for occupational exposure can be summarized by the 

frequency-parametrized limits given in Table 8. 

Table 8: ICNIRP-2010 RMS reference levels for occupational exposure to time-varying EMF. 

Frequency range 
E-field strength 

(kV/m) 
Magnetic field 
strength (A/m) 

Magnetic flux 
density (T) 

1 Hz−8 Hz 20 1.63 X 105/f2 0.2/f2 

8 Hz−25 Hz 20 2 X 104/f 2.5 X 10-2/f 

25 Hz−300 Hz 5 X 102/f 8 X 102 1 X 10-3 

300 Hz−3 kHz 5 X 102/f 2.4 X 105/f 0.3/f 

3 kHz−10 MHz 1.7 X 10-1 80 1 X 10-4 
 

The limits on EMF strength for general public exposure limits are such that they are always 

less than or equal to those established for occupational exposure at any given frequency, as shown 

in Table 9 and, based on current scientific knowledge, are supposedly capable of assuring that no 

short or long term compromise in observed the health individuals. These limits, mentioned in the 

ICNIRP guides as reference values, actually changed from the 1998 edition[71] to the 2010 edition 

[72], reflecting better understanding of EMF risks. For some frequency bands, the limits were 

increased, in some others, they were reduced. 

Table 9: ICNIRP-2010 RMS reference levels for general public exposure to time-varying EMF. 

Frequency range E-field strength 
(kV/m) 

Magnetic field 
strength (A/m) 

Magnetic flux 
density (T) 

1 Hz−8 Hz 5 3.2 X 104/f2 4 X 10-2/f2f 

8 Hz−25 Hz 5 4 X 103/f 5 X 10-3/f 

25 Hz−50 Hz 5 1.6 X 102 2 X 10-4 

50 Hz−400 Hz 2.5 X 102/f 1.6 X 102 2 X 10-4 

400 Hz−3 kHz 2.5 X 102/f 6.4 X 104/f 8 X 10-2/f 

3 kHz−10 MHz 8.3 X 10-2 21 2.7 X 10-5 
 

An update to [71] was issued by ICNIRP in 2020 [17], reflecting newer recommended limits 

and design approach in the 100 kHz to 300 GHz band. For instance, in this latter recommendation 

the general public maximum exposure levels are explicitly divided in whole-body exposure and 
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local exposure, for short duration or longer duration exposures (≥  6 min), as shown in Figure 

77. However, these new recommendations did not affect the former recommendations for 

frequencies lower than 100 kHz. 

Figure 77: New EMF limit recommendations for exposures longer than 6 minutes (figure extracted from ICNIRP, 
“Guidelines for Limiting Exposure to Electromagnetic Fields (100 kHz to 300 GHz),” Health Phys., vol. 118, no. 5, 

pp. 483–524, 2020. 

Concerning IWPT design for LEV, practical magnetic resonance frequencies will typically 

range in the 20 kHz to 100 kHz sub-band, due to current economic and technological issues. But, 

for this frequency band, no major change was introduced by [17]. Therefore, when considering 

the use of coil antennas that are very short (non-radiating) relatively to wavelength of the exciting 

current in the primary coil, and frequencies up to 100 kHz, the ICNIRP current recommendations 

can be reduced to the limits expressed in Table 10. 

Table 10: Maximum ICNIRP recommended EMF maximum RMS exposure levels to non-radiating magnetic 
fields involved in the implementation of IPT in the 3 kHz to 100 kHz band. Values are rms. 

 
General public exposure 

 

Occupational exposure 

 

Maximum electrical 
field strength 

83 V/m 170 V/m 

Maximum magnetic 
flux density 

27 μT 100 μT 
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In automotive and general transport application, both passengers and pedestrians should 

be considered in the general public class, so the actual limits to be observed for the electric and 

magnetic field are respectively 83 V rms/m and 27 𝜇T rms. So, in any design, within the spaces 

and zones that are prone to be accessed by humans, the field intensities should be lower than 

these limits. 

In spite of its importance, this research focuses on conceptual design validation of power 

transfer and does not include EMF compliance verification.  

Even then, design paradigms were adopted to ensure pedestrian a priori protection by 

design, by limiting the minimum distance (lane width) from the primary coils to the pedestrians, 

assumedly outside de inductive lanes. Concerning the rider protection, although some general 

preventive measures were also adopted, a general approach for EMF exposure control design, 

including shielding design, was left outside the scope of these work, and left as future research. 

This is due both to the amount of effort involved and the requirement of specialized equipment for 

EMF verification, not available at the time of prototype development. 

2.12 Power Grid Impact 

Different classes of power grid integration problems may arise, and must be a priori 

considered in the design of an IWPT system, examples of these problems are: 

(i) Electric noise can cause mutual interference, i.e., noise on the grid can affect 

system operation and, reciprocally, system operation can cause noise on grid, and 

disturb normal operation of other equipment in the vicinity of the system; 

(ii) System reactive impedance or unbalanced consumption per phase can disturb the 

overall balance of the grid, being inconvenient for grid stability and economy. 

(iii) The circuits driving the primary coils can spoil the grid power quality, if these circuits 

exhibit strong non-linear behavior. 

(iv) The total electric demand of long i-lane sections cannot exceed the local grid 

capacity at any point of integration along the section. 

Grid impact should be specifically considered in the design of power inverters that will induce 

high frequency current in primary coils on the lane side, being important issue to address in high 

quality commercial DIWPT systems. This problem will be expectedly more pronounced in DIWPT 
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systems deployed to support standard heavy EV than those for lightweight EV, where the required 

power levels per vehicle and per length of deployed lane is lower. There are standard design blocks 

that have been successfully applied in this situation [73], however, this design effort was 

intentionally left out the scope of this thesis research work. 

2.13 Conclusion 

In this Chapter, some of the most important aspects of the IWPT design were reviewed. 

IWPT circuits can be implemented with simple circuits and compensation topologies involving a 

minimum number of components. The different compensation circuits have different 

characteristics, but share some general common predictors, such as the maximum efficiency in 

the power transfer at the natural resonant frequency. The stationary and dynamic IWPT 

configurations can both be driven by resonant or auto-resonant circuits. 

The Mazzilli Baxandall auto-resonant inverter is one of the simplest circuits available that 

can be used to drive primary coils in a DIWPT systems. Despite its simplicity, it automatically 

keeps constant the voltage across the terminals of the primary coil, independently of the load 

attached to the secondary coil. In DIWPT configurations where the magnetic coupling coefficient 

is expected to be very low, such as those using oblong coils, the current back-induced in the 

primary tends to be low as well. Since the back-induced current is orthogonal to the driver 

generated current, the variation caused in the primary current due to load variations is even lower. 

In summary, this makes the resulting primary current approximately constant as well, as the load 

is varied, what greatly simplifies the design. 

The mathematics and the analysis of an IWPT design is well known, but it can be subtle. 

For any well characterized configuration, it is possible to accurately predict the resulting efficiency 

and power transfer levels. However, due to multi-disciplinary considerations and the large number 

of free variables involved, the inverted problem can be hard to solve: How to establish the 

dimensions, geometry, materials and excitation of a configuration and accomplish the detailed 

design of a magnetic link to satisfy some given WPT transfer requirement, specially, in a DIWPT 

application. 

This process may turn surprisingly laborious, considering the small number of main 

components required for its implementation, and several simplifications must be adopted. This is 

one of the main points of this work, which is preliminarily studied in Chapter 3 and fully developed 

in Chapter 5. Due to effort limitations established for the thesis work, some crucial aspects of the 
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design, other than purely the transfer and the control of power, are intentionally not covered. In 

particular, the shielding design on the vehicle’s side and the experimental verification of the full 

compliance to recommended EMF exposure limits have their own complexity, and are left out of 

the scope of an initial concept validation of the HIPLEV, as introduced in Chapter 4. 
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In Chapter 2 the main theorical aspects of Inductive Wireless Power Transfer (IWPT) were 

presented, considering that the relative position of the secondary coil involved in the power transfer 

is fixed, relatively to the primary coil, which is the so called stationary case. In the present chapter, 

the design principles of Dynamic Inductive Wireless Power Transfer (DIWPT) and its ongoing 

development are the focus. Here, the term “dynamic” refers to the condition that power transfer 

is assumed to happen at nominal average power levels, on the contrary of the stationary case, 

while there is relative movement between a secondary coil set and a primary coil set. Firstly 

idealized by the end of the nineteenth century, DIWPT was then motivated by the new electric 

trams that started to appear at that time [74][75]. In these applications, electric energy had to be 

transferred from current-carrying wires, attached to ground-fixed structures, to the power train of 

an EV, along its self-propelled displacement, so, inductive means were envisioned to avoid the 

wear out in between galvanic contacts due to friction. However, as exposed in section 3.2, these 

early designs did not result in readily available commercial technology. 

Despite of DIWPT was initially thought of for vehicles running on tracks, a major part of 

current research and development efforts comprises road applications, with the ultimate goal that 

the onboard energy storage requirements can be reduced and, simultaneously, the autonomy of 

EV can be extended. The technology has been so far exploited in industrial and robotics application 

cases [76], where it may be even possible that the need for long term energy storage on the vehicle 

or robot is entirely suppressed. Other applications, not related to transportation, such as 

implantable or wearable [77] WPT-powered devices, may also fit in the DIWPT scope. 

Many DIWPT concepts and prototypes targeting electric mobility have been developed its 

conception in the late 19th century, to a point that the technology is about to become commercially 

available, at least for road use: In the current year, 2020, a pilot deployment of a DIWPT system 

with a total electrified road section of 1.6 km, the longest so far built, shall be commissioned to 

link by heavy traffic the airport of Visby, Sweden, to the center of that city [78] [79]. But there are 

still a lot of possibilities to be used and issues to be overcome, the future of DIWPT being still 

uncertain. 



Chapter 3 - Dynamic Inductive Wireless Power Transfer 

Dynamic Inductive Wireless Power Transfer for Lightweight Electric Vehicles 
Luiz Alberto Lisboa da Silva Cardoso – University of Minho 124

 

Along this chapter, after a brief introduction to the conceptual elements and terminology 

involved in DIWPT design and implementation, a short review of some milestones in the 

development of this technology is provided. Next, the principal design aspects addressed in 

previously implemented prototypes and the choices of DWIPT system parameters are discussed. 

Finally, some representative state-of-the-art projects and prototypes are reported, pointing to the 

development trends in the area, in preparation to the presentation of new possible perspectives 

for DIWPT transportation applications and instrumentation, introduced in chapters 4, 5, and 6, 

which consist in the main contribution of this work. 

3.1 Stationary versus Dynamic Inductive WPT 

In Dynamic Inductive Wireless Power Transfer (DIWPT) applications, a nominal average 

power must be transferred in between primary and secondary coils while they are in relative 

movement to each other. For the analysis of both stationary and dynamic WPT applications, 

complete theoretical support was provided in 1861 by Maxwell’s Theory of Electromagnetism and 

equations [80],[81], as popularized in Heaviside’s vector notation in 1894 [82], which consistently 

and precisely model all purely electromagnetic macroscopic terrestrial phenomena so far observed 

[83]. Although the covariant form of Maxwell equations appears to hold experimentally, even under 

the physical circumstances where the special theory of relativity has to be considered, the analysis 

of DIWPT in terrestrial transportation applications, as a low speed, low acceleration, low energy 

phenomenon, does not require relativistic approach. The only possibly subtle exception to that is 

the implicit consideration of the existence of the magnetic field itself, which can be shown to strictly 

related to the electric field (and vice-versa), as consequence of the relative movement of electrically 

charged bodies [84]. Because of that, throughout this work, no explicit consideration of the 

principle of relativity is made.  

The voltage induced in a receiving coil is the time derivative of the total magnetic flux 

crossing that coil. It will depend not only on the variation of the magnetic flux due to the time-

varying activity of the entities that source the magnetic field density vector field 𝐵 causing the 

magnetic flux, but also, on the variation of the flux caused by the displacement of that coil in 

space, unless the magnetic field is invariant in space, in the reference frame of the coil. Therefore, 

in general, the voltage induced in a moving coil, 𝑉 (𝑡), will be potentially different from the voltage 𝑉 (𝑡) induced on the same coil, by the same magnetic field 𝐵, if the coil were stationary (velocity 𝑣 = 0) with respect to all the sources creating the magnetic field B, as illustrated in Figure 78. 
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(a) Stationary induction case. (b) Dynamic induction case. 

Figure 78. Voltage induced on a coil subjected to the same magnetic field in stationary and dynamic conditions.  

The magnetic field will be invariant in space, in the reference frame of the coil, thus resulting 

in equal voltages 𝑉 (𝑡) and 𝑉 (𝑡), when all entities generating the vector field 𝐵 keep their 

relative position to the coil. That is, when these sources move (and rotate) solidary to the coil in 

its reference frame. Intuitively, the magnetic field is expected to be approximately invariant in the 

coil space, causing these two induced voltages to be approximately equal, when either the sources 

of magnetic field are very far from the coil or, equivalently, when the dimensions of the coil are 

very small, with respect to the coil speed, and the coil is keeping the angular orientation relative 

to the (average) local magnetic field, that is, it is not rotating. 

However, as it will be shown in the next section, for most electric mobility application cases, 

the commonly high range of induction frequencies used in inductive WPT and the relatively low 

speed of vehicles with respect to the wireless transfer ground structures, making it possible to 

approximate 𝑉 (𝑡) by 𝑉 (𝑡). For this reason, in most cases, a DIWPT system powering an EV 

can be designed or analyzed as a quasi-stationary WPT, that is, considering that the power transfer 

to a vehicle can be calculated and averaged as if the WPT between lane coils and the vehicle’s 

pick-up coil would happen with the EV at rest at each point along all of its path. 

3.1.1 Dynamically Induced Voltage 

Let us assume that a primary coil consists of a wire loop that can be modeled as a closed 

continuously curve  𝐾 that is continuously differentiable at all except a finite number of points - 

what is always a reasonable assumption for thin conductive wire loops that are composed of a 

finite number of “smooth” curved wire segments. If 𝐾 displaced in a region 𝐺 of the three-

dimensional Euclidean space where there is a time-varying magnetic flux vector field 𝐵, then the 

integral of the time-varying electric vector field 𝐸 on the closed path 𝐾 is well defined and, 

𝐵 𝐵 𝑣 ‖𝑣‖ = 0 

𝑉𝟎(𝑡) 𝑉𝑫(𝑡) 



Chapter 3 - Dynamic Inductive Wireless Power Transfer 

Dynamic Inductive Wireless Power Transfer for Lightweight Electric Vehicles 
Luiz Alberto Lisboa da Silva Cardoso – University of Minho 126

 

according to the Maxwell-Faraday equation, the dynamically induced voltage 𝑉  on the wire loop 

can be expressed as: 

𝑉 (𝑡)  =  𝐸. 𝑑𝐾 = − 𝑑Φ𝑑𝑡 = − 𝑑𝑑𝑡 𝐵. 𝑑𝑆 , (3.1) 

where 𝑆 is any orientable surface delimited by the curve 𝐾, such that 𝐾 = 𝜕𝑆. This expression 

was experimentally found truth and holds independently of the sources of the magnetic field 𝐵, 

which can be permanent magnets, other loops with variable current along the path of the wire, 

either fixed or moving in 𝐺, or an arbitrary combination of them. A geometrical view of this 

modeling of the wire loop moving in the magnetic field is shown in Figure 79, where two different 

states of the wire loop, at times 𝑡 and 𝑡 + 𝛥𝑡 are represented. 

Figure 79: Modeling the displacement of a wire loop in a magnetic flux vector field.  

At each time 𝑡, the wire loop, has its centroid at 𝑃(𝑡) ∈ 𝐺, and defines the position of curve 𝐾(𝑡), for which a surface 𝑆(𝑡) is considered. The total magnetic flux, due to 𝐵, crossing the 

oriented surface 𝑆, given by Φ , is also a function of the time and the point 𝑃(𝑡) where the 

primary coil is located, and does not depend on the actual surface 𝑆, but rather on the contour 

curve 𝐾 of 𝑆. 

The time derivative of the flux of a vector field through a moving element of area, as 

expressed in (3.1), can be calculated by applying a two-dimensional variant of the Leibniz Integral 

Rule theorem [85], which is also presented in a more general form in [86], resulting in the 

expression: 
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𝑉 (𝑡) =  − 𝜕𝐵𝜕𝑡 . 𝑑𝑆 + (𝑣 × 𝐵). 𝑑𝐾 − (𝛻. 𝐵)𝑣. 𝑑𝑆 (3.2) 

However, according to Maxwell-Gauss equation, 𝛻. 𝐵 = 0, and then (3.2) becomes: 

𝑉 (𝑡) =  − 𝜕𝐵𝜕𝑡 . 𝑑𝑆 + (𝑣 × 𝐵). 𝑑𝐾, (3.3) 

which is also given in [87]. The first term of the right side of equation (3.3) can be promptly 

identified as the voltage 𝑉  induced on the wire loop as if 𝐵 would depend only on t, that is, as if 

the wire loop 𝐾(𝑡) were permanently “at rest” (stationary) at position 𝑃(𝑡): 

𝑉 (𝑡) = − 𝜕𝐵𝜕𝑡 . 𝑑𝑆, (3.4) 

so, (3.3) can be re-writen as: 

𝑉 (𝑡)  =  𝑉 (𝑡) + (𝑣 × 𝐵). 𝑑𝐾( ) , (3.5) 

The second term on the right, in expressions (3.3) and (3.5), which can be named 𝑉 (𝑡), 

is a component of the induced voltage that simultaneously depends on both the velocity field 𝑣 of 

the wire loop and on the magnetic field 𝐵 at time 𝑡 along the curve 𝐾(𝑡), so it can be writen: 

𝑉 (𝑡)  = 𝑉 (𝑡) + 𝑉 (𝑡) (3.6) 

This new component 𝑉 (𝑡) is not observed when the wire loop is stationary in 𝐺, and it 

does not directly depend on the time-varying pattern of the magnetic field 𝐵, but rather on the 

instantaneous spatial distribution of 𝐵 at time 𝑡, as if it were a constant field in time with the 

incidental value 𝐵 . 

Noticeably, the assumptions made on the curve 𝐾(𝑡) are general enough not to restrict the 

validity of (3.6) if the wire loop is accelerating, rotating, bending, expanding or contracting, or even 

changing its shape with time, as long as these changes are “smooth”, and there is always a 

surface comprised by 𝐾(𝑡) that remains orientable. In order to enhance the intuitive perception 

of this movement-dependent term of the induced voltage, and how it will affect DIWPT analysis 

and design, a few special cases are considered in the following sections. 
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3.1.1.1 Dynamically induced voltage due to DC components of the magnetic field 

A time-invariant component 𝐵  of 𝐵, such that: 

𝐵(𝑢, 𝑡) = 𝐵 (𝑢) + 𝐵 (𝑢, 𝑡), (3.7) 

will have no effect in the “stationary” term 𝑉 (𝑡), for 𝜕𝐵 𝜕𝑡 =⁄ 𝜕𝐵 𝜕𝑡⁄ . But it will cause the 

“dynamically” induced component 𝑉 (𝑡) of 𝑉 (𝑡), in (3.6), to split in two potentially non-zero 

terms, 𝑉 , (𝑡) and 𝑉 , (𝑡), which will depend on the joint pattern of velocity field 𝑣 and the 

magnetic field 𝐵 itself, as derived from (3.5): 

𝑉 (𝑡)  =  𝑉 (𝑡) + (𝑣 × 𝐵 ). 𝑑𝐾( ) + (𝑣 × 𝐵 ). 𝑑𝐾( ) , (3.8) 

or equivalently: 

𝑉 (𝑡)  =  𝑉 (𝑡) + 𝑉 , (𝑡) + 𝑉 , (𝑡), (3.9) 

where: 

𝑉 , (𝑡) = (𝑣 × 𝐵 ). 𝑑𝐾( )  (3.10)

and 

𝑉 , (𝑡) = (𝑣 × 𝐵 ). 𝑑𝐾( )  (3.11)

𝐵  can be regarded as the component of vector field 𝐵 that could result, for instance, from 

a mix of stationary permanent magnets and primary loops of constant current placed along the 

path of the wire loop given by 𝐾(𝑡). 𝐵 , on the other hand, is the time-varying component, and 

could be the net result of moving magnets and time-varying currents in primary loops placed in 

the neighborhood of the moving wire loop under consideration, which, in this case, plays the role 

of a secondary coil. 

If the vector field 𝑣 is such that the cross product 𝑣 × 𝐵  is constant along 𝐾(𝑡), then the 

term of the induced voltage on the wire loop due to 𝐵  is zero, because the integral of the 

oriented differential elements 𝑑𝐾 over curve 𝐾 is also zero: 



Chapter 3 - Dynamic Inductive Wireless Power Transfer 

Dynamic Inductive Wireless Power Transfer for Lightweight Electric Vehicles 
Luiz Alberto Lisboa da Silva Cardoso – University of Minho 129

 

𝑉 , (𝑡) = (𝑣 × 𝐵 ). 𝑑𝐾( ) = (𝑣 × 𝐵 ). 𝑑𝐾( ) = 0 (3.12)

One particular case, in which 𝑣 × 𝐵  is constant, resulting in 𝑉 , (𝑡) = 0, as anticipated in 

section 3.1, is when both 𝑣 and 𝐵  are spatially invariant, corresponding to the situation of a 

rigid wire loop travelling on either a solidary or a hypothetically uniform magnetic field, a 

configuration where it is also experimentally observed no induced voltage on the wire loop. 

Worthwhile mention, even for a rigid body, the velocity vector field 𝑣 is not necessarily constant 

along 𝐾, when the centroid 𝑃(𝑡) of 𝐾(𝑡) is moving with constant velocity 𝑣 : If the wire loop 

defined by 𝐾(𝑡) is spinning, the velocity vector 𝑣 on the points of 𝐾(𝑡) will be dispersed around 

the average velocity 𝑣  of the wire loop, what will potentially cause a non-zero induced voltage, 

even while moving in a constant, uniform magnetic field. 

3.1.1.2 Dynamically induced voltage on a spinning wire loop moving in space 

Let us consider that the wire loop given by 𝐾(𝑡) is spinning with angular frequency 𝜔 ≠  0 

around its centroid at position 𝑃(𝑡), while it moves (translation) in 𝐺 with velocity 𝑣 . If at some 

initial time 𝑡  the centroid is at position 𝑃 = 𝑃(𝑡 ), then the centroid position in given by: 

𝑃(𝑡)  =  𝑃 + 𝑣 𝑑𝑡, (3.13)

Recognizing 𝐾(𝑡) as the image of a joint function 𝑘 of the time 𝑡 and of an independent 

parameter 𝑞 ∈ ℝ, with 𝑘 continuous, and differentiable in all points where the corresponding point 

in 𝐾(𝑡) is also differentiable, it is possible to write that: 

𝐾(𝑡) = 𝑘(𝑞, 𝑡) ∈ ℝ | 𝑞 ∈ 𝑄 = 𝑞 , 𝑞 ⊂ ℝ  (3.14)

where, at any time 𝑡, 𝑘(𝑞 , 𝑡) = 𝑘(𝑞 , 𝑡), for 𝐾(𝑡) is a closed path. Then, the point 𝑘(𝑞, 𝑡) can 

be expressed by its relative position 𝑟 with respect to 𝑃, such that: 

𝑘(𝑞, 𝑡)  = 𝑃(𝑡) + 𝑟(𝑞, 𝑡), (3.15)

Using (3.13), and the expression (3.15) becomes: 

𝑘(𝑞, 𝑡)  =  𝑃 + 𝑣 𝑑𝑡 + 𝑟(𝑞, 𝑡), (3.16)
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from where the velocity 𝑣 is given by: 

𝑣 = 𝑑𝑘(𝑢, 𝑡)𝑑𝑡 = 𝑣 + 𝜕𝑟(𝑞, 𝑡)𝜕𝑡 + 𝜕𝑟(𝑞, 𝑡)𝜕𝑞 . 𝜕𝑞𝜕𝑡  (3.17)

Because the parametric variable 𝑞, that generates 𝐾(𝑡), is independent of time 𝑡, 𝜕𝑞 𝜕𝑡⁄ = 0, 

then (3.17) is simply: 

𝑣 = 𝑣 + 𝜕𝑟(𝑞, 𝑡)𝜕𝑡  (3.18)

In addition, because the loop is spinning about 𝑃(𝑡) with angular velocity vector 𝜔, 𝜕𝑟(𝑞, 𝑡)/𝜕𝑡 

is the radial velocity with respect to 𝑃(𝑡), which can be expressed by the cross-product of 𝜔 

and 𝑟(𝑞, 𝑡): 𝜕𝑟(𝑞, 𝑡)𝜕𝑡 = 𝜔 × 𝑟(𝑞, 𝑡) (3.19)

Then substituting (3.19) in (3.17), the velocity field on the point 𝑘(𝑞, 𝑡) of 𝐾(𝑡): 

𝑣(𝑞, 𝑡) = 𝑣 + 𝜔 × 𝑟(𝑞, 𝑡) (3.20)

Because 𝐾(𝑡) and the relative position vectors 𝑟(𝑞, 𝑡) are spinning together and being measured 

in the same reference frame of vector fields 𝐵 and 𝑣, it is possible to abstract the specific time 𝑡 

and the specific point of 𝐾(𝑡) associated with parameter 𝑞 ∈ 𝑄, and simply denote the velocity 

vector field as: 

𝑣 = 𝑣 + 𝜔 × 𝑟 (3.21)

Finally, substituting (3.21) in (3.5), an expression for computing the dynamically induced voltage 

on a loop that spins around (its centroid) 𝑃(𝑡), which is moving with velocity 𝑣  on an arbitrary 

time-varying vector field B is given by: 

𝑉 (𝑡)  =  𝑉 (𝑡) + (𝑣 × 𝐵). 𝑑𝐾( ) + (𝜔 × 𝑟) × 𝐵 . 𝑑𝐾( ) , (3.22)

Now noticing that: 
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𝑉 , (𝑡)  =  (𝑣 × 𝐵). 𝑑𝐾( ) , (3.23)

and naming: 

𝑉 , (𝑡)  =  (𝜔 × 𝑟) × 𝐵 . 𝑑𝐾( ) , (3.24)

it is possible to write: 

𝑉 (𝑡)  =  𝑉 (𝑡) + 𝑉 , (𝑡) + 𝑉 , (𝑡) (3.25)

The dynamically induced voltage on the wire loop at instant 𝑡 , 𝑉 (𝑡 ), is then the sum of 

three terms: 

(i) The first term, 𝑉 (𝑡 ), is the induced voltage on the wire loop as if it were stationary 

at the position 𝑃(𝑡 ), with no angular rotation, under the effect of the time-varying 

magnetic field 𝐵. 

(ii) The second term, 𝑉 , (𝑡 ), is the voltage that would be induced on the wire loop 

if it were passing with constant velocity 𝑣  at the point 𝑃(𝑡 ), without spinning, but 

with the same spatial orientation it would have at time 𝑡  due to the spinning 

movement given by 𝜔, travelling on a time-invariant magnetic field 𝐵(𝑡 ). 
(iii) The third term, 𝑉 , (𝑡 ), corresponds to the voltage that would be induced on the 

same wire loop if it were spinning with angular velocity 𝜔 fixed at position 𝑃(𝑡 ), 

while surrounded by a time-invariant magnetic field 𝐵(𝑡 ). 
This physical interpretation of (3.25) requires some abstraction, since all voltages 𝑉 , 𝑉 ,  

and 𝑉 ,  are all functions of the time themselves, but the expression provides a tool for the 

computation of the dynamically induced voltage 𝑉 (𝑡). 

It is still possible to consider (3.7) again and write that: 

 𝑉 , (𝑡) = 𝑉 , (𝑡) + 𝑉 , (𝑡) (3.26)

and 
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𝑉 , (𝑡) = 𝑉 , (𝑡) + 𝑉 , (𝑡) (3.27)

further breaking (3.25) into: 

𝑉 (𝑡)  =  𝑉 (𝑡) + 𝑉 , (𝑡) + 𝑉 , (𝑡) + 𝑉 , (𝑡) + 𝑉 , (𝑡) (3.28)

The voltage component associated with the effect of the spinning movement in the time-

invariant magnetic field 𝐵 , 𝑉 , (𝑡), for instance, is the prevalent term in rotative generators, 

mostly used for grid and off-grid higher power level generation, while 𝑉 , (𝑡) is the prevalent 

term in linear generators used in some energy harvesting devices, as in [88],[89]. The first term 

of the dynamically induced voltage, 𝑉 (𝑡), on the other hand, is the only relevant term in stationary 

inductive WPT applications, in which the relative position of the secondary coil is fixed with respect 

to the primary coils that produces the magnetic field 𝐵. 

3.1.1.3 Case of a non-spinning coil not subjected to an external DC magnetic field 

In a typical DIWPT configuration for electric mobility applications, the secondary coil, as 

given by the curve 𝐾(𝑡), can be assumed to be a rigid body that is neither spinning nor making 

turns of significant magnitude along its path, and that implies an equivalent angular velocity of the 

secondary coil that can be neglected (𝜔 ≅ 0), and thus, the term 𝑉 , (𝑡) will be approximately 

zero in (3.25).  

In the same way, considering that no permanent magnets or primary coils carrying constant 

currents are normally, by design, placed along the path of an EV (and the secondary coil), it can 

be assumed that no external DC magnetic field component will act on 𝐾(𝑡), so  𝑉 , (𝑡) = 0. 

Under the above conditions, the dynamically induced voltage on secondary coil on-board of 

an EV, 𝑉 (𝑡), can be expressed as: 

𝑉 (𝑡)  ≅  𝑉 (𝑡) + 𝑉 , (𝑡)  (3.29)

3.1.2 Dynamically Induced Voltage under Sinusoidal Sources 

The dynamically induced voltage given by expression (3.22), or even that in the simplified 

case of non-spinning coils not subjected to DC magnetic fields, as in (3.29), may be difficult to 

calculate in a general case, due to the interaction of the velocity vector with the magnetic field 
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vector in the integrands of these expressions. But some few extra considerations, commonly found 

in real-world electric mobility applications of DIWPT, can lead to the possibility of simplifying the 

calculation of the dynamically induced voltage. In fact, in many circumstances it will be shown that 

it is even possible to neglect the terms of the induction voltage due to the relative movement of 

the coils, allowing the approximation of 𝑉 (𝑡) by 𝑉 (𝑡) only, as if the moving coil were at rest in 

all points of its trajectory. 

So, in the case of a non-spinning coil that moves at constant velocity 𝑣  and is not subjected 

to a DC magnetic field component, let us further assume that the time-varying magnetic vector 

field 𝐵  has a periodic sinusoidal dependence on time 𝑡, with frequency 𝑓 , being expressed as: 

𝐵 (𝑝, 𝑡)  =  𝐵 (𝑝) 𝑐𝑜𝑠(2𝜋𝑓 𝑡 + 𝜃 ) , 𝑝 ∈ 𝐺 (3.30)

where the vector field 𝐵  is not time-dependent. Without loss of generality, let us also assume that 

the phase 𝜃 = 0; then, expanding (3.4): 

𝑉 (𝑡)  =  − 𝜕𝐵𝜕𝑡 . 𝑑𝑆 = 2𝜋𝑓 𝑠𝑖𝑛(2𝜋𝑓 𝑡) 𝐵 . 𝑑𝑆  (3.31)

and expanding (3.5): 

𝑉 , (𝑡)  =  (𝑣 × 𝐵 𝑐𝑜𝑠(2𝜋𝑓 𝑡) ). 𝑑𝐾( )  

 = 𝑐𝑜𝑠(2𝜋𝑓 𝑡) (𝑣 × 𝐵 ). 𝑑𝐾( )  

     = ‖𝑣 ‖ 𝑐𝑜𝑠(2𝜋𝑓 𝑡) 1 × 𝐵 . 𝑑𝐾( ) , (3.32)

where 1  is the unity vector with the same orientation of the velocity 𝑣 . 

By applying Stoke’s theorem to (3.32), it follows that: 

𝑉 , (𝑡)  =  𝑐𝑜𝑠(2𝜋𝑓 𝑡) 𝛻 × (𝑣 × 𝐵 ). 𝑑𝑆, (3.33)

where the integrand 𝛻 × (𝑣 × 𝐵 ) can be expanded as: 

𝛻 × (𝑣 × 𝐵 )  = 𝑣 (𝛻. 𝐵 ) − 𝐵 (𝛻. 𝑣 ) + (𝐵 . 𝛻)𝑣 − (𝑣 . 𝛻) 𝐵  (3.34)
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In (3.34), the first term in null because 𝛻. 𝐵  is null according to the Maxwell-Gauss equation 

for magnetism, and 𝛻. 𝑣  is null by hypothesis (the velocity 𝑣  is constant in space). It can also 

be noticed that for vector fields 𝑥 and 𝑦, (𝑥 . 𝛻)𝑦 is the Jacobian of y, 𝙹 , applied to 𝑥; so: 

(𝑣 . 𝛻) 𝐵 = 𝙹 (𝑣 ) = ‖𝑣 ‖ 𝙹 1  (3.35)

(𝐵  . 𝛻)𝑣 = 𝙹 (𝐵 ) (3.36)

Again, because 𝑣  is constant, 𝙹 (𝐵 ) = 0, then (3.34) becomes: 

𝑉 , (𝑡)  =  − ‖𝑣 ‖ 𝑐𝑜𝑠(2𝜋𝑓 𝑡) 𝙹 1 . 𝑑𝑆, (3.37)

where 𝙹  is the Jacobian of the magnetic field 𝐵  acting on the coil. Expression (3.37) conveys 

a more intuitive notion of 𝑉 ,  than (3.32), meaning that this component of the induced voltage 𝑉  is proportional to the integral on S of the variation of the vector 𝐵  in direction of 𝑣 , as well 

as proportional to the speed ‖𝑣 ‖ itself. 

In terms of phase delays, looking at (3.30) and (3.31), it can be noticed that the phase of 𝑉  is delayed from that of the magnetic field generated by the primary coil, 𝐵 , by an angle of 𝜋 2⁄ , while 𝑉 ,  is either in phase or in counter-phase with 𝐵 , respectively depending 

whether the variation of the magnetic flux on S is negative or positive when 𝐾 is incrementally 

displaced in the direction of 𝑣 . 

Figure 80a shows the complex plots of the associated phasors 𝐵 , 𝑉 , 𝑉 ,  and 𝑉  

at the frequency 𝑓 , for the case in which the secondary coil is in a position of the space where 

the tendency for the variation of the magnetic flux on S is positive in the direction of the velocity 𝑣 , as illustrated in Figure 80b. Conversely, if the secondary coil is moving in a position where 

the tendency for the variation of the magnetic flux on S is negative in the direction of the velocity 𝑣 , as illustrated in Figure 81b, then 𝑉 ,  is in phase with 𝐵 , as shown in Figure 81a. In 

both cases, if there is a non-zero speed ‖𝑣 ‖, it is expected that: 

 𝑉 ≥ 𝑉  (3.38)
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(a) (b) 

Figure 80. (a) Phasor components of the dynamically induced voltage on a secondary coil when its movement is 
enhancing the oriented magnetic flux on the induced coil (b). 

 

 

(a) (b) 

Figure 81. (a) Phasor components of the dynamically induced voltage on a secondary coil when its movement is 
decreasing the oriented magnetic flux on the induced coil (b). 

3.1.3 Approximating DIWPT as Quasi-stationary IWPT 

The magnitude ratio 𝛿 of the RMS values of 𝑉 , (𝑡) (3.37) and 𝑉 (𝑡) (3.31) can then 

be calculated as the modulus of 𝛿 : 

𝛿  =   𝑉 ,  𝑉  =  −𝑗 ‖𝑣 ‖2𝜋𝑓 𝙹 1 . 𝑑𝑆𝐵 . 𝑑𝑆 , (3.39)

𝛿  =  𝑉 ,  𝑉  =  |𝛿 | = ‖𝑣 ‖2𝜋𝑓 𝙹 1 . 𝑑𝑆𝐵 . 𝑑𝑆 , (3.40)

 

𝑣  

𝐵⬚ 𝐾⬚⬚ 

𝑣  

𝐵⬚ 𝐾⬚⬚ 
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or, according to (3.32), alternatively, as: 

𝛿 =  ‖𝑣 ‖2𝜋𝑓  ∮ 1 × 𝐵 . 𝑑𝐾( ) 𝐵 . 𝑑𝑆 , (3.41)

Since the ratio of the integrals, in either (3.37) or (3.39), does not depend on ‖𝑣 ‖ or 𝑓 , 

if the magnetic net flux of 𝐵  though the coil is not null, it follows from (3.41) that it will be always 

possible to make 𝛿 smaller than any given value by also making sufficiently small the ratio ‖𝑣 ‖ 𝑓⁄ . That is, in a typical DIWPT system design, with the pick-up coil fixed on board of an EV, 

the higher the EV speed ‖𝑣 ‖ is, the higher the induction frequency 𝑓  has also to be in order to 

make it possible to approximate 𝑉 (𝑡) by 𝑉 (𝑡), treating the design as a quasi-stationary IWPT 

case. In the following paragraphs, a few more assumptions on the geometry of the problem are 

made to derive a criterion for checking the applicability of this approximation. 

3.1.3.1 Simplified criterion for approximating DIWPT as a quasi-stationary IWPT 

In order to assess whether the ratio ‖𝑣 ‖ 𝑓⁄  is low enough as to permit the approximation 

of 𝑉 (𝑡) by 𝑉 (𝑡), or, conversely, to establish the minimum frequency 𝑓  for which this 

approximation is valid for a given maximum speed 𝑣 , a relationship among ‖𝑣 ‖, 𝑓  and the 

geometry of the coil is initially found for an specific configuration. 

So, let’s first assume that the magnetic field 𝐵 (𝑝, 𝑡), acting on the secondary coil given 

by the curve 𝐾, is due to a single primary coil generating in the neighborhood of 𝐾, with both coils 

in free space, and that any point of 𝐾 is at a distance ‖𝑟‖ from the primary coil much greater 

than de dimensions of the primary coil itself, as illustrated in Figure 82. Then, the time-invariant 

magnetic vector field 𝐵  of (3.30) can be approximated as if it were being produced by an 

equivalent magnetic dipole, 𝑚, which can be expressed as [90]: 

 𝐵 (𝑟) ≅  𝐵 (𝑟) = 𝜇4𝜋 3(𝑚. 𝑟)𝑟‖𝑟‖ − 𝑚‖𝑟‖  (3.42)

which can be further developed as: 

 𝐵 (𝑟) ≅  𝐵 (𝑟) =  𝜇 ‖𝑚‖4𝜋‖𝑟‖ 3 cos 𝜃 . 1 − 1  (3.43)
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where 𝜇  is the uniform magnetic permeability of the free space; 𝑚 is magnetic dipole vector; 1  

is the unity vector in direction of the oriented distance 𝑟 to the secondary coil, show in red in 

Figure 82; and 1  is the unity vector in the direction of the magnetic dipole 𝑚. 

For our analysis, working in spherical coordinates (𝑟, 𝜃, 𝜑), it is more convenient to re-

express 1  in terms of 1  and 1 , the unity vector in direction of the polar angular displacement 𝜃, shown in green in Figure 82: 

1 =  cos 𝜃 . 1 − sin 𝜃 . 1  (3.44)

Then, by substituting (3.44) in (3.43) it results that: 

 𝐵 (𝑟)  ≅  𝜇  ‖𝑚‖4𝜋‖𝑟‖ (2 cos 𝜃 . 1 + sin 𝜃 . 1 ) (3.45)

 

Figure 82: Special case when the primary coil can be modeled by approximation as a magnetic dipole.  

Under the above conditions, 

1 × 𝐵 . 𝑑𝐾( )  ≤   𝜇  ‖𝑚‖‖𝑟‖ ℓ . max‖(2 cos 𝜃 . 1 + sin 𝜃 . 1 )‖ (3.46)

where ℓ  is the total length of the curve, and ‖𝑟‖  is the minimum distance of a point in 𝐾 to 

the position of the equivalent magnetic dipole 𝑚. 

But since 1  and 1  are orthogonal, 

Secondary Coil 
(as given by curve 𝐾 ) 

 

Primary Coil 

𝜃 

𝐾
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‖(2 cos 𝜃 . 1 + sin 𝜃 . 1 )‖ = 3 cos 𝜃 + 1 , (3.47)

what implies in: 

1 ≤  ‖(2 cos 𝜃 . 1 + sin 𝜃 . 1 )‖ ≤ 2 (3.48)

Hence, (3.46) becomes: 

1 × 𝐵 . 𝑑𝐾( ) ≤ 𝜇 ‖𝑚‖‖𝑟‖ . 2ℓ  (3.49)

Now, for simplicity, let us further assume that 𝐾 is planar and delimits an oriented area 𝐴 , 

and in search for an upper bound to the magnitude ratio 𝛿, search for a lower bound for the 

integral in de denominator of (3.41). 

In an well designed DIWPT configuration, in order to optimize the magnetic time-varying flux 

through 𝐴 , the power transfer will occur with the secondary coil in a nominal relative position 

range to the primary coil such that either 1 . 𝑑𝐴 is always positive or always negative, at all 

points on 𝐴 , there existing an equivalent angle 𝛽, with cos(𝛽) ≠ 0 , such that: 

1 . 𝑑𝐴 = ‖𝐴 ‖ |cos(𝛽)| (3.50)

The angle β can be seen as some mean value of the angle between the magnetic field 𝐵  and the 

normal unit vector at each point of the area 𝐴  and, in good DIWPT designs, it will be as close to 

zero or 𝜋 as possible, so that the magnetic flux from primary to secondary coil is increased. 

So, linking (3.45) into (3.41): 

𝐵 . 𝑑𝑆 =   𝜇  ‖𝑚‖4𝜋  (2 cos 𝜃 . 1 + sin 𝜃 . 1 ). 𝑑𝐴‖𝑟‖  (3.51)

So, under the constructive assumption of 1 . 𝑑𝐴 always positive or always negative: 

𝐵 . 𝑑𝑆  ≥   𝜇 ‖𝑚‖‖𝑟‖  min‖(2 cos 𝜃 . 1 + sin 𝜃 . 1 )‖ 1 . 𝑑𝐴  (3.52)

Looking at (3.48) again,  
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𝐵 . 𝑑𝑆  ≥   𝜇 ‖𝑚‖‖𝑟‖ ‖𝐴 ‖ cos(𝛽)  (3.53)

By combining (3.49) and (3.53) into (3.41), it results: 

𝛿  ≤    ‖𝑣 ‖𝜋𝑓  ℓ 𝛾‖𝐴 ‖ . |cos(𝛽)| = 𝛿 , where  𝛾 = ‖𝑟‖‖𝑟‖  

 

(3.54)

The relative error 𝜀 in approximating 𝑉 (𝑡) by 𝑉 (𝑡) is then given by: 

𝜀 =  𝑉  − 𝑉  𝑉 =  𝑉   𝑉 − 1 = 𝑉 + 𝑉 ,𝑉 − 1 = (3.55)

=  1 + 𝛿 − 1 (3.56)

In the regions where 𝑉 ,  is to be neglected relatively 𝑉 , it is expectable that 0 <  𝛿 <  1, so it is possible to use the inequality: 

1 + 𝛿 ≤ 1 + 𝛿2 , (3.57)

from where: 

𝜀   ≤    𝛿2 ≤ 𝛿2  (3.58)

Then, by forcing the limit value 𝛿  to be less than √2𝜀, for some desired some desired 

small enough maximum relative error 𝜀, it will be possible to establish a condition in which the 

dynamically induced voltage component 𝑉 ,  can be neglected relatively to 𝑉 , and the 

induced voltage, 𝑉 , approximated by its purely stationary component. It is emphasized that this 

theoretical result was derived and holds, among other assumptions, if the primary coil geometry 

and distance to the secondary coil are such that the magnetic field of the primary coil can 

satisfactorily modeled as that of an ideal magnetic dipole, at least in the neighborhood of the 

secondary coil. On the other hand, by the superposition principle, (3.54) would as well hold 

individually for each primary coil that is sourcing the magnetic field to the secondary coil (and the 

associated induced voltage component), if more than one primary coil is present and close enough 

to influence the induced voltage on the secondary coil. 
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3.1.3.2 Special Case of a Circular Secondary Coil far away from the Primary Coil 

If the primary coil is circular, consisting of a 𝑁 circular wire turns coinciding with a circle 𝐾 

of diameter 𝐷, then its total length ℓ  and total area are given by: 

ℓ   = 𝑁 𝜋 𝐷 (3.59)

‖𝐴 ‖  = 𝑁 𝜋 𝐷2  (3.60)

So (3.54), for this circular coil becomes: 𝑉 ,𝑉 ≤ 4𝛾 ‖𝑣 ‖𝜋𝑓 𝐷|cos(𝛽)| (3.61)

Exemplifying the application of (3.61), let us assume that a circular secondary coil with 𝐷 =  0.5 m is travelling at a speed of 140 km/h, in a relative position range to a primary coil 

such that cos(𝛽) ≥  0.5, and at a sufficiently large distance, such that 𝛾 ≤ 1.5. Then a sufficient 

condition for approximating 𝑉 (𝑡) as if the secondary coil were at rest with respect to the primary 

coil, with an error of less than 𝜀 = 1%, is to require that: 

𝑓  ≥  4 × 1.5 × 140 × 1000 𝑚3600 𝑠𝜋 × 0.5 m × 0.5 × √2 × 1%, 
(3.62)𝑓  ≥ 4.7 kHz 

3.1.3.3 Quasi-stationary Approximation in DIWPT Design for Automotive Applications 

The numbers used in the example of (3.62) are not completely incidental. The speed value 

of 140 km/h and the secondary coil diameter of 0.5 m can be considered within typical ranges 

for respectively the maximum speed and typical coil pick-up size, for an EV. However, the 

conservative estimation given by (3.61) assumes that the secondary coil is far away from the 

primary coil, relatively to the dimensions of the coils, which is a theoretical situation which is not 

of great interest for electric vehicles moving over an inductive lane. 

In order to analyze the more useful situation whereas an EV is close to the lane, it would be 

necessary to look back to equations (3.29) and (3.37), and notice that: 

𝑉 (𝑡)  ≅  𝑉 (𝑡) − ‖𝑣 ‖ 𝑐𝑜𝑠(2𝜋𝑓 𝑡) 𝙹 1 . 𝑑𝑆, (3.63)
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Let us assume the secondary and primary coils are flat and parallel to the ground and 

located at distance ℎ to each other. The differential element 𝑑𝑆 of the secondary coil will be 

perpendicular to the ground plane, which is also the plane on which the vehicle can move. Using 

the ISO 4130 three-dimensional reference system [91], which is equivalent to having the 𝑥 and 𝑦 

components of 𝑑𝑆 zero (𝑧 is the vertical axis), that is 𝑑𝑆 = (0, 0, 𝑑𝐴). Also, since the vehicle only 

moves parallel to the ground plane: 

1 = 𝑣 , 𝑣 , 0‖𝑣 ‖ , (3.64)

where 𝑣  is the speed of the vehicle in the direction of the road, and 𝑣  is its speed of lateral 

movement with respect to the center of the road. 

So, expression (3.63) becomes equivalent to: 

𝑉 (𝑡)  ≅  𝑉 (𝑡) − 𝑐𝑜𝑠(2𝜋𝑓 𝑡) 𝜕𝐵𝜕𝑥 𝑣 + 𝜕𝐵𝜕𝑦 𝑣 𝑑𝐴, (3.65)

In these conditions, expression (3.31) can also be simplified to: 

𝑉 (𝑡)  =  − 𝜕𝐵𝜕𝑡 . 𝑑𝑆 = 2𝜋𝑓 𝑠𝑖𝑛(2𝜋𝑓 𝑡) 𝐵 𝑑𝐴  (3.66)

Assuming that 𝑣 = 0 and 𝑣  is constant, and expressing the voltages in terms of phasors, 

the relative complex error in approximating 𝑉  by 𝑉 , 𝛿 , will be given, for 𝑉 > 0, by: 

𝛿 =   𝑉  𝑉 − 1 = −𝑗 𝑣2𝜋𝑓 𝜕𝐵𝜕𝑥 𝑑𝐴𝐵 𝑑𝐴  (3.67)

Both 𝛿 = |𝛿 | and 𝜀 will tend to increase as the secondary coil approaches a position in 

space where  𝐵  𝑑𝐴 = 0, that is, where the induced voltage if the vehicle were stationary, 𝑉 , 

is zero. But this is not a matter of concern, because, by design, these positions are clearly not 

where DIWPT operation is normally expected. 

So, when the secondary coil is positioned in such a way that the primary coil is inducing 

non-zero voltage on it, it is possible to write: 

𝛿 = −𝑗 𝑣    2𝜋𝑓  𝜕𝐵𝜕𝑥 (𝑆) 𝑑𝐴𝐵 (𝑆) 𝑑𝐴 = −𝑗 𝑣2𝜋𝑓 𝜕𝐵𝜕𝑥 (𝑆)𝐵 (𝑆) , (3.68)
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where 𝐵 (𝑆) and 𝜕𝐵 𝜕𝑥⁄ (𝑆) are respectively the average vertical component of the magnetic 

field and the average derivative of the vertical component of the magnetic field with respect to 𝑥, 

on the area 𝑆 enclosed by the secondary coil, for any given position of the vehicle. 

When the area of the secondary coil is very small, it is possible to approximate (3.68) by 

taking the limit condition 𝑆 ⟶ 0, so, where the amplitude of the magnetic field 𝐵 (𝑥, 𝑦, 𝑧) > 0: 

𝛿 ≅ |𝑣 |   2𝜋𝑓  1𝐵 𝜕𝐵𝜕𝑥 = |𝑣 |2𝜋𝑓 𝜕 log|𝐵 |𝜕𝑥  (3.69)

To address a popular case in automotive DIWPT applications, let us further assume that the 

primary coil is an oblong rectangular horizontal coil. Then, still considering that secondary coil is 

very small, compared to the primary coil, let us assume that it is travelling over the horizontal 

primary coil in center-alignment with it, at a constant height ℎ, as shown in Figure 83. 

 

Figure 83: Rectangular primary coil in quasi-static approximation of DIWPT. 

The components of 𝐵  respectively due to the transversal (dark red in Figure 83) and axial 

(blue in Figure 83) segments of the primary coil can be calculated using the Biot-Savart Law by: 

𝐵 ,𝜇𝐼 4𝜋⁄ = ⎝⎜
⎛ − 𝐿2 − 𝑥𝐿2 − 𝑥 + 𝑦 + ℎ + 𝐿2 + 𝑥𝐿2 + 𝑥 + 𝑦 + ℎ ⎠⎟

⎞ 𝑑𝑦 (3.70)

and 

𝐵 ,𝜇𝐼 4𝜋⁄ = 𝐷((𝑥 − 𝑢) + 𝑦 + ℎ ) 𝑑𝑢 (3.71)
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Exemplifying with primary coil dimensions 𝐿 = 2 m and 𝐷 = 0.5 m, and ℎ = 0.2 m, and 

plotting the magnetic field and its gradient along the direction 𝑥, both normalized to 𝜇 𝐼 4𝜋⁄ , it 

is possible to plot the graphs in Figure 84. 

 

Figure 84: Error in quasi-static approximation of DIWPT using a primary rectangular coil. 

Visibly, the magnitude of the normalized relative error 𝛿 is only high where the magnetic 

field 𝐵  is very small (close to zero), at the transitions into and out of the main design zone for 

wireless power transfer. These transitions, in terms of transferred power, should be less relevant 

to the operation of the DIWPT, in an automotive application. 

In this example, the maximum value of the normalized relative error, on the approach of 

primary coil is approximately 2.71, so, except near the zero crossings of 𝐵 , the relative error 

observed while approximating the induced voltage as if it were resulting from a stationary 

experiment will be given by: 

𝛿 = 𝑣2𝜋𝑓 2.71 (3.72)

Travelling at a speed 𝑣 = 140 km/h, if the relative error 𝜀 is required to be less than 1%, 

except near the zero crossings of the magnetic field, then a sufficient condition for approximating 𝑉 (𝑡) by 𝑉 (𝑡), as if the secondary coil were at rest with respect to the primary coil (except very 

close to the zero crossing point of 𝐵 ), is that: 
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𝑓  ≥  140 × 1000 𝑚3600 𝑠 × 2.712𝜋 × √2 × 1% , 
(3.73)𝑓  ≥ 119 Hz 

Along most of the central section of the primary coil, the requirement in (3.73) is 

conservative, as it can be derived from the depressed central section of the curve of normalized 

error, in red in Figure 84. On the other hand, an elevation on the amplitude of the induced voltage 𝑉  is always expected when the secondary is transitioning over the primary coil limits, where |𝜕𝐵 𝜕𝑥⁄ | is high. This can prevent the induced voltage from reaching zero, at the zero crossings 

in the magnetic field, what would be expected in the stationary case. 

In today’s WPT and DIWPT applications, to achieve larger transferred power levels, the 

induction frequency 𝑓  is commonly found in the order of tens of kilohertz, significantly higher than 

both in required by either (3.62) or (3.73). 

Particularly, in automotive applications, the same proposed frequency band recommended 

by SAE for stationary automotive recharging, which is centered at 85 kHz [92], is being used in 

new DIWPT transfer systems for road vehicles. So, at these commonly expected working 

frequencies, it can be assumed that the quasi-stationary approximation holds. The only effect 

unique to DIWPT, that is expected as discrepancy to this approximation, is the appearance of 

transient peaks in the induced voltage, when the secondary coil passes over the points of high 

spatial variation in the magnitude of the magnetic field generated by the primary coil. 

3.2 Early DIWPT Designs 

The earliest DIWPT design that was found in the literature is the French patent of a "New 

System for Electric Traction of Vehicles", by Maurice Hutin and Maurice Leblanc, filed on 

November 5, 1890, in Paris [93]. The electric vehicles were something new, and most of the 

efforts of the engineering community by the end of the 19th century was dedicated to the 

improvement of the electric power traction itself, overhead lines technology, and batteries. In 

addition, the necessary materials and components for adequately implementing the idea were not 

yet available at that time. Because of that, the design was soon completely forgotten, and so 

remained until 1923-24, when it was rediscovered and speculatively referenced in some French 

scientific magazines [94]. Forgotten again, DIWPT would be brought to public demonstration, for 

possibly the first time, in 1943, by the Russian scientist and engineer George Ilyich Babat, who 
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designed and successfully prototyped what he called the “High-frequency Transport” [94],[95]. 

But the electronic tube technology Babat could use at his time only rendered him a very low 

electrical efficiency system, what would not yet make it possible for DWIPT to compete with other 

wired technologies. Because of that, DWIPT was again forgotten for a few decades more. 

After the silicon solid state power electronic components became available and popular, the 

DWIPT concept naturally resurged with new investigations focusing public transportation [96], 

beginning from the 1970’s on. Eventually, a dedicated research line was started at the University 

of Auckland, led by prof. John Talbot Boys, where the first modern DWIPT design is believed to 

have been accomplished [14]. In the next sections, some of these historically important designs 

are briefly reviewed, to help consolidate the origins and fundamental principles of DIWPT. 

3.2.1 Hutin and Leblanc DWIPT Design 

Hutin and Leblanc DIWPT design is embodied in the patent number 209323, granted on 

February 18, 1891, by the French Ministry of Commerce and Industry (“Ministère du Commerce, 

de l'Industrie et des Colonies”). It was conceived only about ten years after the introduction of the 

first electric cars was running on tracks, in 1881, according to [97], section 4.1, and [74]. It 

describes a system where a conductor carrying high-frequency current is laid underneath the path 

of a tram, parallel to the tracks, so that it can continuously transfer energy to a cylindrical pick-up 

coil attached to an EV running on these tracks. The pick-up coil is series-compensated by a 

capacitor bank and delivers electric power to the vehicle's power train, which is an AC motor. 

Some of the original drawings of this design, focusing the pick-up coil and cross-section of the 

tracks are partially reproduced and annotated in Figure 85 and Figure 86.  

 

Figure 85: Hutin and Leblanc 1890 DIWPT design: Vehicle over tracks cross-section view. 
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The pick-up coil is attached to a wooden plate, fixed with its axis orthogonal to the power 

transmitting conductor, and traversed by a bundle of iron wires, which open in a beam, forming 

an iron mesh over the wooden plate. This mesh concentrates the oscillating magnetic flux coming 

from the transmitting conductor into the pick-up coil. A simplified tridimensional drawing 

reconstituting the main idea of the model is provided in Figure 87. 

 

Figure 86: Hutin and Leblanc 1890 DIWPT design: Pick-up coil cross section - top view. 
 

 

Figure 87: Hutin and Leblanc 1890 DIWPT design principle (not to scale). 

 

Iron wires 
traversing 
the pick-up 

Pick-up 
coil 



Chapter 3 - Dynamic Inductive Wireless Power Transfer 

Dynamic Inductive Wireless Power Transfer for Lightweight Electric Vehicles 
Luiz Alberto Lisboa da Silva Cardoso – University of Minho 147

 

In 1894, Hutin and Leblanc also had their design patented in the United States [98], which 

included a new graphical illustration, reproduced in Figure 88, emphasizing the fact that the 

transmitting wire needed not to be on the ground, but could be aerial as well, as long as the 

transmitting conductor remained parallel to the vehicle route, as restrained by the tracks. 

 

Figure 88: Alternative aerial pick-up position proposed by Hutin and Leblanc in 1894 US patent. 

Hutin and Leblanc’s recommended frequency of operation was “from one thousand to two 

thousand alternations per second”, with the wooden plate support of the iron mesh “as near the 

surface as practicable” [98], that is, with the smallest possible air-gap distance, a value mentioned 

in the French original patent to be limited to 14 cm, due to railway regulations of that time. They 

also asserted that, due to the high magnetic permeability of the iron, 2500 times greater than that 

of the air, the iron mesh would redirect into the pick coil all magnetic flux lines generated by the 

primary transmitting conductor section beneath the mesh. 

The choice of iron as the material to convey the magnetic flux into the pick-up coil at the 

proposed frequency of 2 kHz (certainly, for technological limitations), would likely result in an 

excess loss in eddy currents, even in a wired mesh. So, in order to access potential qualities for 

DIWPT of Hutin and Leblanc’s design, a similar but improved configuration was simulated using 

the FEMM finite element modeling software [99]. The dimensions used in the simulated model 

were set approximately to the scale implicit in the patent drawings, assuming that the track gauge 

used was the meter gauge (1000 mm in between tracks), the one used in the first electric tram 

brought into public service, and popular for early trams of the time the patents were filled. The 

geometry of the model used in the simulations can be visualized in Figure 89. 
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Figure 89: Geometry of a Hutin and Leblanc based DIWPT configuration used in the simulations.  

While the original drawings suggest that the wooden support plate should be approximately 

1000 mm wide and 1400 mm long, in the model, the ferrite plate was shortened to 900 mm wide, 

to avoid bringing its edges too close to the tracks. Also, litz wire, not available at the time of their 

invention, was used in all conductors. The main assumptions and characteristics of this improved 

configuration that was simulated are then listed below: 

• The iron mesh was replaced by a low conductivity, high magnetic permeability modern soft 

magnetic ferrite (Fe-Ni-Zn-V) material, not available at the time of the invention. 

• The pick-up coil was elongated to the length of the full ferrite plate used, 1400 mm, keeping 

a similar cross-section design as that of Hutin and Leblanc’s. 

• A compensated secondary nominal voltage target was set in the range of 150 V to 180 V, 

about the same voltage used by the DC electric motor of the first Siemens and Halske tram, 

in Lichterfelde, Berlin, in 1881, which was 150 V according to [100] and 180 V according 

to [101]. Whereas no specific arrangement or cross-section for the coil wiring was proposed 

in the patent, in the simulation, it was possible to achieve this voltage by using ten layers of 

21 turns in the pick-up coil, in a total of 210 turns spaced at 2.67 mm, with some extra 

insulation layers in between layers 4 and 5, and layers 7 and 8, as shown in Figure 90. 

• To reduce losses in the coil wiring, litz copper cable with 300 strands of 0.1 mm of diameter 

was considered in the modeling. When used at frequencies up to 100 kHz, the current 

capacity of such cable is approximately 9.5 A. In the simulation, 2.35 mm . 

• The primary (transmitting) conductor, also not specified in the original patents, was modeled 

as litz copper wire, with 3200 strands of 0.1 mm of diameter, and a total cross-section area 

of 25 mm , thus capable of handling 100 A RMS up to 100 kHz. 
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• Tracks were assumed to be made of pure iron and to have a 125 mm (5 inches) high profile, 

similar to those found in some meter gauge (1000 mm) railways still in operation today. 

• Neglecting the thickness of the support wooden plate, the distance from the ferrite plate to 

ground was set at 14 cm, for being mentioned by Hutin and Leblanc as the minimum 

possible ground clearance according to rail regulations. Not to add further distance to the 

interwinding air-gap, and to favor the induction in the secondary, the transmitting cable was 

positioned almost exposed, tangent to the ground surface, not fully buried in the ground. 

• The ground was assumed to be perfectly nonconductive, which is often not the case. No 

other materials or parts were included in the simulation. 

 

Figure 90: Detail of pick-up coil cross section used in the simulation of Hutin and Leblanc design.  

This DIWPT configuration was simulated under the above mentioned assumptions and the 

main system parameters shown in Table 11, resulting in the induced voltages and power 

performance parameters indicated in Table 12. 

Table 11: Main parameters of a hypothetical Hutin and Leblanc configuration used in simulation. 

Parameter Description/Value 
Track gauge (distance in between tracks) 1000 mm 

Ground Clearance   140 mm 

Ferrite plate size (horizontal projection) 900 mm x 1400 mm 

Ferrite plate border thickness       8 mm 

Primary conductor position Centered, in between tracks 

Primary conductor constitution (copper) 
3200 strands × 0.1 mm diameter wire (25.1 mm ) 

bundled in an 8 mm diameter cable 
Primary conductor nominal current 100.4 A RMS 

Secondary coil conductor constitution (copper) 
300 strands × 0.1 mm diameter wire (2.36 mm ) 

bundled in a 2 mm diameter cable  

Secondary coil winding 
10 layers of 21 turns,  

210 total turns 
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Table 12: Performance parameters resulting from the simulation of a hypothetical Hutin and Leblanc configuration. 

Results from Simulation Description/Value 
Voltage drop across primary conductor at pick-up section (1.4 m) 10.8 V RMS ∠ 12 degrees 

Voltage drop across primary conductor out of pick-up section        1.45 V RMS ∠ 86 degrees / m 

Secondary coil open circuit voltage         205 V RMS 

Primary power debt at pick-up section 1052 W 

    Net power transferred (secondary @ 163 V RMS, 4.6 A RMS)   751 W 

    Power loss on tracks at pick-up section   200 W 

    Total power loss on copper at pick-up section   101 W 

        Power loss on copper at pick-up section (primary)     10 W 

        Power loss on copper at pick-up section (secondary)     91 W 

Power loss on tracks out of pick-up section         2.4 W/m 

Power loss on copper out of pick-up section (primary)            7 W/m 

Total power loss out of pick-up section         9.4 W/m 

The resulting magnetic field profiles of Figure 91 and Figure 92, where the magnetic flux 

density is indicated in colored layers, changing from pink (higher intensity) to blue (lower intensity). 

In Figure 91, the two black dashed contour curves mark the surfaces where the magnetic flux 

density is respectively +30dB and +20dB above the maximum ICNIRP [72] recommended 

exposure level for the general public at the frequency of 2 kHz, according to the conversion in 

Table 13. As a simplification, simulations models were developed neglecting the presence of the 

wheels and other metallic mechanical components of the tram, so that planar symmetry could be 

used as an approximation to compute the values of magnetic flux intensity at a cross-section 

passing through the vertical center plane of the pick-up coil. 

Table 13: Correspondence of the magnetic field strength in dB, with a 0 dB reference at 40 μT. 

Magnetic Flux Density 
(RMS) 

Value in 𝐝𝐁∗ 

40 μT     0 
126 μT +10 
400 μT +20 

1265 μT +30 
4000 μT +40 

*Using ICNIRP recommended maximum exposure level at 2 kHz as the reference level. 

The absence of shielding elements in the design, associated with the high total current-turns 

present at the secondary coil around the ferrite plate, necessary to obtain significant power on the 

secondary, produces a large magnetic flux in the vicinity of the pick-up coil, which is only restrained 

by the iron tracks. This would create an extensive area of potentially hazardous magnetic field 

above the coil, as shown in Figure 91.  
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Figure 91: Magnetic field profile of a Hutin and Leblanc based configuration – pick-up section. 

If the assembly would be installed on a tram car of that times, almost entirely made of wood, 

the magnetic field levels would potentially traverse the wooden tram floor at the coil pick-up 

section, exposing passengers and people standing by the tram to EMF levels that, today, are 

deemed as potentially dangerous to human health. Hence, the original Hutin and Leblanc’s design 

would likely not suit current safety recommendations of EMF limit exposure. This configuration 

would then require magnetic shielding at the coil pick-up section, to protect passengers. In 

addition, at this low frequency, the shield plate that would be necessary would have to be about 

seven times thicker (and heavier) than that used at 85 kHz, which is the nominal value of the 

frequency band currently recommended by SAE for automotive WPT [92]. 

 

Figure 92: Magnetic field profile of a Hutin and Leblanc based configuration – out of pick-up section.  

However, at the proposed current levels, the system would still be able to provide 751 W of 

net power per pick-up module. 
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The Hutin and Leblanc DIWPT system is not known to have been actually prototyped and 

tested by its inventors but, based on the simulations realized, it can be concluded that, if built with 

modern materials and circuit components, which were not available at the time of design 

conception, the system would fulfil its basic DIWPT functionality, as intended by the inventors. In 

order to harvest enough power to move the small 1881 tram of Siemens and Halske, which had a 

2.2 kW electric motor [100], it would still be necessary to install on the tram at least 3 of the pick-

up modules configured as proposed in Hutin and Leblanc’s patent. 

 

Figure 93: Hutin and Leblanc’s closed inductive lanes with single primary conductor. 

The overall efficiency of the system would expectably decrease as the track length would 

increase, due to the lack of provision for splitting the primary conductor in segments that could be 

switched on and off, as shown in Figure 93, reproduced from [93]. As an example, considering a 

tram with four pick-up modules in a closed circuit of 4900 m, corresponding to twice the 2450 m 

of length of the first electric tram tracks in Gross Lichterfelde [100], the system 

efficiency, 𝜂(  ), are estimated in (3.74) and (3.75), based on the results in Table 11. 

 𝜂(  ) =    (3.74)

 𝜂( ) =  × ×  ( × . ) × . ⁄ ≅ 6%  (3.75)
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This efficiency figure of 6% refers to the DIWPT link only, not including any other losses, 

such as that on the AC electric motor, which, at 2 kHz, would be expectably very high, even for a 

laminated-core AC motor. If the system would be modified to use several shorter commutated 

lanes instead, arranged sequentially, for instance, of 50 m length, the new efficiency could be 

improved to approximately 59%, as computed in (3.76).  

 𝜂(  ) =  × ×    ( × × . ) × . ⁄ ≅ 59%  (3.76)

However, at the time of the Hutin and Leblanc’s design, to switch the lane segments on and 

off at 100 A RMS, according to the presence of tram of each segment, relying solely on the 

available electromechanically devices, would not be an easy task to accomplish. The voltage 𝑉  

required to be applied to the primary conductor loop of a full length lane of 2450 m would be 

approximately 7.1 kV RMS, and the lane would represent an essentially inductive load for the AC 

power source, as derived from (3.77). 

 

𝑉 = (1.45 V RMS ∠ 86 degrees) × (2 × 2450 − 4 × 1.4 ) +  + (10.8 V RMS ∠ 12 degrees) × 4 ≅  ≅   7.1 kV RMS ∠ 86 degrees 

(3.77)

Summarizing, the simulation of the DIWPT design proposed by Hutin and Leblanc indicates 

that the system, with minor modifications, would likely function as intended. However, it would 

present poor efficiency and serious potential issues concerning high exposure levels to EMF. 

Particularly, it would require a 2 kHz power line with several kilovolts, at approximately 100 A rms, 

to be laid very close to ground surface, with significant electrocution risks involved. 

Despite these safety limitations and presumable low performance, Hutin and Leblanc’s 

innovative conception was correct and, if implemented with a power train and components of 

modern technology, the system would work, being able to energize a vehicle with similar 

mechanical and electric characteristics of that of the early electric trams. 

3.3 Babat’s High Frequency Electric Transport System  

Pursuing the same ideals of Hutin and Leblanc, George Ilyich Babat designed, prototyped 

and, in June of 1943, successfully demonstrated what he called the “High-frequency Transport” 

[94],[95]. This was the first DIWPT system known to be publicly demonstrated, and it included all 

the electronics for powering modular i-lanes, as well as harvesting and rectifying the electric 

current on board of a vehicle. It also included an urban architectural conception to integrate the 
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lanes in standard roads and streets. Figure 94, extracted from Babat’s English patent no. 657035 

[95], and annotated with the identification of its main modules, shows the completeness of the 

system conceived. Two small vehicles were built for operation at Moscow Ordzhonikidze machine 

tool building plant [102], and the system had some international recognition at the time [94]. 

Figure 94: System architecture for lane electrification in Babat’s DIWPT design.  

In his design, Babat also introduced the concept of lane segmentation, with individual 

primary coils being activated independently, in order to increase electric efficiency. Not aware of 

the health issues associated with higher level of exposure to EMF fields, Babat’s argument was 

solely to save energy, by not powering on a lane segment (primary coil) when there was no EV 

running over it. Figure 95, also extracted from Babat’s patent, shows the high level schematics of 

the system, with the vehicle side in the lower part (pink shaded area) and the lane side modules 

in the upper part. 

The system worked by keeping idle primary coils excited by a low power oscillator, part of 

the Power Switch Control module, which is shown in the top left corner of Figure 95. This auxiliary 

low power oscillator runs at the same frequency of the main AC generator of the system, all the 

time when no vehicle was drawing power from a given primary coil. When a vehicle would come 
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by the lane and start to draw power from it, this would trigger the main AC generator, that would 

sustain the power transfer until the vehicle had moved out of the coil magnetic coupling zone. A 

relay would then switch the system back to the low-power excitation mode, waiting for the next 

vehicle interaction to happen. 

Figure 95: Lane to vehicle inductive coupling in Babat’s DIWPT design.  

Due to the electronic tube technology used, Babat’s first system would only achieve a very 

low electrical efficiency, of about 4%, what did not make it competitive with other wired electrics 

and even non-electric transport technologies. This pioneer DIWPT design remained practically 

forgotten for a few decades more, until referenced by Valtchev et al. [103]. It is known that, later, 

Babat was able to improve the efficiency of the system, but still, with the widespread adoption of 

the internal combustion motors after the World War II, electric vehicles in general, and DIWPT in 

particular, remained of no practical use along the next decades, except for a very few specialized 

applications. 

3.4 Modern Pioneer DIWPT Designs 

All the petrol-based transport infrastructure developed during the Second World War would 

make the EV comparatively much less practical than vehicles with internal combustion engines. 

Possibly because of that, immediate research efforts towards new EV, batteries and inductive 

transfer diminished. 
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In the scope of this work, modern designs are then considered to be those conceived after 

the introduction of solid state power electronics devices. 

3.4.1 Bolger’s DIWPT Design 

In 1974, decades after Babat’s experiments, a new DIWPT design was described by John 

Bolger, from the Lawrence Berkey Laboratory, University of California, in a US patent application, 

which was granted in 1975 [104]. Bolger did not specifically refer Hutin and Leblanc’s or Babat’s 

work, but his design was similar to theirs in its essence and several aspects, as shown in the 

annotated cross-section of Figure 96 (compare with Hutin and Leblanc’s in Figure 85).  

 

Figure 96: Cross-section of Bolger’s design, annotated from Fig. 6 of US patent 3914562.  

In addition to using new materials, such as laminated steel for the core sections, and 

improved solid state components, Bolger introduced core material on the lane side as well and 

defined shorter air-gap distances of 2 cm to 5 cm (3/4 to 2 inches), to help redirect and better 

confine the magnetic flux from the source conductor into the pick-up coil. 

Instead of using ferrite materials at the pick-up and lane cores, Bolger’s down-scale 

prototypes used laminated steel cores, which would yield improved efficiency values at the lower 

primary current frequency of 180 Hz. More details about the design can be found in a 1977 report 

by Bolger and Kirsten [105]. 

3.4.2 The Roadway Powered Electric Vehicle (RPEV) 

Following Bolger’s DIWPT, an improved design named Roadway Powered Electric Vehicle 

(RPEV), was conceived under the auspices of the University of California, Berkeley, and became 

another milestone in the development of DIWPT systems. A proof-of-concept system was 

constructed and tested by Systems Control Technology, Inc., Institute of Transportation Studies, 
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PATH (Program for Advanced Transit and Highways) program in 1986 (Lashkari, Shladover, and 

Lechner 1986).  Ultimately, the project goal was to establish the viability of transferring electric 

energy to the Inductive Coupling System (ICS) of a moving electric bus, from a coil buried beneath 

the road’s surface, in order to overcome the range limitation posed by the need to stop to recharge 

batteries. This design is fully described in a California Partners for Advanced Transit and Highways’ 

report of 1994 [96] (Systems Control Technology Inc. 1994), and consists of a  

  
(a) (b)   

Figure 97. Road Powered Electric Vehicle inductive track and vehicle (a) and ICS cross-section (b). 

In the RPEV, the Inductive Coupling System (ICS) was essentially an air-gapped transformer 

where the primary core and winding was embedded in the road and the secondary core and 

winding was on-board of the vehicle, as depicted in Figure 6. Two inductive path segments, about 

61 m long each, were prototyped and laid along a 213-meters dedicated road section for the tests. 

An electric bus with a power train of 48 kW was adapted with the ICS. Several combinations of 

frequencies and primary currents were experimented, an overall DC efficiency of 60% being 

achieved over an air gap varying from 5 to 10 cm, passing 1200A of alternated current in the 

primary coil, oscillating at a frequency of 400 Hz.  That could be considered a good result, 

considering the limited performance of solid state devices and ferromagnetic core material used 

at that time. In fact, the most limiting factor for scaling up the frequency met by the engineering 

team was not the electronics, but rather, the power losses at the core material and the noise 

generated by the vibration of laminated core plates in ICS. But the main technical problem found 

in the RPEV was the low tolerance for lateral misalignment. At 15 cm (6 inches) of lateral 

displacement from the center lane, the current available to recharge the battery at the required 

128 V would almost fall to zero. Because of that, a lateral offset indicator was installed in the 

cockpit, to help the driver keeping the bus right on the energized path [96]. 
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The RPEV was a complete dynamic IPT concept, except that the electronics and materials 

technology then available was less suitable to the higher frequencies that can be used today. After 

the final project report of 1994, the system was also apparently forgotten, due to its complexity 

and cost of implementation. 

3.4.3 The Development of DIWPT at University of Auckland 

In the 1990’s, while the Roadway Powered Electric Vehicle (RPEV) was being developed and 

evaluated in California, prof. John T. Boys et al, at the University of Auckland, New Zeeland, were 

starting other pioneer investigation on the use of then called IPT for transport applications [14]. 

With the focus on industrial applications, a prototype of a small car was built with an embedded 

pick-up coil that could move along tracks, harvesting energy from an oblong energized coil 

underneath it, as shown in Figure 98. The first prototype configuration achieved 5W of transferred 

power, at an efficiency of less than 10%, using a 10 kHz inverter. The prototype was soon improved 

to handle to 400 to 500 W over the IPT link at 85% efficiency, and the technology eventually was 

licensed, to Daifuku Company Ltd, in Japan, and later to Wampfler Ag., in Germany, a company 

that has been commercializing dynamic IPT-based solutions for the industry since then. The theory 

and principal design aspects of these fixed-track truly dynamic inductive power transfer systems 

were described in an early 2000 paper by Covic et al. [106]. 

 

Figure 98: The prototype vehicle implemented by Boys et al., circa 1990, from [14]. 

This prototype was a remarkable one, for a number of factors. It was one of the first DIWPT 

prototypes to use higher WPT frequencies, crossing the 10 kHz barrier at significant power levels, 

so that it was capable of driving the powertrain of the prototype vehicle even without the use of 

ferromagnetic cores in the magnetic coupling, and still exhibit an electric efficiency above 80%. 

Second, it is an invaluable demonstration tool for the DWIPT technology, that returned to the use 

of tracks for mechanical constraint of the vehicle, to keep the alignment of primary and secondary 
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coils, as in the original design of Hutin and Leblanc [93]. In addition, it employed simple solid-

state power electronics, which can be easily procured with at a modest budged. 

Because of its qualities, in the early phases of this thesis work, similar prototypes were built 

and evaluated, as described in Chapter 5. 

3.4.4 The KAIST OLEV Bus (2008-2013) 

Aware of the Roadway Powered Electric Vehicle (RPEV) concept, developed years before in 

California (see item 3.4.2), researchers from KAIST, the Korea Advanced Institute of Science and 

Technology, Daejeon, Republic of Korea, designed and implemented a series of WPT systems for 

standard electric buses, that run with no rails, harvesting energy from oblong coils buried 

underneath the road. This IWPT based transport system, under the RPEV inspiration, combined 

the long loop primary coils of the earlier industrial systems from University of Auckland with the 

stationary IPT-rechargeable buses adapted by Wampfler. 

The result was a bus system where, beyond recharging at bus stops and stations, the bus 

can continuously harvest energy from the system, while running over primary coils. This system 

was named On-Line Electric Vehicle (OLEV). The first family of OLEV systems was installed in 

Seoul’s Zoo in 2009-2010 tram-buses, as shown in Figure 99, being officially presented to the 

public in March 2010. The tram was run on a 2.2 km asphalted loop of roadway, of which 370 m 

(~17%) was electrified by IPT primary coils. The maximum power transmitted was 62 kW at 75% 

of electrical efficiency. 

(a) (b) 

Figure 99: (a) OLEV tram in Seoul and (b) system’s primary coil during the installation phase. Source: [107]. 

In 2013 other improved generations of the OLEV were installed in the cities of Gumi and 

Daejeon (ROK). These systems can deliver up to 100 kW of power to the bus, at a maximum 

nominal efficiency in the range of 83% (at perfect alignment condition), over an inter-coil distance 
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of 20 cm. The maximum efficiency is not attained at the maximum power transfer. A maximum 

lateral vehicle-to-primary-coil misalignment of up to ±20 cm is tolerated, but also at the expense 

of some loss of efficiency. 

Despite these limitations, the system is reported to have favorable results since then. The 

electric buses when configured as OLEV require a battery that is only one fifth of the capacity of 

its original battery, thus saving on-board weight and battery cost. The use of this technology, 

however, is expanding very slowly. Possibly due to the high initial costs of the system. The 

electrification of those 370 m road in the first version of the system, for instance, is reported to 

have cost US$550,000.00, that is, approximately US$ 1.5 million per kilometer, besides the cost 

of the vehicle adaption [107]. Not only the electronic power circuits add cost, but the extensive 

use of delicate ferrite parts that are mounted along the primary coils. The system installation is 

now only a few years old, so there is not yet a report on the durability of these road inserted ferrite 

parts, which lay underneath, but relatively close to the road surface, being prone fracture and 

erosion, what could possibly degrade the system efficiency as the system ages. 

3.4.5 Nissan 1kW Oblong Coil Lane  

A simple but very representative DIWPT prototype was built Throngnumchai et al., at Nissan, 

Japan, in 2013 [108]. In this low power automotive DIWPT configuration, oblong air-cored primary 

coils were used as WPT transmitters. As a WPT receiver, a circular spiral coil using a ferrite back-

plane, shielded with aluminum, was installed in a small two-seater EV. The resulting DIWPT 

configuration was able to transfer to the EV up to 1.176 kW, through an airgap of 100 mm.  

The geometry of the coils is described in Figure 100, where the pair of coils are shown in 

lateral center-alignment, in top view. The coil drawn in blue is the primary oblong coil, which is 

excited by a nominal current of approximately 40 A rms at 90 kHz. 

Figure 100: Geometry of primary and secondary coils in Throngnumchai’s DIWPT prototype – top view, center 
aligned. All dimensions in millimeters. 
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The nominal power is achieved with an airgap of 100 mm in between the coils. Since the 

primary coil lies 30 mm below ground level, the resulting estimated mechanical ground clearance 

of the secondary coil, when installed onboard of the vehicle, is 70 mm, as shown in Figure 101b 

In best alignment conditions (centered on lane), a magnetic coupling factor of 0.09 was 

obtained. Although it is a low value, an efficiency of 92.8% was attained, due to the use of litz wire 

in all windings, and careful compensation of both primary and secondary resonant tanks. The 

Nissan team was able to build a 10 m long demonstration lane, by installing 5 primary coils in 

sequence, with an inter-coil spacing of approximately 400 mm, as shown in Figure 101a. 

(a) (b) 

Figure 101: Nissan 1 kW prototype DIWPT lane under construction (a) and during tests, with the secondary coil 
installed on board of the New Mobility Concept Car (Renault Twizy). Extracted from [108]. 

The field tests were reported to be successfully carried on, with the power down-scaled to 

50 W, due radio-wave power limits in Japan. This, a priori, seems an excess of carefulness, since 

for a 40 A rms sinusoidal excitation on the radiation resistance given by (2.3), the expected 

radiated power at 90 kHz is only about 1 𝜇W per primary coil module. 

This project, due to its simplicity, power transfer level, and implementation without the use 

of ferrite core materials embedded in the lane, can be seen as one of closest antecessors of the 

HIPLEV lane design. Although its predicted lateral alignment tolerance is low, and so is the 

estimated ground clearance of the secondary coil. 

3.4.6 Oak Ridge National Laboratory In-Motion Wireless Charging 

A first interesting conceptual effort towards true dynamic inductive power transfer was made 

by Omer Onar, John Miller, and others, in 2013-2014, at the Oak Ridge National Laboratory 

(ORNL), USA. Multiple standard small stationary WPT single coil modules were set in sequence 

very close to each other, so that a car with a pick-up coil could harvest energy in a pulsed manner, 
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while travelling over the primary coils [109],[110]. In this work, it was particularly studied and 

demonstrated the benefit of using high capacity ultracapacitors to mitigate the power pulsations 

posed to the grid, another problem that may inherently arise when coupling power from a series 

of embedded coils. The experimental configuration is shown in Figure 102, extracted from [110]. 

 

Figure 102: The Oak Ridge National Laboratory DIWPT configurations. Photo extracted from [110].  

While investigating grid conditioning problems that derive from the dynamic IPT, the ORNL 

team experiments endorsed that coil alignment was a major, untreated, problem to be surpassed, 

in order to successfully design dynamic WPT configurations for lane inductive electrification. 

3.4.7 Fabric Project (2014-2018) 

FABRIC is the acronym for “Feasibility analysis and development of on-road charging 

solutions for future electric vehicles”. In this multi-national team effort, in which 24 partner 

institutions from 9 European countries were involved, several advances in the study of dynamic 

inductive wireless power transfer for electric mobility applications were obtained. Along the project, 

two main DIWPT-electrified prototype 100 m-long road segments, and a third one 50 m-long, were 

built and tested. Two of them, using replicated oblong primary coil modules, in Susa, Italy, and 

the other, adapting existing stationary WPT hardware from Qualcomm Halo, in Versailles, France. 

In the larger Susa prototype, built by the Polytechnic of Turin on the premises of the “Centro 

di Guida Sicura MotorOasi Piemonte”, about 50 km west of Torino, 50 9-turn 1.5 m x 50 cm 

rectangular air-cored primary coils were directly embedded in the pavement, resulting in a 

configuration similar to that used by Throngnumchai et al., in Japan (presented in section 3.4.5), 

as shown in Figure 103a. In the other prototype, shown in Figure 103b, 64 Qualcomm Halo 

stationary charging modules, which make extensive use of ferrite materials, were integrated in the 
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road segment by VEDECOM and Qualcomm, in Satory, Versailles, about 30 km west of Paris, 

resulting in a DIWPT structure similar to the experimental configuration implemented in the Oak 

Ridge National Laboratory (presented in section 3.4.6). 

 

(a) 

 

(b) 

Figure 103: Main FABRIC DIWPT prototype lanes: (a) Oblong coil-based, in Susa, shown in an intermediate 
construction phase and (b) Qualcomm Halo modules-based, in Versailles, shown fully integrated. 

In the Susa prototypes, both primary and secondary (pick-up) coils are rectangular, with the 

primary coils embedded in the lane being non-ferrite-cored; while the secondary coil uses both a 

ferrite backplane and an aluminum shield. In the Versailles prototype, all coils are of DD (double-

D) type, with ferrite parts in their back, to concentrate the magnetic field, and two 10 kW pick-up 

pads (secondary coils) per vehicle are used, to achieve a total of 20 kW of transferred power. 

The oblong primary coil type lanes (in Susa) were less complex to embed in the road 

pavement than the multiple ferrite-cored short IWPT modules in the Versailles lane. However, they 

also exhibited less power transfer capability, for similar airgaps and secondary coil ground 

clearance [111]. Worthwhile mentioning, while in the Susa prototypes each primary coil model has 

just one primary coil, each of the primary coil modules used in the Versailles prototype is built 

from multiple coils in quadrature, in a proprietary solution from Qualcomm Halo. The results of all 

main configurations achieved are described in [112] and compared in Table 14. 
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Table 14: FABRIC DIWPT lane prototypes compared. 

Parameter 
Versailles 
(DD coils) 
Qualcomm 

Susa-1: 

9-turn primary coil 

Politecnico di Torino 

Susa-2: 

Single turn primary coil 

SAET Italy 

Number of Primary Coil Modules 64 46 22 

Minimum WPT per Module (kW) 10 6.5 9 

Operation Frequency (kHz) 85 85 85 

Nominal Airgap (mm) 200 200 200 

Maximum test speed (km/h) 100 50 30 

Lateral Alignment Width (cm) 30 30 30 

Efficiency at nominal airgap ≤ 60.1% ≥ 81% ≥ 66% 

The final FABRIC prototype lanes were the first experimental DIWPT lane segments to reach 

100 m in length, while capable of simultaneously delivering 20 kW to each of two EVs running on 

the lane. In their best final configurations, one of the FABRIC prototypes, working with an induction 

frequency of 85 kHz, was able to transfer 20 kW at 60% efficiency to an EV driving up to 100 km/h, 

if misalignment from center lane is kept within ±15 cm (30 cm width). But the best efficiency for 

this same configuration was only 60.1%, at a speed of only 50 km/h. On the Susa-1 prototype an 

efficiency figure of at least 81% over all lateral alignment width was obtained, but the minimum 

sustained power was significantly less, and that was obtained at only 50 km/h. 

The exact cost per kilometer achieved by the FABRIC DIWPT prototypes is not indicated, but 

it is presumably higher for that prototype built with ferrite-cored short primary modules (from 

Qualcomm). The average annual maintenance cost with the simpler DIWPT road segments 

developed, based on oblong primary coils, is estimated to be between 2.9 and 3.8 more than that 

of traditional, non-electrified roads. This information is missing or not public for the results derived 

by VEDECOM in the Versailles prototype, which, similarly to other verification tests of this 

prototype, are subject to a commercial confidentiality agreement [113]. 

Overall, there is no clear dominance of performance of one configuration over the others 

tested. Although containing great advancements over previous DIWPT design efforts, none of the 

FABRIC prototypes can yet be considered to be uniformly satisfactory on all performance criteria 

for the use with standard road electric vehicles. 
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3.4.8 ElectReon (2019-2022) 

One of the most recent ongoing DIWPT prototypes is that from ElectReon Wireless Ltd., 

Israel. The company has deployed short pilot road segments in Tel Aviv, and a total of 1.6 km 

DIWPT road segments along a 4.1 km route, between the airport and town center of Visby on 

Gotland Island, Sweden [79]. The system is reported to be capable of transferring 20 kW of power, 

while operating at 88-90% efficiency across an air gap of 24 to 27cm [114], which allows the 

primary coils to lay at 8 cm underneath the pavement level. 

 

(a) 

 

(b) 

Figure 104: Electreon DIWPT deployments in: (a) Tel Aviv, Israel, annotated from [115] and (b) Gotland, 
Sweden, annotated from [116]. 

These prototypes are deemed as commercial pilot projects, and not much information on 

the coils, their excitation, and other functional details of the system are published, as it is known 

that the system is being protected by pending patent applications. However, ElectReon has made 

some information available on their website, including some movies, from which it is possible to 

have a general idea of its physical configuration and the process of deployment of this DIWPT 

infrastructure, as shown in Figure 104. 

The primary coils are embedded in a rubber seal and apparently contain no ferrite 

backplanes or other magnetic shaping materials. This eases the installation process and reduces 

costs. The power electronics uniquely associated to each of the primary coil modules is laid next 

to the respective primary coil, in a vertical position, on a specially entailed groove along the road. 

Because of this, these components occupy a smaller footprint on the road and, at the same time, 

pressure from the above traffic can be alleviated, contributing not to mechanically stress the 
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components. The groove also serves to pass all individual power cables coming from the 

management units, which are located on manholes, by the side of the road. 

The system installation was finished in 2021 and is currently under evaluation. 

3.5 Preliminary Experimentation with DIWPT 

Similarly to what has been done in the case of stationary IWPT technology, as part of the 

process of accumulating practical experience, after reviewing some representative DIWPT works 

and projects, some hands-on experience was acquired, before approaching the HIPLEV design. 

DIWPT downscale prototypes were initially built and qualitatively observed. In this section, some 

of these prototypes are briefly presented, without detailed numeric characterization, with the main 

conclusions derived from them. 

The use of secondary coils as close as possible to oblong primary coils, and the option for 

making them with about the same width, is notorious in success prototype in the literature, starting 

with the pioneer work at the University of Auckland [14], discussed in Section 3.4.3. This is 

intuitively the configuration where relatively better magnetic coupling results, with also good power 

transfer and efficiency resulting. So, before testing the tools developed in Section 3.6.3, some free 

experimentation with similar configurations was considered a reasonable first step. 

3.5.1 First DIWPT Prototype 

In a first DIWPT prototype, a 75 cm × 13.5 cm multi-turn rectangular coil with rounded 

extremities, as shown in Figure 105a, was built to be used as primary coil. This coil consisted of 

38 turns of AWG 22 coil copper magnet wire, exhibiting an inductance of approximately 2 mH and 

a DC resistance of 3.37 Ω. The AWG 22 wire has a diameter of  0.645 mm, exhibiting an AC 

resistance just 5% higher than its DC resistance up to approximately 64.1 kHz. So, in order to 

minimize extraordinary losses due to skin effect, the coil was properly series-compensated and 

excited with approximately 350 V rms, at 53.7 kHz, making use of a COTS electronic ballast circuit 

used to drive 30 W fluorescent bulbs. A secondary coil of flat spiral type, with 20 cm of external 

diameter, was built with 20 turns of cooper wire with a 1.5 mm cross-sectional area, was wound 

on transparent support sheet of polycarbonate. Its relative size to the primary coils, similarly to 

Throngnumchai’s design [108], was such that the average diameter of the turns was approximately 

equal to the width of the primary coil, as shown in the photo Figure 105b. The position of the 

primary coil windings, concealed in a support frame, is indicated by red dashed lines. 
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(a) (b) 

Figure 105: First DIWPT prototype: (a) a multiple-turn oblong primary coil and (b) a multiple-turn flat spiral 
secondary coil built with about the same average diameter as the primary coil width. 

Four wheels were adapted to the polycarbonate sheet serving as the support to secondary 

coil, to emulate of a small vehicle that could travel over the primary coil assembly, while keeping 

the primary and secondary coils parallel and approximately 4 cm apart. A series compensation 

capacitor, a diode bridge rectifier and a filter capacitor were also installed, following the 

configuration in the diagram of Figure 18. This created an onboard DC-power availability, when 

this coil was positioned anywhere over the energized primary coil, enough to light up a 12 V 20 W 

bulb at full bright, as shown in Figure 106a.  

(a) (b) 

Figure 106: Wheeled secondary coil assembly emulating an electric vehicle: (a) harvesting power along the primary 
coil to light up a bulb, and (b) shown with its constituent parts, including a geared DC motor. 

The light bulb was then disconnected, and the filtered output of the rectifier was connected 

to instead to a brushed DC motor, rated at 7.2 V, that was installed in a central position on the 

same polycarbonate sheet, about 12 cm above the secondary coil, as shown in Figure 106b.  
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This simplified conceptual model of a vehicle was then successfully powered along its path 

over the primary coil when it was manually displaced over the primary coil. The complete 

configuration is shown in Figure 107a. 

(a) (b) 

Figure 107: First initial DIWPT prototype: (a) A multiple-turn oblong primary coil and (b) a multiple-turn flat spiral 
secondary coil built with about the same average diameter as the primary coil width. 

The electric motor was very lightly loaded because the output shaft of its gearbox was also 

unloaded. So, at full DC voltage, the motor speed was very high. For a visually more compelling 

demonstration and to keep the motor loaded, a 4-blade metallic fan was then connected to the 

output shaft as a mechanical load, and a LED strip was also connected to the DC output. 

After several minutes observing the prototype, it was noticed that a low, very discreet spike 

sound could occur sporadically. All circuits were then inspected and evaluated, resulting in the 

discovery that that small spikes were occasionally being generated within the primary coil windings. 

The reason was that the magnet wire insulation was not rated to handle the high voltage that could 

develop on the resonating primary coil, up to 700 V -peak, with the motor turning at full power. 

Even without detailed quantitative consideration of the problem, it became clear that multi-

turn primary coils at the high frequencies required for IWPT are prone to develop high voltages 

when submitted to higher current levels. This is not only an issue for the circuit implementation, 

but, also, elevates the electric field intensity in the neighborhood of the primary coil, possibly 

making it harder for a system to comply with the ICNIRP recommendations for maximum EMF 

exposure levels (Section 2.11). 

Based on the experimentation with this first prototype, and on these considerations about 

high voltages, the multi-turn design for the primary coil was abandoned, and a new 1.5 m-long, 

single-turn primary coil was implemented, using a 6 mm-diameter copper tube. This new coil 

replaced the initial primary coil in the prototype. To drive it, a COTS Mazzilli-Baxandall inverter was 
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used, with the circuit parameters adjusted to excite the primary coil with about the same frequency 

and total current level as that used with previous primary coil assembly. The final configuration for 

of this first DIWPT prototype is shown in Figure 107b. 

Although an emulated vehicle with no powertrain was used in this first low power prototype, 

one where the electric motor installed on the secondary would only spin a fan, it brought significant 

insight on practical aspects of DIWPT systems. In addition to the decision for the preferential use 

of single-turn primary coils, the criticality of maintaining a constant power availability along the 

predicted lateral displacement became also evident. 

3.5.2 Second DIWPT Prototype 

To enhance the practical knowledge in building DIWPT configuration for vehicles, one more 

prototype for general observation was constructed and tested. This one was a downscaled (1:16) 

prototype using the model of an existing commercial car the Mitsubishi Racing Lancer, from P&C 

Toys Co. Ltd., Guangdong, PRC. The powertrain of this model of scaled electric car requires a 

maximum of 20 W at 6 V DC, being normally powered by 4 ×  AA 1.5 V batteries. The car comes 

with a radio control unit, operating in the 27 MHz band, which can command forward and 

backward movements, left and right turns. The power harvesting adaptation made on the car 

preserved the RF remote controls receiver and the radio control functionality, which, on board of 

the car, similarly to the powertrain, was also fed with the power harvested from primary coil. 

The primary coil built for this configuration is very similar to that used in the first prototype, 

described in Section 3.5.1 (Figure 107b), about the same width, but longer. The reference circuit 

diagram is also that of Figure 18, however, in this case, a linear voltage regulator is used before 

the powertrain, to regulate the filtered output of the rectifier. To avoid spurious coupling between 

the energy harvesting circuit and the powertrain, an RF passive filter is installed before the radio 

receiver power line. The voltage regulator, for better power dissipation, is installed with a heatsink 

on top of the electric car, as shown in Figure 108a, while the rest of the circuit components, 

including a series-compensation capacitor, the rectifier bridge, and the filter capacitor, are installed 

inside the car, on a small PCB. The on-off switch was reconnected in such a manner that the car 

can be powered by wireless power harvested from with the secondary coil when it is in the OFF 

position, and can still normally use the energy from the batteries, when the key is ON. 

The primary coil single turn winding was built with 6 mm copper tube, and framed in a 

2.40 m × 20 cm white faced hardboard sheet, resulting in a coil inductance of approximately 
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4.2 µH. The primary coil was excited by a Mazzilli-Baxandall inverter with 53 V rms at 56.7 kHz, 

resulting in primary current of approximately 35.8 A rms. 

The secondary coil was inserted in the plastic chassis of the car, wound with AWG 22 magnet 

wire, having the largest possible dimensions still adequate for installation in the car, about 98 mm 

long and 130 mm wide, as shown in Figure 108b. Its width approximately coincides with the 

electric width of the primary coil, while the length was the largest possible, constrained to the coil 

fitting in between the front and rear wheels.  

(a) (b) 

(c) (d) 

Figure 108: DIWPT prototype using a 1:16 scale electric car on a 2.40 m long × 12.5 cm wide primary coil. 

The induced voltage on the secondary coil should be high enough to allow the filtered DC 

output of the rectifier to sustain the minimum required voltage on the linear voltage regulator 

(2.5 V +6.0 V), at the required maximum load current, of approximately 2.5 A. On the other hand, 

if the induced voltage is too high, the voltage drop across the linear voltage regulator would get 

too high as well, decreasing the efficiency of the system. The number of turns of the secondary 

coil best safely satisfying the required induced voltage range was then experimentally determined 

as 𝑁 = 19. 
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Adhesive PVC square cable trunking was used to hold the primary coil conductors in place, 

and also served as the rails for the car, as shown in Figure 108d. Four cylindrical pins were 

screwed to the chassis of the car, as indicated in Figure 108b, to restrain the car lateral movement 

and keep its wheels on the rails, not requiring a skilled pilot for the remote control, when moving 

car forward or backward over the primary coil. 

The prototype, built with the goal of familiarization with the technique, was successfully 

operated, and contributed to the assimilation of the basic concepts involved in a DIWPT design, 

but no detailed quantitative behavior characterization was done. Also, there was no concert with 

ICNIRP recommendation of maximum exposure levels. 

Based on multiple qualitative observations made, the following DIWPT design project 

directives, when using oblong coils, could for to vehicles were reinforced: 

(i) The geometry and dimensions of the vehicle dominates the determination of the 

shape and dimensions of the secondary coil. 

(ii) After the geometry of the secondary coil is fixed, its width closely defines the ideal 

width of the primary coil as well, in terms of obtaining the best power transfer level. 

(iii) With both coils parallel to the ground, the vertical distance between the primary and 

secondary coils should be as low as possible, for obtaining higher induced voltages. 

(iv) Except from resistive losses on the coils and other circuitry, the same power transfer 

level que can be obtained with more or less secondary coil turns, the difference 

being the output voltage at which maximum power can be transferred. In this way, 

the secondary coil also provides means for impedance matching the power train. 

(v) As the induced voltage is proportional to the induction frequency, this latter should 

be as high as possible, as long as the losses on the coil windings are not excessive, 

when compared to the power to be transferred. The electronics, on both primary 

and secondary sides, should be able to safely handle the induction frequency. 

(vi) Once fixed the induction frequency, the selection of the primary coil current and the 

number of turns of the secondary is joint choice, since they are directly related in 

the determination of the induced voltage. A too high primary coil current increases 

the primary winding losses, while a secondary coils of too many turns will have a 
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higher total length, with possibly a smaller cross-section to fit in the same place of 

installation, so it will exhibit more losses, at the same giver required output current. 

(vii) In a top-down system approach, the detailing of the electronic circuits is not included 

in the most fundamental design level. The detailed circuit models, while important 

for the functionality of the system, can be abstracted from the DIWPT design itself, 

then individually implemented or obtained, to satisfy the required subsystem 

requirements. 

3.6 General Aspects of the DIWPT Design 

After reviewing different ideas and some of the most conspicuous prototypes described in 

the literature, and implementing a few small prototypes, it was possible to recognize some general 

parameters characterizing and influencing the behavior of a DIWPT system. From the analysis of 

previously conceived DIWPT systems, provided in sections 3.2 to 3.4, some generalization, and 

the identification of possible main issues associated with different design options for DIWPT 

implementations for electric mobility are herein examined. 

In DIWPT, beyond seeking for good performance parameters, as in a standard, stationary 

IWPT design, it is a special matter of concern to obtain some extended positioning tolerance in the 

relative placement of the receiver (secondary coil). Because it certainly will move. Not only in the 

operational vicinity of one transmitter (primary coil), but along its travelling path. 

Good DIWPT is achieved when the power transferred between primary and secondary coils 

can have an approximately steady magnitude over the required operational range of relative 

positioning between these coils. This effect can be obtained by: 

• An approximately flat value for the mutual inductance established between primary and 

secondary coils, which depends on the geometry of the coils and their relative positioning; 

• An adaptive electric behavior of primary and secondary circuits, capable of increasing or 

decreasing the current in one or both windings of the coils, as their mutual inductance varies 

in the opposite direction; and 

• A combination of the above two techniques. 

The circuit compensation technique will be able to sustain nominal power transference while 

the circuit limits are not exceeded, however, even then, the electric efficiency of the IWPT will be 

compromised when the mutual inductance is decreased. So, the dominant mechanism of a good 
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DIWPT design, whenever possible, should be the stabilization of the mutual inductance in between 

primary and secondary coils, in the operation zones, which is a matter of geometrical design. 

Positioning is usually critical for an optimum magnetic coupling factor, 𝑘, which will lead to 

good power transfer and electrical efficiency in a stationary IWPT application. It is then expectable 

that 𝑘 will be averaged in the DIWPT operational region, and thus, worsened, if compared with 

best alignment stationary IWPT on the same coil geometry and circuit configuration. The main goal 

for a DIWPT design is then to simultaneously keep the required transmitter power and the average 

efficiency within acceptable limits, over all intended regions where dynamic relative positioning of 

receiver and transmitter coils are expected. Part of this effort relays on the circuit design for 

increased 𝑘-insensitiveness, and part, on the design of the geometry of the inductive coupling 

itself. 

3.6.1 Magnetic-Gap 

The magnetic gap is the minimum distance between magnetic or conductive components of 

primary and secondary coils. This distance is often also called air-gap, although it is not always 

filled by air only. Other mechanical conditions may impose the use of constructive materials in the 

bodies of the coils, or their fixture to either the vehicle or the lane, which are neither conductive 

nor magnetic. So, it may be possible that the mechanical free distance between the primary and 

secondary coils is less than the “air-gap” distance. That is, the magnetic-gap distance may be 

partially filled with other nonconductive and nonmagnetic materials that are not necessarily air. 

This is the case, for instance, when a coil has a protective plastic dome over it, or when the primary 

coil is underneath the ground surface, covered with stones, concrete, asphalt or other similar 

pavement material that exhibits poor electrical conductivity and magnetic permeability that is close 

to 𝜇 , the magnetic permeability of vacuum. 

In DWIPT systems, in the same way as in stationary WPT recharging systems, the free 

mechanical distance between the secondary coil assembly and ground is called ground clearance. 

If the primary assembly is not completely buried in the ground, then the term ground clearance 

may alternatively refer to the free distance between the primary and secondary coil assemblies. 

Depending on the literature considered, the term air-gap may sometimes misleadingly refer to the 

ground clearance as well. These concepts are illustrated in Figure 109. 



Chapter 3 - Dynamic Inductive Wireless Power Transfer 

Dynamic Inductive Wireless Power Transfer for Lightweight Electric Vehicles 
Luiz Alberto Lisboa da Silva Cardoso – University of Minho 174

 

 

Figure 109: Magnetic gap and ground clearance. 

Under the same other conditions, the larger the relative size of the magnetic gap to the 

major dimensions of the coils, the less will be mutual inductance and the magnetic coupling 

coefficient in between the two coils. As seen in Chapter 2, Figure 9, the higher the magnetic 

coupling coefficient, the higher the maximum efficiency level that can be potentially achieved 

(2.36). Also, the higher the mutual inductance, the higher the power that can be transferred 

between primary and secondary coils, for given exciting currents, operation frequency and 

compensation angle (2.7). 

Because of that, all DWIPT designs tend to adopt the minimum possible magnetic gap that 

still satisfies the mechanical constraints of the application, such as sufficient ground clearance, to 

prevent the secondary assembly to touch the primary assembly (or the ground). As expected in a 

configuration where relative moment will exist between the coils, this satisfaction must be checked 

at all stationary and cinematic conditions of the vehicle. In Bolger’s design [104], for instance, the 

pick-up coil can be lowered towards the lane, in order to optimize power transfer and efficiency, 

according to the road conditions. However, due to the risk of collision of the pick-up coil with the 

lane, this solution is mostly used in stationary recharging than in DIWPT systems. 

3.6.2 Relative Sizes of Primary and Secondary Coils 

For taxonomy purposes, and for organization of the analysis, in this work, when both primary 

and secondary coils in an inductive configuration are of similar size, the configuration will be called 

short-sized. When one of these coils is much longer than the other, the configuration can be called 

either long-primary or long-secondary, accordingly. No rigid ratio is stipulated to compare de sizes 

of the coils, it all depends on the approximations that can be tolerated when computing induced 

voltages based on the assumption of a constant magnetic field profile along the longer coil in the 

configuration, what will also depend on the distance of the planes containing the coils. As a 

practical rule, for monopole coils, one coil will be considered sufficiently longer than other, in the 

Primary Coil 

Magnetic Gap Ground Clearance 

Magnetic Material 

Magnetic Material Secondary Coil 
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scope of this taxonomy, when it is at least two times longer, as exemplified in Figure 110, where 

four short secondary coils (in green) harvest power from a long primary coil (in red). 

Figure 110: DIWPT over oblong primary coil.  

The secondary coils at positions (A), (B), (C) and (D) can either represent four different coils 

or four different moments of the same secondary coil traveling along the path p. In the first case, 

the total power transferred by the primary coil will be the sum of powers transferred to each of the 

secondary coils. While in the second case, with just one secondary coil harvesting, the total power 

transferred to a single coil can be larger. The coil at position (A) captures only a debile magnetic 

flux, and is not in good condition to harvest power, it is considered off the lane. The same happens 

when a coil traversing the primary coil takes position (B), with a large lateral displacement away 

from the center longitudinal axis of the primary coil. Coils positioned over the yellowish shaded 

zone, such as (C) and (D), can harvest nominal power. The exact shape and size of the harvesting 

zone depends not only on the geometry of the coils, but also on the current excitation level of the 

primary coil and the harvest circuit on the secondary coils. It is one of the main tasks in DIWPT 

design to establish multiple adequate size harvest zones along the vehicular path, for a given 

nominal power transfer level. 

In DIWPT systems based on long primary coils, the magnetic coupling between neighbor 

primary coils is intrinsically low, and the inter-primary coil distance can be very small, compared 

to the length of these coils, with no major concerns about mutual interference. This brings a great 

simplification to the design. 

As a disadvantage, the magnetic coupling coefficient between each short secondary coil and 

a long primary is also low. When the primary coil is much longer than the secondary coil, in the 

best case, i.e., with these coils of the same width, in center alignment and very closely positioned 

on top of each other, the magnetic coupling coefficient 𝑘 should still be limited to: 
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𝑘 ≤ ℓℓ , (3.78)

where ℓ  and ℓ  are respectively the lengths of primary and secondary coils. 

In practice, since 𝑘 reduces rapidly as the separation distance between coils is increased, 

it can be much lower than the best-case limit (3.78). If, on the other hand, the system is 

implemented with short-sized coils, the magnetic coupling coefficient 𝑘 can approach the unit, if 

primary and coils are of the exact same size and are positioned very closely on top of each other. 

In other words, the use of coils of similar size increases the chances of magnetic flux 

concentration, under best alignment conditions. Because of that, the peak efficiency of DIWPT 

systems that are implemented with short-sized coils, depending on the quality factor 𝑄  =  𝑘 𝑄 𝑄  (2.34), tends to be higher than those implemented with long coils. The same 𝑘-

advantage for short-sized coils favors the transmission of higher power levels, at the same current 

intensity levels. 

However, short-sized coils are expected to be laid very close together, to increase the duty-

cycle of power transfer, and this also raises concerns about inter-coil interference, which might 

bring more complexity to the system. In fact, the interaction between neighbor coils is usually 

carefully designed to reduce the power modulation along the vehicle’s path. 

Another advantage of short-sized coils is that, provided there is enough power to feed all 

primary coils simultaneously, the total power transferred to vehicles in a given lane segment length 

can be higher, for the same power handled per primary coil. This situation can be visualized in 

Figure 111, where four short-sized primary coils are being energized at the same time, each 

potentially transferring the nominal power to four different vehicles. 

Figure 111: DIWPT over short primary coils.  
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In practice, when short-sized coils are used, the primary coil itself tends to be shorter than 

the vehicle’s length, and when two neighbor primary coils are simultaneously powered on, they 

are likely serving simultaneously the same secondary coil. 

In the last 15 years, projects and prototypes have explored both configurations, long and 

short-sized coils. Due to the improved efficiency and the possibility of realization of the same power 

transfer levels at lower currents, there has been an observed tendency of using short-sized coils 

for automotive DIWPT applications (Section 3.4.8). However, this option comes with an associated 

higher complexity and cost, which could possibly prevent the widespread adoption of the DIWPT 

in large scale transport systems. 

Long primary coils are also called oblong coils and, as seen in section 3.4, constitute one 

the most popular early design paradigms, for it minimizes the number of power electronics 

modules that are required along an electrified route. This reduction in complexity often comes with 

an associated reduction in costs, and it is a good feature for the popularization of DIWPT systems 

with lower cost, lower performance vehicles. Because of all these reasons, oblong primary coil 

systems were considered the preferential approach for the HIPLEV design, exhibiting better 

potential to match the economical accessibility of these simpler, more sustainable vehicles. 

3.6.3 Oblong Primary Coils Lane Design 

An oblong object, by definition, is one having a flat rectangular shape, or in a broad sense, 

an object that is longer than it is wide, with the word oblong itself coming from the Latin neuter 

form “oblongum”, literally meaning “rather long”. In English, the use of the term “oblong coil” 

was seen in technical reports at least as early as in the first half of the 19th Century [117][118], 

referring to either the mechanical or the corresponding electric parts. 

Primary and secondary coils need to have similar widths, to improve power transfer. On the 

other hand, in DIWPT applications, secondary coils often have lengths and widths of similar 

magnitude, to capture maximum magnetic flux under the mechanical constraints of vehicular 

installation. So, when using oblong primary coils in the lane design, the length of oblong primary 

coil tends to be much larger than the length of the secondary coil. Because of this, the fraction of 

time spent by a vehicle over some primary coil (duty cycle) can be very high, if the inter-primary 

coil distances are made much shorter than the length of the primary coils. This simplifies the 

requirements for onboard energy storage, which is solely used during the transit of the vehicle in 

between two energized primary coils. 
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In addition, oblong primary coils are specially well suited to drive dynamically i-lanes for 

lightweight vehicles because of their ability to provide: 

Reduction in lane complexity. The number of coils and coil driver circuits (inverters and 

control logic) that are necessary to configure a lane of a given length is inversely proportional 

to length of the constituent primary coils. By reducing the number of driver circuits and 

coils, the complexity of the roadworks to install an inductive lane can also expectably be 

reduced. Although the average power to be handled by driver circuits will increase by making 

them drive longer coils, at the lower power levels required for lightweight vehicles, this is 

not an issue, for the fact that cost of circuitry is not linear with power output, being 

dominated by its mechanical constitution, at lower power limits. 

Reduction of power modulation to vehicles. Long primary coils, when built in monopolar 

configuration, provide a constant cross-section magnetic pattern to energy-harvesting 

devices moving along it. This reinforces the quasi-stationary DIWPT behavior of the 

configuration, as described in 3.1.3. A uniform magnetic profile along the coil also simplifies 

the circuit necessary to stabilize the voltage on the powertrain (load) of the vehicle. 

The main disadvantage of oblong primary coil DIWPT configurations is that, when no ferrites 

are used in both primary and secondary coils, to shape and concentrate the magnetic flux in 

between them, the magnetic coupling coefficient tends to be very low. This happens because the 

secondary coil is often much shorter than the primary coil, and thus, only a small fraction of the 

magnetic flux created at the primary coil will transverse the secondary coil, even when they are 

very close. As a consequence of the small magnetic coupling factor, the quality factors of the coils 

have to be increased, in order to keep a target efficiency value. 

Also, the lower magnetic coupling will decrease the voltage induced in the secondary, 

making it necessary to work with high total equivalent currents on both coils to transfer energy 

nominal target power levels. The total equivalent current is the current on the coil winding 

multiplied by the number of turns. If a low number of turns is used, the DC equivalent cross-

section of the coil wire has to be increased, and the required current on the driving circuit will be 

increased. On the other hand, if the number of turns used in the winding is increased, the required 

driving voltage is also increased. In both cases, more complexity (and cost) is associated with the 

coil components and the power electronics driving them. 

Because of its simplicity, oblong primary coil designs were first addressed and used in 

DIWPT prototypes, as described in sections 3.4.1 to 3.4.5. Some general recommendations 
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observed by authors, in all these designs, is to keep air gap as small as possible, and to use 

secondary coils with width that is similar to the width of the primary coil, in order to keep the 

magnetic coupling factor as high as possible, and weaken the power electronics requirements. 

After the OLEV [119] [120] [121], the research community understood that although the 

oblong primary coil DIWPT concept was simple, its efficient implementation was complex, requiring 

the extensive use of expensive and mechanically ferrite materials embedded in the lane, and the 

research interest turned to multiple short primary coil designs. 

In this research, the interest in brought back to oblong primary coil based DIWPT design 

because of the significantly lower power levels required by the traction systems of the lightweight 

electric vehicles (LEV). 

In order to better explore and support the DIWPT design using oblong primary coils without 

using ferrite materials, a few theorems are derived, aiming the refinement of the general 

recommendations provided in previous art and research, which, in summary, consist in using 

primary and secondary coils of similar size, as close as possible. 

Lemma 1: The voltage 𝑉  induced on a rectangular coil 𝑠, constituted of a single turn of 

filamentary wire, due to an infinitely long, straight parallel filamentary wire p, carrying a sinusoidal 

current 𝐼  of constant amplitude and frequency 𝑓 = 2𝜋𝜔 , when 𝑠 is stationary relatively to 𝑝 

and located at distance ℎ from the plane that contains 𝑝, is given by: 

𝑉 = − 𝑗 𝜇 𝑓  𝐼 ℓ 12 ln 𝑢 − 𝑑2 + ℎ𝑢 + 𝑑2 + ℎ , (3.79)

where: 

- 𝑉  is the phasor representation of the voltage 𝑉 ; 

- 𝜇 is the magnetic permeability of the medium where the conductors are immersed; 

- 𝐼  is the phasor representing current 𝐼 ; 

- ℓ is the length of the side of the rectangular coil 𝑠 which is parallel to the wire p; 

- 𝑑 is the length of the side of the rectangular coil 𝑠 which is perpendicular to 𝑝; 
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- 𝑢 is the oriented displacement of 𝑝 relative to center plane of 𝑠 which perpendicular to the 

plane of 𝑠 and parallel to 𝑝. 

- 𝑗 ∊ ℂ, 𝑗 = −1 

By being 𝑝 a filamentary wire, it is assumed that regarding its effect on other conductors, 

the current traversing wire 𝑝 can be considered concentrated on a single line, support of 𝑝, 

analogous happening to the filamentary wire 𝑠, which is assumed to only contain a single path 

where the electric field can be integrated. This assumption will approximate real problems where 

the distances between conductors are much greater than their diameters. Remarkably, when this 

assumption does not hold, (3.79) will visibly fail when 𝑝 excessively approaches one of the 

conductors which are the parallel to 𝑝 sides of the rectangular coil 𝑠. That is, expression (3.79) 

clearly diverges to infinity when, simultaneously, ℎ →  0 and either 𝑢 →  𝑑 2⁄  or 𝑢 →  −𝑑 2⁄ , 

while it is known from experimentation that, in this case, the induced voltage 𝑉  approaches the 

voltage across the segment of 𝑝 with length ℓ that is closest to 𝑠. 

Proof of Lemma 1: For the visualization of the geometry involved in the problem, let us start 

by considering the cross-section of this configuration where 𝑝 is inducing voltage in coil 𝑠, as 

shown in Figure 112, where the above linear dimensions are indicated, except ℓ, which is taken 

perpendicular to the cross-section. 

 
 

Figure 112: Reference cross-section for lemma 1. 

Let Ѕ , Ѕ  and P be respectively the points where coil 𝑠 and wire 𝑝 intercept this cross-

section. Let �⃗� be the magnetic field generated by 𝐼  flowing on p, and 𝐵  its complex scalar 

component on axis 𝑧, which is perpendicular to the plane containing 𝑠. 
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In order to compute the induced voltage on 𝑠, it can used Maxwell’s equation of Faraday’s 

Law to express the induced voltage as the time derivative of the magnetic flux traversing coil 𝑠: 

𝑉 = �⃗� . 𝑑𝑠 = − 𝑑𝑑𝑡 �⃗� . 𝑑�⃗�, (3.80)

where �⃗� is the electric field induced on the path corresponding to the thin wire coil 𝑠, 𝑑𝑠 is the 

differential element of the path of s, A is the rectangular surface enclosed by 𝑠, and 𝑑�⃗� its oriented 

differential area element. 

Expression (3.80) can be rewritten using phasors, and considering the existing planar 

symmetry of �⃗� due to the infinite length of 𝑝, leading to: 

𝑉 = − 𝑑𝑑𝑡 𝐵 ℓ 𝑑𝑣 (3.81)

Considering no relative movement of the coil 𝑠 with respect to the wire 𝑝, the magnetic flux 

on 𝑠 is only a function of the time, so: 

𝑉 =  − 𝑑𝑑𝑡 𝐵 ℓ 𝑑𝑣 = − 𝑗𝜔ℓ 𝐵 𝑑𝑣 (3.82)

For an infinitely long thin wire 𝑝, the magnetic field �⃗� on any point of space is perpendicular 

to 𝑝, thus contained in the plane parallel to the cross-section, being tangential to a circle of radius 𝑟 centered at P passing on that point of space, with complex magnitude given by: 

𝐵 = 𝜇𝐼2𝜋𝑟 (3.83)

It can be observed that: 

𝐵  = 𝐵 cos 𝜃 =  𝜇 𝐼  2𝜋𝑟  (𝑣 − 𝑢)𝑟 = 𝜇 𝐼2𝜋 (𝑣 − 𝑢)ℎ + (𝑣 − 𝑢)  (3.84)

Combining (3.82) and (3.84), and considering that 𝜔 = 2𝜋𝑓 : 
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𝑉 = − 𝑗 𝜇 𝑓  𝐼 ℓ (𝑣 − 𝑢)ℎ + (𝑣 − 𝑢) 𝑑𝑣 (3.85)

The integral in (3.85) can be calculate substitution, using 𝑟 again: 

𝑟 = ℎ + (𝑣 − 𝑢)  (3.86)

⇒ 𝑟 𝑑𝑟𝑑𝑣 = (𝑣 − 𝑢) (3.87)

𝑉 =  −𝑗 𝜇 𝑓  𝐼  ℓ 1𝑟 𝑑𝑟 , (3.88)

that can be integrated as: 

𝑉 =  −𝑗 𝜇 𝑓  𝐼 ℓ 12 ln 𝑢 − 𝑑2 + ℎ − ln 𝑢 + 𝑑2 + ℎ , (3.89)

which is an equivalent expression to (3.79), q.e.d. 

In stationary IWPT (and, by approximation, in quasi-stationary DIWPT), the problem of 

calculating the induced voltage is equivalent to the calculation of the mutual inductance between 

the rectangular coil and the infinitely long parallel wire. A trivial case of Lemma 1, whereas ℎ =  0, 

often referred in textbooks [122], is illustrated in Figure 113. 

 
 

Figure 113: Trivial case of Lemma 1 with ℎ = 0. 

In this case, the magnetic flux traversing coil 𝑠 (into the paper), 𝛷 , is given by [122]: 
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𝛷 =  𝜇𝐼  ℓ 12𝜋 ln 𝑏 + 𝑑𝑏 , (3.90)

leading to the calculation of 𝑉 : 

𝑉 =  𝑗 𝜇 𝜔  𝐼  ℓ 12𝜋 ln 𝑏 + 𝑑𝑏 = −𝑗 𝜇 𝑓 𝐼 ℓ ln 𝑢 − 𝑑2𝑢 + 𝑑2 ,  (3.91)

which is consistent with (3.79) when ℎ = 0. 
Noticeably, the obtained expression for 𝑉  in Lemma 1 (3.79) is implicitly associated with 

the reference polarity of the terminals of coil 𝑠, where the right-hand rule is used for the closed 

curve integration of the induced electric field on 𝑠. Considering the geometry in Figure 112, the 

real and imaginary parts of current 𝐼  are positive when coming out of paper, and 𝑉  expresses 

the differential electric potential 𝑉  −  𝑉 , between the left (Ѕ ) and right (Ѕ ) terminals of 𝑠, seen 

from the front of the paper, when 𝑠 is at open circuit condition. If the polarity convention is reverse 

direction, that is, measuring 𝑉  −  𝑉 , 𝑉  would alternatively be given by the phasor 𝑉 : 

𝑉 =  𝑗 𝜇 𝑓  𝐼  ℓ2 ln 𝑢 − 𝑑2 + ℎ𝑢 + 𝑑2 + ℎ = − 𝑗 𝜇 𝑓 𝐼 ℓ2 ln 𝑢 + 𝑑2 + ℎ𝑢 − 𝑑2 + ℎ  (3.92)

In (3.79), it is still possible to factorize 𝑉  as: 

𝑉 = − 𝑗 𝜇 𝑓 𝐼 ℓ 𝑔(𝑢, ℎ, 𝑑) , (3.93)

where 𝑔 is function of the geometry of the cross-section of the physical problem: 

𝑔(𝑢, ℎ, 𝑑) = 12 ln 𝑢 − 𝑑2 + ℎ𝑢 + 𝑑2 + ℎ  (3.94)

The expression 𝜇𝑓 𝐼 ℓ depends on physical parameters which are not related to the 

geometry of its cross-section and assumed to be constant. So, for simplicity, it makes sense to 

interpret 𝑔(𝑢, ℎ, 𝑑) as a normalized induced voltage, defined by real-valued phasor: 

𝐺 = 𝑉−𝑗 𝜇 𝑓 𝐼 ℓ = 𝑔(𝑢, ℎ, 𝑑) , (3.95)
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Having ℎ > 0 and 𝑑 > 0 as constant parameters, 𝑔 can be momentarily redefined as a 

function of 𝑢 only, and verified to be anti-symmetric, i.e., for all 𝑢 ∈ ℝ: 

𝑔(−𝑢) = − 𝑔(𝑢), (3.96)

Also, it can be noticed that 𝑔 can be expressed as a multiplication of two functions, 𝑔  and 𝑔  that are each the composition of functions namely, ln 𝑥 , 𝑥 , 𝑥  +  ℎ , 𝑥 −   and 𝑥 +  , that are continuous and continuously n-differentiable in their domains, for all order 

n ≥  1: 

𝑔(𝑢) = 𝑔 (𝑢) ∗ 𝑔 (𝑢), (3.97)

where: 𝑔 (𝑢) = ln 𝑥 ∘  𝑥 ∘ 𝑥 + ℎ ∘ 𝑥 − 𝑑2 (𝑢) , (3.98)

𝑔 (𝑢) = ln 𝑥 ∘  𝑥 ∘ 1𝑥 ∘ 𝑥 + ℎ ∘ 𝑥 + 𝑑2 (𝑢) (3.99)

Also, the image of each function in the chain composing both 𝑔  and 𝑔  is contained in the 

domain of the following function in the chain that takes the output of the former as its input. Then 𝑔(𝑢) is also n-differentiable in ℝ, and from (3.103) it follows that: 𝜕 𝑔𝜕𝑢 = −(−1) 𝜕 𝑔𝜕𝑢  (3.100)

and thus: 𝜕 𝑔𝜕𝑢 = − 𝜕 𝑔𝜕𝑢 , 𝑛 ≥ 1 (3.101)𝜕 𝑔𝜕𝑢 = − 𝜕 𝑔𝜕𝑢 ⇒ 𝜕 𝑔𝜕𝑢 = 0, 𝑛 ≥ 1 (3.102)

By developing 𝜕𝑔 𝜕𝑢⁄  and 𝜕 𝑔 𝜕𝑢⁄  it can be found that: 𝜕𝑔𝜕𝑢 = − 4𝑑𝑑 + 4ℎ , (3.103)
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       𝜕 𝑔𝜕𝑢 = − 32𝑑(𝑑 − 12ℎ )(𝑑 + 4ℎ )  (3.104)

Considering equations (3.108) to (3.104), the Taylor expansion of 𝑔 to the fourth order, at 

the vicinity of the center of coil s, which is at 𝑢 = 0, with ℎ and 𝑑 fixed, it is possible to 

approximate 𝑔(𝑢, ℎ, 𝑑) by: 

𝑔(𝑢, ℎ, 𝑑) ≅ − 4𝑑𝑑 + 4ℎ 𝑢 − 16𝑑(𝑑 − 12ℎ )3(𝑑 + 4ℎ ) 𝑢  (3.105)

So, given that second and the fourth derivatives of 𝑔 are already zero at 𝑢 =  0, the 

dependence of the induced voltage 𝑔 on the lateral displacement 𝑢, in the vicinity of the center of 

coil 𝑠, will be maximally linearized when the third derivative of 𝑔, given by (3.104), is also zero at 𝑢 =  0. This happens when: 

𝑑 − 12ℎ = 0 (3.106)

⇒  ℎ𝑑 = 12√3 = 𝛾  (3.107)

In Figure 114, the normalized induced voltage 𝑔(𝑢, ℎ, 𝑑) is plotted as a function of the 

normalized displacement 2𝑢/d, for different ratios ℎ/𝑑, emphasizing the case where best linearity 

response is found, when ℎ 𝑑⁄ = 𝛾 . 

 
 

Figure 114: Profile of voltage induced on coil 𝑠 by a single wire 𝑝 at distance ℎ. 

It can be also observed in Figure 114 that the curves corresponding to the normalized 

induced voltage, and thus to the induced voltage itself, exhibit maximum and minimum at 

distances to the center of coils that should be equal, except to the signal, what is due to symmetric 
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nature of the configuration. These points of maximum and minimum, which appear to depart from 

the center of 𝑠 as the ratio ℎ 𝑑⁄  is increased, are the matter of the following Lemma 2. 

Lemma 2: Given a rectangular coil 𝑠 and a parallel wire 𝑝, under the same assumptions 

and parameters described for Lemma 1, the maximum and the minimum induced voltages on 𝑠 

are obtained when the oriented displacement of 𝑝 relative to center plane of s, which is 

perpendicular to the plane containing s and parallel to 𝑝, are respectively given by: 

𝑢 = − 12 𝑑 + 4ℎ  (3.108)

𝑢 = + 12 𝑑 + 4ℎ  (3.109)

Proof of Lemma 2: For the visualization of the geometry involved in the problem, Figure 112, 

used in Lemma 1 is equally applicable. Referring to expression (3.93), it can be realized that the 

maximization or minimization of 𝑉  is respectively obtained by maximization or minimization of 

the function 𝑔 with respect to the oriented distance 𝑢. This is done by requiring: 

i) For the maximum: 𝜕𝑔𝜕𝑢 = 0   ∧ 𝜕 𝑔𝜕𝑢 < 0 (3.110)

ii) For the minimum: 𝜕𝑔𝜕𝑢 = 0   ∧ 𝜕 𝑔𝜕𝑢 > 0 (3.111)

Developing the expressions in (3.110) and (3.111): 𝜕𝑔𝜕𝑢 (𝑢, ℎ, 𝑑) = − 4𝑑(𝑑 + 4ℎ − 4𝑢 )(4ℎ + (𝑑 − 2𝑢) )(4ℎ + (𝑑 + 2𝑢) ) (3.112)𝜕 𝑔𝜕𝑢 (𝑢, ℎ, 𝑑) = 32𝑑𝑢(16ℎ (𝑑 + 4ℎ + 4𝑢 ) − 𝐴𝐵)𝐴 𝐵  (3.113)

where: 

𝐴 =  4ℎ + (𝑑 − 2𝑢) > 0 (3.114)
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𝐵 =  4ℎ + (𝑑 + 2𝑢) > 0 (3.115)

Requiring 𝜕𝑔 𝜕𝑢⁄ = 0 implies in solving the equation: 

𝑑 + 4ℎ − 4𝑢 = 0 , (3.116)

which gives the two solutions: 

𝑞 =  − 12 𝑑 + 4ℎ , (3.117)

𝑞 =  + 12 𝑑 + 4ℎ , (3.118)

Evaluating 𝜕 𝑔 𝜕𝑢⁄  at 𝑞  and 𝑞  results in: 𝜕 𝑔𝜕𝑢 (𝑢 , ℎ, 𝑑) = − 256 𝑑 ℎ (𝑑 + 4ℎ ) ⁄𝐴 𝐵 < 0 (3.119)

⇒ 𝑢 = 𝑞 = − 12 𝑑 + 4ℎ  (3.120)

and 𝜕 𝑔𝜕𝑢 (𝑢 , ℎ, 𝑑) = 256 𝑑 ℎ (𝑑 + 4ℎ ) ⁄𝐴 𝐵 > 0 (3.121)

⇒ 𝑢 = 𝑞 = + 12 𝑑 + 4ℎ  (3.122)

Expressions for the displacements of 𝑝 that maximize and minimize the induced voltage on 

coil 𝑠, given by (3.120) and (3.122), respectively coincide with (3.108) (3.109), q.e.d. 

A direct application of either Lemma 1 or Lemma 2 to the design of a DIWPT configuration 

is not likely, because a primary coil is not usually formed of a single conductor. However, based 

on these lemmata, it is possible do easily derive the expression of induced voltage on rectangular 

coil over an oblong primary coil, and some useful relations involving optimal dimensional 

parameters, which is of interest for designing DIWPT configurations using oblong coils. 

Theorem 1: The voltage 𝑉  induced by a stationary, infinitely long coil p, constituted of a 

single turn of a filamentary wire carrying a sinusoidal current 𝐼  of constant amplitude and 
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frequency 𝑓  =  2𝜋𝜔 , on a parallel rectangular coil 𝑠, relatively stationary to 𝑝 and also 

constituted of a single turn of a filamentary wire, that is located on a plane that is parallel to the 

plane that contains 𝑝, at a distance ℎ to that plane, is given by: 

𝑉 =  −𝑗 𝜇 𝑓 𝐼 ℓ 𝜉(𝑥, ℎ, 𝑑, 𝐷) , (3.123)

with the real function 𝜉, given by: 

𝜉(𝑥, ℎ, 𝑑, 𝐷) = 12 ln 𝑥 + 𝐷 + 𝑑2 + ℎ 𝑥 − 𝐷 + 𝑑2 + ℎ
𝑥 + 𝐷 − 𝑑2 + ℎ 𝑥 − 𝐷 − 𝑑2 + ℎ  , (3.124)

where: 

- 𝑉  is the phasor representation of the voltage 𝑉 ; 

- 𝜇 is the magnetic permeability of the medium where the conductors are immersed; 

- 𝐼  is the phasor representing current 𝐼 ; 

- ℓ is the length of the side of the rectangular coil 𝑠 which is parallel to the wire p; 

- 𝐷 is the width of the infinitely long coil 𝑝, i.e., the distance between its two conductors; 

- 𝑑 is the length of the side of the rectangular coil 𝑠 which is perpendicular to 𝑝; 

- 𝑥 is the oriented displacement of the projection of the longitudinal axis of s on the plane of 

p to the longitudinal axis of p (if p and s are contained in horizontal planes, 𝑥 is the lateral 

misalignment between these coils). 

- 𝑗 ∊ ℂ, 𝑗 = −1 

Again, the term filamentary wire is used here in the same sense and with the same 

assumptions as used for lemmata 1 and 2. 

Proof of Theorem 1: For the visualization of the geometry involved in the problem, let’s start 

by considering a cross-section of this configuration where coil 𝑝 is inducing voltage in coil 𝑠, as 

shown in Figure 115, with equivalently defined parameters as in Figure 112,  where Ѕ . 
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Figure 115: Cross-section of the inductive configuration formed by coils 𝑝 and 𝑠. 

Applying the superposition principle to the magnetic fields generated by the currents 

traversing the two wires of coil p, it can be derived that induced the total induced voltage will be 

the sum of the two voltages separately induced by currents 𝐼 , flowing out of the paper at Р , and 

inwards at Р , which is equivalent to a current −𝐼  flowing out of the paper. Then, from Lemma 1, 

it is possible to use (3.93) twice, adding up the voltages induced on 𝑠 by the conductor of 𝑝 at Р , 𝑉 , and by the conductor of 𝑝 at Р , 𝑉 : 

𝑉 = −𝑗 𝜇 𝑓 𝐼 ℓ 𝑔(𝑢 , ℎ, 𝑑)  (3.125)

𝑉 =  −𝑗 𝜇 𝑓 −𝐼 ℓ 𝑔(𝑢 , ℎ, 𝑑) (3.126)

𝑉 = 𝑉 + 𝑉 =  −𝑗 𝜇 𝑓  𝐼  ℓ 𝑔 −𝑥 − 𝐷2 , ℎ, 𝑑 − 𝑔 𝐷2 − 𝑥, ℎ, 𝑑   (3.127)

Applying (3.94) to expand the function g, (3.127) becomes: 

𝑉 = − 𝑗 𝜇𝑓 𝐼 ℓ 12 ln −𝑥 − 𝐷2 − 𝑑2 + ℎ−𝑥 − 𝐷2 + 𝑑2 + ℎ − ln 𝐷2 − 𝑥 − 𝑑2 + ℎ𝐷2 − 𝑥 + 𝑑2 + ℎ   (3.128)

Reorganizing the terms of (3.128), results in: 

𝑉 =  −𝑗 𝜇𝑓 𝐼 ℓ 12 ln 𝑥 + 𝐷 + 𝑑2 + ℎ 𝑥 − 𝐷 + 𝑑2 + ℎ
𝑥 + 𝐷 − 𝑑2 + ℎ 𝑥 − 𝐷 − 𝑑2 + ℎ  , (3.129)

which is can be decomposed in expressions (3.123) and (3.125), q.e.d. 
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The expression for 𝑉  (3.123) can be compared to model in Figure 3b, permitting 

equivalently to express the mutual inductance 𝑀 between long coils p and 𝑠 as: 

𝑀 =  𝜇2𝜋 ℓ 𝜉(𝑥, ℎ, 𝑑, 𝐷), (3.130)

Illustrating a possible application of Theorem 1, Figure 116 shows the scalar field of the 

normalized induced voltage, ξ, computed using (3.124), on the cross-section of an inductive 

configuration with an infinitely long primary filamentary coil 𝑝 and a parallel rectangular filamentary 

coil 𝑠, each consisting of a single turn: 

 
 

Figure 116: Normalized voltage induced on a single turn secondary coil 𝑠 by a single turn primary coil 𝑝, as a 
function of the relative position of the center of 𝑠 to 𝑝, under the hypotheses of Theorem 1. 

The conductors of the primary coil 𝑝, indicated in Figure 116 by two red dots, are placed 

centered at ℎ = 0. The conductors of the secondary coil s are indicated by two dark blue dots, Ѕ  

and Ѕ , and probe the induced voltage when translated over the cross-section, a typical situation 

of interest in design of DIWPT configurations. Specifically, for this example, the ratio 𝐷 𝑑⁄  was set 

to 2 √3⁄ . The red curve exemplifies a possible path for the displacement of 𝑠, with red cross 

denoting the center of the secondary coil 𝑠. The color of the plot shows how the value of the 

normalized induced voltage, 𝜉, changes when the center of secondary coil, is displaced on the 

cross-section plane. The blue regions indicate the positions of the cross-section where 𝜉 > 0, i.e., 𝑉  is given by 𝑗𝛼𝐼 , where 𝛼 > 0, and the phase of 𝑉  is 𝜋/2 ahead of the phase of 𝐼 . 
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Similarly, in the pink regions, the phase of 𝑉  is 𝜋/2 delayed from of the phase of 𝐼 . The black 

dashed curves are the loci of the zero induced voltage, defined by the equation: 

𝜉(𝑥, ℎ, 𝑑, 𝐷) = 0 , (3.131)

where 𝑑 and 𝐷 are the fixed widths of respectively the secondary and primary coils, and (𝑥, ℎ) is 

the coordinate pair of a point of the cross-section belonging to the dashed curve where 𝑉  =  0. 
Developing (3.131) results in an equation on 𝑥 and ℎ: 

𝑥 − 𝐷 + 𝑑2 + ℎ 𝑥 + 𝐷 + 𝑑2 + ℎ = 

= 𝑥 + 𝐷 − 𝑑2 + ℎ 𝑥 − 𝐷 − 𝑑2 + ℎ  

(3.132)

which simplifies to: 

𝑑 + 𝐷 + 4ℎ − 4𝑥 = 0 , (3.133)

which is the equation of a rectangular hyperbola on the plane (𝑥, ℎ), with vertices 𝙷  and 𝙷  at: 

𝙷 = − √𝑑 + 𝐷2 , 0  (3.134)

𝙷 = + √𝑑 + 𝐷2 , 0  (3.135)

Remarkably, the fact that the loci of 𝑉  =  0 is rectangular hyperbola (eccentricity √2) 

does not depend on the ratio 𝑑 𝐷⁄ , only its scale factor will depend on the indistinct sum of the 

squares of the coil widths. 

Since in most vehicular DIWPT applications the secondary coil is installed at a fixed distance 

from the primary coil, another useful application for Theorem 1 is to predict the induced voltage 

on a rectangular secondary coil as a function of the lateral misalignment on the lane, as 

exemplified in curves of Figure 117, plotted for different ratios of 𝐷/𝑑, from 0.25 (red curve) to 

2.5 (blue curve), and ℎ 𝑑⁄ = 1 2√3⁄ . 
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Figure 117: Normalized voltage induced on a single turn secondary coil 𝑠 that is at a fixed distance from the single 
turn primary coil 𝑝, as a function of the relative position of the center of 𝑠 to 𝑝. 

One key consideration to obtain a good numerical approximation for this prediction, using 

Theorem 1, is to require that the middle cross-section under analysis is far enough from the 

extremities of the primary coil. However, this is not a problem: While no actual primary coil 𝑝 has 

infinite length, in practice, it is verified that the magnetic flux distribution generated by current 𝐼  

is fairly regular along all the length of the primary coil, except very close to the extremities of 𝑝. 

Theorem 2: The maximum value of the normalized voltage 𝜉 = 𝑉 − 𝑗𝜇𝑓 𝐼 ℓ  induced 

by a stationary, infinitely long filamentary coil p, of width 𝐷, that is constituted of a single turn of 

wire carrying a sinusoidal current 𝐼  of constant amplitude and frequency 𝑓  =  2𝜋𝜔 , on a 

parallel rectangular coil 𝑠, of fixed width 𝑑 and length ℓ, also constituted of a single turn of 

filamentary wire, located on a plane that is parallel to the plane that contains 𝑝, at a fixed distance ℎ to that plane, is obtained when the coils are symmetrically aligned, with central planes 

coinciding, and the width 𝐷 of coil 𝑝 is equal to 𝑤 : 

𝑤 = 𝑑 + 4ℎ  (3.136)

and can be calculated by: 

𝜉 , = ln 𝑤 + 𝑑𝑤 − 𝑑  (3.137)

Additionally, when the coils remain center-aligned and the width 𝐷 of the primary coil 𝑝 is varied, 

the normalized induced voltage observed with 𝐷 =  𝑤  is the same as that observed when 𝐷 =  𝑤 ⁄ , for any  > 0. 
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Proof of Theorem 2: This proof follows by initially applying Lemma 2 to each of the 

conductors of 𝑝, and separately positioning Р  and Р  in order to maximize the induced voltage. 

The property of the total magnetic flux on 𝑠 is the sum of the fluxes generated by 𝐼  leaving at Р , 

and current −𝐼  leaving at Р , due to linear superposition of the respective magnetic fields 

generated by these two conductors of coil 𝑝, and the independence of the fields generated by 

them. Starting from equations (3.125) to (3.127), it comes: 

𝑉 = 𝑉 + 𝑉  (3.138)

max 𝑉 (𝑥, ℎ, 𝑑, 𝐷)− 𝑗 𝜇 𝑓  𝐼  ℓ = max 𝑉 (𝑥, ℎ, 𝑑, 𝐷)−𝑗 𝜇 𝑓 𝐼 ℓ + max 𝑉 (𝑥, ℎ, 𝑑, 𝐷)−𝑗 𝜇 𝑓 𝐼 ℓ (3.139)

By Lemma 2: 

max 𝑉 (𝑥, ℎ, 𝑑, 𝐷)− 𝑗 𝜇 𝑓  𝐼 ℓ = 𝑉 (𝑞 , ℎ, 𝑑, 𝐷)− 𝑗 𝜇 𝑓 𝐼 ℓ , 𝑞 = − 12 𝑑 + 4ℎ  (3.140)

Due to the anti-symmetry of 𝑉 , expressed in (3.95), (3.96), to search for the maximum in 

normalized 𝑉  is equivalent to search for the minimum in normalized 𝑉 , then the second parcel 

in (3.138) becomes: 

max 𝑉 (𝑥, ℎ, 𝑑, 𝐷)−𝑗 𝜇 𝑓 −𝐼 ℓ = −min 𝑉 (𝑥, ℎ, 𝑑, 𝐷)−𝑗 𝜇 𝑓 𝐼 ℓ (3.141)

which, by using Lemma 2 again, is found a: 
−min 𝑉 (𝑥, ℎ, 𝑑, 𝐷)− 𝑗 𝜇 𝑓 𝐼 ℓ = − 𝑉 (𝑞 , ℎ, 𝑑, 𝐷)− 𝑗 𝜇 𝑓 𝐼 ℓ , 𝑞 = 12 𝑑 + 4ℎ  (3.142)

Hence, the normalized induced voltage on 𝑠 is maximized when the projections of the 

conductors of 𝑝, Р  and Р , are symmetrically placed around the center plane of coil 𝑠, 𝑥 = 0, 

at the following coordinates: 

  Р :  𝑥 = 𝑞 = − 12 𝑑 + 4ℎ  (3.143)

  Р :  𝑥 = 𝑞 = 12 𝑑 + 4ℎ  (3.144)

and the optimum width 𝐷 = 𝑤  of coil 𝑝 will then be given by the difference 𝑞 − 𝑞 : 
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𝑤 = 𝑞 − 𝑞 = 𝑑 + 4ℎ , (3.145)

which is identical to (3.136), thus consisting in the first item of proof. 

For this optimum width 𝑤 , at the central alignment condition, the normalized maximum 

induced voltage can be further calculated by replacing 𝐷 in (3.124) by 𝑤 , as given in (3.145),: 

𝜉 , = 𝜉(0, ℎ, 𝑑, 𝑤 ) = 12 ln √𝑑 + 4ℎ + 𝑑2 + ℎ
√𝑑 + 4ℎ − 𝑑2 + ℎ  , (3.146)

which can be simplified to: 

𝜉 = ln √𝑑 + 4ℎ + 𝑑√𝑑 + 4ℎ − 𝑑 , (3.147)

due to (3.145), an equivalent expression to (3.137), and this is the second part of the proof. 

Finally, it can be calculated that, at the alignment condition, 𝑥 = 0, when 𝐷 =  𝑤 , 

 >  0, the expression of 𝜉, given by Theorem 1 (3.124), becomes: 

𝜉(0, ℎ, 𝑑, 𝑤 ) = ln 𝑤 + 𝑑2 + ℎ
𝑤 − 𝑑2 + ℎ , (3.148)

which, by using (3.145), can be developed to: 

𝜉(0, ℎ, 𝑑,𝑤 ) = ln 𝑤 1 +  + 2𝑑𝑤 1 +  − 2𝑑  (3.149)

Based on (3.149), 𝜉, at 𝑥 = 0 and 𝐷 =  𝑤 ⁄ , is equal to: 

𝜉(0, ℎ, 𝑑, 𝑤 ⁄ ) = ln 𝑤 1 + 1


+ 2𝑑
𝑤 1 + 1


− 2𝑑



= 𝜉(0, ℎ, 𝑑, 𝑤 ) (3.150)

Hence, it follows that at center-alignment condition, the normalized induced voltages on coil 𝑠 are the same (and so are the induced voltages) when the width of the primary coil is either 𝑤  

or 𝑤 ⁄ , with  >  0, q.e.d. 
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Geometric Interpretation for Theorem 2: Despite the tedious algebraic manipulation involved 

in Theorem 2, it has a simple immediate geometric interpretation: The infinitely long filamentary 

single turn primary coil carrying a fixed sinusoidal current 𝐼  that will induce the maximum voltage 

on a parallel rectangular single turn filamentary coil 𝑠 at distance ℎ from 𝑝, is the one in which 

the projection on a cross-section of this inductive configuration of the support lines of the 

conductors of 𝑝, Р  and Р , constitute the diameter Р Р  of a circle also containing the projection 

of the support lines of the conductors of 𝑠, Ѕ  and Ѕ , as shown in Figure 118. 

 
 

Figure 118: Geometrical interpretation of Theorem 2. 

This relative positioning of Ѕ , Ѕ , Р  and Р  creates a right-angled rectangle where the 

vertical cathetus is ℎ, the horizontal cathetus is 𝑑 2⁄ , and the hypotenuse, 𝐷 2⁄ , is calculated 

using Pythagoras’ theorem: 𝐷2 = 𝑑2 + ℎ = 𝑤2  (3.151)

Hence, the geometrical construction in Figure 118 assures 𝐷 =  √𝑑 + 4ℎ , which is the 

required width 𝑤  of 𝑝 for maximum induction in 𝑠. 

Numeric comparison with FEM modeling: As a quick check against any error in its derivation, 

the optimum positioning, and the maximum induced voltage, given by Theorem 2, were initially 

verified by numeric simulations, using finite element modeling (FEM). Four inductive 

configurations, consistent with the geometrical assumptions for this theorem, at different ratios of ℎ 𝑑⁄ , ranging in the set 1 10⁄ , 1 3⁄ , 1, 3 , were designed and simulated, using the FEMM 

software tool for FEM simulation [123] [99], with the total number of mesh nodes varying in the 

range from 50k to 100k. In all configurations, the coils were assumed immersed in air, and 𝜇 was 

approximated by 𝜇 . The size of the rectangular coil was set to be the same in all configurations, 

at 𝑑 = 282 mm, ℓ = 645 mm, modeled with thin copper wire, of diameter 1 mm for all 

conductors. The frequency of the primary current was set at 51 kHz. For each configuration, 
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several cross-sections were simulated, all at center-alignment condition between the primary and 

secondary coils, but with increasing size of primary coil widths. The induced voltage was simulated 

at 𝑁  different widths, from 𝐷  to 𝐷 , for all four configurations, 1 ≤  𝑚 ≤  4. For 

generating the 𝑁  simulated voltages in configuration 𝑚, the primary coil was then reinstated at 𝑁  different width values, both smaller and larger than 𝑤 . Table 15 summarizes the FEM 

simulations realized, totalizing ∑ 𝑵𝒎  =  217 virtual stationary induction experiments. 

Table 15: Summary of FEM simulations run to test the application of Theorem 2. 𝑚∗ ℎ 𝑑⁄  ℎ (mm) 𝑤  (mm) 
𝐷  
(mm) 

𝐷  
(mm) 

𝑁  

1 1 10⁄  28.2 287.6 40 1000 37 
2 1 3⁄  94 338.9 80 3400 62 
3 1 282 630.6 40 4000 53 
4 3 846 1715.3 40 4000 65 

*All four configurations run with the same secondary coil size, 𝑑 = 282 mm, ℓ = 645 mm. 

The curves resulting from the FEM simulations, for the four created configurations, are 

plotted in Figure 119. The colors distinguish each case according to the ℎ 𝑑⁄  ratio, from 1 10⁄ , 

which is shaded in strong orange, to 3, shaded light yellow. The induced voltage is plotted is 

normalized to both the problem physics, by dividing the resulting simulated induced voltages in all 

configurations by the quantity 𝑗𝜇𝑓 𝐼 ℓ, and the problem geometry, then dividing the results by the 

predicted individual 𝜉 ,  of each different ℎ 𝑑⁄  ratio, as given by (3.137). This is done to 

facilitate a visual assessment of the results. 

 
 

Figure 119: Results of FEM simulations to check Theorem 2. 

The coincidence of the maximum normalized induced voltage of 1.0 (linear scale vertical 

axis) for all curves is an indication of the good predictive quality of the expression for the maximum 

achievable induced voltage (3.137). On the other hand, the coincidence of these point of maxima 
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at 𝐷 𝑤  =  1⁄ , for all curves, is compatible with the prediction of the optimum width 𝑤 , as given 

by (3.136). In logarithm scale, the curves are symmetric around 𝐷 𝑤  =  1⁄ , due to (3.37). 

This coincidence obtained in the FEM simulations does not prove that the developed 

theorems are correct, the proof is accomplished by mathematical development and is already 

given. But it is a good practice to have an indication of consistence with other validated numerical 

approach, such as FEM, which directly computes the solution of magnetic fields in a geometry of 

conductors that is excited by currents, based on Maxwell equations. 

As expected, the FEM simulations require more effort in the preparation of the geometrical 

description of the problem and the setting of the contour conditions of the configurations. Also, 

they take much more time to run than using the direct algebraic computation of predicted induced 

voltages and optimum widths given by analytical analysis, and this is an advantage of using such 

theorems. In addition, having a geometric interpretation for an optimum configuration is also very 

helpful to develop some insight on the DIWPT design. 

Theorem 3: The maximum value for the normalized voltage 𝜉 = 𝑉 −𝑗𝜇𝑓 𝐼 ℓ induced 

by a stationary, infinitely long filamentary coil p, of fixed width 𝐷, that is constituted of a single 

turn of wire carrying a sinusoidal current 𝐼  of constant amplitude and frequency 𝑓  =  2𝜋𝜔 , 

on a parallel rectangular coil 𝑠, of width 𝑑 and length ℓ, also constituted of a single turn of 

filamentary wire, located on a plane that is parallel to the plane that contains 𝑝, at a fixed distance ℎ to that plane, is obtained when the coils are symmetrically aligned, with central planes 

coinciding, and the width 𝑑 of coil 𝑠 is equal to 𝑤 : 

𝑤 = 𝐷 + 4ℎ  (3.152)

and can be calculated by: 

𝜉 , = ln 𝑤 + 𝐷𝑤 − 𝐷  (3.153)

Additionally, when the coils remain center-aligned and the width 𝑑 of the primary coil 𝑠 is varied, 

the normalized induced voltage observed with 𝑑 =  𝑤  is the same as that observed when 𝑑 =  𝑤 ⁄ , for any  > 0. 
There is a duality relating Theorem 3 and Theorem 2, the expressions (3.152) and (3.153) 

are exactly those in (3.136) and (3.137), except that 𝐷 and 𝑤  are used in place of 𝑑 and 𝑤 . 
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The physical situation in each case is different though: In Theorem 2 the width of the secondary 

coil is fixed at 𝑑, and an optimal diameter of primary coil, 𝐷, that maximizes the induced voltage 

on 𝑠, is to be found. While in Theorem 3, the search is reversed, the width 𝐷 of the primary coil 

itself is fixed, and an optimal width 𝑑 for the secondary coil that maximizes the induced on voltage 𝑠 is to be determined. 

Proof of Theorem 3: The reason for the above mentioned duality, which is the proof for 

Theorem 3, is that, by inspection of the algebraic expression (3.124) of the function 𝜉, both the 

induced voltage from 𝑝 on 𝑠, 𝑉 , as well as the associated normalized induced voltage, 𝜉, given 

by Theorem 1, are symmetric on 𝑑 and 𝐷: 

𝜉(𝑥, ℎ, 𝑑, 𝐷) = 𝜉(𝑥, ℎ, 𝐷, 𝑑) , (3.154)

and 𝜕 𝜉𝜕𝑑 = 𝜕 𝜉𝜕𝐷 , ∀𝑛 ≥ 1 (3.155)

Hence, the points of maxima in 𝜉, with respect to 𝑑, when 𝑥 = 0, are expressed in terms 

of fixed ℎ and 𝐷 by the same function as the points of maxima in 𝜉, when 𝑥 = 0, with respect to 𝐷, when expressed in terms of fixed ℎ and 𝑑, causing the width of maximum induced voltage on 

s, at 𝑥 =  0, to be also found at an optimum value of 𝑑, 𝑤 , given as the function of ℎ and 𝐷: 

𝑤 = 𝑦 + 4ℎ = 𝐷 + 4ℎ  (3.156)

In the same manner, the value of the maxima will be given by the same function by which 

it was calculated in the case of the optimization in 𝐷, but evaluated at the pair (ℎ, 𝐷), rather than 

at pair the (ℎ, 𝑑): 

𝜉 =  ln 𝑦 + 4ℎ + 𝑦𝑦 + 4ℎ − 𝑦 = ln 𝑤 + 𝐷𝑤 − 𝐷 (3.157)

To prove the last statement of Theorem 3, it can be realized that, for all  > 0: 𝜉(0, ℎ,𝑤 , 𝐷) = 𝜉(0, ℎ, 𝐷, 𝑤 ) = = 𝜉 0, ℎ, 𝑦, 𝑦 + 4ℎ = 𝜉 0, ℎ, 𝑦, 𝑦 + 4ℎ


= (3.158)
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= 𝜉 0, ℎ, 𝐷, 𝑤


= 𝜉 0, ℎ, 𝑤


, 𝐷 , 
with the first and last equalities being due to the existing indistinguishability in 𝑑 and 𝐷, as given 

by (3.154), and the equality in the middle, due to Theorem 2. Hence, 

𝜉(0, ℎ, 𝑤 , 𝐷) = 𝜉 0, ℎ, 𝑤


, 𝐷 , ∀ > 0 (3.159)

what constitutes the last part of Theorem 3, q.e.d. 

Geometric Interpretation for Theorem 3: Similarly to Theorem 2, the dimensions and location 

of the optimum filamentary secondary coil 𝑠 for a maximum induced voltage from filamentary 

primary coil 𝑝, at a fixed distance ℎ, also has a simple immediate geometric interpretation: If the 

projections of the support lines of the conductors of 𝑝, in a common cross-section with s, are Р  

and Р , and the projections of the support lines of the conductors of 𝑠 parallel to 𝑝 are Ѕ  and Ѕ , then Ѕ  and Ѕ  constitute the diameter Ѕ Ѕ  of a circle also containing Р  and Р , as shown 

in Figure 120. 

 
 

Figure 120: Geometrical interpretation of Theorem 3. 

Attention should be paid when comparing and using Theorem 2 and Theorem 3, which 

geometries can be visualized respectively in Figure 118 and Figure 120: The optimum width for 

the other coil, in order to attain maximum induced voltage on the secondary, is always larger than 

that of a first coil which width has been fixed, no matter whether the first coil to have its dimensions 

fixed beforehand is the secondary or the primary coil, as synthetically represented in Figure 121. 
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Figure 121: Optimum width of the other coil in an oblong coil configuration, for maximum induced voltage. 

Theorem 4: Let 𝑝 be a stationary, infinitely long filamentary coil p, of width 𝐷, that is 

constituted of a single turn of wire carrying a sinusoidal current 𝐼  of constant amplitude and 

frequency 𝑓  =  2𝜋𝜔 ; let 𝑠 be a parallel to 𝑝 rectangular coil 𝑠 of fixed width 𝑑 and length ℓ, 

also constituted of a single turn of filamentary wire and located on a plane that is parallel to the 

plane that contains 𝑝, at a fixed distance ℎ to that plane. Then the profile of the normalized voltage 𝜉 = 𝑉  𝑗𝜇𝑓 𝐼 ℓ, induced by 𝑝 on 𝑠, as a function of the lateral misalignment of 𝑝 and 𝑠, is 

maximally flat in the vicinity of the center-alignment condition when the width 𝐷 of coil 𝑝 is either 

equal to 𝑤  or to 𝑤 , as given by the following equations and conditions: 

𝑤 = 𝑤 + 4𝑤 ℎ , ℎ > 0 (3.160)

𝑤 = 𝑤 − 4𝑤 ℎ , 0 < ℎ𝑑 < 𝛾  (3.161)

where 𝑤  is the width of 𝑝 for maximum induced voltage on s, as in Theorem 2: 

𝑤 = 𝑑 + 4ℎ , (3.162)

and 𝛾  is the optimum ℎ 𝑑⁄  ratio for maximum linearity of the induced voltage on 𝑠 due to a single 

conductor of 𝑝 (3.107), as given by 

𝛾 = 12√3 (3.163)

Proof of Theorem 4: By analogous argumentation to that used in Lemma 1, when 

considering expressions (3.97), (3.98), (3.99), 𝜉, as given by (3.124) is also continuous and 

continuously n-differentiable in ℝ, and, by inspection (3.124), clearly symmetric in the variable 𝑢: 

𝜉(𝑢, ℎ, 𝑑, 𝐷) = 𝜉(−𝑢, ℎ, 𝑑, 𝐷)  (3.164)
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This implies that: 𝜕 𝜉𝜕𝑢 = (−1) 𝜕 𝜉𝜕𝑢 , 𝑛 > 1 (3.165)

and thus: 𝜕 𝜉𝜕𝑢 (0, ℎ, 𝑑, 𝐷) = 0, 𝑛 > 1 (3.166)

The requirement for a maximally flat response to lateral misalignment between coils 𝑝 and 𝑠 can be traduced by a zero in first and second order derivatives of the normalized induced voltage 

with respect to the lateral displacement, at the point where central alignment condition is met. 

The first order derivative 𝜕𝜉 𝜕𝑢⁄  at 𝑢 =  0 is already guaranteed to be zero by (3.166). By 

developing 𝜕 𝜉 𝜕𝑢⁄ , it is found that: 

          𝜕 𝜉𝜕𝑢 (0, ℎ, 𝑑, 𝐷) = 32𝑑𝐷((𝑑 − 𝐷) (𝑑 + 𝐷) − 8ℎ (𝑑 + 𝐷 + 6ℎ ))((𝑑 − 𝐷) + 4ℎ ) ((𝑑 + 𝐷) + 4ℎ )  (3.167)

Considering equations (3.108) to (3.104), the Taylor expansion of 𝜉 to the third order, at 

the vicinity of 𝑢 = 0, the center of alignment between coils 𝑠 and 𝑝, with ℎ and 𝑑 fixed, it is 

possible to approximate 𝜉(𝑥, ℎ, 𝑑, 𝐷) by: 

(𝑥, ℎ, 𝑑, 𝐷) ≅ 𝜉(0, ℎ, 𝑑, 𝐷) + 𝑥2 𝜕 𝜉𝜕𝑢 (0, ℎ, 𝑑, 𝐷)  (3.168)

So, given that the first and the third derivatives of 𝜉 with respect to 𝑢 are already zero at 𝑢 =  0, the variation of the induced voltage 𝜉 in response to the lateral displacement 𝑥, in the 

vicinity of the center of alignment of coils 𝑠 and 𝑝, will be minimized when the second derivative 

of 𝜉 at 𝑢 =  0, given by (3.167), is also zero, condition under which 𝜉 will be approximated by 

the constant 𝜉(0, ℎ, 𝑑, 𝐷). This happens when: 

      (𝑑 − 𝐷) (𝑑 + 𝐷) − 8ℎ (𝑑 + 𝐷 + 6ℎ ) = 0 (3.169)

As 𝐷 > 0 is the free variable geometrical parameter considered in Theorem 4, the only two 

possibly real positive roots of (3.169) in D are given by 𝑤  and 𝑤 : 

𝑤 = 𝑑 + 4ℎ + 4 𝑑 ℎ + 4ℎ , ℎ > 0, 𝑑 > 0 (3.170)
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     𝑤 = 𝑑 + 4ℎ − 4 𝑑 ℎ + 4ℎ , 0 < ℎ < 𝑑 12√3 (3.171)

By recognizing that 𝑑 + 4ℎ = 𝑤 , from Theorem 2 (3.136), and that 𝛾 = 1 2√3⁄ , from 

the development of Lemma 1 (3.107), expressions (3.170) and (3.171) can be rewritten 

respectively as (3.160) and (3.161), q.e.d. 

The two possible solutions found, 𝑤  and 𝑤 , have different properties concerning the 

magnitude of voltage that can be induced in each derived configuration. Also, 𝑤  is visibly a larger 

width than 𝑤 , and it is always available as a design option, while 𝑤 , when it is defined, is 

smaller, and associated with lower induced voltages. While both of these values of 𝐷 will yield a 

flat response at center alignment condition, the normalized induced voltage on 𝑠, under central 

alignment condition, will be significant less at 𝐷 =  𝑤 , than at 𝐷 =  𝑤 , except when the ratio ℎ 𝑑⁄  is very low (less than 10%), case in which the magnitude of the ratio of the induced voltages 

will be closer to unity (higher than 90%), as shown in Figure 122. However, a too low value of ℎ 𝑑⁄  

is usually not practical to implement in a real DIWPT application for electric mobility, due to 

mechanical restrictions on the minimum required air-gap. 

 
 

Figure 122: Condition for the existence of a second smaller width for maximum flatness in the induced voltage. 

In summary, although two optimum values were found for a maximum flatness in the 

induced voltage response, which is a desirable characteristic is some applications, one of them, 𝑤 , will only exist if ℎ 𝑑 <  ⁄ 28.8%. Even then, the induced voltage will be much less than that 

provided by at 𝐷 =  𝑤 , unless ℎ 𝑑 <  ⁄ 10%, which is likely to be difficult to implement, if the 

inductive configuration is used for transferring power to terrestrial vehicles. So, the option for the 

primary coil width of 𝑤  is apparently not as useful for a DIWPT design aiming electric mobility, 

as the larger alternative, 𝑤 , and in principle, the existence of 𝑤  maybe disregarded. 
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Geometric Interpretation for Theorem 4: A geometrical interpretation is given for the main 

optimum value 𝑤 . Despite not being as straightforward as the geometric construction provided 

for Theorem 2 and Theorem 3, it provides a tool that enhances the visualization, and a more 

intuitive design of DIWPT configurations using oblong coils, when maximally flat induced voltage 

in a secondary coil of given width is sought. 

Figure 123 represents a cross-section of the inductive configuration formed by coils 𝑝, which 

width is a free design parameter, and 𝑠, of fixed width 𝑑, given by points Ѕ  and Ѕ , at distance ℎ from the support plane of 𝑝. For a maximally flat induced voltage, the positioning of the 

conductors of the primary, 𝑤 , far apart from each other, is found by first constructing points Р  

and Р , such that Р Р  is a diameter of a circle also containing Ѕ  and Ѕ , centered at 𝙲 , the 

intersection of the mediatrix of Ѕ Ѕ  with the support line at distance ℎ from Ѕ Ѕ  (Р  and Р  are 

the loci for the conductors of 𝑝 for a maximum induced voltage on 𝑠, as seen in Theorem 2). Then 

point 𝙷  is constructed, by making Р 𝙷  =  ℎ. The intersection of a circle with center at 𝙲  and 

radius 𝙲 𝙷  with the perpendicular to the support line of the conductors of 𝑝, drawn from Р , is 

point 𝚉 . Another circle centered at 𝙲  and drawn with radius 𝙲 𝚉  will intercept the support line 

for coil 𝑝 projections at points 𝙵  and 𝙵 , which are the positioning solution for the conductors of 𝑝 for a maximally flat induced voltage on 𝑠. Incidentally, 𝙵  and 𝙵  would be the locus of the 

conductors of 𝑝 for maximum voltage on 𝑠, if 𝑠, with a distinct width, had its conductors placed 

at 𝚉  and 𝚉 , 𝚉  being the point symmetric to 𝚉  with respect to the center plane of 𝑠 that is 

perpendicular to the support line of 𝑝. 

 
 

Figure 123: Geometrical interpretation of theorem 4. 
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From this geometric construction, it can be shown that the length of 𝙵 𝙵  is exactly given 

by the expression derived for 𝑤  (3.170). For quick visual estimations of the position of 𝙵  and 𝙵 , it can also be verified that: 

𝑑 + 2ℎ < 𝑤 < 𝑤 + 2ℎ  (3.172)

Theorem 5: Let 𝑝 be a stationary, infinitely long filamentary coil p, of fixed width 𝐷, that is 

constituted of a single turn of wire carrying a sinusoidal current 𝐼  of constant amplitude and 

frequency 𝑓  =  2𝜋𝜔 ; let 𝑠 be a parallel to 𝑝 rectangular coil 𝑠 of width 𝑑 and fixed length ℓ, 

also constituted of a single turn of filamentary wire and located on a plane that is parallel to the 

plane that contains 𝑝, at a fixed distance ℎ to that plane. Then the profile of the normalized voltage 𝜉 = 𝑉  𝑗𝜇𝑓 𝐼 ℓ, induced by 𝑝 on 𝑠, as a function of the lateral misalignment of 𝑝 and 𝑠, is 

maximally flat in the vicinity of the center-alignment condition when the width 𝑑 of coil s is either 

equal to 𝑤  or to 𝑤 , as given by the following equations and conditions: 

𝑤 = 𝑤 + 4𝑤 ℎ , ℎ > 0 (3.173)

𝑤 = 𝑤 − 4𝑤 ℎ , 0 < ℎ𝑑 < 𝛾  (3.174)

where 𝑤  is the width of 𝑝 for maximum induced voltage on s, as in Theorem 3: 

𝑤 = 𝐷 + 4ℎ , (3.175)

and 𝛾  is the optimum ℎ 𝐷⁄  ratio for maximum linearity of the induced voltage on 𝑠 due to a single 

conductor of 𝑝, as given by 

𝛾 = 12√3 (3.176)

Notably, Theorem 5 can be seen as Theorem 4 with 𝑑 and 𝐷 reversed. That is, in Theorem 4 

the secondary width is fixed at 𝑑, and an optimum is sought for the width 𝐷 of the primary coil, 

while in Theorem 5 the primary coil has a fixed width 𝐷, and the problem to be solved is the 

determination of an optimum secondary width 𝑑 that will maximize the flatness of the response of 

the induced voltage, as a function of the lateral misalignment of the primary and secondary coils. 
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Again, likewise to the case of Theorem 2 and Theorem 3, there is a duality between 

Theorem 4 and Theorem 5, and the proof of Theorem 5 is based on the same relations and 

expressions derived for Theorem 4. 

Proof of Theorems 5: Since the inductive configuration and its parameters are equivalent 

and named exactly as in Theorem 4, the expression for the normalized induced voltage for the 

present situation is the same as (3.167), and so are valid expressions (3.168) and (3.169). In 

order to find the optimum 𝑑 is then given by the real positive roots of (3.169), having this time 𝑑 

as the free variable, not 𝐷 as in the proof of Theorem 4. Since (3.169) is symmetric with respect 

to 𝑑 and 𝐷, then the optimum values for 𝑑, 𝑤  and 𝑤 , are given by: 

𝑤 = 𝐷 + 4ℎ + 4 𝐷 ℎ + 4ℎ , ℎ > 0, 𝐷 > 0 (3.177)

     𝑤 = 𝐷 + 4ℎ − 4 𝐷 ℎ + 4ℎ , 0 < ℎ < 𝐷 12√3 (3.178)

It can be recognized, from Theorem 3 (3.152), that 𝐷 + 4ℎ = 𝑤 , and that from the 

development of Lemma 1 (3.107), that 𝛾  =  1 2√3⁄ . So, expressions (3.177) and (3.178) can 

be rewritten respectively as (3.174) and (3.175), q.e.d. 

By analogy to Theorem 4, the geometric evaluation of optimum widths 𝑤  and 𝑤  for a 

secondary coil 𝑠 at fixed distance ℎ to a given primary coil with width 𝐷 will be entirely similar to 

that shown in Figure 125, but with the drawing up-side down and the location of points Р  and Р  

respectively reversed with Ѕ  and Ѕ . 

A general visualization tool for optimum widths of a second coil for maximum induced voltage 

(red line segment) and for a maximally flat induced voltage (green line segment) is seen in Figure 

124, where the width of the first given coil is represented by the black horizontal line segment and 

the fixed distance between the two coils. Because of the correspondence of Theorem 3 and 

Theorem 5, respectively with Theorem 2 and Theorem 4, it is indifferent whether the first coil 

considered is the primary or the secondary coil, the optimum second coil will be always larger 

than the first coil. 
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Figure 124: Geometric visualization for the calculation of optimum width coils. 

Application of Theorems 1 to 5: Considering the possibility of approximation of real coils by 

filamentary windings, for both primary and secondary coils, and provided that the quasi-stationary 

hypothesis can be applied, as showed in 3.1, theorems 1 to 5 can help the design of DIWPT 

configurations where the primary coil is an oblong coil and the secondary coil is a rectangular 

parallel coil, at a fixed distance ℎ to the primary coil. This happens because the magnetic field in 

a central cross-section of this DIWPT configuration is approximately the same as if the primary coil 

had infinite length, if this considered cross-section is sufficiently away from the extremities of the 

primary coil. 

When the secondary is compensated, the induced voltage ultimately determines the 

available power in the secondary, and that is the reason for the concern for maximizing it, as in 

Theorem 2 and 4. For a SS or PS-compensated configuration, for instance, this is promptly 

recognized by reexamining Figure 6b, from section 2.5, and realizing that, in the circumstances 

of theorems 1 to 5, 𝐸  =  𝑉 , and, for a fully compensated secondary, the power 𝑃  on a 

resistive load directly connected to the secondary will be given by: 

𝑃 = 𝑉 𝑅  𝑅 + 𝑅 𝐼∗ = 𝑅  (𝑅 + 𝑅 ) 𝑉 𝑉∗ = 𝑅 (𝜇 𝑓 ℓ)(𝑅 + 𝑅 ) 𝐼 𝐼∗𝜉 (𝑥, ℎ, 𝑑, 𝐷) (3.179)

So, the power delivered to the load will be proportional to squared normalized induced 

voltage. Alternatively, depending on the circuit design of the secondary, the design target might be 

to have the induced voltage with a flat as possible characteristic, in response to misalignment 

variations of the primary and secondary coils, and that is the usefulness of Theorem 3 and 
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Theorem 5. Theorem 1, on the other hand, provides an analytic method for calculating the induced 

voltage or the power delivered on 𝑅 , as a function of the circuit parameters and the geometry of 

the coils, allowing the DIWPT design to be refined. 

However, in order to fully benefit from the predictions provided by these theorems, the 

hypothesis of a constant amplitude and phase of the current in the primary coil must hold, for a 

good approximation to be obtained. This will happen if the primary circuit can keep a constant 

current on the primary coil, accommodating the back-induced voltage from any current secondary 

current, or when this back-induced voltage is sufficiently small, compared to the voltage 

established on the primary coil, so that the variations on primary current can be neglected. In 

DIWPT configurations whereas the magnetic coupling coefficient is low, and the secondary has 

more turns than the primary coil, this is definitely the case, which is also the situation found in 

the application developed in Chapter 5. 

As a summary of the main results achieved in this section, the plots of the normalized 

induced voltage, calculated on basis of the analytical expressions derived, for designs with different 

optimal properties, are shown in Figure 125. The configuration corresponds to a given secondary 

coil with fixed width 𝑑, at a fixed distance ℎ from a primary coil in which the width 𝐷 is a parameter 

of free election, by design. The fixed location of the secondary coil is indicated by points Ѕ  and Ѕ , and, differently from the curves, specially plotted with the vertical axis scale equal to the 

normalized horizontal scale, for improved perception of the proportions of the geometry adopted 

in this example, where ℎ 𝑑⁄  was set to 1 4⁄ . 

 
 

Figure 125: Curves of normalized voltage induced on a single turn rectangular secondary coil by a single turn 
oblong primary coil, for different primary coil widths, under the conditions of Theorem 1. 
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In the chart of Figure 125, the normalized induced voltage 𝜉 is normalized again by 𝜉  

before plotted, so that maximum assumed value on the vertical axis is one, facilitating the visual 

comparison of the induced voltage profile of the various configurations. The colors of the curves 

are in correspondence with the color of the small circles that represent the location of the 

conductors of the primary coil that generates each curve. The red curve corresponds to the 

maximum induced voltage condition, obtained for 𝐷 =  𝑤 , as given by Theorem 2. The two blue 

curves are the maximally flat induced voltage profiles, obtained for 𝐷 =  𝑤  (continuous blue) 

and for 𝐷 =  𝑤  (dashed blue), given by Theorem 4. The green curve is the resulting of setting 

the width of the primary coil to a value that is less than 𝑤 , but still higher than 𝑤 , and the brown 

curve is an example of a profile generated when the width of the primary coil is larger then 𝑤 . 

The criterion for a DIWPT design will be strongly dependent on the application. However, in 

general, the transfer of maximum power with the same primary current is one of the main goals, 

for the power levers that are required themselves and for the efficiency levels that can be obtained 

drawing more power from the same primary current, since the primary losses will be strongly 

related to the square of rms value of the primary current. 

An alternative convenient design goal is to keep the induced voltage as constant as possible, 

while the electric vehicle (secondary coil) harvesting power from the lane (primary coil) drifts 

laterally around the center of the lane, constantly generating a misalignment input 𝑥 to the function 𝜉. This property is obtained when 𝐷 is close to 𝑤 , and useful when a DC-DC converter is used 

to match the load impedance, and the ratio between the maximum and minimum input to the 

converter should not be very high. The in-depth analysis of the application, supported by the tools 

presented in this section will lead to the best design choices. In general, unless there is some 

additionally restriction on the width 𝐷 of the primary coil, there will be no good argument for 

picking 𝐷 < 𝑤  or D much greater than 𝑤 . 

Concerning electric mobility, although Theorems 3 and 5 do provide solutions for optimum 

geometries of the secondary pick-up coils to be installed on vehicles, the most usual application 

is to design the primary coil with an optimal width, given a secondary coil of fixed dimensions. This 

is because whilst the coils should be as large as possible for a good transfer of power, the 

maximum dimensions of the secondary coil are a priori constrained by the size of the vehicle and 

mechanical restrictions imposed by the installation of the coil on the vehicle. In Figure 126 is 

shown example of inductive coupling of a DIWPT design using Theorem 4 to optimally position a 

single turn oblong primary coil to work with a single turn parallel rectangular secondary coil. 



Chapter 3 - Dynamic Inductive Wireless Power Transfer 

Dynamic Inductive Wireless Power Transfer for Lightweight Electric Vehicles 
Luiz Alberto Lisboa da Silva Cardoso – University of Minho 209

 

 

Figure 126: Geometric construction of a DIWPT configuration of oblong primary coils using Theorem 4. 

Once fixed the dimensions required for the coils, their equivalent circuit parameters, such 

as inductances and mutual inductance, can be derived and serve as the basis for circuit design of 

the primary and the secondary power electronics, which are briefly reviewed in Chapter 2. 

3.6.4 Magnetic Flux Shaping 

When two or more magnetically coupled coils have alternated current passing on them, the 

total AC magnetic field generated will induce an electric voltage in each of them. Depending on 

the relative phase of the currents on the coils and their induced voltages, each coil will receive or 

transmit electric power to the other in that magnetic coupling, similarly as showed in 2.3 for the 

case of two coils. The configuration can be analyzed by considering that the total magnetic flux 

traversing each coil results from sum of the partial magnetic fluxes due to the magnetic fields 

generated by the current in each coil, if linearity of the medium can be assumed. In a good coupling 

design, it is desired that the magnetic flux generated in the transmitter (primary) coils is directed, 

as much as possible, to the receiver (secondary) coils. This is so for the three main reasons: 

(i) The power transferred is increased, for the same currents; 

(ii) The maximum power transfer efficiency can then be also increased; 

(iii) The magnetic flux (and magnetic field intensity) is reduced in other regions, in the 

vicinity of the coils, where losses could be induced, or the presence of sensitive 

equipment or live matter (human beings, for instance) is expected, resulting in 

damage to the equipment or hazards to life. 

While all three above concerns are relevant in DIWPT for vehicular applications, failing in 

compliance with either (i) or (iii) can completely disqualify an EV design. 
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To direct and confine the magnetic field, the most common magnetic-field shaping 

techniques employed in design of IWPT configuration are: The use of soft-magnetic materials, the 

use of conductive surfaces, and the use of auxiliary coils, which can either carry active current or 

be compensated and passively resonant [124]. 

3.6.4.1 Magnetic shaping with soft-magnetic materials 

Soft-magnetic materials, such as ferrites, by having a larger magnetic permeability than the 

free space, increase the magnetic field intensity in their interior, and tend to concentrate the lines 

of magnetic induction [125] generated by the magnetic sources represented by the coils in the 

magnetic coupling. So, by adequately placing some magnetic material, called the magnetic core, 

in between the transmitter and receiver coils, the lines of magnetic induction are apparently 

‘attracted’ to the interior of the core, and the magnetic flux passing through these coils, the induced 

voltages, as well as the power transfer can be increased. At the same time, the region of space 

behind the core (relatively to the current location) becomes more depleted of lines of magnetic 

induction, and exhibit a weaker magnetic field intensity. This effect is illustrated in by the results 

of simulations shown in Figure 127, where two coaxial 1 - turn equal coils with 200 mm of 

diameter, made of 10 mm diameter copper rods, are positioned at a distance ℎ = 200 mm from 

each other, and simultaneously fed with 17.8 A rms, at 50 kHz, with a relative phase of 𝜋 2⁄  (input 

current to the secondary is delayed 90º with respect to that fed to the primary coil), which will 

maximize the power transfer. The ferrite core inserted is a 10 mm-thick hollow cylinder with 

external diameter of 148 mm and length of 186 mm, made of a soft-magnetic material with relative 

magnetic permeability 𝜇 =  1000, and all materials are considered in free space. To simplify the 

graphical representation, only the induction lines (blue curves) due to the primary coil are plot in 

both Figure 127a and Figure 127b, where the lines of magnetic induction on the central cross-

section plane of the coils are shown. But since the coils and their currents are equal, except in 

phase, the induction lines due to the secondary (upper) coil would be symmetric to those due to 

the primary (lower) coil. 
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Figure 127: IWPT enhancement and magnetic shaping by the insertion of a core material between two coils. 

The result of the simulation indicates that, by inserting the magnetic core coaxially to the 

coils, in the center of the configuration, the power transferred is increase almost 6 times, from 

1 W to 5.8 W, while the efficiency is raised to 88%, from an initial value of 56%. The ferrite was 

assumed lossless, whereas, in practice, some energy would be dissipated in the ferrite, causing 

the real efficiency to be somewhat lower than the predicted 88%. 

Remarkably, to keep the current intensities constant at 𝐼  =  𝐼  = 17.8 A rms when the 

magnetic core is introduced in the coupling, it is necessary to increase the input voltage to the 

coils from approximately 2.2 V rms to 2.75 V rms (+27%). 

It can be also noticed that, at the same time the magnetic flux in between the coils is 

increased, when concentrated by the ferrite core, the region of the space with a magnetic field 

intensity higher than 𝐵 = 21.7 𝜇T rms, given by the black continuous contour line in Figure 

127a, will shrink to the purple continuous contour line in Figure 127b. The magnetic field will also 

be practically reduced to zero inside the cylindrical core. In general, the maximum acceptable 

magnetic field intensity in a given region of the space is a design parameter that depends on the 

sensitivity of further equipment to be placed in that region, or, in case of human live tissue, this is 

regulated by currently ICNIRP recommendations [72]. 

Another important point, when considering the use of magnetic cores, is to guarantee that 

the magnetic field in the core does cause the saturation of the material, condition from which the 

hysteresis losses on the core will grow significantly. This will both impair the IWPT and potentially 

cause the fracture of the core, and destroy it. After the core is destroyed, the impedance seen by 
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the external current excitation sources will be reduced, and depending on the circuit protection 

schemes used, the resulting current elevation can destroy either these power sources or the coils. 

In a DIWPT design, the relative position of the secondary and primary coils, which can be 

more than one, is not fixed. The consideration of the worst and best case for the induced voltages 

is necessary to design the power electronic that assures the required minimum power transfer. 

Conversely the ability of the circuitry to handle fluctuations in the induced voltage and coil 

impedances can determine a range of possible relative positions of the coils where success power 

transfer can occur at the minimum required power level. Similar happens when trying to establish 

a contour of a (safe) region where the magnetic field intensity is limited to some design value. The 

magnetic core materials, if used, are usually fixed to either the primary or secondary coil 

assemblies. 

In most land-based vehicular applications, both primary and secondary coils are often 

parallel to the ground, with the primary coil lying underneath ground level. It is then a sensible 

mechanical requirement to have a void layer in between ground and the vehicle, where no coils or 

support materials reside. In this case, the core, if used, is normally installed behind the coils, in 

the same relative position as shown in Figure 109. When using ferrite plates in this manner, the 

power transfer can be estimated by applying the magnetic current mirror model [126]. 

The Magnetic Current-Mirror Model: In order to estimate the power inductively transferred 

when magnetic core plates are placed around current carrying conductors, the core plates can be 

replaced by virtual conductors at the specular position of the actual conductors, with respect to 

the core surface that is facing these latter conductors, as if they were their images on the mirror. 

The core plates should not lie in between conductors that exchange power, and the mirrored 

conductors should carry the same current as their specular images. The application of this 

modeling can be visualized in the simulation results plot in Figure 128, where the cross-sections 

of the equivalent magnetic configurations are shown.  

 
 

Figure 128: Magnetic current mirror modeling of a core plate for a single current-carrying conductor. 
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It can be shown [127] that, in the region of space immediately above the magnetic core 

plate (e.g., where point A is located), the magnetic field generated by the current flowing on the 

conductor backed by the core, in Figure 128a, is approximately equivalent to the magnetic field 

generated by the pair of conductors in Figure 128b. This equivalence is observed only on the 

portions of the space that lie enough away from borders of the core (e.g., point B), and that are 

not located behind the core, i.e., are not on opposite side of the core plate with respect to the 

conductor (e.g., point C). So, if other voltage sensing conductors were placed in front of the core, 

the voltage induced on it by this equivalent magnetic field would be approximately equal to that 

that would be measured in the original configuration using the magnetic core. 

The values of the parameters used in the simulation were 𝐿 =  1 m, ℎ =  50 mm, with a 

lossless core material exhibiting a relative permeability of 𝜇  =  1000, and a long copper 

conductor (planar axial model) with 2 mm diameter carrying 7.07 A rms of current at 50 kHz. The 

color scale adopted has a lower clipping at 𝑏  =  27 𝜇T rms and a higher clipping at 𝑏  =  100 𝜇T rms. These parameters used in the simulations are incidental, however, for the 

magnetic current mirror model approximation to yield good results, it is necessary that: 

• The energy losses in the core plate are negligible with respect to the power being 

transferred and resistive losses in the conductor, at the frequency used; 

• the core plate is thick enough not to saturate,  

• the core plate is width 𝐿 is sufficiently larger than the distance ℎ between the core 

and its distance to both the transmitting conductor; 

• its magnetic permeability 𝜇  is much larger than that of the region above the core, 

where lies the current-carrying conductor. 

This approximation, mathematically justified in [127], is illustrated by the plots of the 

magnetic field intensity in both situations, as shown in Figure 129a and Figure 129b. 
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Figure 129: Approximation, under the equivalent current-mirror model of the magnetic field (a) on the surface of 
the core plate and (b) on the perpendicular plane to the surface of the core plate, centered on the conductor. 

Along the plane that is perpendicular to the core plate and centered on the conductor, the 

magnetic field intensity computed with the current-mirror model coincides, for ℎ >  0, with that 

observed when the core plate is used, as can be seen in the yellow shaded region of Figure 129b. 

It can be also noticed that above the core plate and within a 4ℎ-width around the position of the 

current-carrying conductor there is an excellent concordance between the magnetic field of the 

actual configuration (blue curves), using the core plate, and the equivalent configuration (pink 

curves), where the core is replaced by the “reflected” current. 
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The discrepancies observed in the magnetic field close to the extremities of the core plate, 

visible in Figure 129a, should not disturb the magnetic flux on other conductors and coils, if they 

are inserted in the configuration as voltage sensing devices, as long as their windings are contained 

in the central region above and close enough to the core plate (yellow shaded). 

The magnetic current-mirror model was also shown to exhibit results of improved precision 

if multiple “reflections” of the current-carrying conductors are considered [127]. In the case of 

conductors confined in between planes of core material, a perfect analogy with light reflections in 

optical mirror is promptly established. An example of the application of this improved model is 

given in Figure 130, where two parallel ferrite core plates confine two current-carrying conductors. 

 
 

Figure 130: Application example of the improved magnetic current mirror model [127]. 

Successively improved approximations are obtained when high order current reflections are 

added to the model. By this equivalence, the magnetic field computed in the gap between the two 

core plates should be the same as if the core plates were not present, being replaced by reflected 

currents, each with the same phase of the corresponding actual currents, on the inner surfaces of 

the cores. As exemplified in the simulation shown in Figure 129, this approximation hold and can 

be used on the evaluation of induced voltages and transferred power to other conductors, except 

if these other conductors are too close from the borders of the core plates, i.e., outside the central, 

green shaded region of Figure 130. 

Because this reinforcement of the magnetic field obtained by the core plates, as if there 

were more current-carrying conductor present, in general, this configuration is highly 
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recommended to achieve higher power transfer levels. In addition, since the “reflected” conductors 

do not actually exist, they do not dissipate power, higher efficiency levels can also be obtained, 

provided that the losses in the magnetic cores are negligible, with respect to the resistive losses 

in the conductors. 

A possible exception to this recommendation arises when cost is critical. Nonconductive 

soft-magnetic core materials with high magnetic permeability and low losses at higher frequencies 

are very expensive, relatively to the price of the wiring used in a given configuration. Per mass, the 

cost of a good ferrite for operation up to 100 kHz can be almost twice as costly as litz wire copper 

windings, per unit of mass. This ratio rises approximately to nine, when prices of ferrite and when 

standard non-litz wires are used in a IWPT configuration, as shown in Table 16  

Table 16: Relative cost of materials frequently used in IWPT configurations. 

Material 
Cost per kg 

(Euros, CIF EU)
Relative 

cost per kg 

Copper 5.54* 1.00 

Copper in litz cable 27.35** 4.94 

Ferrite plate  47.52*** 8.58 
*Average copper price, London Metal Exchange, May 2019. 

**Based on litz wire supplied by Elektrisola Dr. Gerd Schildbach GmbH & Co. KG, to University of Minho, in 2019. 
***Based on EPCOS TDK N95 ferrite supplied to University of Minho by Arrow Iberia Electronica S.L.U., in 2019. 

The mass of ferrite that is necessary to be used in an IWPT configuration is often larger than 

the mass of the copper wiring itself, for a significant increase in power transfer and efficiency to 

be observed. If the relative costs of materials in Table 16 are considered, the relative overall cost 

of materials for IWPT systems using different configurations are shown in the last column of Table 

21, assuming that coil windings are made of copper conductors. 

Table 17: Relative cost of materials frequently used in IWPT configurations. 

Magnetic 
Core 

Coils Windings
 Mass proportion, 
ferrite to copper 

Total relative 
cost of 

materials 

Not used 
Non-litz copper 0 1.0 

Litz copper 0 4.9 

Ferrite 
Plates 

Non-litz copper 1 9.6 

Litz copper 1 13.5 

Non-litz copper 2 18.2 

Litz copper 2 22.1 
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Chapter 1 Because of the dominant cost of ferrites, to keep the cost effectiveness of the i-lanes in 

DIWPT applications for less costly lightweight electric vehicles, such as e-bikes, it is highly desirable 

to avoid any use of magnetic core materials, especially on the lane side. This is exactly the design 

case of study in Chapter 5. 

3.6.4.2 Magnetic shaping with conductive bodies 

The eddy currents induced in conductive bodies, such as metal plates, produce a magnetic 

field component that tends to cancel the magnetic field inside these bodies caused by external 

excitation. The eddy currents also reduce magnitude of the magnetic resulting magnetic field in 

their immediate vicinity, especially, behind the conductive body, as if it worked as a shield, 

interrupting the magnetic field lines. 

A metal plate can be thought of as multiple superposed coils paths, all of these coils short-

circuited, which is the limit condition of a serial compensated coil (section 2.5) when the serial 

capacitance tends to infinite. So, considering the analysis in the graph of Figure 7, if a metal plate 

would be modeled by just one equivalent coil, the induced current 𝐼  on it would an amplitude 

proportional to the exciting current 𝐼 , as derived from (2.14): 

𝐼 = lim→ 𝐼 ש  = lim→ 𝐼 ש    −𝑗 𝜔 𝑀𝑅 + 𝑗 𝜔 𝐿 − 1𝜔 𝐶 𝐼 = 𝑗 𝜔 𝑀𝑅 + 𝑗 𝜔 𝐿 − 𝐼 , 
(3.180)

where 𝑅  and 𝐿  are parameters of this equivalent coil, and 𝑀 the mutual inductance between 

the coil with the exciting current and the metal plate. 

In plates of good conductivity and sufficient thickness, at higher angular frequencies 𝜔, 𝑅  

is expected to be negligible with respect to the product 𝜔𝐿  so the total equivalent induced current 𝐼  can be approximated by (3.181) and exhibit an opposite phase to 𝐼 . 

𝐼 = 𝑀𝐿 −𝐼  (3.181)

𝐼  can be interpreted as the total equivalent current induced in the modeled metal plate, 

and 𝑀, the mutual inductance between the exciting coil and the plate. This simple model, however, 

does not explicitly consider the thickness of the plate and the current density pattern within the 

plate itself, nor an immediate formulation for 𝑀 or the equivalent 𝐿  is given. 

What is apparent from this simple model is that, while core materials shape the magnetic 

field by reinforcing it in the region in between the core and nearby current carrying conductors, 
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conductive bodies contrapose to the magnetic field, and can attenuate or block the AC magnetic 

field generated by external exciting currents. Because of that, conductive materials are often also 

used for magnetic shielding of AC currents. 

The skin effect, as described in 2.10.1, implies that a metallic plate must have a large 

enough thickness, 𝑔, to attenuate the magnetic field down to a given level. Most of the current 

density in a metal plate will lie within a few skin depths, 𝛿, away from the surface facing the 

conductor carrying the excitation current. If 𝑔 is not much greater than 𝛿, two effects will be 

observed: First, the metallic plate will not completely block the magnetic field: Second, the 

resistance to the eddy currents will be increased, and so may increase the power dissipated within 

the metal plate. At extreme conditions, a plate shield of insufficient thickness may become a risk 

for the IWPT system; it can either increase the power drawn for the inverter above safety limits 

and damage it, or it can overheat, causing a generalized failure of the system, for instance it can 

ignite materials in its vicinity. 

In Figure 131, a simple shielding example is shown, where the magnetic field generated by 

a current carrying copper wire is shielded by an aluminum sheet/plate. The wire is very long (2D-

symmetric problem), has a 6 mm-diameter and it is carrying 65.4 A at 51 kHz. The magnetic field 

is plot in Figure 132, using the same color scale, in two different shield constructions: (a) using 

16 𝜇m thick aluminum foil; and (b) using 1-mm thick aluminum sheet. At 51 kHz, the skin depth 

in aluminum is 𝛿  =  363 𝜇m, so that the thickness in (a) and (b) correspond respectively to 

0.044 𝛿  (poor shielding) and 2.75 𝛿  (reasonably good shielding). 

 
 

Figure 131: Example of magnetic shielding of an electric current with a conductive plate. 

The color scale used in the simulation plots of Figure 132 is not incidental. The intensity is 

color-plot only on areas of the cross-section where the magnetic field is larger than −91.37 dBT rms (blue extreme), corresponding to the maximum recommended exposure level to 

the general public, and all regions of the space where the field is larger than −80 dBT rms is plot 

in red, sign a potential exposure to a magnetic level above the maximum occupational level [72]. 
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            (a)  

            (b)  
 

Figure 132: Finite element simulations of the shielding of a copper conductor carrying 65.4 A rms at 51 kHz with 
(a) 16 𝜇m-thick aluminum foil; and (b) 1 mm-thick aluminum sheet. Color scale shows magnetic field in dBT rms.

The comparison of the two plots, obtained using COMSOL Multiphysics software, clearly 

indicates that, concerning the ICRNP recommendations, the 1-mm aluminum plate efficiently 

blocks the magnetic field, at the given current level and distance, but the aluminum foil does not. 

It not easily seen in the plots, but carefully observation will also indicate that the constant 

intensity contours of magnetic field above the shield are slightly contracted inward to the wire, 

showing that the magnetic field has been also somewhat attenuated in the case of Figure 132b. 

The FEM simulation using COMSOL Multiphysics also allows the computation of the total 

heat generated in the shield plates. As shown in Table 18, the heat generated is much higher in 

the 16 𝜇m - thick aluminum foil than with the thicker 1-mm aluminum shield, showing that much 

more heat will be generated in the thinner foil than in the thicker aluminum sheet. 

Table 18: Comparison of the heat generated in the two shielding plates of different thickness. 

Shield 
Thickness, 𝑔 

Frequency Skin Depth 𝛿 𝑔/𝛿  
Average Power Dissipated by 

Shield Plate (W/m )  

   1 mm 51 kHz 363 𝜇m 2.75 16.2 16 𝜇m 51 kHz 363 𝜇m 0.044 313.1 
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The spatial distribution of the heat lost in the shield plate is not uniform over the shield, it 

concentrates where the magnetic field is stronger, that is, on the vertical projection of the wire on 

the shield. In this spot, the power density is much higher than the average along the whole shield 

plate, given in Table 18. Whereas metals, aluminum in particular, are good thermic conductors, 

when the thickness is too small, there may be not enough time for the heat flow along the plate 

and be transferred to the environment, and high temperatures may develop on the shield plate, in 

the zone directly underneath the wire. 

In DIWPT design, shielding must be used on the vehicle’s side, to protect its occupants. 

Since the steel normally used in the chassis of cars is ferromagnetic, a protective conductive with 

low magnetic permeability plate (such as aluminum) is often recommended. It is inserted in 

between the secondary pick-up coil and the lower part of the chassis of the vehicle. This aluminum 

sheet should be thick enough, not only to provide the necessary protection for the passengers, but 

also, not to dissipate too much heat itself, which can be a dangerous condition. In standard 

passenger cars using IWPT charging, the shield plate must be integrated in the coil design, and 

comes assembled from factory, both because it is always required and because it is part of the 

power transfer design itself, to avoid excessive attenuation of the magnetic flux through the 

secondary coil, which could follow in case of a poor field-installation of the coil in the vehicle. 

3.6.4.3 Magnetic Shaping with Active Auxiliary Currents 

This technique consists in introducing current carrying conductors in a design, usually at 

the same current and phase (or opposite phase), to cancel or reduce the magnitude of the 

magnetic field in a region of the space of special interest, concentrating it in other regions. It is 

basically to promote the addition of the magnetic field generated by auxiliary windings to that 

generated by the main current carrying conductors, with the deliberate intention of reshaping the 

spatial distribution of the magnetic field. 

This technique has been used to reduce the magnetitic field in regions nearby IWPT devices 

were living matter or other sensitive entities might be located during normal operation of the 

devices, including in automotive DWIPT prototypes and systems [128]. In [124] this method is 

discussed and compared with . The benefits provided by magnetic shaping currents are 

counterbalanced by the additional power losses in the windings of the auxiliary coils. 

On the i-lane of the proposed HIPLEV system, measures are taken to keep the geometry and 

main currents under control, and avoid the need for any auxiliary currents for achieving compliance 
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to the maximum recommended exposure levels, concerning pedestrians. The full magnetic and 

electric field exposure compliance of the HIPLEV vehicle itself and the protection of the rider is left 

out of the scope of this work. However, due to efficiency reasons, the use of auxiliary currents is 

not recommended to be used on board of the vehicle as well. Because of that, this topic is not 

further explored in this work. 

3.6.4.4 Magnetic Shaping with Passive Resonant Circuits 

Similarly to 3.6.4.3, the magnetic shaping may also be achieved when, instead of using 

active auxiliary current, parasite currents are induced in aisled resonant auxiliary coils, with the 

deliberate purpose of altering the magnetic field on a region of the space. More specifically, on 

the magnetic field being harvested by another coil, which is integrated with either a power supply 

or a load. This technique, useful to control exposure levels, tends to increase costs and decrease 

efficiency. It was not required in the design of the HIPLEV, and it is neither explored in this work. 

3.6.5 Primary Coil Activation 

If the primary coils of a DIWPT system are active all the time, two problems will occur: 

Firstly, the efficiency of the system as whole will decrease and the total power consumption will 

increase, unless the traffic is so high that it can be assured the presence of at least one secondary 

coil on the harvesting space of every primary coil. This is not expected to happen in most 

applications. Secondly, by being enabled all the time, the magnetic field generated by a primary 

coil can potentially produce unwanted effects on any entity not prepared for harvesting the 

magnetic energy, when these entities transit over the primary coil. It may be the case of a non-

electric vehicle or human beings traversing a crossing point, or simply walking on the lane due to 

any mishap. 

The primary coils are then supposed to be energized only when a vehicle equipped and 

ready to harvest power is positioned over their harvesting zone. This synchronous activation is not 

a unique requirement to DIWPT, stationary IWPT also needs it, to assure that the primary coil is 

only energized at the right moments, for similar reasons. This synchronization can be achieved by 

different techniques, among them: 

(i) Photodetection of the vehicle, used, for instance, in the ONR prototype [110]; 

(ii) Explicit message exchanging, used, for instance, in the OLEV bus [129] and 

vehicular stationary charging based on SAE J2954 [92]. 
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The most advanced systems use message exchanging for controlling coils activation, which 

is an effective solution, but of high complexity, due to short periods of power switching on and off 

and the consequent communications latency and real-time constraints. 

In order to avoid the implementation of newer complex message passaging schemes 

between the vehicle and the lane, a standardized message exchanging system is proposed, based 

the reuse of RFID protocols in Section 5.18. This provides the DIWPT a hybrid solution where the 

security and repeatability of digital systems are used in conjunction with near field 

communications, which allow the vehicle to be detected and uniquely identified when present in 

the harvesting zone. 

3.6.6 Onboard Energy Management System 

The onboard energy management system is the circuitry installed in the vehicle with the 

functionality of storing the excess harvested energy by the secondary coil and storing it in an 

energy storage component, which can be a battery a bank of supercapacitors, or an association 

of them. Because of the battery that normally is maintained by this system, it is also frequently 

called battery management system (BMS). 

It its simplest forms, it can be constituted only by a diode in series with the DC output of 

secondary regulated by a DC-DC converter, which can be normally programmed to a nominal 

output voltage and to a maximum current level. This configuration works well when the battery 

used, for instance, is of lead-acid type, which can be charged at constant voltage with current 

limitation. The battery is then simply connected in parallel to the power input of the powertrain 

control. It is just necessary to design the nominal regulated output voltage from the secondary 

conveniently. For instance, for each group of six series-connected lead-acid battery elements, the 

full load voltage is around 13.2 V.  So, if a 36 V power train is used, a 36 V lead acid battery 

should also be used, and the regulated DC output 𝑉  of the secondary coil should be set to 𝑉 =3 × 13.2 V + 𝑉 , where 𝑉  is the forward voltage drop of the diode used. With this simple circuit, 

when the induced voltage drops below a limit value that forces the DC-DC output not to be 

sustained at 𝑉 , the powertrain with be sustained by the battery, which will start to drop its voltage. 

When the power harvesting is reestablished and 𝑉  is brought back to its nominal value, the DC-

DC converter will take over the task of energizing the powertrain, and the excess power available 

not used by the powertrain will recharge the battery. In Figure 133 a diagram illustrating this basic 

BMS scheme is presented. 
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Figure 133: Connection diagram for obtaining basic BMS functionality, while using lead-acid type batteries. 

One of the disadvantages of this simple BMS scheme is that energy that could be harvested 

at lower voltages is not used, which may be acceptable in some low-cost configurations. Other 

more advanced BMS can use lithium batteries, batteries with different nominal voltages than the 

powertrain, or even supercapacitors, which are best utilized if deep discharge to low voltages is 

accomplished. In this case, the BMS must guarantee priority of full nominal power to the 

powertrain, and only charge the battery with the excess power. In a good DIWPT design, a single 

pass over an energized primary coil should be enough to store energy to sustain the power train 

at full nominal power during the next inter-primary coil gap. 

The development of the BMS circuit block, though important for a high performance DIWPT 

system, is not the focus of this research. 

3.7 Conclusion 

The mathematical analysis in the beginning of Chapter 3, in Section 3.1, showed that in the 

typical geometric configurations and speeds adopted by land transport system, the design of 

DIWPT can be understood and treated as a multi-location stationary IWPT. This means that, except 

possibly from the particular dynamic response of the circuits involved in the implementation, to 

design IWPT to a moving vehicle is equivalent to design a stationary IWPT that can work well in all 

positions of space where the vehicle is supposed to harvest energy.  

Although this seem a great simplification, in practice it is a hard problem too, because coils 

are supposed to operate in near field, with magnetic field intensities and induced voltages 

decreasing rapidly with the third power of the distance between coils. This creates the need for 

using multiple primary coils, covering different segments of the vehicles’ path, and their activation 

should be synchronized with the presence of vehicles. 

Sections 3.2 to 3.4 presented a review of some of the most relevant dynamic inductive 

wireless power transfer technology milestones, from the early conceptual propositions of the late 
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19th century to the more recent and more efficient first pre-commercial inductive lane prototypes. 

It can be noticed that DIWPT is anything but a new concept, which was invented (and patented) 

about only 10 years after the first public commercial tram line was set into operation. But the idea 

was not developed at that time. Even today, the existing designs are relatively new, and, at the 

time of this writing, have not yet become widely commercial, due to the complexity and cost of the 

technology involved. 

In Section 3.6 a few more concepts were introduced in preparation for the DIWPT design of 

the HIPLEV, which is developed in Chapter 5. 

In most of these DIWPT developments, it was clearly identified that all efforts were done 

with the purpose of providing wireless road electrification for the existing electric vehicles type that 

were popular at the time each DIWPT concept or project was developed. Some of the intrinsic 

DIWPT characteristics, however, were perceived as being capable of shaping future EV design and 

urban architecture, due to its particular engineering demands. 
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In Chapter 2 and Chapter 3, the main theoretical aspects of IWPT and DIWPT, and some 

relevant implementation cases for electrical mobility applications are reviewed. From the literature, 

it becomes evident that the target of the majority of all research and development efforts in DIWPT, 

so far, has been the standard heavy-weight road traffic. That notion is reinforced by the fact that 

prototypes, and other demonstration systems, in which the level of transferred power is 

significantly lower than what it would be necessary to power a car, are commonly referred to as 

“scale-down” DIWPT models. 

In this chapter, the human powered vehicles (HPV) are briefly prospected. More specifically, 

bikes, velomobiles and their electrified versions are considered. Since all HPV fit in the lightweight 

category, the hybrid human-electric powered vehicles are also lightweight electric vehicles (LEV). 

The qualities of the hybrid electric HPV are then discussed and identified as excellent candidates 

to be combined with the dynamic inductive technology, resulting in the proposal of a new transport 

mode variant we name human-inductively-powered lightweight electric vehicle (HIPLEV). 

Finally, electric or electrifiable HPV types commercially available are compared, to determine 

which of them would be more interesting to adapt to DIWPT in a first approach, and also, to fix 

their electrical parameters as the base requirements for the DIWPT design, in Chapters 5. 

4.1 Bicycles and Velomobiles 

Until the industrial era, land transportation was entirely restricted to walking, rickshaws, and 

other human-powered carts, as well as horse riding, carriages, and other animal-powered vehicles. 

The muscular force was the engine. Ancient cities, even the largest ones, survived, grew, and 

developed in reasonably sustainable manners for centuries, relying only on these transportation 

modes for fulfilling their needs for terrestrial displacement of people and goods. Because of this 

limitation, the majority of the most economically developed ancient cities usually had a body of 

water through which navigation was possible, so that commercial transport at larger scale was 

facilitated. 
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After the introduction of the steam locomotive, in 1804 [130], and specially, since the 

middle of the 19th century, railroads started to be increasingly adopted, rapidly replacing horse-

powered vehicles in long-distance terrestrial transportation tasks [131]. However, due to the 

engineering difficulties and high costs of laying the rail tracks over occupied urban spaces, steam 

locomotives and their railways were somewhat limited in providing intra-urban transport. 

Consequently, the railroads still left plenty of room for the traditional “legged” transport within the 

cities and their neighborhoods. Figure 134 shows a photo of a street in London, the most populous 

and wealthiest city by the end of the 19th century [132], taken in typical working day of that time. 

 

Figure 134: View of Oxford Street, London, at the end of the 19th century (posted by P. Stone [133]).  

The situation changed significantly only when motorized cars, of both electric propulsion 

and thermal engine types, came into scene in the last decade of the 19th century, almost at the 

same time the bicycles started to become very popular, in the 1880s, after the invention of the 

safety bike (with chains and rear wheel traction). 

The earlier predecessor of the safety bike is an early 19th century design, by the German 

Karl von Drais, a rudimentary form of bike called the “Laufmaschine”, later known as the 

“draisienne”. In 1817, von Drais was publicly recognized to have cruised the distance between 

Mannheim and Schwetzingen, approximately 15 km, in one hour, riding his newly invented 

“horseless” vehicle [134]. In 1818, the draisienne was patented and demonstrated in Paris, 

gaining some popularity. In 1891 a French journalist argued the existence of another previous 

similar two-wheel design, the “celerifere”, supposedly created by Mede de Sivrac, circa 1790, but, 

apparently, no documental evidence of this, other than his own argument, was provided [135]. 

These early novelty vehicles were considered fun curiosities, but not very useful as a 

transport, because they missed pedals and other many other features. After the introduction of 

pedal models, such as the Penny Farthing, in the 1870s, shown in Figure 135a, the popularity of 

the bike as a transport started do increase all over the world. These models had a big front wheel, 
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to which axis the crank with pedals was attached, and a smaller rear wheel. The elevated position 

of the cyclist would constitute a risk for many potential cyclists, thus limiting their application as 

a transport. The invention of first safety bike, with rear wheel traction and using a chain mechanism 

to transmit pedaling energy to that wheel, as shown in Figure 135b, is generally attributed to Henry 

J. Lawson [136], who patented a vehicle of this type on 30th September, 1879, in England an 

seven years later in the United States [137]. 

Figure 135: Relevant early bike designs in late 19th century: (a) Penny Farthing, from 1870s to 1880s; (b) Henry 
Lawnson’s “Bicyclette”, 1879; and (c) Starley’s safety bike  

Just a few years after later, in 1885, a new design of safety bicycle was introduced by John 

K. Starley, as shown in Figure 135c, a bike that basically consists in the modern bike, in its today’s 

most widely known form, and it became very popular [138]. More technical detail about early bike 

design and an extensive list of these models can be found in [139]. 

One of the reasons for the large acceptance of both the safety bicycles and motorized 

vehicles for personal transportation was that they could replace the horses and carriages with 

advantages, while still using the same roads and streets built for these latter.  

Another crucial factor was their affordability, which was immediately achieved by the bikes, 

and much later, by cars. The availability of bikes grew very fast, with the bikes being manufactured 

almost completely handmade, by a large number of small companies that started dedicating to 

their production. For the cars, this would take longer: Although both electric and thermal engine 

vehicles did exist at the turn of the century, they were not affordable to a major part of the 

population. Because of all these reasons, the bicycles then experimented an increasing 

popularization in the late years of the 19th century and apparently coexisted with cars as the 

transport alternative along the beginning of the 20th century.  

Since their introduction, motorized cars followed a steady expansion pace until it could be 

mass produced and almost completely dominated the urban transports. The safety bike, on the 

other hand, immediately conquered many adepts due to its affordability and, before the 
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proliferation of the heavier and faster motorized cars, it became very popular for commuting and 

other urban transportation tasks. Differently from a horse, the bike requires very low maintenance, 

and it can be parked and stored almost anywhere. It does not have to stop to feed, drink or rest, 

only the rider has. 

Due to its popularity as a transport, the society became interested in establishing the bicycle 

performance limits and many cycling races and record keeping were promoted. One of the most 

famous of these was (and still is) the “hour record”, i.e., the maximum distance that a cyclist 

could travel in one hour, or, equivalently, the maximum average speed that can be continuously 

sustained for one hour. Figure 136 shows a plot of hour records, for two slightly different types 

purely human-powered cycle: Starting from 1893, on the blue curve, the record achieved with 

standard upright bike, which are officially registered and kept by the International Cycling 

Association (Union Cycliste Internationale, UCI) [140]. Other types of bicycles that were later 

introduced, such as the recumbent and velomobiles types, are plot in in red. 

Figure 136: World men’s hour records in standard upright bikes, recumbent bikes and velomobiles. 

In the graph, four important milestones are especially important to understand the evolution 

of the bike: The first, in 1893, it is when the bike became worldwide popular, and an official record 

was initially set by Henri Desgrange, at 35.3 km/h. After continuous advances, in 1914, this record 

was broken by Oscar Egg, at 44.2 km/h, and remained unbeaten for almost 20 years [140].  

In 1933 comes a second milestone for the bikes, the year in which the hour record was 

broken by a recumbent bike, a design type that was being used for the first time in a UCI 

competition, and achieved 45.1 km/h in the hour. The pilot, Francis Faure, shown in Figure 137a 

riding the bike during the competition, was not deemed as a first-class cyclist, but even then, he 

was able to break the record. 
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Figure 137: Fastest cycles of 1933: (a) Mochet’s Velocar and (b) Berthet’s Vélodyne. 

Faure mostly relied on the low profile of his recumbent bike, the “Vélocar”, designed by 

Charles Mochet. It was argued that this recumbent characteristic of the Vélocar offered a more 

natural position for the rider. The Vélocar was more aerodynamic as well, being more energy 

efficient than the upright bikes, what resulted in more speed with less pedaling power [141]. 

Later in the same year of 1933, Marcel Berthet’s Vélodyne broke the hour record again, to 

approximately 50 km/h, using another non-conventional bike that, although built under the upright 

position paradigm, had a streamlined design, as shown in Figure 137b. At that time Berthet was 

47, probably being physically outperformed by younger cyclists, what is another good indication 

that his more aerodynamic bike was also more efficient than previous designs. 

Faure’s and Berthet’s achievements apparently caused a major concern among the newly 

established manufacturers of cars and bikes. Because of that, neither record was officially 

recognized, and UCI’s official record was set in 44.8 km/h, the best mark achieved by a pilot 

using an upright bike. To prevent similar happenings, in 1934 these types of cycles were banned 

from all UCI’s competitions, by the introduction of new qualifying rules for the bikes that excluded 

all similar recumbent or streamlined bikes. In 1938, disregarding these rules, Faure extra-officially 

broke the record again, using another model of Vélocar that combined both of these concepts: 

recumbence and streamlining, as shown in Figure 138a, extracted from [142]. 

   

 
Figure 138: Velomobiles: (a) F. Faure in his 1938 Vélocar and (b) G. Georgi Georgiev’s 2009 Varna Tempest. 

(a)  (b) 

(a) (b) 
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These few designs correspond to the first group of red markers plot in Figure 136, not being 

considered for official UCI competitions. At this point, the designers forgot about the recumbent 

bike design and the performance of bikes continued its relatively slow-paced evolution for the next 

four decades.  

In the late 1970s, despite the ban of non-traditional bikes from official competitions, the 

interest and research on recumbent aerodynamic bikes was resumed, leading to a new 

developmental line that can be represented by the second group of red plots in Figure 136, those 

from year 1979 onwards. It can be considered the third most relevant milestone in the history of 

records. Among other relevant organizations keeping the records of these non-traditional cycles, 

is the World Human Powered Vehicle Association (WHPVA), founded in 1976 as the International 

Human Powered Vehicle Association (IHPCA). 

The performance of standard upright bikes also has improved since then, mostly due to the 

use of novel and lighter materials, such as carbon fiber, that allowed their total weight to be 

decreased – to a point that, in 2000, the rule of a minimum bike’s weight of 6.8 kg was introduced 

[143] [144]. The recumbent aerodynamic bikes became known as velomobiles, and also continued 

to be improved, benefiting from the same technological advances. Eventually, in 2009, one of 

them surpassed the limit average sustained speed of 90 km/h in one hour, the Varna Tempest, 

designed by Georgi Georgiev, shown in shown in Figure 138b. The most recent hour-records for 

velomobiles, captured by Francesco Russo, in 2011 and 2016, using similarly shaped vehicles, 

were respectively set at 91.6 km/h and 92.4 km/h [145]. 

The numeric explanation for this tremendous efficiency advantage of the velomobiles over 

the standard upright, non-streamlined bike is synthetically understood from the example given in 

[146]: 80% of the power generated by a cyclist traveling on leveled ground, at 29 km/h, is used 

to overcome the air resistance, of which 70% is due to the resistance of the cyclist’s body to the 

air, and only 30% due to the resistance of the bicycle to the air. So, the velomobiles are design is 

the natural response to improve the bike’s efficiency, their general design directive consisting in 

enclosing the body of the cyclist and if possible, the whole bike, in a low profile, streamlined fairing. 

Comparing the velomobiles in Figure 138a and Figure 138b, it can be realized that these 

design general guidelines for better speed (and efficiency) did not change in essence, only better 

mechanical and aerodynamic design tools and materials became available, resulting in the 

different vehicles. On the other hand, due to the very low and restrained riding position, these fast 
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velomobiles may be considered by many as not being comfortable to ride as those with a more 

upright position, being mostly adequate for athletes to ride. 

The top high speed that can be achieved and sustained during one hour by streamlined 

velomobiles (∼90 km/h) is comparable to the speed of a heavier standard electric car in a 

highway, when driven by a range-conscious driver. But efficiency, rather than speed, is the most 

relevant feature of this “new” (almost 90-year old) bike technology. On dedicated roads, the 

velomobile design can be a good transport option for non-athletic riders as well, because they 

require lower pedal power than it would be necessary to ride a standard bike, when riding on the 

horizontal plane at the same given speed. And this difference becomes more important as the 

rider moves faster. 

4.2 Energy Efficiency of Bicycles 

Although the bike does not directly require fuel to function, it requires human power, 

ultimately coming from ingested food, which also contains calories, and the production of food 

also has an associated carbon footprint. So, in addition to the health benefits of exercising, when 

riding a bike as a transport, its efficiency should also be evaluated. It has been proved that bicycles 

are one of the most energy efficient known transports, as shown in the comparison of Figure 139, 

adapted from the original Figure 4.16 of David G. Wilson [147]. 

 

Figure 139: Efficiency of the bicycle compared to other transports, adapted from [147].  

In the figure, the intrinsically sustainable transports are plot in green and fossil fuel based 

are shown in red. One of the most popular and representative electric vehicles in the market today, 

the Tesla model 3, is plot in blue, indicating that its ultimately degree of sustainability depends on 

the sustainability of the process of electric generation used to recharge it. The bicycle when ridden 
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at 16 km/h requires an average of only 18 W/km and at 24 km/h, only 28 W/km, in standard 

riding conditions [147]. The velomobiles variants, not represented in the plot of Figure 139, exhibit 

even less energy demand, in terms of kWh/km/person than the standard bike. 

It is understood that these different transport modes cannot be compared only based on 

their efficiency. They have different payload capacities, different velocity profiles and can serve in 

different applications. But in the daily life of modern cities, there is a large number of transport 

use cases where a small and slower vehicle, such as the bicycle, could entirely replace heavier 

standard cars. Especially, if the urban architecture is optimized for the use bicycles and other 

cycles, with the provision of dedicated lanes and parking spaces. 

4.3 Human Pedal Power 

In addition to the aerodynamics and other constructive factors, the key element defining the 

behavior of the bicycle is the rider. The age, health and athletic status of the rider, the wind and 

other climatic conditions, the slope of the lane, which will affect the required pedaling torque and 

power, will all impact the performance of the rider. For instance, the average power level output 

per kilogram of body mass for men and women are statistically higher for the men the youth, 

being, but tend to become approximately equal at older ages [148]. For every rider, there is a 

maximum effort level that can be sustained for a given time duration. These parameters limit the 

application of the bicycle as a transport, and may profile or even restrict its adoption by some 

individuals. 

One of the main references available about the subject is obtained from prof. David Gordon 

Wilson, who extensively studied the design of bicycles [147]. In Figure 140, colored curves are 

drawn over the original prof. Wilson’s graph [149], highlighting the typical human performance 

limits in terms of mechanical power (left vertical axis) and maximum sustained duration of that 

effort (horizontal axis, in logarithm scale). The blue curve is that of healthy (non-athletic, but non-

sedentary) individuals, the green curve corresponds to first class athletes, and red curve to world 

records and other exceptional achievements registered in history, most of data referring to 

pedaling. Although pedaling powers in excess of 1 kW can be observed, this power level is only 

possible to sustain for very short periods of time, up to about 1 min, and almost exclusively by 

exceptional athletes. 
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Figure 140: Human pedaling power limits, annotated on the original graph of D.G. Wilson [149].  

The normal performance is found when the operation point indicated by red arrows, in the 

graph of Figure 140 is considered. It indicates that healthy non-sedentary men will sustain a 

maximum of 250 W of mechanical power for 30 min, a power level that can be elevated to 

approximately 350 W, with training. 

But in practice, most riders do not feel comfortable riding at their maximum possible output 

power envelope, a typical comfortable pedaling effort for 30 min rather corresponding to the 

maximum effort that can be sustained for two or three hours, that is, approximately 100 W. For 

some riders, the easy pace is set even lower, at only 75 W, which is about the power that a non-

trained healthy person could sustain for about 8 hours in a day. 

Let us consider the statistics of commuting times of employed persons in the European 

Union (EU-28) in the period of 2013-2020, summarized in Table 19 [150]. It can be noticed that 

about 64.8% of workers have a commute time of 30 min or less. So, it can be assumed that most 

people would not appreciate a commuting time over 30 min, a duration only habitually exceeded 

by 35.2% of the workers. 
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Table 19: Statistics of commuting time of European employed persons. 

Commuting Time, 𝒕 (min) Percentage of Valid Responses* 𝑡 < 10 18.2% 10 ≤ 𝑡 < 15 14.5% 15 ≤ 𝑡 < 20 13.6% 20 ≤ 𝑡 < 30 18.5% 30 ≤ 𝑡 < 45 20.2% 45 < 𝑡 < 60 6.2% 𝑡 ≥ 60 8.8% 
*Source: EUROSTAT, online data code LFSO_19PLWK28, last update on 04/02/2022 22:00. 

The distance that a bicycle rider can travel, in the 30 min duration considered, depends on 

the speed that can be maintained with the 100 W to 250 W average power supplied by the rider. 

This speed varies with a large number of factors, most of them directly affected by the lane design 

and other city planning aspects. As discussed in Section 4.2, the type of cycle used can also 

greatly influence the travel profile. If using a standard upright roadster bike in still air and on the 

level, this power range translates into the speed range of 20 km/h to 28 km/h. Conservatively 

using the lower 75 W reference, this commuting speed would drop to 16 km/h [149]. 

These speeds estimates are lower than the maximum legal speed of cars in European urban 

roads, 50 km/h, but, in practice, they can be close to the average car speed actually developed 

in some congested European cities. In addition, in many large cities, the total commuting time 

must frequently include the time to find a place to park the car and walk back to the ultimate place 

of destination, an issue that usually does not affect the cyclist. 

In Europe, it is known that 30% of motorized trips are shorter than 2 km, and 50% of 

motorized trips are shorter than 5 km [151]. So, considering the worst-case speed of 16 km/h 

(using the 75 W pedaling power a healthy person can comfortably deliver), the resulting commuting 

times associated to these reference distances, if a bike is used, are respectively 7.5 min and 

18.75 min. These durations are well less than the minimum commuting time experimented by 

35.2% of the European workers [150], and only respectively 5 min and 13 min more than what, 

in the best case, it would take a car driver to commute over these same distances, at the maximum 

legal speed in European urban roads (50 km/h). Therefore, the use of bicycles for commuting is 

seemingly viable, both in terms of the required physical aptitude (under the hypothesis of healthy 

persons) and the expected commuting times for this distance range. Their mass adoption is 

apparently restrained only by cultural inertia and, to a possibly major extent, to the lack of urban 

architectural facilities for the use of bicycles (lanes with relevant routes, parking places, etc.) 
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4.4 The Electrification of Bicycles 

The idea of electric personal mobility as a future prevalent transport is almost as old as the 

first electric cars and first bikes, as suggested by J. H. Bridge in 1886 [152]. Electric mobility, by 

means of standard size road vehicles, had been considered a promising technology for imminent 

adoption in the late 19th century, but that perspective completely failed, after about a decade of 

great enthusiasm, in the early 1900’s. Electric cars are now again deemed as a solution for the 

future of personal transportation in the cities. 

Bicycles, on the other hand, have been continuously used as a popular transport vehicle, 

and coexisted in the cities with other transport options, since their introduction. This is one of the 

few vehicles that are also used for pure leisure and for exercising by a large number of people. 

But, above all, they have long been used for utilitarian urban displacements. As part of the electric 

mobility development, the electrification of the bike is an interesting old story in itself [153] [154], 

which will not be presented herein [155] [156]. The focus in this Section, rather than discussing 

the history of e-bikes and personal mobility, is the identification of market opportunities and 

tendencies that can confirm the promising short-term future of e-bikes as a transport mode. 

Based on the information presented in Section 4.3, it can be estimated that when a bike is 

adapted with an electric powertrain, 100 W of power is already a practical electrical assistance 

level for commuting. This would make riders in a wide range of physical conditions exhibit, with 

no pedaling, approximately the same performance of an average healthy, non-athletic rider, when 

riding in a comfortable pace, on a leveled terrain with no headwind. If the electric power of the 

powertrain is brought to 250 W, and sustained at this level for at least 30 min, the bike would 

perform as being ridden by a healthy rider at his maximum pace. The electric power can level 

riders, promoting to this category potential users that, due to physical performance limitations, 

could not use the bike as a transport. 

Conversely, if mechanical assistance of the electric powertrain is used in addition to normal 

pedaling, a cyclist will exhibit an improved performance profile, being able to use the bicycle in an 

extended number of transport applications. Looking at Figure 140 again, it can be realized that a 

healthy non-athletic rider would be able to achieve the same performance level of a world recordist 

class rider in 30 min displacements, if he could add the expected 250 W of his own maximum 

pedaling power to a 250 W assistance power level provided by the electric motor. These numbers 

justify why an electrically assisted pedal cycle has its maximum electric power assistance level 

regulated at 250 W, while still being legally considered a bicycle, in the European Union [5]. 
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The electric bicycle, almost as economically accessible as the standard, non-electric bicycle, 

has a significantly improved performance over its original, purely human-powered version. This 

permits its use in an extended number of transport use cases, previously not addressable by a 

purely human-powered vehicle (HPV). This fact, conjugated with the higher cost of both thermal 

and electric vehicles, may help explain the reason for the great expansion of the e-bike market. 

This is confirmed by the analysis of the graph in Figure 141, which shows that bikes (green 

bars) still sell more in Europe today than passenger cars (brown curve), with an almost constant 

yearly demand of 20 million units, over the last 12 years. These numbers were not much affected 

by economic crisis or other contingences, while cars experienced a decrease in its sales from 

2007 to 2013, slowly recovered from 2014 on. 

 

Figure 141: Comparative European market evolution of cars, bicycles in general and EPAC-type bicycles. 

The information used for the plots the brown curve on the chart of Figure 141, concerning 

passenger cars, was sourced by ACEA [157]. The data concerning bicycles and e-bikes until 2017 

were sourced by CONEBI [158], while data referring to 2018 and 2019 are estimates, based on 

other sources [159] [160]. It is apparent that even about 130 years after their introduction in the 

market, the interest of the population in bicycles is still pronouncedly high, with at least 25% more 

bikes being sold every year of the last decade, in Europe, than new passenger cars registered. 

Another phenomenon that can also be highlighted in the graph of Figure 141 is the 

electrification of bikes. The participation of Electrically Power Assisted Cycles (EPAC) in the market 

has been increasing yearly (blue line in Figure 141). The initial estimation of 15% of the total bike 

sales for e-bikes in 2019 has actually been updated to 17%, later in 2020 [161]. These facts seem 

to be consistent with an increasing number of people in Europe trying to intensively use bicycles 

for personal transportation, rather than for recreational activities, as new investment is made in 

urban infrastructure. 
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The bike is the par excellence terrestrial human powered vehicle (HPV), in the same manner 

the electric assisted bike is the par excellence lightweight electric vehicle (LEV). This double 

association makes the e-bike a very special product in the market. From recent historical data, as 

shown by the blue curve in Figure 141, it can be inferred that the availability of EPAC bicycles will 

grow until a major part of the bike production is electrically assisted. This is likely to happen much 

earlier, for instance, than the large-scale adhesion to full size electric vehicles (EV). Firstly, because 

the latter are still significantly more expensive than their thermal engine counterparts of similar 

performance. Secondly, because of the major investment that is required to provide all necessary 

recharging infrastructure for the new standard size EV. 

The range limitation of early electrics (and its consequent “range anxiety”), due to the 

characteristics of old technology lead-acid batteries, together with the complexity of upscaling the 

recharging infra-structure, made the EV lose the market battle to the thermal engine vehicles a 

century ago. Absolute acceptance only was granted for those electric vehicles in which the battery 

was not as crucial, such as trams and trains, which could run almost continuously receiving energy 

from tracks or aerial cables. Only these types of EV were a great market success that rapidly 

expanded, remaining continuously in use until our days as a preferable mass transport mode. 

The battery technology available today, while marginally good for allowing standard EV to 

replace thermal engine cars, is sufficient for e-bikes. Independently of the energy storage 

technology used, the electric bicycle, on the other hand, shall never experiment the same range 

anxiety observed in heavier standard EV, due to the intrinsic use of human power to propel the 

vehicle. This reinforces the prevision that the uprise of the e-bike today, contrarily to the first wave 

of the electric cars in the early 20th Century, is not a temporary tendency. The electric bicycles are 

prone to dominate at least the utilitarian bike market, in a decade or less. 

If velomobiles would be used in place of standard up-right bikes for the 30 min reference 

commuting time (Section 4.3), at the pedaling power rating of 250 W, the expectable average 

speed could jump to more than 50 km/h [162], leading to a 25 km trip range in 30 min of 

commuting time. Naturally, the same speed and distance would result if the velomobile is used in 

electric model only (no pedaling), at the same power level of 250 W. In the worst case of a 75 W 

pedaling power, in the same conditions (in still air and on the level), a typical velomobile HPV 

would still reach about 32 km/h [162], covering 16 km in a 30 min trip. If human power and 

electric power are conjugated, each adding 250 W to a total 500 W of moving power, speeds in 
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excess of 65 km/h could be expected, what would allow a 32 km commuting distance to be 

accomplished in 30 min. 

As mentioned, these numbers apply to no-wind conditions in horizontal lanes, and they 

would be worsened in steep or irregular terrain – and the heavier velomobiles are even more 

sensitive to a good lane design (i.e., flat and smooth, with low grades). For example, for an upright 

bike to keep a constant speed of 19.3 km/h, when climbing a steep lane, a 75 kg rider would 

require approximately an extra 57.5 W of power for every additional 1% in the slope grade [163]. 

Even then, and while not yet popular today, the velomobiles’ potential performance also 

makes them an option to be eventually considered for the electrification, as a sustainable 

complimentary choice to standard bicycles, in some transport applications and in favorable urban 

contexts. 

4.5 E-Bikes and other Lightweight Electric Vehicles 

The term lightweight can have different interpretations. In the context of this work, one of 

the requirements for a vehicle to be lightweight is to exhibit a low mass, relatively to its payload. 

The vehicles in consideration are those with a mass that is less, desirably much less, than its 

maximum payload, i.e., the vehicle rider and, eventually, other passengers and load. Except for 

the standard bicycle, vehicles in this category are not yet very common to be found in the streets, 

as standard transportation means, often being indiscriminately associated to recreational 

activities. The main reason being that the large majority of today’s cities and roads were shaped 

by the thermic engine vehicle, which powertrain, together with the appropriated chassis to handle 

that engine and other mechanic parts, usually has a much higher mass than the that of its driver 

and passengers.  

Defining the lightweightness coefficient, л > 0, as the quotient of the vehicle mass, 

including fuel and batteries, as required, to the payload mass, including driver and passengers, it 

can be noticed that the smaller л is, the potentially more efficient is the vehicle for each transport 

application considered. Typical values for different vehicles and transport configurations are 

exemplified in Table 20.  
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Table 20: Typical value of the Lightweightness coefficient, л, for different transport modes. 

Unless otherwise noticed, the term lightweight vehicle will herein refer to those vehicles 

exhibiting л ≤ 1 when loaded at their maximum payload. So, for a vehicle carrying two 75 kg 

persons, the maximum weight for a lightweight vehicle would be 150 kg. If a 150 kg vehicle is 

transporting just one 75 kg person, the vehicle should be considered lightweight in this 

configuration. Looking up Table 20 again, it can be noticed that only two EV vehicles from the 

entire given list qualify as a LEV, the urban e-bike, and the electric wheelchair. Not by mere 

coincidence, these are electrified versions of vehicles that, originally, were purely man-powered. 

Specially for land vehicles, this is so because a vehicle cannot be very heavy, if it is expected to 

be man-powered. Incidentally, the vehicles exhibiting higher л values tend to be associated with 

more comfortable and luxury transportation, either electric or not. Apparently, under the energy 

efficiency criterion, the greater luxury of all would be unnecessarily riding a larger capacity vehicle 

at minimum occupancy. 

The sole use of the л coefficient can be misleading when comparing vehicles executing 

different transportation tasks. However, given a specific task, as described by the triad of basic 

parameters, {distance, time-of-travel, payload}, it should provide a good indication of intrinsic 

energetic efficiency. However, concerning the market, the decision to build a heavier or lighter car 

is guided not only by differences in the main parameters characterizing the transport task and the 

expected life-cycle cost of the vehicles. Factors such as safety (and safety perception), comfort 

and social status also influence consumer’s decisions, and consequently, the manufacturers’ 

Configuration
Vehicle Mass 
(kg, fuel and 

batteries incl.)

Passengers 
(incl. driver)

Total Payload 
(kg) л

Skateboard 4 1 80 0.05
Road bike (racing) 8 1 80 0.10
Urban e-bike 30 1 80 0.38
470 Class Sailboat 122 2 160 0.76
Electric Wheel Chair 75 1 80 0.94
Honda CBF-125 Light Motorcycle 128 1 90 1.42
Volkswagen Beetle (five passengers) 840 5 400 2.10
BMW i3 (five passengers + 50kg luggage) 1,195 5 450 2.66
Bombardier FLEXITY Swift (Porto's tram, full occupancy) 62,500 248 19,840 3.15
Nissan Leaf (five passengers + 50 kg luggage) 1,493 5 400 3.73
Tesla Model S (five passengers + 150 kg luggage) 2,100 5 550 3.82
Air Bus A-380 (519 passengers + luggage) 491,000 544 83,000 5.92
Volkswagen Beetle (driver alone) 840 1 80 10.50
BMW i3 (driver only) 1,195 1 80 14.94
Nissan Leaf (driver only) 1,493 1 80 18.66
Tesla Model S (driver only) 2,100 1 80 26.25
Rolls-Royce Phantom VII 2,550 1 80 31.88
Queen Mary 2 Cruise Vessel 94,720,000 4328 623,232 151.98
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choices for building a heavier vehicle, even in applications where a lighter vehicle could perfectly 

accomplish the transportation task. 

Interestingly, one major technical factor affecting the л coefficient in commercial EV models 

is the battery weight, which can commonly account for one 20-25% of the total vehicle’s weight. 

Unfortunately, decreasing the battery size and weight normally decreases the EV autonomy, what, 

at the energy density levels achieved by current battery technology, would render the EV even less 

competitive with thermic engine cars, in terms of autonomy. 

The safety requirements may directly increase the weight of an EV, but this increase is likely 

less significant when fulfilling safety requirements at the lower operating speeds, at which 

lightweight EV usually provide their service. The remaining important factors then affecting the 

tolerance to higher л coefficients in an EV are convenience, comfort, and social status, which are 

cultural perceptions of customers. 

While this work does not aim to address these important and often dominant subjective 

issues, it does come in the support of reducing the battery capacity and weight of EV, by the 

adoption of inductive wireless power transfer technology. In this manner, lower л and larger 

intrinsic efficiency can be achieved without sacrificing the EV autonomy. 

A key point favoring the widespread use of the bike is that it is not necessary to register the 

bike before its use, nor it is necessary to have a driver’s license to use it, in most countries. In the 

case of the US, in most counties, due to the ability of the states and accordingly to the states laws, 

the counties too, to legislate about this [164]. The absence of the need for registration approaches 

the condition of an HPV to the man, rather than to the vehicle, and that is likely a factor in the 

popularization of the bikes. It happens that the legal status of an electrified HPV is affected by the 

maximum electric power that can be supplied to its powertrain, and how this power is supplied. 

In the European Union, if a bike is a pedal assisted electric cycle (EPAC), that is, if the 

assistance of the powertrain is activated by pedaling, limited to 250 W and cuts off if speed rises 

above 25 km/h, the bike is legally equivalent to a non-electric bike. It is as if it was not considered 

a motor vehicle. It can then be used in the same lanes shared with pedestrians, for instance. In 

the EU, this category of electric bike is entirely different from those regulated as power cycles 

(category L1e-A), mopeds (categories L1eB and L2e) and light quadricycles (category L6e), as 

show in Table 21. 
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Table 21: Categorization of lightweight electric vehicles, according to EU and USA norms. 

 

While clearly motivated by the natural limits of human pedaling power, the EPAC definition 

in the EN 15194 would better support the widespread adoption of the e-bike in cities where the 

terrain is often graded. 

Ideally, the maximum recommended upward inclination in a bike lane design is 10% 

(5.71 degrees of arc) [165], even then, when short height differentials are considered. But 

incidentally, this maximum inclination is very likely to be achieved in some streets of European 

cities. For a 75 kg rider to climb a lane with 10% inclination and head winds of 10 km/h, 

approximately 1030 W of power would be required by the power train to keep a 25 km/h speed, 

if no pedaling is used. This is significantly more than the maximum of 500 W that a rider could 

sustain for 30 min, if using 250 W of electric assistance to the power train. 

Because of that, we share the opinion that a higher than the current 250 W power limit 

should be legally considered in the future, as long as the speed of assistance is kept limited to 

25 km/h, in dedicated lanes. Outside the urban perimeter and in dedicated lanes, even higher 

speeds, up to 45 km/h should also be evaluted. However, while regulation is not yet reviewed, in 

order to keep compliance with the PEDELEC class, and benefit from the legal bike equivalence, 

the maximum electric power supplied to the power train should limited to 250 W. 

4.6 Human‐inductively Powered Lightweight Electric Vehicles 

If the rider of a human-powered LEV is a first-class athlete, pedaling can add more than 

1 kW of peak power to the power train for about half a minute or more. However, as seen in 

Section 4.3, the expected pedaling power by an average healthy man that can be sustained for a 

20-minute interval lies in the conservative 250 W – 300 W range [147]. This number comes to a 

maximum of 250 W for a 30 min period. This statistical fact is likely the basis for the legal power 

limitation imposed on electrically assisted bicycles, the most popular human powered LEV. 

Jurisdiction Norm / Recommendation
Vehicle 

Categorization Name Wheels Maximum Speed of 
Electrical Assistance

Maximum 
Power

European Committee for 
Standardization - EN 15194

EPAC
Electrically 

power assisted 
cycles (EPAC)

≥  2 25 km/h 250 W

L1e-A Powered cycles 2 to 4 25 km/h 1 kW

L1e-B Moped 2 45 km/h 4 kW

L2e Moped 3 45 km/h 4 kW

L6e Light quadricycle 4 45 km/h 4 kW

USA U.S.Code, Title 15 - Commerce 
and Trade, Chapter 47, §2085.

2 to 3 20 mph*         
(32 km/h)

750 W

EU Regulation No. 168/2013

European Union

Low speed electric bicycle
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Electric bikes, when cruising on steep grades or at higher speeds and distances, are 

commonly used in full electrical assistance mode. In this condition, the powertrain tends to quickly 

exhaust the battery of the LEV. Assuming a typical battery capacity between 250 Wh and 400 Wh, 

the electrical range (autonomy) for this most popular LEV, which electric power is limited to 250 W 

[5], is between one to one and a half hours, running at full power. 

Although this is adequate for most commuting trips in an urban context, the typical electric 

cycle requires charging after every daily trip, what is not convenient. Especially considering that 

charging points are usually not available in the parking and storage places, what many times 

implies in the removal of the battery for recharging. 

On the other hand, the battery is one of the most expensive components of a lightweight 

electric vehicle. In the case of electric bicycles, its cost may typically lie in the range of 50% to 

100% of the cost of an equivalent non-electric vehicle. Often, the battery will also cost more than 

the electric motor and the motor driver circuit together. 

If a LEV operates in DIWPT mode, adapted with a pickup coil and the required power circuitry 

to harvest energy from the magnetic field generated by the inductive lane (i-lane), it will be possible 

to completely dismiss the use of standard batteries while cruising over these i-lanes. In addition, 

as a human-powered vehicle, the hybrid LEV can also dismiss the battery when away from the i-

lanes, by pedaling, if the vehicle is ridden at lower speeds. The combination of an electric 

lightweight HPV with the DIWPT thus produces a unique new modal variant, the Human-Inductively-

Powered Lightweight Electric Vehicle (HIPLEV). 

A HIPLEV is a highly sustainable, flexible, and smart transport because: 

(i) It is a human-powered EV, it may be used with no conventional battery, just a low capacity, 

short term onboard energy storage is needed. The battery may be optionally added to the 

vehicle’s configuration, to provide more flexibility of employment, but it is not required in all 

applications. 

(ii) Users with low athletic profile or reduced mobility may permanently install a battery in the 

HIPLEV. This can also be done for special applications, when the HIPLEV is constantly used, 

or for cargo services. The battery would automatically charge when the HIPLEV is run over 

some i-lane, but it could be also alternatively charged on a stationary inductive charger. 

(iii) Even the users that do not need a battery on a daily basis can eventually rent a battery and 

provisionally install it in the HIPLEV, for satisfying requirements of special trips or use cases. 
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(iv) It will use inductively electrified lanes (i-lanes) to move fast with indefinite autonomy, 

provided there exists an i-lane that leads to the intended destination. 

(v) Pedaling hubs can be integrated in the city to connect multiple i-lanes and make it possible 

for the HIPLEV to relay seamlessly from one i-lane to another, until it comes close enough 

to its destination. Then, the final segment of the journey is accomplished on battery power 

or by pedaling only. 

(vi) Similar will happen at departure: If the destination is close enough, the HIPLEV can get there 

relying on battery energy or solely by pedaling. If not, the HIPLEV should be able to take the 

closest i-lane leading to the intended destination. 

(vii) Intelligence and smart communication with the i-lane management system can be integrated 

in the HIPLEV, in order to help the vehicle to calculate the best route to destination, and to 

permit the i-lane system to run more balanced. 

(viii) When not running over an i-lane, the HIPLEV can still use standard bike lanes or pathways 

that can be shared with pedestrians or cars, provided the maximum car speed is regulated 

on these shared pathways to the same speed limit of the HIPLEV, when this latter is used 

in non-electric mode. 

(ix) A key point to assure safety is that the maximum speed limit to enforced in shared lanes 

and i-lanes is the maximum cruise speed of the slowest vehicle. The DIWPT activation 

scheme can help enforce the maximum speed of electric assistance, by limiting wireless 

power transfer to the maximum regulated speed. 

(x) Another point to increase safety is to require that all HIPLEV running at higher speeds on 

dedicated i-lanes have a similar total vehicle weight. 

(xi) The presence of the magnetic field created by the primary coils in the i-lanes will facilitate 

the future implementation of self-driving capacity on a HIPLEV, when it is run over an i-lane. 

(xii) The unfaired upright EPAC type bicycles are the entry level vehicle class to be adapted for 

DIWPT and become a HIPLEV. Electric velomobiles that can ride on purely electric mode 

are the next step, if dedicated lanes can be used. 

For safe urban operation of the HIPLEV, a maximum speed limit in the range of 25 km/h 

(as for L1e-A and EPAC) to 32 km/h (as in the US Low speed e-bike) is recommended. This is less 

than the speed of the fastest human beings running on short tracks, but well over the average 

speed a person can sustain in medium distance tracks [166]. 
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The HIPLEVs have a reduced footprint in terms of material resources used, compared with 

heavier EVs. So, they should be much less costly to produce and to own, and that will favor a more 

sustainable economy. This will also promote a reduction of the pollution, not only where the 

HIPLEV is used, but also that due to the manufacturing process of the vehicle. The HIPLEV can 

improve the level of humanization of urban spaces and the health standards, being able to fill the 

gap between the purely human power based soft modes and the convenience of heavier personal 

transportation. Figure 142 illustrates the use of a HIPLEV for commuting. 

 

Figure 142: Using a HIPLEV in commuting transport. 

The favorable market acceptance of the e-bike (Section 4.4) may be interpreted as an 

indication of opportunity for the introduction of DIWPT electrification for LEV. This is technically 

and economically more feasible than the DIWPT electrification for heavier traffic, due to the large 

difference in power levels involved, in a proportion estimated in the 200:1 to 20:1 range, 

depending on the vehicles considered in each class. 

Velomobiles have been consistently calling attention of conscious advanced riders, mostly 

in the Netherlands and Germany, with a few models commercially available, launched in the last 

10 to 15 years. But it is still a very restrict market, and only a few hundred units of each model 

have been sold worldwide [167]. Some examples of these models are shown in Figure 143: 

        

Figure 143: Examples of velomobiles of recent design: (a) InterCityBike’s model DF, (b) Drymer’s model Sinner 
Mango and (c) Quest. 

In most of the velomobiles so far commercialized, an electric powertrain is not included in 

the basic factory configuration. The buyers of these vehicles are habitual cyclists that solely aim 

at the efficient use of human power and higher riding speeds. 

(a)                                             (b)                                                     (c) 
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Despite of being reputed as comfortable by their riders, the very low profile of the 

velomobiles, their sporty and bold design, together with a still high acquisition cost and low 

availability in the market, may possibly refrain many potential users from adopting them as a 

commuting transport. 

Other human powered LEV recumbent models of higher profile and more upright riding 

position, not being as efficient as the fully streamed velomobiles, have also been designed in the 

last years. Usually heavier than the velomobiles, but still exhibiting a lightweightness coefficient л ≤ 1, these models have received increasing attention from the public in recent years. 

Representative models of these new LEV cycles are shown in Figure 144. 

          

Figure 144: Examples of human-powered lightweight electric vehicles of recent design: 
(a) Sørensen’s Podbike, (b) Schaeffler’s Bio-Hybrid and (c) Organic Transit ELF. 

4.7 Selection of a Cycle Type for HIPLEV Prototyping 

Different criteria arise when selecting an electrically assisted cycle type for HIPLEV 

modification. Two different paradigms are promptly identified for choosing the cycle: 

• Best electrically assisted cycle for immediate prototyping and validation of the concepts 

involved in the proposal of the HIPLEV. 

• Best electrically assisted cycle for HIPLEV introduction in urban, one with the largest 

possible current availability and growing market share. 

• Best overall electrically cycle vehicle leading to a fully featured HIPLEV system, one that 

could more effectively replace standard road EV as a transport mode in specific urban and 

commuting use case, in the long range. 

It is our understanding that this choice is neither irreversible nor exclusive. But it was 

deemed as a good strategy to start with a design that can be less costly to prototype and test, by 

using a popular cycle platform. In this manner, the prototype and the results would be more likely 

to attract immediate consideration, enough to be independently reproduced and evaluated, 

eventually motivating an implementation in pilot scale. 

(a)                                          (b)                                                    (c) 
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So, the definition of the candidate e-cycle for HIPLEV adaption comes from the analysis of 

its main characteristics concerning: 

Performance. A streamlined profile high mechanical efficiency such as in velomobiles, 

associated with a low vehicle mass is highly desirable, so that a high electric efficiency can be also 

achieved. Vehicles with intrinsic higher stability, such as three and four-wheeled cycles are in great 

advantage under this criterium. 

Popularity and availability. The cycle that is used for modification in a HIPLEV should be 

popular, available, and not costly, so that, once accomplished the successful demonstration of the 

concept, it could be more easily and faster accepted by the cycling community. Those models that 

are the most available commercially tend to be least expensive, and that naturally makes the 

prototype implementation less challenging, in term of required resources and budget. In this 

category, the two-wheeled e-cycles are dominant over tricycles and quadricycles, or any 

velomobile. Particularly, as observed in 4.6, the 250 W EPAC type electric bicycle is the most 

prominent representatives of this class. 

Easy of adaption. Virtually all cycle models offer enough room to receive the necessary power 

electronics associated with the vehicle adaptation, including a small battery. However, the 

installation of a secondary coil to harvest energy can be a not straightforward task. Three or four-

wheeled cycles would offer an intrinsic stability that would simplify both the mechanical clearance 

from ground and the power harvesting itself. However, conditioned to the design option for a two-

wheeled cycle, as mentioned in anterior paragraph, the choice now falls over the different types of 

two-wheeled electrical pedal-assisted pedal cycles (EPAC). 

Potential for EMF compliance. Due to the requirement of specialized equipment, not 

available at the time of prototype development, this aspect is left outside the main design and 

verification effort, concerning the rider protection. Only special measures are adopted to assure 

pedestrian protection by design. In spite of that, the choice of the candidate cycle for the prototype 

should facilitate the future adoption of shielding measures to protect the rider. In particular, the 

possibility of installing the secondary coil as far as possible from the rider body is deemed as one 

of the most important characteristics of the cycle to facilitate the design. 

Concerning EMF compliance, all model types should fit, with expectably less design effort 

in the adaption of closed-cabin vehicles. If only performance and ease of adaptation would be 

considered, the velomobiles and other three and four-wheeled LEV would be a priority selection 

for the prototype. 
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However, according to the analysis done so far, our search is strongly limited to popular 

two-wheeled EPAC, the dominant class of lightweight electric HPV in the market. 

The EPAC are still available in different geometries. Discarding the possibility of appending 

a trailing or side-car vehicle to the bike, to embark a secondary coil, a solution that would, to some 

extent, restrict the versatility and the maneuverability of the cycle, two main categories are 

identified for the two-wheeled: personal transportation bikes and cargo bikes. 

Cargo bike types with larger frames, such as the longtails and the long Johns, shown in 

Figure 145, exhibit the interesting possibility of having more room to install a secondary coil. The 

long Johns type, however, although being a long existing model, is still rare worldwide, more 

expensive, and require more space to maneuver and to be parked or stored. 

(a)     (b) 

Figure 145: Two of the most popular two-wheeled cargo bikes with larger frames: (a) the longtail and (b) the long 
Johns. Source: Hilary Angus, Momentum Mag., Dec. 15, 2015. 

The selection then becomes restricted to either the longtail cargo bike and other remaining 

commercial upright and recumbent bike types, where there is no special provision of space for the 

installation of a secondary coil. In consequence, the options that come into consideration for the 

location of a secondary coil, close to and parallel to the ground, and with dimensions as large as 

it can be practical, are: 

(i) Ahead of the front wheel; 

(ii) Around the front wheel; 

(iii) In between the front and rear wheel; 

(iv) Around the rear wheel; 

(v) Behind the real wheel; 

(vi) Around both wheels and the whole bike; 

(vii)  Laterally, on one side of the bike. 
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Among these, options (i), (ii), (vi) and (vii) would potentially interfere with the bike’s 

maneuverability, also completely disfiguring the bike’s profile and versatility. Options (iii), (iv) and 

(v) are apparently mechanically feasible. However, in option (iii) the secondary coil would be 

installed very close to the rider’s body, making it more difficult to shield the rider from EMF 

exposure. Option (v), although viable, would possibly imply in the installation of a cargo trailer, 

which, on the other hand, would also restrict the vehicle’s maneuverability. The design decision 

then favors the prospection of solutions where the secondary coil is wound around the rear wheel. 

The installation of a secondary coil around the rear wheel of most popular and commercially 

available common variants of two-wheeled cycles, excluding the previously discarded long Johns 

type, are then represented in Figure 146. 

Figure 146: Possible installation position of a pick-up coil in most popular bike frames: (a) Standard; (b) longtail 
cargo bike; (c) short wheelbase recumbent; and (d) long wheelbase recumbent. 

A large wheelbase, 𝑤𝑏, such as found in (b), (c) and (d) favors the installation of a larger 

coil, whereas a large horizontal component of the chainstay, ℎ𝑐𝑠, permits the feet of the rider to 

be further away from the primary and secondary coils, improving intrinsic EMF protection to the 

lower limbs. However, in the recumbent models, (c) and (d), the trunk and the head of the rider 

are lower and closer to the position of the secondary coil, what potentially increases EMF exposure 

to these more sensitive parts of the body. Because of that, the longtail cargo EPAC bike, the option 

in Figure 146b, is then considered to be the best candidate for a HIPLEV prototype, while option 

Figure 146a becomes the second best candidate. 
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The longtails cargo e-bikes seem to be recently gaining much popularity, especially in 

America. However, these models are still relatively more expensive, and both less popular and less 

readily available in Europe. So, the final decision was to initially use the cycle with the second best 

frame type, the standard upright bike, as shown in Figure 146a, which, on the other hand, is the 

most popular type around the world. By proving the validity of the HIPLEV concept to this latter 

type of cycle, positive attention feedback is expected, facilitating subsequent interest in the 

development of other new HIPLEV prototypes based on the more adequate cargo longtails bikes. 

Later on, with careful EMF design and a expectably higher prototyping cost, the recumbent models 

of Figure 146c and Figure 146d are also expected to be retrofit with power-harvesting hardware. 

4.7.1 The Model of Choice 

Not having an electric bike readily available in the laboratory, and in order to learn more 

about the electrification transformation and cut costs, instead of procuring a finished e-bike for the 

HIPLEV modification, our option was made for the electrification of a standard aluminum frame 

bike. This path had the additional advantage of setting the e-bike’s electric configuration exactly 

as required (see section 5.2). 

The parts of the bicycle that are very near the ground are expected to be directly exposed to 

alternating magnetic fields. The bike frame, which is usually metallic, steel or aluminum, does not 

come very close to the ground surface because of the wheel assemblies, when working with buried 

primary coils. Aluminum is not ferromagnetic and due to being a highly conductive metal, it would 

just attenuate the residual field eventually reaching higher positions on the vehicle. Hence, despite 

its size, the bike is frame is not expected to interfere significantly with the DIWPT. Also, aluminum 

is a better choice than steel for being lighter, inexpensive and very popular among bike 

manufacturers. 

Since the easy of inductive power transfer is related to the size of the coils and their relative 

proximity, to start with maximum margin for accommodating a larger secondary coil on the bike, 

a model with the largest commercially popular wheel size was selected, the so called “twenty-

niner” or just “29er”. These are popular mountain-bike types in Europe, in which the wheel rims 

have a bead seat diameter of 622 mm and, after mounted with ERTRO 54-622 tires [168], come 

to an overall diameter of approximately 29 inches, thus justifying the name.  

In order to avoid conductive losses on the single turn coil formed by the bicycle wheels, the 

ideal material for the wheels would not be conductive. Most bike wheels readily available are 
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metallic, and thus, very conductive. However, carbon fiber reinforced polymer, which is 

progressively being more used for the obtained reduction in weight, is also a less conductive 

alternative material. This material is an anisotropic conductor, typically ranging from 100 to 1000 

times less conductive than metals [169], depending on the orientation of the fibers inside the 

composite. However, careful consideration of the circuit parameters must be observed because 

intermediate resistance values of wheel loop may approach the optimal coupled load, and power 

dissipation may become even higher than when using highly conductive materials.  

All these facts, together with the higher price of these alternative carbon-fiber components, 

influenced the model procured for a first prototype to be a Berg Trailrock 25, shown in Figure 147, 

which has both aluminum frame and aluminum wheels.  

 

Figure 147: Bike model procured for adaption as a HIPLEV, a 29er with aluminum frame and wheels. 

Tests with the prototype latter confirmed that this choice does not impair a satisfactory IWPT 

from the lane to the bike, the justification being that the induced current in the wheel is largest 

when the wheel is very closely over the primary coil windings, a condition in which the lateral 

displacement is already much greater than the maximum required operational displacement from 

the center lane alignment condition. 

4.8 Conclusions 

While yielding more flexible transportation services and convenience, cars greatly 

contributed to the degradation of the former and healthier lifestyle in cities, at least concerning 

the strong reduction in the habits of walking and cycling, observed along the 20th century. 

The bicycle, on the other hand, is a healthy transport mode, which also has exhibited 

continuous popularity since it the safety bike has been introduced in the end of the 19th century. 

This large acceptance of the bicycle as transport, associated with the spontaneous “electrification” 

of the bike market in the last years, can provide an opportunity to improve transports and rescue 
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the quality of life in the cities, not only by reducing the pollution levels, but also by improving the 

physical and health condition of the population. 

The electrification of bicycles is a well-defined tendency. In the same way that bikes have 

been popular since their invention, it is very probable that electric bikes will also be available and 

very popular in the long range, and make a great contribution as a transport mode alternative. 

We propose the Human-Inductively-Powered Lightweight Electric Vehicle (HIPLEV), an 

association of EPAC class vehicles, and other similar lightweight human-powered similar EV, with 

the ongoing development of the dynamic inductive wireless power transfer (DIWPT) technology. 

The HIPLEV is deemed to have the potential to take the popularity of bikes and other human-

powered velomobiles to unprecedent levels, perhaps higher than those of the horse and horse 

carriages, back in the 19th century. It can be speculated that the electrically assisted bike has the 

potential to become the mechanical horse of the future.  

This sustainable mobility approach, if adopted along with safeguard policies and new urban 

architecture guidelines, will likely reduce the demand, in urban areas, for heavier, higher power 

motorized cars, either electric or with fuel-based engines, thus contributing to the humanization 

and safety of the traffic in the cities. 

A velomobile is a human-powered vehicle (HPV) that would not only presents better efficiency 

and speed profiles, due to its aerodynamic advantage, but offers protection from the weather and 

eventual collisions. In this manner, electric versions of velomobiles are possibly the best technical 

option for DIWPT adaptation. But due to market reasons, it should only later on be considered for 

HIPLEV adaptation. For now, the upright e-bike and its variants are the best option to be considered 

for the introduction of HIPLEV systems, and in a second phase, other LEV with more a more 

conventional upright riding position. 

On the other hand, the standard, unfaired upright e-bike, the par excellence representative 

of the lightweight electric vehicles, is also one most representative HPV. It should then be used as 

the first vehicle to be adapted as a HIPLEV. Its lower cost, relatively to other HPV options, not only 

facilitate the implementation of the prototype, but also potentialize its latter adoption. 

However, the actual success in the popularization of the HIPLEV, or at least the creation of 

a window of interest over this proposal, is closely related with the simultaneous introduction and 

the wide availability of public inductive-lane infrastructure. 
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In Chapters 2 and Chapter 3, a review on inductive wireless power transfer for both 

stationary and dynamic applications was provided. Particularly, in Chapter 2, models and issues 

involved in IWPT implementation were discussed, including aspects of power electronics. 

Chapter  3, on the other hand, in addition to a review on DIWPT systems, was concentrated on 

oblong coil I-lane design, which is used in the implementation reported in this chapter. 

In Chapter 4, a brief review of human powered vehicles was followed by the proposition of 

a human-inductively-powered lightweight electric vehicle (HIPLEV), as a new soft transport mode 

variation for urban use and neighborhood commuting. Also, an approach for the development and 

adoption of the HIPLEV transport was presented. Upon consideration of basic technical and market 

constraints, the upright EPAC bike was chosen as the first hybrid electric-human-powered 

candidate vehicle to be retrofitted for dynamically harvesting energy from i-lanes, thus 

demonstrating the viability of the implementation of the HIPLEV concept. 

In the present chapter, this design is then detailed, using the theory and models presented 

in Chapters 2 and 3, and requirements derived from the proposal of the HIPLEV, in Chapter 4. 

The results obtained from the laboratory prototypes are also presented, with the verification of 

some key electrical aspects involved in the concept under stationary conditions. While not yet 

targeting a final product design, in this exploratory development, different technologies are proved 

to work together well, confirming the technical viability of the power transfer to the HIPLEV. 

5.1 Design Guidelines 

The application context determines some high level guidelines for the development of an 

inductive lane for e-bikes. These are not only translated into basic requirements, but also orient 

every following decision in the prototype design, whereas the degree of freedom for a possible 

solution is high. These guidelines inevitably add some heuristics to the design, but they are 

essential to simplify the problem and, ultimately, validate the concept of the proposed HIPLEV 

system: 
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• Low complexity. Although cost assessment is not performed, to cope with a future low 

manufacturing and installation cost, it is necessary to simplify the system, as much as 

possible. The expected result is that the implementation is facilitated, and lifecycle costs of 

the HIPLEV can be compatible with the lower cost of the base vehicles involved, and so is 

the cost of implantation of dedicated i-lanes. 

• Essential requirements only. In order to validate the development a product, many 

requirements should be considered and treated. However, this research does not target the 

development of a product, but rather, a conceptual validation for the HIPLEV, letting detailed 

engineering effort for a future design of an ultimate system. In these terms, to ease the task 

and initially demonstrate the viability of the HIPLEV proposal, only the essential 

requirements are considered to build a first prototype. The only essential requirement 

intentionally not yet handled in this design is the EMF-safety of the rider. Although of prime 

importance, the evaluation of compliance to ICNIRP recommendations on a lightweight 

electric vehicle is a meticulous process, that requires calibrated specialized equipment, 

which was not available at the time of the design. However, the guidelines adopted ensure 

that the maximum human exposure levels are at least met from the pedestrian point-of-view. 

Also, some considerations and suggestions are left for future design effort on the rider 

protection from the EMF generated by both the primary coils, in the lane, and the onboard 

secondary coil and electronics.  

• Open source / open access design tools. Targeting the popularization of the HIPLEV, and to 

allow multiple designers to reproduce and create variants of the presented prototype, further 

contributing to the creation of new HIPLEV systems, opens source software design tools are 

preferably used, except when the associated design effort would conflict with the thesis 

development. The open source software tools have generally less resources available to the 

user, and sometimes lack a professional user interface, but they are also simpler to learn. 

The excellence of some of them have been widely validated by previous academic research 

and became popular, such as the finite element modeling tool FEMM [99] [123], the 

inductance modeling tool FASTHENRY [170] [171] and the circuit simulation tool SPICE 

("Simulation Program with Integrated Circuit Emphasis") [63]. While effort was made to use 

open source software tools, Wolfram Mathematica and COMSOL Multiphysics were also 

used for their convenience. 
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5.2 General Electrical Requirements 

The European standard EN 15194:2017 [5] defines EPAC bicycles as “electrically power 

assisted bicycles of a type which have a maximum continuous rated power of 0.25 kW, of which 

the output is progressively reduced and finally cut off as the EPAC reaches a speed of 25 km/h, 

or sooner, if the cyclist stops pedaling.” So, the i-lane and the onboard power harvesting electronics 

should be able, in the maximum limit condition, to supply an average of 250 W for the powertrain 

maximum to an EPAC-based HIPLEV. 

Expectably, some portions of the i-lane will not have a primary coil providing energy for the 

vehicle. So, in order to keep this average 250 W transferred to the HIPLEV, the instantaneous 

power transfer when the vehicle is harvesting energy from a primary coil, should be, also on 

average, superior to this power level, and the excess energy stored onboard should be enough to 

sustain electric consumption during the inter-coil transits. This aspect of the design is covered in 

section 5.13, in a high level of abstraction. Possible solutions for the actual implementation are 

the use of a small capacity battery (small, compared to what would be necessary if there were no 

i - lane to harvest energy from) or a bank of supercapacitors, or a combination of them [172], and 

a battery management system (BMS) to control the charge and discharge micro-cycles along the 

path of the vehicle. BMS are reasonably well developed subject, and should not be a difficult 

engineering task to accomplish, with many options existing [173][174]. 

When present in the vehicular system architecture, a battery may serve not only to store 

short term energy for the inter-coil transits, but also as a means of providing the vehicle with an 

extended electrified range away from the i-lanes. But, in the case of a HIPLEV, this can be optional, 

for human power (pedaling) is a possible alternative. 

5.2.1.1 Induction Frequency and Cross-Section of Coil Windings 

Another important parameter to be fixed from start is the induction frequency used. In 

principle, it should be as high as possible, as long as the electronics can handle it and the 

associated wavelength on the coils do not make them radiate electromagnetic power, as seen in 

2.2. In addition, because a higher directive is to keep the system as simple and less costly as 

possible, this design shall avoid the use of true litz wire. This poses some restriction on the 

maximum frequency of operation. 

The most available multiconductor cables found in the market for residential and industrial 

use were verified to have cross-sectional areas of 1, 1.5, 2.5 or 4 𝗆𝗆 . Due to the skin effect, 
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among these options, the natural choices for use in higher frequencies are the multiconductor 

cables with individual wires of 1 𝗆𝗆  and 1.5 𝗆𝗆 . According to the curves in Figure 71, for 

these latter cross-sections, frequencies up to 10 kHz would not generate important extra loss with 

respect to DC use. Based on the same chart, 𝑓  ≅  50 kHz can be considered a good ad hoc 

frequency band for avoiding very large additional losses (> 50%), it is a frequency where the AC 

resistivities of the of 1 𝗆𝗆  and 1.5 𝗆𝗆  cables are respectively increased by 22.8% and 42.3% 

from their DC value. The resulting effect is that, for a given rms current flowing in a cable, if the 

frequency is increased the power dissipation is also increased. Conversely, if the same maximum 

power dissipation per unit of length is to be observed in a higher frequency, less current should 

be imposed on the conductor. Based on this reasoning, for their safe use, the maximum 

amperages for copper cables of 1 𝗆𝗆  and 1.5 𝗆𝗆  of cross-section have to be derated at 

50 kHz, according to Table 22: 

Table 22: Derated maximum current range for copper cables with cross-sectional areas of 1 𝗆𝗆2 and 1.5 𝗆𝗆2. 

Area of cross-
section 
(𝗆𝗆 ) 

DC Max power 
dissipation 
(mW/m) 

AC at 𝑓 = 50 kHz 

Maximum 
current (A)* 

Resistivity 
(mΩ/m) 

Resistivity 
(Ω/m) 

Maximum 
current (A) 

1.0 4 to 6 17.1 274 21.0 3.6 to 5.4 
1.5 6 to 9 11.4 410 16.3    5 to 7.5 

*Depends on manufacturing details and the cable insulation, 4 to 6 A/𝗆𝗆  being a widely accepted safe range. 

Exemplifying the use of Table 22, if the maximum current of 10 A rms is to be imposed to 

some coil of the system, in the worst case, at least two to three 1.0 mm  copper wires should be 

used for winding this coil or, alternatively, two 1.5 mm  wires should be used. For the assurance 

of equative distribution of the current over the wires, they should yet be isolated and twisted 

together. Incidentally, to ease the comparison with former prototypes implemented, the nominal 

induction frequency selected for the HIPLEV is 𝑓  =  51.7 kHz, which is close enough to 50 kHz. 

5.2.1.2 Main DC Voltage of the Power Train 

The IEC 60950-1 establishes that steady state voltages up to 42.4 V peak, or 60 V DC, are 

not generally regarded as hazardous, under dry conditions, for an area of contact equivalent to a 

human hand [175], even though, as expected, it also determines that bare parts that have to be 

touched or handled should be at earth potential or properly insulated. The American Occupational 

Safety and Health Administration (OSHA), however, establishes that in the construction of 

installations, live parts of electric equipment operating at 50 volts or more shall be guarded against 

accidental contact by cabinets or other forms of enclosures [[176]]. 
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Concerning EVs, it is common to find batteries and main power train DC voltages exceeding 

hundreds of Volts. In a standard road EV, due to the power levels involved, the currents would be 

too high otherwise. But this is not a problem because there is usually enough room to 

accommodate the necessary protection measures against electric shock, which on the other hand, 

may not be as easily implemented in a lightweight electric vehicle, such as an e-bike. 

Because of that, regarding the power train supply voltages, the EN 15194 Standard [5] limits 

the battery, and thus, the powertrain DC voltage of EPAC type e-bikes, to 48 V. This maximum 

voltage is adopted in compliance with standards and recommendations for equipment where there 

is the possibility of the user coming in direct contact with bare live parts of the power train. For 

historical reasons, e-bikes are available with powertrains voltages in multiples of with 12 V: either 

24 V, 36 V or 48 V DC. 

For proof of concept, any of these voltages would be adequate. However, since 36 V is likely 

the most popular voltage for 250 W EAPC-compliant bicycles currently found in the market, and 

this type of hardware is less expensive and easier to procure, that was the choice for the prototype. 

Anticipating some voltage drop on the cables connecting power to the motor, the nominal DC 

output voltage from the power harvesting unit is then fixed at 𝑉  = 36.5 V, with a minimum 

accepted input voltage to the power train set at 𝑉 ,  = 36.0 V. 

Despite the low voltage of the powertrain, it is necessary to be aware that higher voltages 

can develop on the coils, due to the resonance phenomenon in a IWPT configuration, and special 

care to isolate the onboard secondary coil and compensation circuitry must be observed. 

Electrically assisted 29ers (29-inch wheels), for use in mountain trails, such as the model 

elected for electrification and used in the prototype (section 4.7.1), can be found with different 

motorizations up to 1 kW or more. However, as seen in Chapter 4, for legal street use as an EPAC 

bike, the maximum power of electrical assistance is 250 W. This implied in the installation of a 

250 W electric motor, which, for ease of assembly, was a hub-motor type, installed in the front 

wheel. Having previously selected 36.5 V for the main system nominal DC voltage, a compatible 

three- phase COTS motor controller capable of handling at least 250 W was also procured. 

Although the average power supplied to the power train is 250 W, to increase the electric safety 

margin, a motor capable of continuously handling up to 300 W of power and a 350 W controller 

were preferred. The actual power delivered to the motor would then be limited by the vehicle’s 

power management system. The hub motor and controller kit G-S027, from Suzhou SND Zhenlong 

Motor Co. Ltd were procured and successfully installed on the bike. 
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5.2.1.3 Inductive Power Transfer Level 

Since the inductive lane is composed of many sequential primary coil modules interleaved 

with by a separation gap, the power level for energy harvesting during the primary coil transits 

must be more than 250 W. This will allow some extra energy to be harvested and stored for use 

on the energy-blind lane segments. The choice of this power harvesting level, 𝑝, is related with the 

choice of the inter-primary coil spacing and the efficiency of the energy storage system used, as 

discussed in 5.13. If 𝑝 is too low (too close to 250 W), the primary coil will have to be arranged 

to each other, making the installation of the i-lane not practical. If, on the other closely hand, p is 

increased much more than 250 W, larger primary coils spacing becomes possible, but the bill of 

materials, and the total cost of the system is expected to increase, which an undesired 

characteristic for both the prototypes and an actual system built upon their results. Also, as 𝑝 is 

increased, more current-turns are expected to flow in the coil windings, making it more difficult to 

control EMF exposure levels of the rider, in a vehicle that is intrinsically an open platform, where 

the shielding might add too much weight to the assembly. 

Considering that most peak transient power demand of the power train brushless motor can 

easily rise to up to 50% of its maximum nominal value, it would be convenient that, during primary 

coil pass, these peaks could also be supplied by incoming harvested power. For a 250 W motor, 

this peak is then estimated at 375 W, a value that was rounded up to 𝑃  =  400 W in our design, 

a power transfer level that should be sustained at all lateral displacements within the minimum 

required electrified width 𝑤  (as specified in Table 25). Since the maximum average power 

supplied to the motor is 250 W, an average excess of 150 W of the harvested power would then 

be available to charge the battery or a supercapacitor bank. In 5.13.2 the maximum inter-primary 

coil spacing distance is determined considering this choice of 𝑃 . 

5.2.1.4 Electrical Efficiency 

Since the AC to DC voltage is normally an intermediate stage in the primary circuit of an 

IWPT system, and the load presented at the secondary output is also of DC type, to simplify the 

measurements, the efficiency in IWPT systems is often benchmarked by this DC-to-DC efficiency. 

As reviewed in Chapter 2, current technology makes it possible to build stationary WPT systems 

that can exhibit above 90% of DC-to-DC efficiency, high values being easier to implement when the 

power levels involved exceed the 10 kW limit. In commercial stationary IWP systems, 80% or, under 

best coil alignment conditions, 85%, would be a more realistic requirement [92], with some 

automotive rechargers now being reported at an efficiency level of 90%  
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When it comes to automotive DIWPT, where the power levels are in the 10 kW to 100 kW 

range, the maximum efficiency of 80% or less is generally a reference value for prototypes. Earlier 

versions of the OLEV system, for instance, were reported as achieving a maximum of 72% in 

efficiency [177], this number being later improved up to 83% in the following OLEV designs [120], 

under the most favorable alignment conditions, which cannot be sustained at all times. Still, these 

numbers were achieved with strong use of soft ferromagnetic materials (ferrites), for concentrating 

and shaping the magnetic field and increase the magnetic coupling between primary and 

secondary coils. Also, to reduce winding losses, litz wire in abundantly used to implement the 

coils. However, the litz wire cabling and ferrites can be responsible for a major increase in the cost 

of the components of the system. 

Most publications do not detail the average efficiency achieved by prototype systems, which 

is expectably lower than the best-case efficiency achieved in optimum alignment and load 

conditions. What is apparent, however, is that lightweight electric vehicles (LEV) are not the current 

focus of investigators. LEV are mostly used in downscaled models in prototypes, for the economic 

convenience for the tests. 

Because the required power levels exhibited by LEVs and their masses are much lower than 

that of the standard road EVs, the overall energy savings obtained, when a less electrically efficient 

LEV is used as a functional replacement for this latter, can be more favorable for the LEV. In this 

manner, let us consider the use case where two single-rider HIPLEVs using 𝑃  =  250 W of power 

each, with an electric efficiency 𝜂 , measured from grid to the powertrain, can be a functional 

replacement for a two-person occupancy vehicle, with 𝑃  =  20 kW of power, with a similarly 

defined efficiency 𝜂 , the comparison being made over a commuting route of a total distance 𝑑. 

Let us also consider that the average cruise speed of the of road vehicle is 𝑣  =  100 km/h, 

while that of the HIPLEV running at 250 W is, in an average worst case scenario, 𝑣  = 15 km/h. 

The energy expenditure of the HIPLEV, 𝐸 , and that of the standard EV, 𝐸 , can then be 

estimated by: 

𝐸 = ℴ 𝑃 𝑑𝑣 𝜂  (5.1) 

and 

𝐸 = 𝑃 𝑑𝑣 𝜂  (5.2) 
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where ℴ is the occupancy of the standard vehicle, and 𝜂  and 𝜂  are respectively the efficiencies 

of electric to mechanical energy conversion of the HIPLEV and the road EV. 

The ratio 𝐸 𝐸⁄   is then given by: 𝐸𝐸 = ℴ  𝜂𝜂 𝑃𝑃 𝑣𝑣  (5.3) 

So, the HIPLEV will present an overall better energy efficient as a transport when: 𝐸𝐸 < 1, (5.4) 

that is, when: 

𝜂 > ℴ 𝜂 𝑃𝑃 𝑣𝑣  (5.5) 

In the above given numerical example, for the HIPLEV to have smaller energy footprint, it is 

enough that: 

𝜂 > 2 𝜂 250 W 20 𝑘W 100 𝑘m/h15 𝑘m/h ≅ 16.7% 𝜂  (5.6) 

Another similar method of comparatively judging the efficiency of a HIPLEV is to consider 

the necessary energy for an EV to travel one kilometer. According to the U.S. Environmental 

Protection Agency (EPA), as of 2020, the most efficient standard road vehicle in production is the 

Tesla Model 3 Standard Range Plus, exhibiting an energy expenditure of 149 Wh/km in combined 

city and highway use. For an e-bike running with no pedal assistance, and average rider and lane 

conditions (head wind, slope) 15 Wh/km can be derived to be a typical equivalent figure in realistic 

scenarios [147][178]. Based on these figures, in order to outperform a standard road EV with an 

occupancy of two people, in terms of less energy expenditure, it would be enough for an e-bike 

based HIPLEV to exhibit an efficiency 𝜂  such that: 

𝜂 > 2 𝜂 15 Wh/km149 Wh/km ≅ 20% 𝜂  (5.7) 

Considering the worst estimate between (5.6) and (5.7), and since 𝜂  is limited to 1, it can 

be derived that any HIPLEV presenting an electric efficiency better than 𝜂 ,  =  20% is 



Chapter 5 - Inductive Lane for Lightweight Electric Vehicles 

Dynamic Inductive Wireless Power Transfer for Lightweight Electric Vehicles 
Luiz Alberto Lisboa da Silva Cardoso – University of Minho 260

 

guaranteed to be a more economical choice over any standard road EV, in terms of energy 

conservation, for a two-occupancy of the road EV. 

Based on this analysis, a HIPLEV with an efficiency 𝜂  = 40% would have an overall energy 

efficiency of at least twice than any current standard road vehicle: This number can then be 

considered a very satisfactory specification for a HIPLEV, resulting in a significantly reduction in 

the energy footprint. The final target figure to be adopted for the efficiency in the DC-to-DC 

conversion of the DIWPT in the HIPLEV system, 𝜂 , should be derived from the product: 

𝜂 = 𝜂 𝜂 𝜂 , (5.8) 

where 𝜂  is the electrical efficiency in the AC-to-DC conversion of the grid rectifier that supplies 

energy to the primary inverter, and 𝜂  is the efficiency of conversion of electric to mechanical 

energy by the powertrain of the HIPLEV, consisting in a BLDC motor either directly connected to 

e-bike’s wheel (direct drive) or through gears (geared drive), and its controller. 

Since typical values of efficiency for the grid rectifier and the powertrain are respectively 

95% and 80%, the minimum required and the desirable electrical DC-to-DC efficiency of the DIWPT 

link of the HIPLEV can be respectively set by as: 

𝜂 , = 𝜂𝜂  𝜂  = 20%95% 80% ≅ 26.3% (5.9) 

       𝜂 = 𝜂𝜂  𝜂  = 40%95% 80% ≅ 52.6% (5.10) 

The above analysis is simplified, for the actual power levels 𝑃  and 𝑃  are strongly 

dependent of the speed of the vehicles, 𝑣  and 𝑣 , which may be not constant in a given urban 

scenario, even if the departure and arrival points coincide. Also, the efficiency figures have been 

conservatively and unfavorably calculated, considering that the HIPLEV is in electric assistance all 

the time, which may not be the case, since it can move solely on human power in parts of the trip. 

The main idea in the comparison, however, is that, with a much greater size, mass and speed 

than a HIPLEV, a standard road vehicle tends to generate more friction with the air, the road and 

in all its mechanical components, resulting in higher energy losses. Also, it would be required 

more energy for a heavier vehicle to accelerate and decelerate multiple times along the trip, even 

if regenerative breaking is used, for the efficiency in regenerative breaking is never 100%. Under 
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similar mechanical constraints, it is then expected that lower mass vehicles moving at lower speeds 

will require less energy to transport equivalent payloads. 

The number in (5.9) is much less than DC-DC efficiencies ordinarily achieved in DIWPT 

prototypes making use of extensive use of litz wire windings and core materials in the coils. There 

is a fair a priori expectation that 𝜂  =  52.6% can be achieved even without the use of these 

resources, what would make the HIPLEV even more attractive economically. 

5.2.1.5 Maximum Voltage on Primary Coil 

The primary coils should be galvanically isolated, to avoid the risk of electrocution. The 

voltage applied by the inverter on its terminals should be as small as possible to further minimize 

EMF exposure in the vicinity of the coil. Even before estimating and verifying the compliance of the 

electric field generated by the primary coil, an ad hoc heuristic design requirement is introduced: 

to limit the maximum voltage across its terminals to be less the grid voltage. Around the word, the 

nominal grid voltage lies from 100 V rms (in Japan) to 230 V rms (in Europe), with a few countries 

also using 240 V. Since the HIPLEV is conceived under a perspective of global acceptance, so, in 

order to facilitate future homologation of a HIPLEV i-lane in every country, the absolute maximum 

primary coil voltage should match that of the power grid. In the case of the EU, this is 230 V rms. 

A lower voltage, however, closer to 100 V, is desirable as a target design parameter. 

5.2.1.6 Summary of Basic Electric Requirements Established for the HIPLEV 

After the considerations in this section, the basic electric requirements established for the 

development of a HIPLEV system based on a EPAC type bicycle are summarized in Table 23: 

Table 23: Summary of basic electric requirements established for the first HIPLEV protype. 

Parameter Symbol Value Unit 

Powertrain power 𝑃   250* W 

Maximum regulated power transfer over 𝑤  𝑃  400 W 

Nominal DC output voltage to powertrain  𝑉      36.5 V 

Minimum input voltage to powertrain 𝑉 ,      36.0 V 

Maximum Primary coil voltage 𝑉 ,  230 V rms 

Induction frequency 𝑓  ∼50 kHz 

Minimum Overall Electric Efficiency 𝜂 ,      20%   - 

Target DC-DC efficiency of the IWPT** 𝜂    ≥ 53%   - 

*Maximum legal power assistance level for an EN 15194 compliant EPAC. 
**Desirable, to be at least twice more efficient than any current standard road vehicle with up to two occupants. 
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5.3 Dimensional Requirements for the i-Lane 

In Chapter 4, considering technical and marketing reasons, the best prospective candidate 

for a first prototype DIWPT electrification was determined to be the popular and readily available 

standard upright e-bike. In this case, since the cyclist goes exposed, and it is more feasible to 

embed EMF protection in the lower parts of the frame of the bike, the design decision was to seek 

an installation for a pick-up coil close and parallel to the ground, with buried primary coils. In 

addition, by adopting this solution the impact on the urban architecture can be minimized and the 

hardware on the lane becomes more difficult to tamper with, leading to a more robust system 

installation. In general, lateral or aerial coupling are more acceptable only in restricted industrial 

areas. For land transports, the energy transfer from ground is more suitable and has been a 

preferable choice for prototyping DIWPT for heavier vehicles as well. 

5.3.1 Lane Width and Lane Electrified Width 

In order to design a DIWPT lane and proceed with the adaptation of an e-bike for harvesting 

power from existing bike lanes, it is first necessary to consider the dimensions of this vehicle and 

its dynamic behavior on these original lanes. Bicycles are inherently unstable and while on normal 

riding, they require the cyclist to continuously exhibit a lateral oscillatory movement with an 

average amplitude that varies with speed, wind, grade of the lane, and also with the cyclist 

proficiency and physical condition. This lateral movement and the stationary width of the bike-

cyclist assembly define the dynamic kinetic envelope for the bicycle, which should be enclosed in 

the lane operating width. The statistical characterization of the width 𝑤  of the dynamic kinetic 

envelope of a bike and a final the decision on the minimum electrification width for the DIWPT 

system is a hard task that can be replaced by the exam of the current recommendations for cycle 

infrastructure design. While not previously concerned with DIWPT, many urban administration 

institutions have gathered the expertise on the required dimensions for lane bikes in documents 

[4] [179] [180] [181] [182] [183] [184] [185], where the maximum bike width generally observed 

and the minimum required lane width are listed. From that, 𝑤  can be indirectly derived. In Figure 

148 are illustrated the essential parameters implied in the definition of the width of a one-way 

single track bike lane (no side-by-side riding admitted): 

• 𝑤 : the maximum width of a bike that is considered for using the lane. 

• 𝑤 : the minimum recommended paved lane width, where the bike tires can eventually touch 

the lane, but, more restrictively, also where the vertical projection of the cyclist envelope is 

expected to be enclosed. 
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• 𝑤 : the total minimum recommended bike lane width, which is greater than 𝑤  by an extra 

amount of lateral spacing in order to provide a safer and more comfort riding. The lateral 

zones enclosed in the total lane width, 𝑤 , but beyond the paved width, 𝑤 , are not expected 

to be crossed by any by the bicycle or any body part of the cyclist, but they are there to 

provide room for exceptional maneuvering of the vehicle. 

• 𝑤 : the minimum required width to accommodate the oscillatory movement of the bike, in 

order to allow the cyclist to dynamically keep the equilibrium. 

 
 

Figure 148: Lane and bike essential width parameters. 

The recommended minimum bike lane width, found in bike lane design technical notes of 

the UK Department for Transport is 100 cm, implied by a maximum bike width of 80 cm and a 

minimum lateral oscillatory movement of 20 cm, which provides enough balance margin for cyclist 

to keep a straight line when in motion over 11.3 km/h [4]. The American Association of State 

Highway and Transportation Officials consider the maximum width of the bike and cyclist assembly 

to be 75 cm, while the recommending minimum lane width is set at 1.2 m, resulting in a 

guaranteed lateral dynamic in-lane alignment width of 45 cm [179], but smaller safety distances 

are recognized as possible if speed differentials between bicyclists and other road users are 

relatively small. In Brazil, the Ministry of Cities recommends 100 cm for the minimum cyclable 

width of 100 cm, enclosed in a dedicated lane width of 150 cm, considering a bike width of up to 

60 cm [180]. In the Netherlands [181], a recommendation document for construction of bridges 

for bikes and pedestrians assumes 75 cm for the maximum width of a bike, and establishes 
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100 cm and 140 cm respectively for the minimum operational width for the bike and the total lane 

width. In Spain, the government of Catalonia also established 60 cm as maximum width of the 

vehicle, with a minimum width of maneuver of 100 cm, resulting in a dynamic width margin of 

40 cm, although a total lane width of 150 cm is recommended for comfort [182]. In Portugal, 

Institute for Mobility and Transport endorses the UK Department for Transport also referring that, 

at 10 km/h, a minimum of 20 cm extra width to the bike dimensions is enough margin for the 

cyclists to maintain dynamic equilibrium, but that this distance may be as high as 0.8 m at lower 

speeds or high speed descends [183]. The European Commission sponsored a cycling 

infrastructure guide referring that at normal cycling speeds, in normal conditions, the zigzagging 

movement of a bicycle is about 20 cm, but it may be wider, if cyclists are forced to travel at speeds 

less than 12 km/h [184], or on uphill stretches, due to the larger effort of the cyclist. According 

to a Implementation Fact Sheet sponsored by the European Commission, the minimum total lane 

width recommended by the  is 0.9 m, but 1.5 m “increases the safety margin and makes driving 

comfortable and less stressful” [185]. 

It is more common to find, in design recommendation documents, the specified values of 𝑤  and 𝑤 , rather than the recommended value for 𝑤 , because 𝑤  and 𝑤  are the parameters 

that directly impact on construction works. However, when omitted from an explicit reference, 𝑤  

can be calculated as. 

𝑤 = 𝑤 − 𝑤  (5.11)

A summary of the figures found in the literature is shown in Table 24. 

Table 24: Assumptions and lane width parameters in different recommendation documents. 

Country 𝒘𝑩 max 𝒘𝑳 min 𝒘𝑻 min 𝒘𝒅 min Obs. 

UK 80 100 150 20 
[4] This 𝑤  at speeds greater than 
11.3 km/h. 

USA 75 120  45 [179] 𝑤  may be smaller 

Brazil 60 100 150 40 [180] 

Netherlands - - - 25 [181] 

Spain 60 100 - 40 [182] 

Portugal - - - 20 [183] 

EU 75 90 150 20 

[184] This 𝑤  at speeds greater 
than 12 km/h; up to 80 cm when 
pulling away from stationary 
position or cycling uphill. 

The conclusion is that the minimum required width for the bike lateral oscillatory movements 

that assure enough margin for the cyclist to establish dynamic equilibrium is 𝑤 = 20 cm, if a 
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minimum speed of 12 km/h is sustained, although more width is recognized as necessary, at 

lower speeds. In some references the implicit value of 𝑤  can be as high as 45 cm. The electrified 

width of the lane, 𝐷 , should than equal or greater than 𝑤 . 

For a HIPLEV system based on standard upright e-bikes, the best choice optimizing zig-

zagging performance would then be 𝐷  ≥ 45 cm. However, by selecting a higher value of 𝐷 , 

larger coils are also likely to be necessary. So, in order to optimize the viability of a first HIPLEV 

prototype, the preferential option for 𝐷  is the to be just larger than the absolutely minimum 

necessary 𝑤  in the EU, that is, 𝐷 ≥ 𝑤  =  20 cm. After a successful concept demonstration, 

a second prototype could posteriorly seek to attain higher values of 𝐷 , which would allow full lane 

compliance in other countries. 

For the total lane width, 𝑤 , the value of 1.5 m is practically a unanimous recommendation. 

Hence the specified total lane width for the HIPLEV prototype also becomes 𝑤  =  150 cm. 

Concerning the lane operating (paved) width, the recommendation for an absolute minimum from 

0.9 m (EU) to 1.2 (US) was observed in the literature, with a dominant incidence of the minimum 

value of 1.0 m. Contrarily to the case of the specification of 𝑤 , for these parameters, the 

implementation of a first prototype is facilitated when the choices are larger number, since this 

will give more margin to avoid EMF exposition of eventual nearby pedestrians. However, larger 

values for the paved path make the lane less viable to build in old European cities. Hence, to be 

conservative in this very important aspect, which might lead or not to the future acceptance of the 

system, a first target value for the HIPLEV prototype is set at 𝑤 = 100 cm, which is the most 

popular recommended value worldwide (except in the US), and currently satisfy individual 

requirements of EU countries and the UK. 

Similarly, concerning the safety of pedestrians, in the vicinity of a powered i-lane it is 

mandatory that the maximum, 𝐷 , , of the width 𝐷  of potentially risky EMF exposure, 

should also be limited by the minimum total lane width, 𝑤 : 

𝐷 ≤ 𝐷 , = 𝑤  (5.12)

The EMF exposure control of the rider is also an absolutely essential feature, to be achieved 

by shielding the vehicle lower parts and, especially, by shielding the secondary coil and onboard 

power electronics, which will expectedly intensify both the magnetic and electric fields in their 

vicinity. The shield design is a standard procedure, not requiring any different knowledge than that 
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used for the power transfer design itself. However, due to its own complexity and the necessity of 

very specialized test equipment for a complete and conclusive experimental evaluation, this task 

was intentionally left outside the initial focus of the initial HIPLEV prototype, which aims are limited 

to demonstrate the technical viability of power transfer and power handling in the DIWPT. 

The essential target design values adopted for a first i-lane prototype established in this 

section, with which are deemed to lead to a full validation of the basic HIPLEV concept, are 

summarized in Table 25: 

Table 25: Summary of width-related target parameters for the first HIPLEV protype. 

Parameter Symbol Value Unit 

Minimum electrified width (WPT ≥ 𝑃 ) 𝐷     20* cm 
Minimum lane paved width 𝑤      100** cm 
Minimum total lane width 𝑤  150 cm 
Maximum width of risky EMF exposure 𝐷 ,      150*** cm 

*For minimum vehicle speeds of 12 km/h. Higher values up to 45 cm should be considered for a product. 
**After a successful prototype demonstration, 120 cm could be next considered for a product. 

***Applicable for pedestrians. The rider’s protection depends on shielding on the vehicle. 
 

The zone in between the paved path (𝑤 ) and the total guarded width (𝑤 ) is where lane 

power electronics hardware, such as junction boxes, and power distribution lines, could eventually 

be accommodated, below ground level. This would minimize possible conflicts with external 

installations, in case of eventual roadworks, or, in case of the maintenance of the i-lane itself, 

minimize repair costs. 

5.4 Secondary Coil Dimensional Requirements 

The maximum total HIPLEV width is a parameter of great importance, since it delimits the 

maximum width of the hardware for power harvesting (secondary coil included) that can be 

installed on the bike. Because the coil width is an initial design commitment that is difficult to later 

diminish, the maximum bike width adopted should than be less than the minimum of all observed 

recommended maxima. As summarized in Table 24, in all recommendation documents retrieved, 

the maximum width of the bike-cyclist ensemble varies from 60 cm (in Brazil and Spain) to 80 cm 

(in UK). The conservative choice for the maximum width of the DIWPT hardware to be installed on 

the first prototype of the HIPLEV is then 𝑤  =  60 cm. 

To avoid any possible mechanical interferences with other bikes and riders, as well objects 

outside the lane limits, the maximum width of the secondary coil, 𝑑 , should not be greater 
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than the maximum allowable width for the HIPLEV, which is this maximum allowable width of a 

bike travelling on the lane, 𝑤 . 

𝑑 ≤ 𝑤  (5.13)

Since the secondary coil is expected to be installed somewhere close to the lane, and to 

pedals’ height above ground, in addition to this essential requirement, it is also highly desirable 

that, 𝑑  should also be limited to the width of the crank and pedals assembly, as shown in 

Figure 149. This diminishes the need for adjustments in the rider’s awareness of the dimensions 

of the modified bike, and helps avoiding eventual obstacles on the lane, thus facilitating the 

acceptance of the HIPLEV as a means of transport. 

 
 

Figure 149: Crank and pedal horizontal dimensions. 

Typical pedal total lengths (𝑑 ) are around 105 mm, while the pedal stance widths (𝑊 ) 

of at least 171 mm can be expected in larger bikes. This means that the secondary coil is entitled 

to expand up to this probable maximum total width of the crank and pedal assembly: 

𝑑 ≤ 𝑤 + 2𝑑 ≅ 171 + 2 ⨯ 105 = 381 mm (5.14)

Since this length is smaller than 𝑤 , it dominates the requirements for the maximum width 

of the secondary coil. 

The typical ground clearance of the bike’s pedals is around 100 mm. To match this 

dimension and preserve the bike’s original interference contour in the direction of movement, the 
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ground clearance of the secondary coil, with the bike in the upright position, 𝑐, is also set at 

100 mm: 

𝑐 = 100 mm (5.15)

A two-wheeled vehicle is expected to incline laterally when making turns, or even along the 

natural oscillatory motion that is necessary for the rider to execute, in order to keep balance 

(especially in low speeds). Then a dynamic minimum clearance from ground 𝑐  has also to be 

verified at the maximum expected lean angle 𝜑𝑚𝑎𝑥, as illustrated in Figure 150. 

When the bike leans, it pivots not on the point of contact of the tire with ground, but rather, 

approximately on the center of its approximately circular cross-section. The ERTRO 54-622 tires 

used (see section 4.7.1) have a nominal width of 54 mm. The pivoting point was experimentally 

estimated to be at a height 𝑟  =  23 mm, the effective radius of tire roll over ground surface. This 

value is close to half of the width of the tire, 54/2 =  27 mm, but 4 mm less, possibly due to both 

the shape of the tire cross-section not being perfectly circular, and to the compression against the 

ground surface the ground surface the tire is submitted. 

 
 

Figure 150: Mechanically viable zone for pick-up coil installation on the e-bike for ground level WPT. 

In the worst case, the minimum ground clearance 𝑐  with bike at limit lean angle condition 

can be assumed zero, and the coil structure will touch the ground. At this limit condition, the 

relation between the ground clearance, 𝑐, of the secondary coil, with the bike in the perfectly 
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upright position on a horizontal surface, the tire pivoting radius, 𝑟 , the maximum expected lean 

angle, 𝜑 , and the maximum coil diameter, 𝑤 , can be derived from Figure 151. 

 
 

Figure 151: Geometric relation among the maximum possible width 𝑑  of secondary coil, its clearance from 
ground 𝑐, and the maximum lean angle 𝜑  of the bike. Drawn to scale. 

The analysis of this geometry, assuming a filamentary secondary coil, results in (5.16): 

𝑐 ≥  𝑤2 tan 𝜑 + 𝑟 1 − 1cos 𝜑 (5.16)

The maximum lean angle depends on different factors. On a steady turn, 𝜑  is basically 

given by the required angle 𝜑  to cause the center of mass of the ensemble (vehicle and rider) to 

be projected onto the ground point of contact, at the speed and curvature radius of the bike on its 

trajectory: 

𝜑 = tan 𝑎𝑔 , (5.17)

𝑎 = 𝑣𝑅 , (5.18)

where 𝑎  is the centripetal acceleration of the vehicle, 𝑔 is the gravity of the Earth, 𝑣 and 𝑅  are 

respectively its instantaneous speed and radius of curvature on its trajectory. It has been also 

reported that, for a bike of similar frame structure and 26 inches wheel, at higher speeds, the 

observed lean angle can actually vary approximately in the range 𝜑 ± 3 degrees of arc, due to 

the possible the existence of angle of the body of the rider with respect to the bike central plane, 

with smaller deviations expected from experienced riders [186]. 
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The maximum lean angle observed, conservatively considering a minimum curvature radius 

of 10 m for a top speed of 25 km/h (6.944 m/s), is than estimated by: 

𝜑 = tan (6.944 m)10 m ⨯ 9.81 m/s + 3° = 29.17° (5.19)

At lower speeds, the rider still has to oscillate the lean angle, in order to keep its balance. 

It was experimentally found that this angle, given by (5.100), is verified to be a conservative 

estimate of the maximum lean angle at lower speeds as well [187], when the radii of curvature 

are also smaller. This value is consistent and, as expected, for considering a wider sample of 

riders, a more conservative value than that found in our own experiments (Chapter 6). 

So, after adopting 𝜑  = 29.17°, (5.16) simplifies to: 

𝑤 ≤ 3.583 ⨯ (𝑐 + 3.34 mm) (5.20)

Since the ground clearance adopted is 𝑐 =  100 mm, to match the pedals clearance from 

ground, then 𝑤  should also satisfy: 

𝑤 ≤ 370.26 mm (5.21)

From (5.14) and (5.21): 

𝑤 ≤ 𝑚𝑖𝑛 370.26, 381 mm = 370.26 mm (5.22)

Thus, considering that the primary coil width is not yet fixed, and in order to improve the 

induced voltage on a filamentary secondary coil and the power transfer, 𝑤  is fixed at the maximum 

possible value given by (5.22) round to the millimeter: 

𝑤 = 370 mm (5.23)

Using (5.16) to recalculate the maximum accepted lean angle for this newly fixed exact value 

of 𝑑, results 𝜑  ≅  29.2°. 

If the secondary wiring could be considered filamentary, then it would be possible to make 𝑑 = 𝑤 . In general, however, the secondary cannot be considered filamentary, then: 
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𝑑 = 𝑤 − 𝑏2 , (5.24)

where 𝑏  is the external diameter of the secondary coil wiring cable. 

Concerning the positioning of the turns in the winding of the secondary coil, they should be 

distributed such that the magnetic flux of the primary coil traversing the area of the secondary coil 

is maximum: The turns should lie as low and, symmetrically around wheel, as wide-spread as 

possible. Hence, they should be located as concentrated as possible around points A and B of 

Figure 151, but within the limits of lateral distance from the center plane of wheel given by 𝑑 , 

and on the upper side of the supporting board. Noticeably, the clearance 𝑐 =100 mm is not the 

distance from the secondary coil winding to ground, but the height above ground of the support 

structure for the secondary coil (orange cross-section), with the bike in upright position, as shown 

in Figure 152. 

 
 

Figure 152: Geometric directives for the secondary coil and its positioning around the rear wheel. Drawn to scale, 
except windings, which are not yet determined at this point of the design. 

Depending on the size of the air-gap between the primary and the secondary coil, the best 

distribution of the secondary turns can prioritize a horizontal or a vertical piling of the turns, or a 

combination of them. However, for the benefit of the mechanical simplicity of the first prototype, 

even though potentially sacrificing some performance in the power transfer, the option for a flat 

secondary coil with 𝑁 horizontal turns per 1 single turn along the vertical dimension was adopted, 

with 𝑁 yet to be determined, as shown in Figure 152. 

In the prototype implementation, the support structure for the secondary coil, in orange 

color, was then built with a 𝑡  =  10 mm thick plywood sheet, a material that is resistant enough 

to support the weight of the windings of the coil, yet easy to handcraft. 



Chapter 5 - Inductive Lane for Lightweight Electric Vehicles 

Dynamic Inductive Wireless Power Transfer for Lightweight Electric Vehicles 
Luiz Alberto Lisboa da Silva Cardoso – University of Minho 272

 

The secondary coil should be enough large to surround the rear wheel, but not mechanically 

interfering with it. It is also desirable that it can be as long as possible, for receiving more magnetic 

flux from the primary coil. No clear maximum limit was identified for its length, but this coil, upfront 

limited by the pedals, should not be too long as well, not to add a long “tail” to the bike, which 

could impair its mobility and difficult the maneuver in narrow paths. For a practical installation on 

the bike frame, the coil support plate should also not exceed 75 cm in length. Trials made winding 

turns around the 29- inch rear wheel experimentally revealed that the coil should have limits on 

their inner and external dimensions of their flat section. To simultaneously avoid mechanical 

interference with the tire and not to have the coil extended too much behind the wheel, the average 

turn length of the secondary coil, ℓ , should lie in between 60 cm and 70 cm: 

600 𝗆𝗆 ≤ ℓ ≤ 700 𝗆𝗆 (5.25)

The satisfactory solution found for compromising the mechanical clearance of the coil from 

the wheel and a good incorporation of the coil into the bike’s profile is shown in Figure 153: 

 

Figure 153: Secondary coil size adjustment for a 29-inch wheel. 

 

5.5 Secondary Coil Maximum Current and Wiring 

In 5.4 some dimensional requirements for the secondary coil were obtained: 

• Its external width, 𝑤 = 370 mm. 

• The viable interval for the average length of its turns, 600 𝗆𝗆 ≤ ℓ ≤ 750 𝗆𝗆. 
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• The general parametric layout of the coil cross-section, according to Figure 152. 

From 5.2, the maximum expected power current 𝐼  on the DC load DC is: 

max(𝐼 ) =  𝑃𝑉 , = 400 W36.5 V = 10.96 A , (5.26)

Then, considering a COTS DC-DC converter with a typical 𝛥𝑉  ≅  2 V minimum 

required voltage drop from input to output and a worst case efficiency of 𝜂  =  88%, the 

maximum input current to DC-DC converter is estimated by (2.103): 

max(𝐼 ) = 36.5 V 88% 38.5 V 10.96 A ≅ 11.8 A , (5.27)

for which, the maximum secondary coil current can be estimated by (2.104): 𝐼 , = max(𝐼 ) ≅ 𝜋2√2 11.8 A ≅ 13.1 A rms (5.28)

Following section 5.2.1.1 and Table 22, a general requirement for winding is to (try to) use 

low-cost 1 mm  and 1.5 mm  cabling, so the secondary coil would conservatively require 

4 × 1 mm  or 3 × 1.5 mm  cables. For improved performance, a multiconductor cable type 

6G1 was selected (Top Cable FLEXTEL 110 ES05VV-F 6G1), consisting of 6 individually isolated 

1 mm  flexible cables, with a total cross-sectional area 𝐴  =  6 mm , 65% larger total cross-

section than strictly required, with an external diameter 𝑏  =  8 mm. 

As an immediate consequence of the definition of the cross-section of the secondary coil it 

is possible to use the FEM numeric simulation to determine its characteristic resistance per unit 

of length, when used either in a stand-alone configuration or in the middle of linear array of equally 

spaced cables. The results of the simulation are show in Table 26, and can be used in the 

estimation of the of the required induced voltage on the secondary coil at its limit lateral 

displacement, where it is still possible to harvest the maximum power 𝑃  (5.57), Section 5.8. 

Table 26: Results from FEM numeric simulation of two possible configurations for the 1-turn primary coil. 

6G1.0mm  at 𝑓  =  51.7 kHz 

Stand-alone use Average, in a linear array of a 
multiturn coil* 

  

AC Resistance (Ω/m) 𝜌 , = 5.20 × 10  𝜌 , = 7.49 × 10  

*Assuming a pattern pitch with the same length of the diameter of the cable. 
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5.6 Primary Coil Depth below Ground Level 

In order to lower the required primary current levels, the distance between the primary and 

secondary coil planes, ℎ, should be as low as possible. Since the ground clearance of the 

secondary coil support tray, 𝑐 , is already determined, ℎ will be fully defined by the depth of 

the primary coil below ground level. While trying to keep ℎ as small as possible, the primary coil 

winding should be covered with a mechanically resistant layer of some low permeability, highly 

insulating material, since the vehicle cannot directly run directly over the primary coil windings. 

The primary coil depth below ground level is a purely mechanical requirement. Considering 

the workbench conditions, at this point of the design, it is arbitrarily established that the lane 

support should be constituted of 16 mm thick Medium Density Fiberboard (MDF) sheets, and that 

the primary coil cable diameter will be limited to 20 mm. These MDF sheets can then be supported 

by 34 mm ⨯ 21 mm wooden laths, which will leave the required vertical clearance to lay the 

primary windings standard dimensions. In addition, by using these dimensions, materials can be 

easily procured in the local lumber retail stores. The laboratory prototype of the HIPLEV i-lane is 

then formed by covering the primary coils with wooden modules, which base cross-section is 

shown in Figure 154. 

 
 

Figure 154: Cross-section of the prototype inductive of lane, detail of pick-up coil winding. 

The resulting depth ℎ  of the primary coil support plane is then 16 +  21 =  37 mm. 

Omitted in Figure 154, but also implemented in the prototype, extra wooden laths of the same 

34 mm ⨯ 21 mm cross-section, were inserted in the unused portions of the primary coil winding 

landing zone, to allow the lane covers to better support the weight of the vehicle and the rider 

without any noticeable deformation. 

In a real outdoors implementation of an i-lane, concrete and asphalt can directly cover the 

primary coil windings, as it done in the OLEV prototype [188]. Or the windings can be embedded 

in pre-cast modules, which are then laid underneath the pavement. In the first known pilot DIWPT 

design for standard EVs with a total electrified length over 1 km, recently deployed by Electreon 

(section 3.4.8), this depth, for instance, is claimed to be 8 cm [114], and the coils are embedded 
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in sealed rubber modules. This latter is a preferred manner to deploy the primary coils because it 

makes easier to implement the quality control on the geometry of the coils, in industrial production 

scale, which is an important factor for the system functionality and performance. Also, there is an 

evidence that only the material in close proximity to the copper turns is relevant to model the coil 

impedance and losses [189]. So, by embedding the primary coil in rubber or other low loss 

material, it would be also easier to reduce the losses eventually caused by the pavement. 

5.6.1 Primary Coil Winding and Vertical Inter-Coil Distance 

Let us assume that the center axis of the primary and secondary coil cables will be at 

respectively a height ℎ  above the floor of the primary coil landing zone, and a height ℎ  above 

the secondary coil support tray. Then, by considering the cross-section layout details and 

parameters already defined in Figure 152 and Figure 154, the vertical inter-coil distance, ℎ, can 

then be expressed as: 

ℎ = ℎ − ℎ + 𝑐 + 𝑡 + ℎ , (5.29)

Replacing in (5.29) the already attributed values of ℎ , 𝑐 , and 𝑡 : 

ℎ = 147 mm − ℎ − ℎ (5.30)

The heights of the centers of the primary and secondary cables above their support surfaces, ℎ  and ℎ , should be approximately equal to the radii of these cables. Since the primary coil 

current is expected to be higher than the secondary coil current, the primary coil cable diameter 

should be also larger than that of the secondary coil, then ℎ  −  ℎ  >  0. Then 

ℎ ≤ ℎ = 147 mm (5.31)

In 5.5 the external diameter of the windings of secondary coil, 𝑏  =  2ℎ  was set at 8 mm. 

Not a priori knowing the required primary current, in order to fix ℎ, an initial assumption about the 

constitution of the primary coil winding is made: It will be constituted by as many 10G1.5mm 

cables in parallel as necessary, to carry the necessary primary current yet to be determined. In 

one 10G1.5mm2 cable there are 10 conductors each with 1.5 mm of cross-sectional area. In this 

cable there are two conductors that remain in the center of the cable, while the eight others are 

twisted around the central conductors along all the longitude of the cable.  



Chapter 5 - Inductive Lane for Lightweight Electric Vehicles 

Dynamic Inductive Wireless Power Transfer for Lightweight Electric Vehicles 
Luiz Alberto Lisboa da Silva Cardoso – University of Minho 276

 

At the frequency 𝑓  used, the skin depth in copper is approximately 0.3 mm, whereas the 

external diameter ℎ  =  11 mm of the 10G1.5mm2 cable adopted is much higher. So, due to 

the cross-section layout the cable, the two central conductors, if short circuited at the terminals of 

the cable, are not expected to carry significant current. Looking up in and Table 22, the eight 

remaining conductor in the cable can safely carry 5 A rms to 7.5 A rms each, a total of 40 A rms 

to 60 A rms per 10G1.5mm2 cable. This hypothesis can be interactively reviewed if the actual 

current capacity of the cable is significantly smaller than 40 A rms. If, it is not, by using the 

necessary number of 10G1.5mm2 cables electrically in parallel, in carefully twisted paths, the 

required primary coil current will be eventually satisfied. For instance, if 70 A rms are required, 

two of these cables in parallel should be used. But yet, both will lie side by side on the surface of 

the primary coil winding landing zone (Figure 154), keeping unchanged the vertical distance to 

secondary coil. Under this hypothesis, the radius ℎ  becomes defined, and ℎ can be fixed in the 

design: 

ℎ = 147 mm − (11 mm − 8 mm)2 = 145.5 mm (5.32)

5.6.2 Maximum Primary Coil Width 

The first and most immediate restriction on the maximum primary coil width is a 

consequence of the fact that the primary coil should be entirely confined underneath the pavement. 

So, its maximum width, 𝐷 , should be limited by the minimum lane paved width, 𝑤 : 
𝐷 ≤ 𝑤  (5.33)

Having fixed the number of turns in the primary coil to be one, the depth underneath the 

ground surface it is installed, and the maximum secondary coil width, it is possible to further refine 

a limit size for the primary coil width, by introducing the directive of maximization of the induced 

voltage on the secondary coil by the primary coil. According to Theorem 2 in section 3.6.3, for 

each isolated secondary coil turn, there is width 𝐷 =  𝑤  that maximizes the induced voltage that 

turn. Since all secondary turns are connected in series, the total induce voltage on the secondary 

coil can be estimated by the sum of the individually induced voltage in each of its turns, as given 

by (3.123) and (3.124). The maximum primary coil diameter is then dominated by optimum 

primary coil diameter for the most external secondary coil turn, which width 𝑤  was already 

defined at 370 mm in section 5.4. So, applying Theorem 2 and (3.136), and using the values of 
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𝑑 = 𝑤 , as given by (5.23), and ℎ  as in (5.31), the maximum width for the primary coil 

can be calculated by: 

𝐷 ≤ 𝐷 = 𝑑 + 4ℎ ≅ 472.6 mm (5.34) 

5.7 Voltage Induced on the Secondary Coil 

The minimum induced voltage required on the secondary coil is established at the limit 

relative position of the secondary coil that still permits the required power 𝑃  to be regulated on 

the load. For a serial compensation of the secondary coil this is voltage is given by (2.63), where 

DC voltage is the input DC voltage to the DC-DC converter used in the secondary circuit, which is 

modeled as being 𝛥𝑉  higher than the voltage 𝑉  output to the load (constant voltage drop). 

Using a commercial DC-DC converter model ZXY‐6010S (Zhengzhou Minghe Electronic Technology 

Co., Ltd) with a voltage drop 𝛥𝑉  ≅  2 V, multiple Schottky rectifier diodes in parallel, with 

a maximum direct current voltage drop 𝑉  ≅  0.7 V, and setting the load voltage to 36.5 V, (2.63) 

then provides the numeric value for the minimum required 𝐸 , : 

min 𝐸 , ≅  2√2𝜋 (36.5 V + 2 V + 2 × 0.7 V) + 𝐼 , 𝑅 ≅ ≅  35.9 + 𝐼 , 𝑅  
(5.35)

5.7.1 Secondary Coil Model for Calculating the Induced Voltage 

The minimum required induced voltage established in (5.35) should now be used as a 

restriction to select the remaining parameters of the primary and secondary coils. Under the 

simplifying hypothesis of filamentary coils, if the secondary coil would be constituted of a single 

turn, the family of induction voltage profile curves for a rectangular secondary coil over an oblong 

primary coil follows the pattern could be computed by Theorem 1, (3.123) and (3.124) is shown 

in Figure 117. In this first HIPLEV prototype, to make it easier meeting power transfer 

requirements, the selected design paradigm is to maximize the peak power available at the center 

of the lane. If the number of turn in the secondary would be equal to one, a relationship among 

the widths of the primary of the primary coil, 𝐷, the width of the secondary coil, 𝑑, and the vertical 

distance in between then, ℎ, given by Theorem 2, (3.136) and (3.137), could be used for 

determining the optimum primary width corresponding to the simple geometric construction in 

Figure 118. 
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However, with just one turn, a desirably low primary coil voltage and a low expected 

magnetic coupling coefficient, multiple secondary coil turns are necessary. The secondary coil is 

then modeled as 𝑁 concentric multiple turns connected in series, so that the total induced voltage 

can be estimated as the sum of the individual induced voltages in each of the turns. If the average 

turn width is 𝑑, the average turn length is ℓ , and the pitch distance between neighbor turns is 𝑝 , each 𝑘-th turn can be approximated by a single-turn rectangular coil with length ℓ ,  and width 𝑑  as respectively given respectively by (5.36) and (5.37). 

ℓ , = ℓ + (𝑁 − 2𝑘 + 1)𝑝  (5.36)

𝑑 = 𝑑 + (𝑁 − 2𝑘 + 1)𝑝  (5.37)

The simplified model of the secondary coil is shown in Figure 155, where the most external 

turn is associated with 𝑘 =  1, and the most internal with 𝑘 =  𝑁. 

                    
 

Figure 155: Simplified model of secondary coil for 3-dimensional simulation, where 𝑁 is the number of turns. 

The model of the secondary coil can also be seen. in more detail, at its cross-section 

(perpendicular plane to axis 𝑥), where the wiring of each coil turn is contained in a cable with 

diameter 𝑏 , as shown in Figure 156, already determined in section 5.5 as 𝑏  = 8mm, for this 

specific design case. 

 
 

Figure 156: Cross-section of the secondary coil. 
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Figure 156 an alternative formulation for 𝑑 , based on the already fixed width 𝑤  (section 

5.4), is given by: 

𝑑 = 𝑤 − 2(𝑘 − 1)𝑝 − 𝑏  (5.38)

To avoid increased losses due to the proximity effect, the conductors of the coil’s windings 

should ideally not be very close. However, since the secondary coil is flat and the actual conductors 

in the cable of any turn already have some minimum separation from other conductor in the 

neighbor turns, 𝑝  does not need to be much large, as long as 𝑝  ≥  𝑏 . On the other hand, to 

increase the area of each interior turn and capture more magnetic flux, thus increasing the induced 

voltage, 𝑝  should be as low as possible. Then, at this point of the design, 𝑝  is made equal to 

diameter 𝑏  of the cable: 

𝑝 = 𝑏  (5.39)

In this particular case, where the sections of cable wiring of neighbor turns are touching 

each other, (5.38) then simplifies to: 

𝑑 = 𝑤 − (2𝑘 − 1)𝑝  (5.40)

Once fixed 𝑤 , 𝑝  and 𝑏 , the use of the particular mechanical configuration in Figure 152 

poses an immediate restriction on the maximum number 𝑁 of turns that can be accommodated 

in a single row in the secondary: 

𝑁 ≤ 𝑁 = 𝑤 − 𝑤2𝑝  (5.41)

where is the required minimum void width in the center of the coil support, through which the 

wheel and tire assembly can freely rotate. By experimental verification, 𝑤  =  95 mm is a safe 

election. With the values 𝑤 , 𝑤  and 𝑝  now fixed, (5.41) can be evaluated to: 

𝑁 ≤ 𝑁 = 𝑤 − 𝑤2𝑝 = 17 (5.42)

The total voltage induced by the primary coil on the secondary coil is the sum of the induced 

voltages by the primary coil in each of secondary coil turns, because they are series-connected. 

Since the number of primary coil turns is set at one, according to the considerations in (3.123), 
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Theorem 1 then implies that, for each secondary turn 𝑘, with 1 ≤  𝑘 ≤  𝑁, the total induced 

voltage will be given by: 

𝑉 =  𝑗𝜇𝑓 𝐼   ℓ , 𝜉(𝑥, ℎ, 𝑑 , 𝐷) , (5.43)

where 𝐼  is the primary coil current and ℓ ,  are defined in (5.36). 

According to Theorem 2 (3.136), for each k, there will be an optimum diameter 𝐷 : 

𝐷 = 𝑑 + 4ℎ  (5.44) 

From (5.44), the optimum positioning of primary conductors that maximizes the induced 

voltage on turn 𝑘  is different from that for turn 𝑘 . The primary coil has just one turn, and there 

cannot be a single value 𝐷 that simultaneously maximizes the induced voltage in all turns. Because 

of this, Theorem 2 cannot be directly applied to find a global optimum width 𝐷 for the primary 

coil. However, since the width of each secondary turn is not expected to differ much from the 

average turn width, in 5.7.2 an heuristic is introduced to simplify the design and approximate the 

primary coil width 𝐷 that, under center-alignment conditions, induce maximum voltage amplitude 

on the secondary coil. 

5.7.2 Quasi-Optimum Heuristic Determination of Primary Coil Width 

Under the assumption that the oblong primary coil is much longer than the secondary coil, 

the expression of the induced voltage for a single-turn rectangular coil contained in a plane that is 

parallel to the single-turn primary coil, can be approximated by (3.123) and (3.124), when their 

longitudinal axes are also parallel. Under the hypothesis of filamentary windings, the total 

secondary coil voltage under center-alignment with the primary coil, is then estimated by the sum 

of the voltages induced on the secondary turns of the coil model, which is given by: 

𝑉 (𝑥, 𝑁, 𝐷) =  𝑗 𝜇 𝑓 𝐼 ℓ , 𝜉(0, ℎ, 𝑑 , 𝐷) , (5.45) 

where ℓ ,  is secondary coil turn length along the primary coil longitudinal axis, as given by (5.36), 

and the normalized induced voltage function 𝜉 and the other parameters are given as defined for 

(3.124). 
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Since for each individual turn there will be a maximum induced voltage when 𝐷 =  𝐷  

(5.44), a possible good estimator 𝐷, for 𝐷, is the average value of all 𝐷 : 

𝐷 =  1𝑁 𝐷  = 1𝑁 𝑑 + 4ℎ  (5.46) 

A second possible heuristic to estimate 𝐷 is to consider that all N turns of the secondary 

coil, being closely together, have approximately the same width �̅�, corresponding to the average 

of all turn widths 𝑑 : 

�̅� = 1𝑁 𝑑 , (5.47) 

which is equivalent to: 

�̅� = 𝑑 + 𝑑2  (5.48) 

Then using (5.44), produce the estimate 𝐷: 

  𝐷  =  �̅� + 4ℎ  (5.49) 

The approximation of 𝐷  by 𝐷 can therefore be interpreted as if all the secondary coil turns 

were concentrated at the position of the central turn of that coil, while the use of the estimator 𝐷 

assumes that all 𝐷  would approximately coincide at 𝐷 =  𝐷. 

Both estimators 𝐷 and 𝐷 are simple to calculate algebraically, but 𝐷 is even simpler, and 

has an easy geometric interpretation, adapted from that of Theorem 2 itself (in Figure 118): 𝐷 is 

the diameter of the circle circumference drawn with center at the intersection of the vertical 

symmetry plane with the support line for the primary coil windings, passing through the central 

turn of the secondary coil, as shown in Figure 157. 
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Figure 157: Geometric interpretation of the quasi-optimum primary coil width 𝐷. 

Under the considerations of Theorem 2, for 𝑘 = 1, both expressions (5.46) and (5.49) give 

the exact optimum value for 𝐷. Intuitively, the heuristic estimators 𝐷 or 𝐷, would still provide 

configuration where the maximum induced voltage is close enough to its maximum possible value 

realizable value by choosing 𝐷. This should especially hold if the secondary turns are concentrated 

in a relatively narrow range, compared to its average width �̅�, not falling to much apart from each 

other. Or, equivalently, if the number of secondary turns 𝑁 is not very high and the turn pitch is 

low, such that 𝑁(𝑝  −  1) is enough smaller than �̅�. 

The parametric design of the cross-section of the inductive magnetic link, formed by the 

oblong primary and the rectangular secondary coil, considering all dispositions taken into account 

so far in the design, is illustrated in Figure 158, for the case in which 𝐷 (5.49). The secondary 

coil (pick-up) tray, previously assumed in Figure 151 and Figure 152 is now shown with an empty 

central section with a minimum required width estimated at 95 mm, where the rear wheel is to be 

inserted and spin freely. 

 

Figure 158: Laboratory configuration for the parametric design of the inductive link cross-section. 
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Values for 𝑐, 𝑤  and ℎ are given respectively by (5.15), (5.23) and (5.32). Other applicable 

dimensions to Figure 158 are quoted in Figure 154. 

5.7.3 Error Due to the Approximation of the Optimum Primary Coil Width 

Errors in the estimation of 𝐷 could potentially increase as 𝑘 is increased too. The accuracy 

of the heuristic methods for establishing the primary coil width in 5.7.2 can be exemplified in the 

design case of the HIPLEV lane, where ℎ =  145.5 mm (5.32), 𝑤  =  370 mm (5.23), and 𝑝  =  𝑏  = 8 mm (5.39) have already been determined. Initially, the estimators for the optimum 

primary coil width 𝐷 are numerically compared, by plotting, in Figure 159, the values of 𝐷 and 𝐷, 

as functions of the number of turns N. 

 
 

Figure 159: Comparison of the heuristic estimators 𝐷 and 𝐷 for the optimum primary coil width. 

Examining the results in Figure 159, it is noticeable that 𝐷 and 𝐷 differ from each other by 

less than 1.4%, along all valid range for 𝑁 (5.42). This difference is further limited to less than 1%, if 𝑁 ≤  15. So, in any practical means, 𝐷 and 𝐷 provide equivalent estimates for 𝐷. As 𝐷 

is easier to compute and it is associated with a simple geometric interpretation (Figure 157), its 

absolute accuracy in the prediction of the induced voltage is next evaluated against that provided 

by the finite element modeling of the same configuration. 

The voltage 𝑉 𝑥, 𝐷  can be estimated as 𝑉 , by replacing 𝐷 by 𝐷 in (5.45), or with an 

additional simplification, it can still be estimated by considering that all ℓ ,  can approximated by ℓ . This second approximation results in the simpler expression: 

𝑉 (𝑥, 𝑁) =  𝜇 𝑓 𝐼 𝑁 ℓ 𝜉 𝑥, ℎ, �̅�, 𝐷 , (5.50) 
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where 𝑑  (5.47) and 𝐷 (5.49) are also functions of 𝑁. 

Similarly to the analysis done on the plot of Figure 159, it is possible to evaluate the errors 

introduced by considering this new approximation, by comparing the induced voltage estimated 

close to 𝑥 =  0, more precisely, 𝑥 within the interval −𝑤 /2, 𝑤 /2 , where the power harvest 

it expected to occur at the nominal level 𝑃  =  400 W. Using the same values currently fixed for ℎ (5.32), 𝑤  (5.23), 𝑝  and 𝑏  (5.39), the variation of the ratio 𝑉 (0, 𝐷)/𝑉 (0, 𝑁) can be 

observed in the plot of Figure 160.  

 
 

Figure 160: Relative error in the estimation of the induced voltage, using and not using different coil turn lengths.

The maximum relative error found between 𝑉 𝑥, 𝐷  and 𝑉 (𝑥, 𝑁) is 1.6 %, which is 

considered acceptable, so 𝑉 (𝑥, 𝑁) (5.50) can replace the estimator 𝑉 𝑥, 𝐷 . But the real 

question concerning the acceptability of taking the quasi-optimum width 𝐷 for the primary coil is 

whether the deviation of 𝑉 𝑥, 𝐷  from 𝑉 𝑥, 𝐷  is relevant or not. To answer that, in the 

scope of this design, FEM simulations were executed, to evaluate 𝑉 (0, 𝐷), as 𝐷 is increased, 

for 𝑁 varying from 1 to 20. In this manner, the actual point 𝐷 of maximum in 𝑉 , at the center 

position 𝑥 =  0, can be numerically determined and compared with 𝐷. 

A family of curves for different number 𝑁 of turns in the secondary coil is plot in Figure 161, 

using the results from numeric simulations using finite element modeling. The normalized average 

induced voltage per turn is plot against the primary coil width, normalized to quasi-optimum width 𝐷 (which is also depends on 𝑁): 



Chapter 5 - Inductive Lane for Lightweight Electric Vehicles 

Dynamic Inductive Wireless Power Transfer for Lightweight Electric Vehicles 
Luiz Alberto Lisboa da Silva Cardoso – University of Minho 285

 

 
 

Figure 161: Results from FEM simulation of the induced voltage, 𝑉 (0, 𝐷), with secondary and primary coils 
center-aligned, for different number 𝑁 of secondary coil turns. 

The plots (a) and (b) in Figure 161 are the same, at different zoom scales, with the yellow 

shaded area in Figure 161a corresponding to Figure 161b. Figure 161a was generated using the 

software tool FEMM [99], while Figure 161b, as a second verification, was generated with COMSOL 

Multiphysics, both showing excellent numeric agreement. 

It can be noticed that as 𝑁 increases, the turns spread over a larger region around the 

central turn position, and the average induced voltage per turn in center alignment conditions also 

decreases. Also, the primary coil width 𝐷 that maximizes the induced voltage is progressively 

increased above the single-turn optimum value 𝐷 =  𝑤 , plot as one in the normalized scale. For 𝑁 ≤  15, however, the optimum primary coil width will be less than 4.5% larger than that 

estimated by (5.49), and the average induced (and total) voltage will be only about 2.2% lower 

than the value predicted by (5.50). If 𝑁 ≤  11, these errors drop respectively to 2.5% and 1.3%. 

These errors are deemed as acceptable discrepancies for the HIPLEV design application, face to 

the great simplification it introduced in the design process. 

5.8 Secondary Coil Voltage, Turns and Primary Coil Current 

The approximate expression for the induced voltage on the secondary coil (5.50) and the 

electrical and mechanical requirements previously derived in Section 5.2, can be used in the joint 

determination of the open-secondary primary coil current, 𝐼 , the number of turns of the secondary 

coil, 𝑁, and the average length ℓ  of these turns along the longitudinal axis of the coil. 
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The primary coil current is driven by the Mazzilli-Baxandall, where the driving voltage is 

constant. The primary coil current, 𝐼 , is the open-secondary primary coil current, 𝐼 , plus the 

current, 𝐼 , backed induced in the primary coil by the current 𝐼  established in the secondary coil. 

𝐼 = 𝐼 + 𝐼  (5.51) 

Under perfect compensation of both circuits, which, in the primary, is guaranteed by the 

establishment the oscillation frequency by auto-resonance, and, in the secondary, is obtained by 

the adjustment of the series compensation capacitor, and small enough coil resistances (compared 

to their impedances at 𝑓 ), the phase of the back-induced current is approximately 𝜋/2 ahead of 

the primary current 𝐼 . This means that 𝐼  +  𝐼  is approximately orthogonal to 𝐼 , as shown in 

the vector plot in Figure 162. 

 
 

Figure 162: The effect of the back induced current on the primary coil. 

In the Mazzilli-Baxandall inverter configuration, the back induced current 𝐼  is given by: 

𝐼 = − 𝑗 𝜔 𝑀 𝐼𝑗 𝜔 𝐿 = 𝑀𝐿 𝑗 𝜔 𝑀 𝐼𝑅 , , (5.52) 

and the magnitude ratio of 𝐼  to 𝐼  can be calculated as: 𝐼𝐼 = 𝑗 𝑘 𝜔 𝐿𝑅 , , (5.53) 

where, in (5.52) and (5.53), 𝑘 is the magnetic coupling factor between primary and secondary 

coils, 𝐿  and 𝐿  the respectively the inductances of the primary and secondary coils, 𝜔 = 2𝜋𝑓  

and 𝑅 ,  is the total equivalent AC load of the secondary. 

For a not too heavily loaded secondary and a small enough 𝑘, which is the usual case for 

IWPT over oblong primary coils (3.78), 𝐼 ,  is significantly smaller than 𝐼 , , so that 𝐼 ≅ 𝐼 , 

in terms of magnitude. That is, the back-induced voltage in the primary coil due to the secondary 

coil current can be neglected, and the primary current can be taken as approximately constant, 

for the effect of determining the induced voltage. Therefore, the minimum required value for the 
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product 𝐼  × ℓ  ×  𝑁 can be determined by relating the estimated open secondary induced 

voltage in (5.50) to the required minimum induced voltage, at the critical limit where nominal 

power to the load (power train) can still be regulated by the DC-DC converter: 

 𝜇 𝑓  𝐼 ,  𝑁 ℓ  𝜉 𝑥, ℎ, �̅�, 𝐷 ≥ min 𝐸 ,  , (5.54) 

for −𝐷 2⁄  ≤  𝑥 ≤  𝐷 2⁄ , where �̅� and 𝐷 are calculated by respectively (5.47) and (5.49). 

Since the design paradigm being used is to use the geometry where 𝜉 is maximized at the 

center of the lane, the symmetric bell-shaped curve will imply that (5.54) is satisfied for all 𝑥 such 

that |𝑥| <  𝐷 2⁄ , if it is satisfied by 𝑥 =  𝐷 2⁄ . 

𝐼  𝑁 ℓ ≥ min 𝐸 , 𝜇 𝑓 𝜉 𝐷 2⁄ , ℎ, �̅�, 𝐷 , (5.55) 

Replacing min 𝐸 ,  by the value in (5.35) and the other numeric values already 

established for the right side of inequation (5.55), and considering 𝜇 =  𝜇  as a good 

approximation to the magnetic permeability of the air, a minimum required value is determined 

for the product 𝐼 𝑁ℓ : 

𝐼 𝑁 ℓ ≥ 37.1 V + 𝐼 , 𝑅 𝜇 𝑓  𝑁 𝜉 𝐷 2⁄ , ℎ, �̅�, 𝐷 , (5.56) 

where 𝐼 ,  =  13.1 A rms is the already estimated (5.28) maximum required secondary coil 

current at 𝑥 =  𝐷 2⁄ , and 𝑅  is the total series resistance of the secondary tank circuit, which, 

neglecting the equivalent serial resistance of the secondary capacitor, can be approximated as: 

𝑅  ≅  2𝑁 ℓ + �̅� 𝛧 , (5.57) 

where �̅� is also a function of 𝑁, given by (5.47) and  𝛧  =  7.49 mΩ/m is estimated by FEM 

numeric simulation, based on the cross-section determined for the secondary coil and the 

frequency of operation (Table 26). 

Additionally, other restrictions apply to 𝐼 , ℓ  and 𝑁: 

(i) The number of secondary coil turns is limited to a maximum possible value 𝑁  =  17, 

due to the required mechanical clearance between the coil and the rear wheel (5.42). 
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(ii) Due to the required mechanical clearance from the pedals and crank, the minimum and 

maximum length of the secondary coil is limited, and the average length of its turns, ℓ , 

should lie in the interval from 600 mm to 700 mm. 

To keep the area outside de paved width of the lane intrinsically safe for pedestrians, without 

the need for shielding structures on the lane side, the magnetic field on the extreme laterals of the 

lane pavement should have a magnetic field intensity limited to the ICNIRP maximum public 

exposure recommended level for the frequency band used. So, at distance 𝑤 /2 to either side of 

the center of the lane, the magnetic field should exceed 27 µT rms [72], which is equivalent to −91.4 dBT rms. The magnetic field increases with the current and it is also dependent on the 

distance to the primary coil windings, which parametrically vary with 𝑁. For each 𝑁, a maximum 

primary current level can be calculated. This has been done using FEM numeric simulation 

(COMSOL Multiphysics), and the results are shown in Table 27. 

Table 27: Maximum primary current to limit magnetic field intensity at the lateral extremities of the lane. 

𝑁 
Average 

Secondary Coil 
Width �̅� (mm)* 

Primary Coil 
Width 𝐷 (mm)**

Maximum Peak 
Current (A)*** 

Maximum RMS 
Current (A rms)***

1 362 464.5 81.6 57.7 
3 346 452.1 85.0 60.1 
5 330 440.0 88.5 62.6 
7 314 428.1 92.1 65.1 
9 298 416.5 95.8 67.7 
11 282 405.2 99.6 70.4 
13 266 394.3 103.3 73.0 
15 250 383.7 107.2 75.8 
17 234 373.4 111.1 78.56 

*Calculated using (5.47). **Calculated using (5.49). 
***Using ICNIRP recommended maximum exposure level to general public individuals. 

The curves of minimum required primary current for different possible ℓ , from 600 mm to 

700 mm, are then plot in Figure 163, showing the current as a function of the number of secondary 

turns 𝑁.  
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Figure 163: Viable joint variation of 𝐼 , ℓ  and 𝑁.. 

In the yellowish shaded area, the primary current exceeds the above required minimum 

value for obtaining the corresponding minimum induced voltage 𝐸 , , which would imply in 

undesirable extra resistive losses on the primary coil windings. In this region is where other curves 

corresponding to ℓ  <  600 mm would lie, if that would be mechanically viable. Similarly, the 

grayish shaded area corresponds to ℓ  >  700 mm, which is deemed as not practical, in this 

mechanical design. This relation poses a first limitation on the possible combination of values to 

the bluish-shaded area between the most extreme curves of constant ℓ . The viable solution region 

for 𝐼 , ℓ  and 𝑁 is further reduced by considering that 𝑁 ≤  𝑁  =  17 to mechanical 

restrictions, marked by the green dashed vertical line on the plot. 

Finally, the maximum primary coil current that would still permit compliance with ICNIRP 

recommendation concerning maximum magnetic field exposure levels is considered, by requiring 

that the viable solution region should also lie below the red dashed line also plot of Figure 163. 

Remarkable, the current limit is not constant with 𝑁 because in this design, to keep maximum 

power transfer level, the primary coil width and the positioning of the primary coil windings, also 

vary with 𝑁. 

Since is not practical to have a coil with a non-integer number of turns, the viable solution 

set is constituted by the nine vertical blue line segments plot in Figure 163. Their thicker portion, 

delimited by the “min ℓ ” and “max ℓ ” curves, are where some minimum value ℓ  strictly above 

min ℓ .should mandatorily be implemented, while in their thinner portion, any value in the possible 
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range for ℓ  will satisfy. The possible number of turns is than constricted in the interval from 9 to 

17, with the required primary coil currents in correspondingly increasing range values. The lower 

limit of each of these current intervals, corresponds to the coil designed with the largest possible ℓ , the higher limit, to the smaller possible ℓ . If the current is above the min ℓ ”, the electrified 

width will be larger than strictly necessary, with the disadvantage of dissipating more heat on the 

primary coil. The selection of the 𝐼  current level compromises efficiency and assurance of the 

specified functional requirements. 

After direct physical considerations and mathematical development, the design has come to 

a point where there is still some degree of freedom in the selection of the remaining parameters 

for the HIPLEV prototype. Some additional engineering considerations are now introduced: 

(i) 𝑁 should be as small as possible, to privilege the construction of a simpler, lighter and less 

costly secondary coil. But, the first two options, 𝑁 = 9 and 𝑁 = 10 are choices that a priori 

restrict the full range of sizes for ℓ  (due to the magnetic field intensity limitation), which 

could later reduce the flexibility, in case of a future minor adjustment in the design. So, the 

selection for the number of secondary coil turns is: 𝑁 = 11 (5.58) 

(ii) By selecting 𝑁 = 11, the minimum required primary current will be in the range from 

56.0 A rms to 65.0 A rms (5.56), depending on the average length ℓ  of the secondary coil 

turns, constrained in between approximately 600 mm and 700 mm. 

The exact average value of ℓ  is a design parameter difficult to establish a priori in the 

prototype implementation, because the shape of the secondary coil, in practice, cannot be 

perfectly rectangular, to accommodate the windings away from the pedals and the crank. So, it is 

advantageous to commit ℓ  to be as close as possible to its minimum possible value, 600 mm, 

and to guarantee a sufficient current level for any possible value of ℓ , work with minimally above 65.0 A rms, in order to minimize resistive losses in the primary coil. Considering the maximum 

current in Table 27 for 𝑁 =  11, a final safe range for the primary current 𝐼  results: 

65.0 A rms ≤ 𝐼 ≤ 70.4 A rms , (5.59) 

The target value 𝐼  =  92.5 /√2 A rms ≅  65.4 A rms, within the possible range but just 

slightly above the minimum possible value, is then selected. 
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5.9 Detailed Primary Coil Design 

In this design, the primary coil is of the oblong type, being modeled as rectangular coil ℓ  ⨯  𝐷, which has more length (ℓ ) than width (𝐷). According to section 5.2.1.5, the voltage 𝑉  established on the terminals of the primary coil when submitted to a current 𝐼  should be 

limited to 𝑉 ,  = 230 V rms. 

In order to work with the minimum possible voltage exciting its terminals, in a given geometry ℓ  ⨯  𝐷 and frequency of operation 𝑓 , the inductance of the coil should also be as low as 

possible. Since the inductance increases with the number of turns for a coil of any given length 

and width, the number of turns in the primary coil should ideally be the minimum, that is, one. A 

single turn coil, a priori possibly wound with multiple paths constituted by several cables in parallel, 

is then adopted for the HIPLEV i-lane. 

5.9.1 Primary Coil Cross-Section 

The simplified model of the primary coil is shown in Figure 164, where the 𝑝  is the 

horizontal width occupied by the multiple cables connected in parallel of each turn winding. 

 
 

Figure 164: Simplified model of single turn, multiple-path, primary coil. 

After the number of secondary turns 𝑁 is determined (5.58), the width 𝐷 can also be found, 

by first computing �̅�: 

�̅� = 𝑤 − 𝑁𝑝 = 282 mm (5.60) 

and then substituting �̅� and ℎ (5.32) in (5.49): 

 𝐷  =  �̅� + 4ℎ ≅ 405 mm (5.61) 



Chapter 5 - Inductive Lane for Lightweight Electric Vehicles 

Dynamic Inductive Wireless Power Transfer for Lightweight Electric Vehicles 
Luiz Alberto Lisboa da Silva Cardoso – University of Minho 292

 

From (5.59), it is known that the worst case current expected in the primary current is 

70.4 A rms. The assumptions in 5.6.1 of using 10G1.5mm2 cable with eight useful 1.5 mm , 

useful for anticipated arbitration of the cable diameter, can now be validated. At 50 kHz, according 

to considerations in 5.6.1 and Table 22, the number of 1.5 mm  conductors necessary to safely 

carry the worst case primary current is 70.4 A / 5 A ≅  14. So at least two 10G1.5mm2 in 

parallel are required for the implementation of the single turn primary coil, for a total current 

capacity of 2 × 8 × 5 A rms =  80 A rms, at 50 kHz. To further increase the safety margin and 

to promote a reduction in the primary coil losses, a third 6G1mm2 cable (of the same type used 

in the secondary coil) was laid in between the two 10G1.5mm2 cables. The total cross-sectional 

conductive area of each side of the primary coil windings then becomes 𝐴  =  16 ×   1.5  + 6 ×   1.0  =  30 mm . As a first approximation, the new maximum 

primary coil current capacity 𝐼 ,  would then increase to: 

𝐼 , =  80 A rms + 1 × 6 × 3.6 A rms = 101.6 A rms (5.62) 

Both the 6G1mm2 and the 10G1.5mm2 cables used in the design have their conductors 

twisted along the cable. This, in addition to rendering better mechanical properties to the cable, 

makes the choice of the current path approximately indistinct, when all conductors are submitted 

to the same voltage. So, by connecting all the conductors together at the terminals of their cable, 

the cable itself behaves as a litz wire, and the current in the cable can be assumed evenly 

distributed among its conductors, as illustrated in Figure 165 for the case of the 10G1.5mm2 

cable, where the two central conductors are not used. In the figure, the cross-section is drawn 

approximately to scale, but the twist pitch was shortened, for improved visualization of the helical 

paths. 

 
 

Figure 165: Layout of the eight external conductors twisted in the 10G1.5mm2 cable. 

The only violation of this similarity to a standard litz wire is that, at the frequency used, the 

skin depth on copper is such that the cable AC resistance is already noticeably higher than its DC 
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resistance, as calculated in 2.10.1. Nevertheless, this design paradigm can provide a good 

compromise between performance and resources used. This decision made the prototype viable, 

not only due to a lower cost of materials, but principally, because true litz wire for the required 

70.4 A rms capacity was not available in the lab at the time of the implementation. This may likely 

apply to many use cases worldwide. The 6G1mm2 type cable, used in both the primary and the 

secondary coils, also has a similar constitution as that shown in Figure 165. 

In the prototype, to hold the cables firmly in place and keep the geometry of the primary coil 

stable, the 10G1.5mm2 cables were laid inside rigid PVC tubes with 12 mm of internal diameter 

and 16 mm of external diameter. The tubes were then immobilized on the workbench, with wooden 

restrainers. Not to significantly decrease the induced voltage on the secondary coil, the cables in 

the same winding are laid close together, with the third 6G1mm2 cable confined in between the 

10G1.5mm2 cables, as shown in Figure 166: 

 
 

Figure 166: Cross-section detail of the primary coil winding positioning. 

Despite the type of cables used, which cause the current to be equally distributed among 

the conductors of each particular cable, the actual current distribution among the primary coil 

windings is yet dependent on the exact relative positioning of its cables. Two variant connections 

for the windings were then considered: The first, with parallel cables wound in concentric paths, 

and the second, shown in Figure 167, with cables twisted in one end of the primary coil. 

 

Figure 167: Design option of twisted cables, keep currents symmetrically distributed on the primary coil windings: 
(a) cross-section view and (b) top view. 
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Based on the hypothesis of homogeneous distribution of currents among the conductors of 

each same cable (Figure 165), FEM simulations for the proposed configurations were carried on, 

using COMSOL Multiphysics. In both cases, the same total current of 65.4 A rms, close to but 

higher them the minimum required (5.59), was imposed to the coil.  

In the simulation model, the winding segments 𝐴 , 𝐵  and 𝐶  (on the left) and 𝐴 , 𝐵  and 𝐶  (on the right) were associated to individual coils entities circuit connected in series-parallel, 

with a current source connected to terminal of the primary coil, as shown in Figure 168. 

 
 

Figure 168: Polarity conventions for currents and voltages, used in modeling the cross-section of the primary coil.

The current distribution and voltage developed across the primary coil obtained from 

simulation are shown in Table 28. 

Table 28: Results from FEM numeric simulation of two possible configurations for the 1-turn primary coil. 

Current distribution 
and voltage developed 

Concentric Paths 
(non-twisted) 

Laterally Shifted Paths 
(twisted) 

  

Current 𝐼  on cable “A” (A rms) 27.3 + 1.1𝑗 (41.7%) 28.4 + 1.2𝑗 (43.4%) 

Current 𝐼  on cable “B” (A rms) 8.6 − 2.4𝑗 (13.1%) 8.6 − 2.4𝑗 (13.1%) 

Current 𝐼  on cable “C” (A rms) 29.5 + 1.4𝑗 (45.2%) 28.4 + 1.2𝑗 (43.4%) 

Voltage across coil* (V rms/m) 0.867 + 31.8𝑗  0.866 + 31.5𝑗 

Coil inductance* (µH/m)  1.498 1.4983 

Power dissipated (W/m)                56.7                56.6 

*Assuming an infinitely long primary coil. 
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As expected, due to the proximity effect, the simulation results show the existence of a 

current unbalance between the internal and external cables, in the case of the first proposed 

configuration. On the other hand, in the second case, with one of the external cables twisted, the 

current became evenly distributed between these loops. 

The current unbalancing between the main cables “A” and “C”, experimentally verified in 

the case of concentric paths, increases when their separation is also increased, relatively to the 

primary coil diameter. To overcome this inconvenience, which can change the intended magnetic 

field distribution on the lane profile, and potentially stress the cables differently, the selected 

design option for winding the primary coil was that in Figure 167. Imposing less maximum electric 

stress on individual cables, this design option additionally favors a minor decrease (1%) on the 

reactive voltage of primary coil, while keeping approximately the same power loss on windings. 

The driving voltage per unit of length of the primary coil is then given by: 

𝑉 , = 31.5 𝑉 𝑟𝑚𝑠 / m (5.63) 

This voltage drop includes the forward and backward paths of the current, of a hypothetical 

infinitely long primary coil. Similarly, the resulting inductance is distributed along the longitude of 

the primary coil according to: 

𝛬 = 1.4983 µ H / m (5.64) 

Due to the fact that the third central primary coil cable has a smaller diameter and rests on 

the same horizontal surface of the other two cables, the concept of an unique vertical distance 

between primary and secondary coil windings ℎ, established in 5.6.1, has to be revised. Because 

the distance from the secondary coil to cables “A” and “C” is slightly different of that to cables 

“B”, a new average value for ℎ should be evaluated. An ad hoc estimation for the new position of 

the electrical center plane of the primary coil windings above the supporting surface, based on the 

simulated vertical distribution of the currents in the conductors of the cables, is given by 𝑦 : 

𝑦 = 𝐼 𝑏2 + 𝑡 + 𝐼 𝑏2 + 𝐼 𝑏2 + 𝑡𝐼 + 𝐼 + 𝐼 , (5.65) 

where 𝑏  and 𝑏  are the diameters of the 10G1.5mm  and the 6G1.0mm  cables, and 𝑡  =  2 mm is the thickness of the PVC tube used. This estimation is based on the values of 
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𝐼 , 𝐼 , and 𝐼 , obtained by simulation, reported in Table 28. Whereas the previous value implicitly 

considered for 𝑦  in the model (using only 10G1.5mm  cables and no PVC tubes) was: 

𝑦 = ℎ = 𝑏2  (5.66) 

The vertical inter-coils distance, previously given by (5.29) then becomes: 

ℎ = ℎ − 𝑦 + 𝑐 + 𝑡 + ℎ (5.67)

Calculating (5.67) under the different considerations of 𝑦 , a small difference of 1.5 mm is 

found, with the re-estimated value for ℎ being 144 mm, instead of 145.5 mm (5.32). This 1% 

difference is deemed as irrelevant, being smaller than the intrinsic modeling errors of 2.5% and 

1.3% estimated 5.7.3, for respectively the optimum width 𝐷  of the primary coil and the resulting 

induced voltage 𝑉 . Because of that, to simplify the design and avoid a second iteration in (5.49) 

and (5.56), which would require new FEM simulations and produce just a minor modification of 

the values in Table 27 and the graph in Figure 163, the model is left unchanged, and the  

approximations given by (5.29) and (5.66) are kept. 

In this manner, the cross-section of the primary coil becomes totally defined, as shown in 

the detail of Figure 169, with the primary coil width 𝐷 being calculated by (5.47) and (5.49). 

 
 

Figure 169: Cross-section of the prototype inductive of lane, detail of primary coil winding, dimensions in mm. 

 

5.9.2 Required Primary Coil Length and Driving Voltage 

The cross-section designed in 5.9.1 can safely sustain the required current level of 

65.4 A rms. When this current is imposed to an infinitely long coil having this cross-section the 

resulting voltage drop and inductance per unit of length on the primary coil with the secondary coil 

open has been respectively determined by (5.63) and (5.64), assuming an infinitely long coil. 
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As seen in Section 2.4.1, the inductance of rectangular coils made of circular cross-section 

wire can also be characterized by a affine function of the length (2.10), thus having approximately 

constant incremental inductances, if both the length and the width are much larger than the 

diameter of wire, and the length is larger than the width. As an initial simplification, let us then 

assume that the primary coil is perfectly rectangular, with the required calculated width 𝐷 (5.49), 

and derive the radius 𝑟 of the wire of an equivalent rectangular coil of same size, but built with a 

single circular wire, by numerically solving: 

𝛬 = מ 𝐷, ℓ + ∆ℓ, 𝑟, µ − מ 𝐷, ℓ + ∆ℓ, 𝑟, µ∆ℓ , (5.68) 

for some ℓ  much larger than 𝐷 (5.59), where מ is the inductance of a rectangular coil (2.9), µ  

is the permeability of free space, 𝛬  is the characteristic inductance of the designed cross-section 

and ∆ℓ >  0. Since מ is approximated as an affine function in ℓ, the actual values of ℓ  and ∆ℓ 

are irrelevant, as long as ℓ  is much larger than 2𝐷. Let us then make ℓ  =  100 m, and ∆ℓ =  1 m. The solution 𝑟 = �̂� is then numerically found: 

�̂� = 12.2821 mm (5.69) 

and the inductance of the rectangular coil, as a function of ℓ, becomes: 

𝐿 (ℓ) = מ 𝐷, ℓ, �̂�, µ , (5.70) 

with all arguments expressed in the International Systems of Units. 

Table 29: Inductances and voltages for different choices of rectangular primary coil lengths. ℓ (m) 𝐿  (μH)* 𝑉  (V rms)* 

1.0 1.88 39.9 
2.0 3.38 71.9 
3.0 4.88 103.8 
4.0 6.38 135.6 
5.0 7.88 167.5 
6.0 9.38 199.3 
6.9 10.7 228.0 

*At the nominal design current 𝐼 = 65.4 A rms. 

The required excitation voltage is directly calculated as 2𝜋𝑓 𝐼 𝐿 (ℓ). If the primary is driven 

by a resonant inverter of fixed frequency, it is possible to select any length ℓ  of the primary coil, 
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by adjusting the excitation voltage, as long as it does not exceed the maximum acceptable voltage 𝑉 ,  =  230 V rms  defined for the design, (Table 23), as illustrated in Table 29: 

A non-auto resonant inverter driver can be designed to automatically adjust its output voltage 

to match the primary coil inductance and keep the primary current constant, without previous 

awareness of its length, if the length is limited to the maximum possible value of approximately 

6.9 m. In this manner, driver modules with identical settings could be deployed with coils of 

different lengths, in the admissible range. 

On the other hand, when an auto resonant circuit such as the Mazzilli-Baxandall inverter is 

used, the natural oscillation frequency is also dependent on the inductance 𝐿 , according to 

(2.101). This will require that all primary coils in an inductive lane have the same nominal length, 

and the operation frequency will have increased sensitivity to circuit parameters and, 

consequently, to the geometry of the coils, which must be carefully build, as much as possible, to 

the same size. 

In the particular case of the HIPLEV design using modified e-bikes, in addition to the size 

limitation due to the maximum acceptable driving voltage, the length of the primary coil has 

another constraint to its maximum value: Under the hypothesis of riders preserving the distance 

of at least one e-bike length to the closest rider ahead in the i - lane, the requirement for ℓ  to be 

smaller than the twice the length of one bike. This will guarantee the impossibility of having two e-

bikes simultaneously harvesting energy from the same primary coil, independently of how short 

the inter-primary coil gap is. 

The typical length of bicycles lies in the range 1.7 m to 1.8 m. So, the length of the primary 

coil for the HIPLEV i-lane is further required to satisfy: 

ℓ ≤ 3.4 m (5.71)

But, to minimize the number of inverters required per kilometer of i-lane, ℓ  should also be 

as large as possible. This brings the design selection for the nominal value of ℓ  in the safe range 

of approximately 90% to 100% of its maximum value: 

3.1 m ≤ ℓ ≤ 3.4 m , (5.72)
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5.9.3 Driving the Primary Coil with the Mazzilli-Baxandall Inverter 

Despite the sensitivity of this type of circuit to variations on circuit parameters, in the first 

HIPLEV prototype, for the sake of simplicity and economy, a Mazzilli-Baxandall inverter is used to 

drive the primary coil. The natural oscillation frequency should then be made equal to the selected 

desired operation frequency 𝑓 . This establishes a direct relation among the required value of the 

capacitance 𝐶  and the choke inductances 𝐿 ,  =  𝐿 ,  (Figure 46), and the desired length ℓ  

for the primary coil, given by (5.73) and (5.74): 

2𝜋𝑓 𝐿 𝐶 = 1 , (5.73)

𝐿 = מ 𝐷, ℓ , �̂�, µ 𝐿 ,
מ 𝐷, ℓ , �̂�, µ + 𝐿 , , (5.74)

where מ is the inductance of the rectangular coil of single, circular cross-section wire, 𝐷 is the 

width of the primary coil, and �̂� specific radius of the wire of the equivalent single wire rectangular 

coil that has the same characteristic inductance per unit of length as the primary coil. 

The choice of ℓ  (5.72) implies in: 

5.04 µH ≤  𝐿 = מ  𝐷, ℓ , �̂�, µ ≤ 5.48 µH  (5.75) 

Considering the choke 𝐿 ,  in the range of 50 µH to 250 µH, 𝐿  could lie in the range of 4.58 µH to 5.36 µH, thus requiring a value for 𝐶  in the range of 1.768 µF to 2.069 µF, for a 

natural oscillation frequency 𝑓  = 51.7 kHz.  

To save CAD design and board manufacturing time, a COTS driver was procured. A 

commercially available Mazzilli-Baxandall driver module, for recommended used in induction 

heating, was found with a factory installed capacitor bank 𝐶 , rated for the 50 kHz band, 

sufficiently high current capacity, and a promising nominal capacitance value of 6 ×  0.33 µF =  1.98 µF. The module was tested with its original chokes and the actual value 

of 𝐶  was estimated at 1.92 µF.  

After replacing the original chokes on the module with two newly built chokes 𝐿 ,  =  𝐿 ,  =  150 µH, the required value of 𝐿  becomes: 
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𝐿 = 1𝐶  (2𝜋𝑓 ) − 𝐿 , ≅ 5.104 µH , (5.76) 

for which the length ℓ  of the rectangular primary coil with the designed cross-section is computed 

by numeric solving (5.70), resulting in: 

ℓ ≅ 3.144 m , (5.77)

by construction, in the desired length range (5.72). 

For the selected value of 𝐿  (5.76), the required voltage 𝑉  on the terminals of the primary 

coil is then:  

𝑉  =  108.4 𝑉 rms, (5.78)

for which the DC voltage   𝑉  of the DC power supply feeding the Mazzilli-Baxandall driver can be 

estimated (2.99) at: 

  𝑉 = 𝑉 , √2π ≅ 48.8 𝑉 (5.79)

5.9.4 Length Adjustment of Oblong Primary Coils with Round Extremities 

Due to the mechanical characteristics of the cables forming the windings of the primary coil, 

it is difficult to build this coil with an exactly rectangular shape, the ends of the coil have to be 

curved. This slightly affects the inductance. To compensate this effect, the length of the coil is 

corrected, by the length ℓ  estimated for a coil with curved end to have approximately the same 

inductance as a rectangular coil with length ℓ  and the same width 𝐷, as shown in Figure 170. 

 
 

Figure 170: Approximation of the inductance of rectangular coil by affine function of its length. 
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Intuitively, as in the case of the rectangular coil, the inductance of the coil with round 

extremities will also behave as an affine function of its length, for large enough lengths, and exhibit 

the same characteristic inductance 𝛬  (5.68), because they are built with the same width and 

cross-section. Only the constant term of the affine induction functions might be different, due to 

the different “inductances of the extremities”. For coils of the same lengths, i.e., ℓ  =  ℓ , the 

inductance of the rectangular coil should be higher. For the same inductance, ℓ  should by higher 

than ℓ , by the amount 2 𝐷 −  𝑥 . 
The distance 𝑥 is then estimated by considering that the coils should have approximately 

the same inductance at their extremities, if they have the same area. Under this heuristically 

proposed method, numerically supported by  𝑥 is such that: 

2𝑥𝐷 ≅ 𝜋 𝐷2  (5.80)

The length of the primary coil with rounded extremities with an equivalent inductance to that 

of the rectangular primary coil built with the same cross-section is then approximated by: 

ℓ = ℓ + 𝐷 1 − π4  (5.81)

In the case of the HIPLEV laboratory prototype, this length is then numerically found by 

replacing 𝐷 and ℓ  (5.77) in (5.81): 

ℓ = 3.144 m +  0.405 m × 1 − π4 ≅ 3.23 m (5.82)

5.10 Mechanical Detail of the Secondary Coil 

Once determining the geometry and cable constitution of the secondary (pick-up) coil, along 

Sections 5.4, 5.5 and 5.8, it is necessary to develop a support to its windings that can be perfectly 

adapted to the frame of the e-bike, in such a way that the coil rests around the rear wheel at the 

required clearance distance to ground. According to the parameters defined for the cross-section 

of the magnetic link, each of the sides of this support, or coil tray, could have a cross-section as 

shown in Figure 171. 
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Figure 171: Cross-section of the prototype inductive of lane, detail of pick-up coil winding. 

While many different designs could be suggested for implementing a secondary coil support, 

the tools available for making the prototype were basic, and the craftsmanship limited. So, after 

some trials using cardboard, a simple design of an U-shaped tray, in 10 mm-thick plywood was 

hand-cut, in the dimensions shown in Figure 172. 

             
 

Figure 172: Dimensions of the designed support tray for the pick-coil windings. 

The total length of the secondary coil tray was deemed as adequate to support the 11-turn 

coil with an average turn length slightly superior to 60 cm (Section 5.8). However, before 

proceeding with the final coil winding and installation on the bicycle, a simpler prototype, including 

both the primary coil and the sketch of the secondary coil, was built, and tested to confirm the 

electrical characteristics of the DIWPT link, as shown in Figure 173. 
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Figure 173: (a) DIWPT inductive configuration on workbench, with main dimensions defined, before final 
modification of the secondary coil for installation on the bicycle, showing (b) input and (c) output power readings.

In the configuration show in Figure 173, two electronic loads model 6060B were attached 

in parallel directly to the output of the rectifier stage, for total programmable load capacity of 

600 W. No DC - DC converter was yet installed on the secondary circuit. IWPT was obtained, 

providing 592.5 W of output power, while on the primary side, a 48 V power supply provided 

865.7W to the Mazzilli driver. As expected, the power output was significantly higher than 𝑃  =  400 W, because with the coils at approximately center alignment conditions, there was 

not a DC-DC converter limiting the load voltage to 𝑉 = 36.5 V, causing the load voltage to climb 

to more than 50 V. In this quick check of the configuration, not yet with the new chokes 𝐿 ,  and 𝐿 ,  installed in the inverter, 68.4% of DC to DC efficiency was obtained. 

Due to the lack of strong control on the relative positioning of the secondary coil to the 

primary coil, the numbers of this test assumedly provided a mere positive indication of absence of 

major issues with the design. After this successful partial assembly of the configuration, the 

installation of the secondary coil was then proceeded. 

The analysis in section 4.7 identified that the best configuration for the secondary coil is to 

be wound around the rear wheel. However, at the optimum clearance distance found, 𝑐 =  100 mm, there is still a potential mechanical interference handled, with the crank and 

pedals, and ultimately, with the feet of the rider. It is then necessary to use a special arrangement 

in the winding: The solution found is that the secondary coil should be flat, except close to the 

crank-set and pedals, where all the winding should be concentrated very close to the tire and the 
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center plane of the rear wheel, contouring the wheel in between the crank axis and the tire, and 

staying clear from the pedals, as shown in Figure 174. 

 
 

Figure 174: Design concept of a pick-up coil for rear wheel installation. 

This shape of the coil makes the calculation of its precise self-inductance and mutual 

inductance to the primary more complex. But, in a good approximation, the secondary coil can 

still be modeled as a multi-turn rectangular coil, which average effective length could be obtained 

either simulated with finite element modeling software or estimated with the use of the theorems 

developed in section 3.6.3. This deviation of the perfectly rectangular models becomes apparent 

when if the top view drawing of the secondary coil, after installed on the bike, as shown in Figure 

175, is examined: 

 
 

Figure 175: Predicted top-view of secondary coil assembled around of the rear wheel of the e-bike. 

The last steps of the design of the secondary coil, which are the establishment of the detailed 

path for the coil turns and its anchorage to the bike frame were accomplished by direct 

adjustments on the prototype, in which the average turn length is estimated at ℓ  =  63 cm, 

within the target range from 60 cm to 70 cm, as determined in Section 5.8. 

Different steps for the installation of the secondary coil to bicycle are shown in Figure 176. 
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 (a)  (b) 

 (c)  (d) 

 (e)  (f) 
 

Figure 176: Steps for the adaption of a pick-up coil to the bike. 

The bike stand was removed, and the secondary coil trail was fixed to the bike frame at the 

point the stand was previously screwed. This is accomplished by means of a stainless steel fork 

structure that is also screwed to the coil tray bike frame, as shown in the photo in Figure 176a, 

where the fork structure is contoured in red. The coil tray is directly attached to the bike frame, 

on both sides, by modified stretchers with screws, as shown in Figure 176b, and also on the rear 

most point, to distribute the weight of the coil.  

On the fork structure, a plastic support structure is devised to hold the coil turns tight 

together when contouring the tire, and direct estimates of the total deformed coil length are made, 

as shown in Figure 176c. Due to mechanical stress, the coil turns tend to become circular when 

wound over the coil tray, so fixing wooden structures are developed to hold them in place, maintain 

most of the coil turns longitudinal path in a rectangular shape, as shown in Figure 176d. 

After the secondary is completely wound, with the bike in the upright position, the stretchers 

are adjusted to allow the ground clearance of design, of 𝑐 =  100 mm, as shown in Figure 176e, 

where a better view of the tridimensional arrangement of the windings is also better visible.  
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Finally, before, proceeding with the installation of the electronics, the bicycle is tested 

dynamically by riding, confirming that the pedals and the feet have enough mechanical clearance 

from the coil, and that the coil is not interfering with the normal maneuvering of the bicycle. The 

photo in Figure 176f was taken during these tests for free movement, which were successful. 

5.11 Mechanical Detail of the Primary Coil Assembly 

In order to guarantee geometric stability for the primary coil of the laboratory prototype, it 

was necessary to devise a restraining system for the windings that could also support the vehicle, 

emulating the lane pavement on the workbench. The main cables of the primary coils were 

mounted passing through PVC tubes, which served as guides to these cables, as described in 

5.9.1. On each side of the primary coil winding, the two PVC tubes restraining the main 

10G1.5mm  cables and the thinner 6G1mm  were immobilized with wooden slotted guides at 

approximately every 60 cm of the lane. The primary coil and these guides were then covered by 

60 cm × 60 cm MDF modules as shown by the CAD design in Figure 177. To cover all the primary 

coil and provide a leveled surface for the positioning of the adapted e-bike, a total of six MDF 

covers were used, composing a 3.6 m-long pathway. 

      (a) 

      (b) 

Figure 177: Drawings showing constructive detail of the primary coil modular restraining system designed for the 
inductive lane prototype: (a) MDF modules covering the coil guides. (b) Detail of the wooden restrainers. 
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The PVC tubes used restraining system are 2.40 m long, what left leaves about 42.5 cm of 

unrestrained length at each extremity of the primary coil, also protected with a 

60 cm × 60 cm MDF cover. Figure 178a and Figure 178b show photographs taken of actually 

implemented primary coil and its restraining system. 

 (a)   (b)

Figure 178: Photos of the modular restraining system implemented for primary coil: (a) Detail of cable twisting at 
the return extremity of the coil; and (b) extremity covered with a MDF module. 

 

5.12 Estimated Electric Efficiency of the HIPLEV 

Referring to Figure 42, in the case of only one primary coil and one secondary coil, the 

overall DC to DC electric efficiency 𝜂  of the HIPLEV module can be expressed as: 

𝜂  = 𝜂 𝜂 𝜂 , (5.83)

where 𝜂  and 𝜂  are respectively the efficiencies of the electronic circuits attached to the primary 

and secondary coils, and 𝜂  is the efficiency of the magnetic link, the electric transformer by 

the primary coils and the compensation network attached to them. 𝜂  is promptly identified as 

the efficiency of the Mazzilli-Baxandall inverter. 𝜂  can be identified as the efficiency of the DC-

converter regulating the load voltage. Using Figure 46 as a representation of the whole IWPT 

circuit, it is possible to compute an estimate for 𝜂  at the nominal output power 𝑃  =  400 𝑊, 

assuming that the compensation and filter capacitors are lossless: 

𝜂 ≅   𝜂  𝑃 𝜂𝑃 + 𝑃 + 𝑃 + 𝑃 𝜂 𝜂 = 𝜂 𝜂 𝑃(𝑃 + 𝑃 + 𝑃 )𝜂 + 𝑃  , (5.84)

where 𝑃  and 𝑃  are respectively the power losses in the primary and secondary coils, and 𝑃  is 

the power loss on the rectifier, which is equal to 2𝑉 𝐼  for a diode full-bridge. 
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Since during IWPT the currents on primary and secondary coil are expectably 𝜋/2 delayed 

from each other, it is possible to estimate the power dissipation on their windings based exclusively 

on the current passing through their own windings, what can be accomplished by FEM numeric 

simulation in both cases. 

The power loss 𝑃  depends on the current 𝐼  which is approximately constant, and can be 

calculated by considering the power losses per unit of length on the primary coil, 56.6 W/m, a 

value already reported in Table 28 multiplied by the length ℓ  of the rectangular coil equivalent to 

the primary coil (5.77): 

𝑃 ≅  56.6 Wm × 3.144 m ≅ 178 𝑊 (5.85)

By design, the power 𝑃  will be met at the load all the way from central alignment condition 

to the maximum lateral displacement |𝑥| =  𝑤 2⁄ , to either left (negative 𝑥) or right (positive 𝑥). 

At this limit condition, the secondary current will reach its maximum value, given by similar 

expressions to (5.26), (5.27) and (5.28). Noticeably, the dimensions of the cross-section of both 

the primary and the secondary windings have some margin to accommodate higher currents and 

higher powertrain voltages, above the 36.5 V. 

An estimate for the efficiency 𝜂  is obtained when the nominal voltage of 𝑉  =  36.5 V is used in (5.26) and (5.27), what leads to: 

𝐼 =  𝑃𝑉 = 400 W36.5 V = 10.96 A  (5.86)

Using the nominal DC-DC converter efficiency provided by the manufacturer, 𝜂  =  94%, with a typical voltage drop 𝛥𝑉  ≅  2 V from input to output, the expected 

current on the secondary coil at the limit condition |𝑥| =  𝑤 2⁄ , is estimated by (2.105): 

max 𝐼 , ≅ 𝜋2√2 36.5 V 94% ( 36.5 V + 2 V) 10.96 A ≅ 12.3 A rms (5.87)

Similarly to what was done for the primary coil cross-section, it is also possible to simulate 

the resistive power loss on the secondary coil using FEM numeric simulation, under the simplifying 

consideration that the resistive power loss is uniformly distributed along its total cable length, of 

approximately 2𝑁 �̅�+ℓ . 
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The FEM simulation was developed based on the geometry determined for secondary coil 

(Section 5.5), constituted by 𝑁 turns of single 6G1mm2 cable, as represented in the cross-section 

of the left side of the coil windings, shown in Figure 189. 

 

Figure 179: Photos of the modular restraining system implemented for primary coil: (a) Detail of cable twisting at 
the return extremity of the coil; and (b) extremity covered with a MDF module. 

By imposing a current of 12.3 𝐴 rms on the coil windings, an average power dissipation of 

approximately 1.13 W per meter of cable resulted. 

The estimated power dissipation of the secondary coil at the critical displacement 𝑥 =  𝑤 2⁄ , which the most critical point with the DIWPT region, is then given by: 

𝑃 = 1.13 W × 2𝑁 �̅�+ℓ = 1.13 W × 2 × 11(0.282 m + 0.63 m) ≅ 22.7 W (5.88)

For obtaining the average power 𝑃  at this same critical condition, the forward voltage drop 

on the Schottky diodes used in the rectifier can be estimated at 0.7 V, since six matched diodes 

were used in parallel, in place of each one, for a total of 24 diodes in the rectifier bridge. Assuming 

that the forward voltage drop is observed at all current levels, this results in an average power 

limited to: 

𝑃 ≅ 2 × 0.7 V × max 𝐼 , √2 2𝜋 ≅ 15.5 W (5.89)

Since the efficiency at the critical displacement 𝑥 =  𝑤 2⁄  is the worst along all interval 

from 𝑥 =  − 𝑤 2⁄  to 𝑥 =  𝑤 2⁄ , it can be expected that the DC-DC efficiency of HIPLEV, in 

its entire DIWPT operation range at full nominal power will be at least: 

𝜂 ≥ �̂� =  𝜂 𝜂 𝑃𝑃 + 𝑃 + 𝑃 𝜂 + 𝑃 , (5.90)

which, assuming as exact the value 𝜂  =  94% informed by the manufacturer of the DC-DC 

converter used, and a adopting an average value of 𝜂  =  95% for the Mazzilli-Baxandall inverter, 

numerically becomes: 
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𝜂 ≥ �̂� ≅  0.95 × 0.94 400(178 + 22.7 + 15.5) × 0.94 + 400 ≅ 59.2% (5.91)

This design value for the DC-DC efficiency not only meets the minimum required for the 

HIPLEV (5.9), which is expectedly trivial to meet, but also exceeds the desirable target IWPT DC-

DC efficiency (5.10) by approximately 6.6%. 
Comparing the computed values of 𝑃 , 𝑃  and 𝑃 , with the expected power levels dissipated 

on the Mazzilli-Baxandall inverter and on the DC-DC converter, it can be seen that the efficiency 𝜂  is entirely dominated by losses on the primary coil windings, as show in Table 30. 

Table 30: Power breakdown of the i-lane/HIPLEV system. 

Subsystem Symbol Power (W) 

DC-DC inverter power source 
(power supplied to i-lane) 

𝑃  674 

Auto-resonant inverter (95% efficiency) 𝑃  34 

Primary coil* 𝑷𝟏 178 

Secondary coil* 𝑃  22.7 

Rectifier 𝑃  15.5 

DC-DC converter (94% efficiency) 𝑃  25 

Power train / BMS 
(power delivered to vehicle) 

𝑃  400 

*At the nominal design current 𝐼 = 65.4 A rms and frequency, 𝑓 = 51.7 kHz. 

The predicted efficiency of magnetic link itself is given by: 

𝜂 = 𝑃 + 𝑃 + 𝑃𝑃 + 𝑃 + 𝑃 + 𝑃 + 𝑃 ≅ 68.7% (5.92)

Increasing the efficiency of the electronic circuitry, for instance, by considering an evolution 

of the rectifier bridge to a synchronous rectifier, can provide only minor improvements on the 

overall 𝜂  efficiency. On the other hand, the largest power loss is observed on the primary coil. 

Even if, hypothetically, all circuits were 100% efficient and the power losses on the secondary coil 

were also brought to zero, still, the overall 𝜂  efficiency at the critical limit of the DIWPT operation 

region would be, at best, 400/(400 + 178) =  69.2%. In other words, the efficiency of the 

magnetic link itself, which in the critical maximum displacement condition is estimated at 68.7%, 

is dominated by the losses on the primary coil, and does not leave much margin for improvement 

in the overall DC-DC efficiency. 
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To reduce the losses on the primary coil windings and increase the efficiency, the following 

strategies can be followed, each of them not necessary exclusively: 

• Increase the frequency of operation and simultaneously use true litz cables for the windings, 

with the adequation of all components and circuits to the new frequency band. 

• Increase the cross-sectional area of the primary coil, carefully, to assure that the new 

geometry used permits all conductors to be equally used. 

• Work with shorter primary coils, at the expense of having to deploy (and maintain) 

proportionally more inverters per unit of length of the i-lane. 

• Increase the magnetic coupling between primary and secondary coils, as well as their self-

inductance, and reduce the primary coil current. This can be achieved by magnetic field 

shaping, by using ferrites or other soft magnetic materials. 

It can be seen that either of these alternatives would imply in the use of either more materials 

or higher quality materials and, consequently, in the elevation of the system cost as well, which, 

under the philosophy of the HIPLEV, is not desirable. On the other hand, the predicted minimum 

DC-DC efficiency of approximately 59 % (5.91), is satisfactory, for it would still represent a major 

economy over the heavier standard electric vehicles (Section 5.2.1.4). 

As the use of litz wire becomes more popular, their relative cost to that of the pure metal 

conductor (copper, or even aluminum) may drop, approaching that of standard cables (Table 16). 

Then it might be possible to work at higher frequencies, obtaining higher electric efficiencies, 

without diminishing the economic accessibility of the HIPLEV proposal. 

5.13 Inter-Primary Coil Spacing 

In addition to the IWPT design over a single primary coil, for a complete i-lane system 

constitution is necessary that several primary modules are laid sequentially along the vehicle path. 

For simplicity of analysis, let us assume that all primary coils are equal with diameter D and length ℓ , and evenly distributed at a pattern-distance ℓ , that is, with an inter-primary coil spacing distance ℓ  =  ℓ  −  ℓ  (distance in between adjacent primary coils), as drawn in Figure 180. 
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Figure 180: Inductive lane formed by a sequency of equally spaced identical primary coils. 

For a given assured harvesting power level 𝑝, the locus of the vertical projection of the center 

of the secondary coil installed on the vehicle in general will not coincide with the area delimited 

by primary coil winding perimeter itself (blue contour). Rather, depending on the power level to be 

established, the primary and secondary design current levels, and the airgap (height) between 

coils, this zone, referred to as the 𝑝-harvesting zone, will usually be a smaller area inside this 

perimeter (the yellowish zones in Figure 180). 

5.13.1 Power Harvesting Zone 

After the system dimensions and other parameters are determined, additional validation of 

two design aspects is proceeded: (i) the two-dimensional size of power harvesting region over one 

primary coil and (ii) the validation of the maximum exposure level of the pedestrian in the 

neighborhood of the i-lane to the magnetic and electric fields. Although it is highly expectable that 

some type of shield is required to be installed in the lower parts of the bicycle to project the body 

of the rider, this part of the design, is not the focus of this prospective research. 

In the same manner, while it is possible to fully test the system for power transfer in 

stationary condition, the test for electromagnetic safety compliance would constitute an effort out 

of the limits defined for this thesis, and require testing equipment that was not available in the 

laboratory. Simulations regarding the pedestrian safety are necessary and a first step towards the 

qualification of the prototype as a usable transport. 

The full three dimensional finite element modeling simulation of the designed inductive 

configuration is computationally intense. However, for the estimation of the induced voltage on the 

secondary coil, what is the ultimate interest for predicting the spatial power transfer characteristics 

of a magnetic link, it is enough to compute the vertical magnetic field 𝐵 , since the secondary coil 

is assumed to be horizontal all the way along the vehicular displacement. 
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In order to speed up the simulation, 𝐵  can instead be algebraically calculated by (3.84), if 

some simplifying additional assumptions in the geometry of the model are adopted: 

• Both primary and secondary coils are considered to be formed of rectangular concentric 

filamentary elements, which main dimensions are kept parallel, as the vehicle is displaced 

either laterally or along the lane. 

• The currents on each of the primary winding are considered constant, and the total current 

divided over the conductor according to the current distribution previously computed using 

FEM numeric simulation of a single cross-section of the lane. 

• The secondary coil is modeled as 𝑁-turn (𝑁 = 11) coil formed by 𝑁 concentric, serial 

connected, rectangular coils. 

It can be further assumed that the losses on the aluminum frame of the bicycle are 

negligible, because the frame is high enough above the primary coil, and does not contain large 

closed-loop circuits. The only incidental short-circuited loops on the bike frame with non-null 

horizontal projection are those formed by (i) the chain-stays, the bottom bracket, and the rear 

wheel axis; and, less relevant, (ii) the chain-stays, the seat-stay and the seat tube. These are much 

smaller than the secondary coil and the, in terms of projected horizontal area, much narrower 

than the primary coil, and because the wheels’ radius is 368 mm (29 inch wheels) the chain-stays 

are about three times higher above the primary coil than the secondary coil windings. This is the 

justification for the diminutive parasite electric losses experimentally observed in the, as long as 

the bicycle remains approximately center-aligned in the lane and in normal upright position. 

On the other hand, the aluminum wheels are much closer to primary coil, because the tires 

touch the lane, and the losses on the wheels cannot be a priori neglected. Ideally, as discussed, 

non-conductive wheels should have been used in the design. However, because aluminum rims 

are the most popular alternative to steel, the aluminum wheels were prospectively kept in the 

design. 

The impact of using aluminum wheels, however, is minimized, because the short-circuited 

loops that the wheel rims represent are, by construction, always center-aligned and perpendicular 

to the secondary coil. So, any current induced in the rear wheel is not expected to directly disturb 

the induced voltage on the secondary coil, and vice versa, i.e., they are in magnetic orthogonality. 

When the bike is turning, the front wheel is not perpendicular to the secondary coil, but, being too 

far away from the secondary coil, any current flowing on it will not produce noticeable effects on 

the secondary coil. 
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In summary, concerning the power transfer, the expected effect of the aluminum rear and 

front wheels are the extra resistive losses, due to the currents induced by the primary coil. If the 

primary current is kept constant, these power losses do not directly affect the induced voltage on 

the secondary, only reduce the efficiency in the power transmission. However, on a Mazzilli-

Baxandall inverter, as the load is increased due to the parasite loss, the primary coil current is 

expected to slightly decrease, until the inverter is critically loaded, as shown in Section 2.9.4.5, 

Figure 57. This will should cause the induced voltage to decay from the predicted value when the 

bike is misaligned in the lane. 

Nevertheless, by symmetry, the voltages and currents induced on the wheel loops are null, 

when the bike is exactly on the longitudinal center-lane plane. Only minor losses due to eddy 

currents are expected, because when the wheel is at the center of the lane it is about 20 cm away 

from either primary coil winding. Based on this reasoning, the final effect resulting from the use 

of aluminum wheels is that, initially starting from center alignment condition, the induced voltage 

on the secondary shall progressively decrease from that predicted without modeling the wheel, as 

the bicycle is moved laterally. But when a Mazzilli-Baxandall inverter is used to drive the primary 

coil, this interaction is even more complex though. The coupling of the inductance represented by 

the wheels will also produce a decrease in the equivalent inductance of the resonant coil in the 

primary circuit, causing an elevation of the inverter oscillating frequency. Since the induced voltage 

is also proportional to the inverter frequency, this could have a partial contribution to the elevation 

of the induced voltage on the secondary coil that could partially compensate the decrease in the 

induced voltage caused by the decrease of the primary col current. 

So, based on this qualitative analysis only, it is unclear how much the induced voltage on 

the secondary could be affected, as the bicycle is moved laterally away from the center of the lane. 

But measurements on the prototype experimentally verified that the power loss on the wheels does 

not significantly affect the primary current, to a point the induced voltage on the secondary 

becomes noticeably impaired, as long as the bike misalignment in lane is kept limited to 50% of 

the primary coil width.  𝐷 /2 away from the center line of the primary coil. Additionally, even with 

the wheels standing over the primary coil windings, the system is still functional, although extra 

losses become apparent. 

Since the neighborhood within radius 𝐷 /2 is the one that really matters for predicting 

nominal power harvesting and, in this particular design, 𝐷  < 𝐷/2, the aluminum wheels, as 

well as the bicycle’s aluminum frame, do not need to be considered in a basic prediction model 
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for the 𝑃 -energized zone. At least in the specific case of a standard frame, all-aluminum 29-inch 

wheel bicycle standing in an approximately upright position. 

By simulating the magnetic field generated by each of the primary coil cables, and its 

individual interactions with the secondary coil windings, it is possible to map the 3D-surface of the 

induced voltage scalar field, which is bidimensional, since the bike keeps its height above ground 

constant. This scalar field can then determine the predicted zones for different power levels, with 

minor errors in the central fringe of the lane limited in width to half of that of the primary coil.  

To evaluate the induced voltage, the magnetic field generated by the primary coils winds is 

first analytically computed by applying the Biot-Savart Law for each line segment modeling the 

filamentary coil windings, as shown in Figure 181. However, only the vertical component (𝑧) of 

the partial magnetic field contributions are relevant and added up to result in the total vertical 

magnetic field component. 

 
 

Figure 181: Contribution a filamentary current to the magnetic field in a given point P of the space. 

The partial contribution 𝐵 of the filamentary current 𝐼 is then given by: 

𝐵 =  𝜇 𝑟 ⨯ 𝐼 𝑑𝑢 4𝜋𝑟ℓ/
ℓ/  =  𝜇𝐼4𝜋 (𝑢 − 𝑥, −𝑦, −𝑧) ⨯ (1, 0, 0)𝑟ℓ/

ℓ/ 𝑑𝑢 , (5.93)

which can be further simplified to: 

𝐵 = 𝜇𝐼4𝜋 (0, −𝑧, −𝑦)((𝑥 − 𝑢) + 𝑦 + 𝑧 ) /ℓ/
ℓ/ 𝑑𝑢 (5.94)

𝐵 , the vertical component of 𝐵 is then analytically calculated: 
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𝐵 = 𝜇 𝐼4𝜋  𝑦𝑑 ℓ/2 − 𝑥(ℓ/2 − 𝑥) + 𝑑 + ℓ/2 + 𝑥(ℓ/2 + 𝑥) + 𝑑 , (5.95)

where 𝑑 = 𝑦 + 𝑧 . Incidentally, (5.125) can be rewritten in a geometrically more intuitive 

expression: 

𝐵 = 𝜇 𝐼4𝜋𝑑 cos 𝛼 (cos 𝜃 + cos 𝜃 ) , (5.96)

Looking into (5.96), it is immediately recognizable that: 

𝐵 = 𝐵 (𝑑) cos 𝛼 cos 𝜃 + cos 𝜃2 , (5.97) 

where 𝐵 (𝑑) = 𝜇𝐼 2𝜋𝑑⁄  is the tangential component of the magnetic field in cylindrical 

coordinates of an infinitely long filamentary wire with a current 𝐼, which depends only on the 

distance 𝑑 to the wire. The term cos 𝜃  +  cos 𝜃  indicates that even if the distance of a sensing 

point Р to the support line of the wire is kept, the magnetic field will quickly vanish when the 

projection of Р lies outside the wire, as its longitudinal distance from the midpoint of the wire is 

increased. This explains why the induced voltage drops fast, as the secondary coil projection lies 

outside the primary coil, especially on the longitudinal direction. 

Expressions similar to (5.125) are found when the filamentary current segment is arbitrarily 

positioned in space, with respect to the refence system (1 ,  1 ,  1 ). The total vertical magnetic 

field component in any point (𝑥,  𝑦,  𝑧) in space is then expressed as the sum of all partial vertical 

components 𝐵 ,  due to each individual filamentary wire 𝑘 modeling the primary coil. 

𝐵 = 𝐵 , , (5.98)

The induced voltage is computed by firstly numerically integrating the magnetic flux in each 

component coil of in the simplified model of the secondary coil. The induced voltage is then 

calculated by the derivative with respect to time of the total flux. Under the stationary 

approximation, the only factors to depend on the time variable are the currents 𝐼  in each 

filamentary wire 𝑘, all assumedly in phase at frequency, for which the derivate is −𝑗2𝜋𝑓 𝐼 . 

The simulation gives estimates not only to the effective lane widths for guaranteed 400 W 

(𝐷ℯ) and 250 W (𝐷ℯ) power availability, but also for the associated longitudinal size to these zones, 
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which are normally shorter than the actual physical length of the primary coil. The simulation was 

accomplished using numeric integration over the analytical expressions of the magnetic field and 

the simplified circuit model of section 2.9.4.1, using Wolfram Mathematica software. As a 

simplification, to speed up the simulations, both coils were considered to be formed by perfectly 

rectangular filamentary bodies, with concentric rectangles representing the different current paths 

for the single turn of the primary coil and the 11 turns of the secondary coil. Due to the symmetric 

position of cable A to cable C with respect to cable B, and their close proximity relatively to the 

distance between primary and secondary coils, as an additional simplification, the current in cable 

B was assumed to flow entirely on cables A and C, which according to Table 28, already carry 

86.8% of the primary coil current. The resulting data is summarized in Table 31, and plot in detail 

in Figure 182 and Figure 183. 

Table 31: Summary of 3D magnetic field simulations run to estimate the induced voltage on secondary coil. 

Parameter Symbol Value determined 
by simulation 

Unit 

Length of 400 W corridor ℯ  270.9 cm 

Width of 400 W corridor 𝐷ℯ   19.8 cm 

Length of 250 W corridor ℯ  273.4 cm 

Width of 250 W corridor 𝐷ℯ   27.4 cm 

Zero induced voltage contour length ℯ  376.4 cm 

Zero induced voltage contour width 𝐷    58.1 cm 

Peak induced voltage in lateral alignment 𝑉     50.9 V (rms) 

Induced voltage, fully centered 𝑉     47.7 V (rms) 
*Configuration run with secondary coil size, �̅� = 282 mm, ℓ = 62 cm, 𝑁 = 11. 

Figure 182 shows a plot of the induced voltage on the secondary coil as a function of the 

relative position (𝑥, 𝑦) of its center, with respect to the center of the primary coil. The induced 

voltage obtained with the secondary coil positioned over the center of primary coil, 𝑉 , was 

47.7 V rms, while the peak induced voltage 𝑉  was 50.9 V rms (6.7% higher), obtained closer 

to the extremities of the primary coil, at the positions (-123.3 cm, 0) and (123.3 cm, 0). The pink 

shaded part of the surface indicates a region of negative voltages, which are much smaller in 

magnitude than the positive voltages obtained near the central alignment condition. The red 

perimeter marks the central spot where the induced voltage is above 37.8 V, yielding enough 

margin to be converted and regulated to the 36.5 V that are required to generate 400 W on the 

load. Similarly, the upper black dashed contour indicates the minimum voltage level required for 
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250 W on the load The locus of the zero induced voltage is the lower black dashed contour, which 

is circumscribed in a rectangle of dimensions ℯ  and 𝐷 . 

 

Figure 182: 3D representation of the induced voltage on the secondary coil placed at ℎ =145.5 mm. 

Figure 183 is a simplified, top view representation of the same data plotted in Figure 182. 

The primary coil position and main dimensions, ℓ  and 𝐷, are indicated by the black dashed 

rectangle. The central white zone is where 400 W of power is available. It has a width 𝐷ℯ at the 

middle section of the primary coil, where it is narrower. Similarly, the yellow zone is where at least 

250 W, but less than 400 W of power, is available. This zone is externally delimited by a dashed 

black curve, with a width 𝐷ℯ at the middle section. 

 
 

Figure 183: Top view of lane module, showing energy harvesting zones (𝑥 and 𝑦 not drawn to the same scale). 

Most importance for our analysis, the central rectangle cross-hatched in red is the corridor 

of maximum width over the primary coil where 400 W of power transfer is guaranteed. Its length, ℯ  (270.9 cm), and width, 𝐷ℯ (19.8 cm), as expected, less than the respective dimensions of the 

primary coil, ℓ  (325 cm) and 𝐷 (405 mm). As a consistency check, it can be observed that the 

value of 𝐷ℯ resulted from simulation is in good agreement with that previously used as an input 

design parameter for the configuration, 𝐷ℯ =  20 cm, used in Section 5.8 (5.55). 
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In the yellow region less than 400 W, but more than 250 W is still available for harvesting. 

However, this availability would only be used if a more complex secondary circuit than that 

implemented in the prototype is adopted. In the simplified circuit of the prototype, the power 

harvesting can is ignored when the regulated voltage provided by the DC-DC converter falls below 

36.5V, that is, outside the 400 W. The blue painted region is where less than 250 W would be 

available, but, likewise, this energy is also not used in this design. 

5.13.2 Sustaining Vehicular Power during Inter-Coil Transit 

For rectangular oblong primary coils and similar secondary coils, the 𝑝-harvesting zone will 

often consist in a symmetrical oblong shape that has its extremities dilated, being narrower in the 

middle zone of along its longitude. In order to establish a relation among 𝑝, the nominal maximum 

power required by the vehicle, 𝑃 , and the relative spacing of the primary coils, let us first identify the 𝑝-principal harvesting zone of an energized primary coil with respect to an also given loaded secondary 

coil as being the rectangular zone with maximum width 𝐷ℯ and, secondarily, with maximum length 𝑒 , 

that lies entirely within the limits of the 𝑝-harvest zone. So, if the vehicle moves along the lane at 

constant speed, keeping a maximum lateral misalignment width of 𝐷ℯ, and it able to harvest energy 

even outside the 𝑝-harvesting zone, then the expectable average harvested power 𝑃  should be: 

𝑃 ≥ 𝑒ℓ 𝑝 (5.99) 

While moving on the i-lane, at the moments the vehicle is harvesting more power than 𝑃 , 

the excess energy can be stored, to be used when moving outside a 𝑃 -harvest zone. Otherwise, to 

achieve full nominal power 𝑃 , energy must be retrieved from the storage device to complement power 

being harvested. This is a situation that can momentarily happen either when the vehicle drifts laterally 

outside the 𝑃 -harvest zone or during the proximity of an inter-primary coil transit. If absolutely no 

power is currently being harvested, 𝑃  will have to be entirely retrieved from the storage device. 

In order to keep a positive energy balance on the storage device (usually, a standard 

electrochemical battery, a supercapacitor, or an association of them) in such a way that no stationary 

charging has to be periodically executed, it is sufficient that the average harvested power 𝑃  be greater 

the maximum nominal power that can be demanded by the vehicle: 

𝑃 ≥ 𝑃  (5.100)
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Considering (5.99), it is then sufficient to require that 𝑝 satisfies: 

𝑝 ≥ 𝑃 ℓ𝑒  (5.101)

Or, if 𝑝 is fixed, that ℓ  satisfies: 

ℓ  ≤ 𝑒 𝑝𝑃  (5.102)

For the particular design case in section 5.1, 𝑃  =  250 W, 𝑝 =  𝑃  =  400 W and 𝑒  =  270.9 cm, so a maximum pattern distance ℓ ,  must be observed : 
ℓ , = 270.9 cm ⨯ 400 W250 W ≅ 433 𝑐𝑚 (5.103)

Inequation (5.99), however, is too optimistic, because it implicitly considers an ideal storage 

system, one from which 100% of the energy stored can be retrieved with no losses. In practice, 

the circuits used to store and retrieve energy from a storage device, and the storage device itself 

have electrical efficiencies that are not the unity. Of particular interest in DIWPT is the short-term 

efficiency of such energy storage system, 𝜂 , the one that is verified during the transit times over 

the energy-blind zones in between two adjacent p-harvesting zones. 

Considering a general 𝜂 , that is not 100%, the general expression for (5.99), becomes: 𝑒𝑣 (𝑝 − 𝑃 )𝜂 ≥ 𝑃 (ℓ − 𝑒 )𝑣 , (5.104)

where 𝑣  is the assumed constant speed of the vehicle. Then, instead of (5.102), the new constraint 

on ℓ  becomes: 

ℓ  ≤  𝑒 1 + 𝜂 𝑝𝑃 − 1  (5.105)

or, conversely, for given (ℓ , 𝑒 , 𝑃 , 𝑝): 

𝜂 ≥ ℓ𝑒 − 1 𝑝𝑃 − 1  (5.106)

Again, for the design case in section 5.1, where 𝑃  =  250 W, 𝑝 =  𝑃  =  400 W and 𝑒  =  270.9 cm, based on equation (5.105), Table 32 can be easily derived, illustrating how does 
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the maximum primary coil pattern distance varies with the decrease in the short term storage 

efficiency 𝜂  (which should include the circuit to charge the battery): 

Table 32: Numeric example of the interdependence of storage efficiency and primary coil pattern spacing. 

Short Term Storage Efficiency (𝜂 ) Maximum Pattern Distance (ℓ , , cm) 

100% 433.4 
90% 417.2 
80% 400.9 
70% 384.7 
60% 368.4 
50% 352.2 
 34%        325 ≅ ℓ * 

*The condition ℓ < ℓ , by design, is not allowed.
Using current store technology, with 𝜂 ≥  80%, it is then additionally necessary to require 

that  ℓ ≤  ℓ , = 4 m, to guarantee that the vehicle will have full nominal power available 

while traversing the inter-primary coil spacing (where there is no energy to harvest). 

5.13.3 Cross-Talk between Adjacent Primary Coils 

A primary coil will eventually act as secondary coil, to other adjacent primary coils, which is 

an a priori undesirable side-effect of the proximity of the primary coils in the i-lane. So, another 

constraint should be introduced to limit the maximum cross talk voltage, which is the induced 

voltage on a primary coil by another adjacent energized primary coil. 

While (5.105) imposes a maximum value for ℓ , as 𝜂  is decreased, a minimum value for ℓ  could possibly arise, because the magnitude of the cross talk voltage in a primary coil, due to an 

active neighbor primary coil, is increased in magnitude as ℓ  decreases. In principle, the cross talk 

voltage is not exact at the same frequency as that of the coils being affected, but it might interfere 

with the coil driving voltage, what is not desirable, if the magnitude of this interference is excessive. 

The avoid crosstalk, the positioning of the primary coils could be such that neighbor coils were in 

magnetic orthogonality, but since they are not solidary, or embedded in the same module, the 

positioning would require precision that is not practical to achieve at the deployment and 

installation of the system. 

The crosstalk voltage is then simulated, assuming the designed primary voltage excitation, 𝑉 , and length ℓ . The curve in Figure 184 shows how the simulated crosstalk between neighbor 

primary coils increases in magnitude, for the particular system designed (section 5.1), as the 
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pattern distance between them, ℓ , is decreased from the maximum possible value of 433 cm 

(5.103). The percentual numbers annotate along the curve are drawn from Table 32. 

 
 

Figure 184: Cross talk between neighbor primary coils and minimum required short-term storage efficiency. 

The crosstalk voltages are less than 1.0% of the normal excitation voltage of the primary coil 

(5.78), for the required primary current when ℓ  ≥  ℓ ,  =  3.6 m, which are deemed not to 

significantly perturb the operation of the coil driver circuit, either if that other coil is deactivated or 

energized for WPT. 

At the superior limit condition, where the required efficiency 𝜂  is 100%, the pattern 

distance ℓ  has achieved its maximum possible value ℓ , beyond which (red dashed thread of the 

curve), if it is increased further, the e-bike is prone to arrive at next primary coil field with less short 

term energy stored than it had in the preceding coil pass. As a consequence, the short term energy 

storage would expectably decrease until it is fully depleted. This implies that either the HIPLEV would 

have to enter pedal-only mode, or rely on the vehicle’s main battery, if it has one installed. 

In summary, the need to keep a positive balance on the short term energy storage on board of 

the vehicle limits the maximum distance between the neighbor primary coils, while the potential 

crosstalk between neighbor coils limits the minimum distance between them. Combining the resulting 

requirements for the minimum and maximum value of the  ℓ : 

3.6 m ≤ ℓ ≤ 4 m , (5.107)

or, equivalently, considering the length ℓ  of the primary coil, the distance ℓ  between two 

consecutive primary coils should be limited to: 
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35 cm ≤ ℓ ≤ 75 cm , (5.108)

5.14 Verification of EMF Exposure Levels of the Pedestrian 

The recommendations for controlling maximum human exposure to electric and magnetic 

fields presented in section 2.11 are valid for the HIPLEV design. This control must focus people in 

different two role positions of the system, the riders and the pedestrians. The pedestrians can be 

assumed to be relatively far apart from the vehicles when they are cruising on i-lanes, so, for them, 

the major concern is the EMF generated by the primary coils in the lanes. Concerning the 

protection of riders, two classes of riders can be distinguished: riders of HIPLEV and riders of other 

electric and non-electric bicycles sharing the lane. Contrarily to pedestrians, the proximity of riders 

to both the lane and the vehicles are presumed.  

Both categories, riders and pedestrians, are considered in the stricter protection level, 

described as “general public”, in the ICNIRP recommendations [72]. This means that the 

maximum tolerable levels of magnetic and electric fields in the region of space that users are 

expected to be when the system is energized must be limited to respectively 27 μT rms and 

83 V rms/m, at the bandwidth of the operation frequency, 𝑓  =  51.7 kHz, as reported in Section 

2.11, Table 9. Although essential for the homologation of the system as a transport, estimated of 

EMF values must be verified, but the required equipment for precise measurements of the 

magnetic and electric fields targeting human exposition were not available at the time of the 

prototype design and construction. In addition, it is anticipated that the amount of extra work and 

industrial effort necessary to develop, test and validate the EMF shielding of the vehicle would 

extrapolate the resources available for the thesis development. Because of that, the shielding 

design and the detailed EMF exposure control is left out of the scope of this work, only an initial 

assessment of pedestrians’ safety is presented, showing that, even without shielding of the 

secondary coil, the pedestrian is safe when the HIPLEV harvests up to the nominal maximum 

power anywhere within the center portion of the lane where maximum power transfer is available. 

5.14.1 EMF Exposure of Pedestrians 

Inductive lanes are specifically designed for cycles and are not expected to be shared with 

pedestrians, except at crossings, where for mechanical reasons and the risk of collision. Even at 

the crossings, it should be enforced that pedestrians cannot occupy the lane at the same time 

cycles are present, either non-electric or electric of any kind. On the other hand, while standing or 
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moving over an i-lane by themselves, the pedestrians have no means of activating the primary 

coils, so voltage is not applied to power windings, and both the main electric and magnetic fields 

are not generated by these coils. The magnetic and electric fields generated by the RFID readers 

embedded in the lane (Section 5.18) may be active at the pedestrian crossings as well, but the 

voltage and current level of these devices are too low, and the associated fields do not pose any 

harm to the pedestrians. 

While standing outside but close to an inductive lane, the pedestrian has its EMF safety 

assured by the exclusion from the zones contoured by maximum electric and magnetic of field 

intensity levels. Two representative cases are considered: (i) The pedestrian is standing as close 

as possible to the i-lane, in a cross-section where no HIPLEV is present; (ii) the pedestrian is 

standing as close as possible to the i-lane, right in front of the secondary coil of a HIPLEV in transit, 

harvesting maximum power from the lane. The maximum electric and magnetic fields to which the 

pedestrian is exposed under these two circumstances are then evaluated by FEM numeric 

simulation. 

5.14.1.1 Magnetic Field Exposure Level Compliance 

The two cases identified in 5.14.1 are then separately considered. The numeric simulation 

of the magnetic field of an energized primary coil is run using FEMM [99], according to the 

geometric (Section 5.9.1) and current specifications (Section 5.8) of the primary coil embedded 

in the i-lane. The results of the magnetic field intensity are shown in Figure 185, with the contours 

of the ICNIRP reference levels [72] annotated. 

It can be noticed that the pedestrian, by being outside the lane is at least 750 mm away 

from the center of the lane, is entirely outside the region where the magnetic field intensity is 

higher than the limit value of 27 µT rms, which is limited to a diameter of 978 mm around the 

center of the lane. Even if the pedestrian invades the 25 cm-wide external guard bands of the 𝑤 -

wide lane, there will be no contact with the dangerous field level, provided the pedestrian do not 

step on the 𝑤 -wide central paved band of the i-lane, or extends any part of the body over the 

space directly above the paved portion of the lane. 
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Figure 185: Pedestrian exposure to magnetic field, with primary coil energized, no HIPLEV harvesting. 

The most critical case comes when, in addition to the i-lane being energized, there is also a 

HIPLEV on the i-lane transiting side by side with the pedestrian, while the maximum power is being 

harvested. At this limit condition, both the nominal primary coil current 𝐼  =  65.4 A rms 

(Section 5.8) and the maximum secondary coil current 𝐼 ,  =  13 A rms (5.28) need to be 

taken into consideration. This time the FEM simulation was run with COMSOL Multiphysics, with 

the HIPLEV harvesting full power 𝑃  and displaced 𝐷 /2 towards the pedestrian. The resulting 

magnetic field intensity is also concentrated towards the pedestrian as well, as shown in Figure 

186, where, again, the contours of the ICNIRP reference levels are annotated. 
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Figure 186: Pedestrian exposure to magnetic field side by side with a HIPLEV harvesting maximum power. 

It can be notice that the high total current flowing in the windings of the secondary coil 

reinforces the magnetic field, expanding the safe exposure contours, up, towards the body of the 

rider and laterally, more towards the direction of displacement of the rider from the center of the 

lane. But still, the 27 µT rms contour lies 59 mm away from the limits of the i-lane, and thus, at 

least 59 mm away from the body of a pedestrian outside the lane. At 13 A rms, the maximum 

displacement of the HIPLEV from center lane (towards the pedestrian) that would still guarantee 

the 27 µT rms contour to be entirely confined to the total lane width 𝑤  is also determined by 

FEM simulations as 164 mm. For displacements larger than 164 mm, the secondary current has 

to be less than 𝐼 , , in order to keep the 27 µT rms contour confined to the lane limits, and 

consequently away from the pedestrian. 

Figure 187 shows the results from several runs of FEM simulation using COMSOL 

Multiphysics, similarly to that run to generate Figure 186, one for different lateral displacement. 

In the figure, the blue curve gives the maximum current allowed in the secondary coil, in order to 

prevent the 27 µT rms magnetic field contour from trespassing the lane width. 
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Figure 187: Profile of the maximum secondary coil current, after the required pedestrian EMF safety compliance is 
considered, obtained by FEM numeric simulation of the magnetic field of a cross-section containing the primary 

coil, the secondary coil and the pedestrian, standing as close as possible to the i-lane. 

The conclusion is that the width within which 𝐼 ,  can be drawn from the secondary coil 

exceeds 𝐷 , therefore, full power harvesting at the design zone does not generate any hazard risk 

for a pedestrian standing outside the lane. Because of that, concerning the pedestrian protection, 

a more advanced harvesting circuit could extract power at the nominal maximum secondary 

current as long as the vehicle keeps inside a 328 mm-wide central portion of the lane. However, 

if a HIPLEV circuit tries to harvest power beyond that limit, the maximum current has to be derated 

by approximately −0.43 A rms/cm. Remarkably, this is unlikely to become a major issue 

because, at larger lateral displacements, it becomes more difficult to obtain large currents from 

the secondary anyway, because the induced voltage is also progressively reduced as the position 

of the secondary coil approaches the lines of zero-crossing. 

The exact behavior of the secondary current depends on the particular energy harvesting 

and BMS strategy used. In the simple circuit implemented for the HIPLEV prototype, the above 

additional limitation to 𝐼  is not a problem, because if the vehicle leaves the region of maximum 

power availability, the DC-DC converter becomes unable to regulate the nominal voltage, and 

power is supplied to the powertrain by onboard energy storage, forcing the secondary current to a 

diminutive standby level. 
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5.14.1.2 Electric Field Exposure Level Compliance 

Similarly to the case of the magnetic field, the exposure level to the electric field could only 

be fully evaluated if all circuits sustaining the i-lane were also defined, including the layout of the 

power grid lines in the neighborhood of the lane. On the other hand, looking into Figure 185 and 

Figure 186, it is apparent that the magnetic shielding for the secondary coil on board of the HIPLEV 

is essential to be developed, but this development in not included in the scope of this work. Since 

the magnetic shield can also be designed to promote electric shielding, if grounding of metallic 

components and careful design, it would be of not of much usefulness to try to evaluate the electric 

field generated by the HIPLEV before the shield is developed. So, as an initial assessment, the 

ICNIRP compliance concerning the pedestrian exposure to the electric field is only evaluated on 

the field generated by the primary coil. 

The amplitude of the excitation voltage fed by the inverter at one of the extremities of the 

primary coil can be considered practically constant. So, to evaluate the worst case electric field on 

a pedestrian outside, but close to the i-lane, it is then necessary to consider the closest cross-

section to the energized extremities of that coil. As a simplification, the primary coil is assumed to 

be constituted by two parallel windings at distance 𝐷 according to the design in Figure 166, to 

which the excitation voltage 𝑉  (5.78) is applied. 

The results from FEM simulations (using the FEMM software) of the electric field in the 

vicinity of the primary coil, represented only above ground level, are shown in Figure 188. All linear 

dimensions are in millimeters, and indicated voltages are rms. In the plots, the colors correspond 

to the rms values of the intensity of the electric field 𝐸 in a cross-section of the lane close to the 

extremity of a primary coil, where the driving voltage 𝑉  of 106 V rms (measured on the 

prototype), is applied to its terminals and where the electric field is stronger, the worst case to 

consider. The central pink colored region, containing the cross-sections of the cables of the primary 

coil (red circles), refers to values of |𝐸| >  170 V rms, that is, above the maximum recommended 

acceptable value for occupational exposure according to ICNIRP [72] at the frequency used. The 

external light blue colored region is associate with values of |𝐸| <  83 V rms, which is the safe 

exposure limit for the general public  [72]. Other colors ranging from magenta (higher values of |𝐸|) to cyan (lower values of |𝐸|) are use in the transition region, associated with intermediate 

values of |𝐸|, that is, 83 V rms <  |𝐸| < 170 V rms. 
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           (a) 

           (b) 
 

Figure 188: FEM simulation of the electric field intensity on a lane cross-section close to the feeding extremity of 
the primary coil, where the e-bike is not present, in two cases: (a) Prototype at ideal workbench conditions and (b) 

a possible outdoor implementation with concrete bed and concrete lid covering the primary coil. 

Since the minimum distance of the pedestrian to the center of the lane is 𝑤 /2 =  750 mm, these simulations indicate that the pedestrian is sufficiently away from the 

cross-section under analysis, if standing outside the lane. Two cases are considered. In the first 

case, shown in Figure 188a, the simulation considers the hypothetical situation where the PVC-

insulated cables are idealistically suspended in air, 𝜀 = 1, or equivalently, only support materials 

with this relative dielectric permittivity are used. In the second case, shown in Figure 188b, the 

windings are considered to be buried in concrete of low moisture content (0.2%), with a relative 

dielectric permittivity 𝜀 = 4.5 [190]. As expected, the worst case (stronger electric fields) occurs 

in the case where concrete covers the primary coil, because its permittivity is higher, a situation 

where the recommended maximum electric field is only observed anywhere outside a diameter of 

675 m from the center of the lane. This result is even compatible with the lane paved width 

adopted of 1.0 m. So, it can be inferred that a pedestrian standing arbitrarily close to the lane, but 

outside it, would not be affected by the electric field of an energized primary coil of the designed 

system. 

5.14.2 EMF Exposure of Non-HIPLEV Riders 

Riders of non-electric and standard electric bikes are deemed as pedestrians crossing the 

lane, because standard bikes are not capable of activating the primary coils, which will remain not 

energized when they are riding over them. This holds as long as the minimum longitudinal 
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separation of one primary coil length ℓ  ≅  3.25 m (5.82) between a normal bike and a HIPLEV 

is observed, which is a reasonable requirement, a normally observed safety distance for vehicles 

riding at 25 km/h. 

Despite the compliance to this minimum guard distance depends on rider’s conscious 

mindset, it should be enforced as a rule. Periodic patterns painted on the lane equidistant to each 

other by ℓ  (or more) can help the riders to keep this minimum distance, in the same way some 

highways have markings to help the drivers keep safety distance for emergency breaking. 

Special cases arise if a rider incidentally stops on the lane. This can be due to an accident 

or a mechanical failure of the vehicle, for instance. If this happens, the rider should pull the bike 

to the sides of the lane, at least 50 cm away from the center of the lane. The HIPLEV’s rider 

incoming to the scene should avoid harvesting energy while passing closer than ℓ  to the stopped 

rider. Since the lane is relatively narrow for another rider coming to the scene to pass in good 

center alignment with the lane while a second rider is standing with his bike in the same lane, the 

primary coil activation is unlikely to happen anyway. 

5.15 Summary of HIPLEV Dimensional and Power Specifications 

In the previous sections of this chapter, using a step-by-step method of calculating the 

parameters and deciding the system geometry, the detailed DIWPT configuration and the 

corresponding adaptation of an e-bike as a HIPLEV was derived. The i-lane is modular, with each 

module consisting of an oblong rectangular primary coil, with rounded extremities, which are 

mechanically easier to implement. 

For a first validation prototype, the IWPT design effort privileged the maximization of power 

transfer in the center of the lane, satisfying the minimum electrification requirements for the 

demonstration of the HIPLEV feasibility, while keeping the electronics as simple as possible. The 

resulting main mechanical and electric parameters of the system is presented in Table 33: 
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Table 33: HIPLEV parameters for the. 

Parameter Symbol
Nominal 

Value 
Reference 

Minimum total lane width 𝑤  1.50 m 5.3.1 
Minimum lane paved width 𝑤  1.00 m 5.3.1 
Minimum cruise speed for stable full power transfer 𝑣  12 km/h [184] 
Maximum speed of electrical assistance 𝑣  25 km/h [5] 

Depth of primary coil support surface below ground ℎ  37 mm 5.6 
Number of turns of primary coil - 1  
Primary coil width 𝐷 405 mm 5.7.2 
Primary coil length ℓ  3.23 m m 5.9.4 
Primary coil winding total cross-sectional area 𝐴  30 mm  5.9.1 
Primary coil nominal driving voltage at 𝑓  𝑉  108.4 𝑉 rms 5.9.3 
Primary coil nominal current with open secondary coil 𝐼  65.4 A rms 5.8 

Secondary coil to ground clearance 𝑐 100 mm 5.4 
Vertical inter-coil distance ℎ 145 mm 5.6.1 
Number of turns of secondary coil 𝑁  11 5.8 
Secondary coil external width 𝑤  370 mm 5.4 
Average width of secondary coil turns �̅� 282 mm 5.7.2 
Average length of secondary coil turns ℓ  63 cm 5.10 
Secondary coil winding total cross-sectional area 𝐴  6 mm  5.5 
Induction frequency 𝑓  51.7 kHz 5.2.1.1 
Maximum electric assistance to power train 𝑃  250 W [5] 
Nominal DC regulated output voltage to power train 𝑉  36.5 V 5.2.1.2 
Maximum regulated power transfer 𝑃  400 W 5.2.1.3 
Minimum lane width where maximum power is available 𝐷  20 cm 5.3.1 
Minimum electric efficiency within maximum power range �̂�  59% 5.12 
Minimum primary coil pattern-distance ℓ ,  3.6 m 5.13.3 
Maximum primary coil pattern-distance ℓ ,  4.0 m 5.13.2 

The dimensions of the i-lane were adjusted to match existing regulation and practices used 

for building electric pedal-Assisted cycles [5] and bike lanes, the same methodology could have 

been used for other vehicles and power levels. It is however the unique low level of required power 

range of such electric vehicle that allow the design to be satisfied without the use of more 

elaborated materials and components, while keeping the exposure to magnetic and electric fields 

limited to maximum recommended values, on the pedestrian reference. 

A key point in the HIPLEV design is the determination of the cross-section of the magnetic 

link, composed by the primary and secondary coils. This was facilitated by the use of the theorems 

developed in Chapter 3, as approximation tools for finding a quasi-optimum solution to the 

positioning of the primary coil windings, once fixed the secondary coil dimensions. A cross-
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sectional view of the magnetic link for the HIPLEV prototype, annotated with the symbols of the 

most relevant dimensions, is shown in Figure 189. In this figure, the red dashed semicircle 

corresponds to the construction given by the Theorem 2 developed in Section 3.6.3, extended by 

one of the heuristic approximations introduced in Section 5.7.2, as given by (5.47) and (5.49). 

 

Figure 189: Cross-section magnetic link of the laboratory prototype of the HIPLEV, shown with secondary coil 
aligned at the center of the lane. 

This simple and easily repeatable geometric construction should provide the basis for the 

design solution of similar applications where the dimensions of the vehicle, the maximum viable 

secondary coil size, the vehicle to ground clearance and the required depth below of the primary 

coil ground vary. 

Concerning the circuitry exciting the primary coil, no special requirement on the topology is 

made. In the HIPLEV prototype, an auto-resonant Mazzilli-Baxandall type inverter was used for 

being one of the most economical choices, for being implemented with only two power transistors 

and using the primary coil itself in conjunction with a single capacitor bank as its resonating tank. 

This simple circuit automatically regulates its output voltage, keeping it approximately constant, 

independently of the load, what is good. However, it introduces an interdependency between the 

primary coil inductance (and length) and the operation frequency, which is not good, requiring all 

primary coils in an i-lane to have a tighter dimensional tolerance, to be driven by identical inverters 

in the case of real application.  

For the benefit of decreasing the sensitivity of the system to the length of primary coils, thus 

facilitating the eventual mass production of the system, a standard H-bridge inverter 2.9.1 using 
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four power transistors, fixed frequency, and automatic amplitude stabilization by means of duty 

cycle control, could be used in future versions of the system. 

5.16 Results from the Implemented Laboratory Prototype 

After the secondary coil was installed on the electrified bicycle (Section 5.10) and the i-lane 

had been independently assembled (Section 5.11), the prototype advances for a two-step 

integration test. Initially, the prototype is tested without DC-DC regulation on the secondary, which 

allows the estimation of the magnetic link efficiency at unconstrained maximum power transfer. 

Then the DC-DC converter is installed, and the final performance parameters are evaluated. 

5.16.1 Tests before the Integration of the DC-DC Converter 

The terminals of the primary coil are connected to the Mazzilli-Baxandall inverter and the 

system initially powered-on with 𝑉  =  48 V, supplied by an Agilent 6574A programmable power 

source. In a first test, before installing the powertrain (hub motor and motor driver) and the DC-

DC converter, the secondary was loaded up to approximately 550 W, with the aid of a pair of DC 

electronic loads type 6060B (Agilent and HP) connected in parallel direct to the output of the 

rectifier stage. The inverter starts oscillating ant the resulting excitation voltage 𝑉  produced on 

the terminals of the primary coil is measured at 106 V rms. A photo of the workbench configuration 

for this first test is shown in Figure 190. 

 
 

Figure 190: First test of the partially adapted e-bike on the energized primary coil. 

The electric measurements taken directly from the readings of the power source and 

electronic loads are normally sufficiently precise, when the equipment is calibrated, however, this 
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was not assured. In order to have a consistence check on the measures and also, to avoid including 

in the measurements the voltage drops on the long power connection cables, other two wattmeters 

model I-50A were also installed in the configuration, make readings closer to the DC input of the 

i-lane and the DC output of the HIPLEV, as shown in the diagram of Figure 191. To simplify the 

figure, the multimeter used for reading the frequency, a current probe LEM model PR 30 (for 

reading the secondary current) and an oscilloscope Tektronix TDS320, also used, are not drawn. 

 

Figure 191: Configuration of the instruments used to measure the DC-to-DC power transfer to the HIPLEV, before 
the installation of the DC-DC converter in the secondary. 

The inverter oscillation frequency was initially established at 51.9480 kHz, as measured 

with a Keithley 2100 Multimeter, sampling the magnetic field with a small auxiliary open-circuit 

coil placed over the primary coil, as shown in Figure 192b. Along the tests, the oscillation 

frequency was observed to slowly drift in the range of 𝑓 ,  =  51.4 kHz to 𝑓 ,  =  52.1 kHz, 

depending on load and temperature conditions, values which are congruent to the design value of 

51.7 kHz plus a deviation of ±0.5%. 

       
 

Figure 192: First tests with the secondary coil installed on the bike: (a) Position of the resonant capacitor bank and 
(b) connection of the COTS inverter module to the primary coil and signal sampling of primary coil voltage. 
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The series resonance capacitor bank was installed on the bike in a relatively fragile 

assembly, as shown Figure 192a, privileging the ease of access for measurements. But since the 

prototype was not intended for dynamic tests, this was not a problem. It was possible to establish 

a good resonance in the secondary, despite the ±0.5% variation of the induction frequency. 

The power transfer was sustained for long periods, and the instruments indicated 

approximately constant readings along all the time, so it was not necessary to synchronize these 

readings with an external clock, and the measured vales were just annotated for analysis. The 

measurements taken with the HIPLEV center aligned over the primary coil, crucial to an initial 

assessment of the power transfer capability and efficiency of the design, are shown in Figure 193 

and Figure 194, and transcribed in Table 34. 

(a)       (b)  

(c)       (d)  
 

Figure 193: Photos of instruments reading DC power levels in test configuration: (a) electronic loads, (b) power 
source for the inverter, and wattmeters reading (c) output from secondary and (d) input to inverter. 

 

    

                               (a)                                                                            (b) 
 

Figure 194: Photos of the other auxiliary instruments reading: (a) secondary coil current and secondary link 
voltage, which is the input to the diode bridge and (b) induction frequency. 
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Table 34: Summary of 3D magnetic field simulations run to estimate the induced voltage on secondary coil. 

Instrument 
Voltage 

(V) 
Current 

(A) 
Resistance 

(Ω) 
Power 

(W) 

Power source, Agilent 6574A 48.01 16.486 − 791.5 
Wattmeter I-50A #1, at inverter input 47.68 16.63 − 793.2 
Wattmeter I-50A #2, at rectifier output 48.28 11.42 4.228 551.3 
Electronic load I, Agilent 6060B 47.63 5.606 8.496 267.0 
Electronic load II, HP 6060B 48.27 5.682 8.496 274.3 
LEM PR 30 probe (via TDS 320)** 1.76 17.6 − − 

TDS 320, square wave input (level)*** 52.8 − − − 
*The numbers in color violet were obtained by computation, based on other readings of the same equipment. 

**Peak value, the current probe sensitivity is 100 mV/A. 
***Average value estimated on the oscilloscope screen (peak value was 52.8 V). 

By looking at Table 34, it can be realized that, although the measurements from the different 

instruments do not match perfectly, there is a good general agreement. The electronic loads, 

stacked on topo of each other and connected together in parallel by a short wire, after being 

programmed in resistive mode with the same resistance (8.496 Ω), they should provide equal 

power readings, but their readings differ by 2.7 %. The I-50A used are newer equipment, but the 

manufacturer does not specify precision, only resolution. But in previous tests, their precision was 

indicated as being better than 0.5%. Particularly, they showed a good agreement with the 

HP 6060B, diverging from the readings of the electronic load I Agilent 6060 B, which was deemed 

as exhibiting more error. So, considering the load power, instead of using the direct readings 

provided by the electronic loads, 267 W + 274.3 W =  541.2 W, the decision was to discard 

the measurement provided by electronic load I and replace it by the same value read by electronic 

load II, making an average with the value read by Wattmeter I-50A #2, 551.3 W, which in 

incidentally is closer to the double of the value measured by the HP 6060B, 2 ×274.3 W =  548 W, further supporting the hypothesis that the measurement provided by 

electronic load II is better than that provided by electronic load I. The estimated power delivered 

to the load is then (551.3 W + 548 W)/2, at a voltage 𝑉  =  48.28 V and current 𝐼  =  (11.42 + 2 × 5.682) ≅  11.4 A. 

The power loss in the primary coil, 𝑃 , , can be indirectly evaluated based on the knowledge 

of the sum 𝑃 , + 𝑃 , +𝑃 , + 𝑃 , : 
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𝑃 , + 𝑃 , + 𝑃 , + 𝑃 , = 791.5 + 793.22 − 551.3 W + 548 W2 ≅ 243 W , (5.109)

where 𝑃 , , 𝑃 , , 𝑃 ,  and 𝑃 ,  are similarly defined as in Table 30, but sub-indexed by zero, to 

indicate the particular condition center alignment condition in this test prior to the DC-DC 

integration. By noticing that 𝑃 ,  =  (1 − 𝜂 )(791.5 + 793.2)/2 =  39.6 W, it can be 

inferred that: 

𝑃 , + 𝑃 , + 𝑃 , ≅ 203.4 W (5.110)

But 𝑃 ,  and 𝑃 ,  can be estimated on basis of the secondary current: 

𝑃 , = 2𝑁 �̅�+ℓ 𝜌 , 𝐼 𝜋2√2 = 24.1 W (5.111)

𝑃 , ≅ 2𝑉 𝐼 ≅ 16.0 W (5.112)

From (5.110), (5.111) and (5.112) it results that: 

𝑃 , ≅ 163.3 W (5.113)

Concerning the measurement of the input power to the inverter, both the I-50A wattmeter 

and the power source Agilent 6574A are in good agreement (0.2%). The decision was to consider 

the average of these two values. The estimate for the experimental DC-DC efficiency before the 

installation of the DC-DC converter is than given by (5.83): 

𝜂  𝜂 = (551.3 W + 548 W)/2 + 2 × 0.7 × 11.4(791.5 + 793.2)/2 ≅ 71.4% (5.114)

Most relevant for the performance of the core part of the prototype design, the estimated 

efficiency of the magnetic link, based on (5.114), is evaluated at: 

�̂� = 𝜂  𝜂�̂�  =  71.4%�̂� ≅ 71.4%95% ≅ 75% , (5.115)

which is 6% above the predicted minimum of 68.8%, established along the design procedure 

(Section 5.12) by using FEM numeric simulations and circuit considerations. 

The experimentally obtained overall DC-DC efficiency, with inverter energized at 𝑉  =  47.68 𝑉 and in center alignment conditions of the unregulated output configuration, i.e., 

before the inclusion of the DC-DC converter between the rectifier and the load, is then determined: 
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𝜂 , = (551.3 W + 548 W)/2(791.5 + 793.2)/2 ≅ 69.4% (5.116)

5.16.2 Power Transfer on the Fully Integrated Prototype 

The COTS DC-DC converter model used is the Zhengzhou Minghe Electronic Technology 

model ZXY - 6010S buck converter [191], with an input voltage range of 13 V to 62 V, with a 

maximum of 600 W power output. It works as programmable constant output voltage converter, 

provided that the DC input voltage exceeds the desired output by at least 𝛥𝑉 =  2V. For lower 

input voltages, the output voltage follows input voltage, but with a constant voltage drop of 𝛥𝑉 

from the input. The converter turns to constant current mode if the load tries to sink more than 

an also pre-programmed current value, up to 11 A. In the HIPLEV the ZXY-6010S was programmed 

for a 36.5 V output, with a limit output current of 11 A, because the maximum expect current is 400 W/36.5 V =  10.96 A.  

The DC-DC converter was individually tested before integration in the HIPLEV. Its efficiency 𝜂  for representative operating conditions is reported in Figure 195, where the converter was 

programmed to a 36 V output voltage and 10 A maximum output current. 

 
 

Figure 195: Experimental characterization of the DC-DC converter used in the secondary circuit. 

At 360 W of output power, which is 90% of the nominal maximum HIPLEV power (400 W), 𝜂  ranges from 92.2% to 94.1%, provided that the input voltage is the minimum necessary 

for regulation, i.e., 𝛥𝑉 higher than the programmed output voltage. 

Using the measured values of 𝜂  and 𝜂  𝜂  in (5.83), results in a quick rough estimate 

for the best and worst case overall DC-DC efficiency of the HIPLEV/i-lane system prototype, at full-

power (550 W) and center-alignment conditions: 
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𝜂 , × 92.2% ≤ �̂� ≤ 𝜂 , × 94.1%  

64.2% ≤ �̂� ≤ 65.2% (5.117)

This estimated range for 𝜂  (5.117), already based on measurements of the individual 

modules, is higher than the previously conservative estimation �̂�  (5.91). This is due to the fact 

that �̂�  is obtained in center alignment conditions, while �̂�  is the worst-case estimate for the 

critical limit displacement of 𝐷 /2, with the DC-DC converter acting as an impedance matching 

circuit. 

On the other hand, this preliminary estimated range for �̂�  is further affected in the final 

prototype by two different effects of opposite influences: 

(i) the power source voltage in the final prototype is brought from the 48 V of the preliminary 

experiment to closer to its design value, 𝑉  =  48.8 V (5.79), what increases the power 

dissipation in the primary coil and tends to decrease efficiency, and  

(ii) by restricting the maximum output power to 𝑃  =  400 𝑊, the current on secondary coil 

decreases from its previous value, thus reducing the power dissipation of the secondary coil 

and rectifier. 

Since the nominal power dissipation on the primary coil is much higher than that on the 

secondary coil, the first effect will likely dominate the variation of the efficiency, and the resulting 

range for �̂�  should be lower than that indicated by (5.117). 

In the final configuration of the prototype, with the DC-DC inverter installed on the secondary, 

to simplify the set-up, 𝑉  is then fixed at 49 V. The induced voltage in the secondary coil is 

measured directly on the open circuit secondary coil, resulting in 48.89 V rms, which is just 

incidentally close to 𝑉 , by mere design options for the primary coil and powertrain voltages. At 

this nominal 𝑉 , the voltage on the primary coil became approximately 108.3 V rms, for which 

a nominal (open secondary) primary current of 65.3 A rms was indirectly estimated using 𝑓  and 𝐿  (5.76), since no current probe for this current level was available, at the time of the experiment. 

A similar testing configuration to that used before the integration of the DC-DC converter in 

Figure 191 is again used, but now with the electronic loads connected instead to the output of the 

DC-DC converter. An annotated photo of the prototype is shown in Figure 196, with all featured 

circuits installed on the adapted e-bike. 
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Figure 196: Adapted e-bike and DIWPT lane on workbench, ready for final power tests. 

An annotated rear view of the configuration is also shown in Figure 197, where it is clearly 

seen the establishment of the center-alignment condition. 

 
 

Figure 197: Workbench test with bike aligned on the center of lane (zero misalignment), rear view. 

The output power level is restrained to 𝑃  =  400 W, so the unrestrained power levels 

previously observed without the DC-DC converter, in excess of 550 W, will never occur during 

normal operation of the system. This is done by programming the DC-DC converter to clip the 

rectified induced voltage to 𝑉  =  36.5 V, and limit the output current to 11 A, thus forcing the 

power output to be limited to 401.5 W, independently of the connected load. 
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The input power to the primary coil inverter and the output power at the output of the DC-

DC converter is than measured at several lateral misalignment values, from which both the 

experimental efficiencies and width 𝐷  can be evaluated. This experimental data is shown in the 

first three columns of Table 35, where the fourth column contains the computed efficiency value. 

Table 35: Experimental power data in HIPLEV prototype. 

Displacement (mm) 
Input Power (W) Output Power (W) Efficiency (%) 

Raw* Centered** 

47 -205.5 199.7 37.66 18.9 
55 -197.5 217.9 52.65 24.2 
75 -177.5 278.9 102.1 36.6 
93 -159.5 343.4 155.9 45.4 

105 -147.5 395.7 198.9 50.3 
118 -134.5 456.6 248.6 54.4 
132 -120.5 523.5 302.9 57.9 
146 -106.5 587.9 355.2 60.4 
161 -91.5 646 400.3 62.0 

172.5 -80 646.8 400.4 61.9 
202.5 -50 635.5 400.7 63.1 
252.5 0 627.6 400.9 63.9 
302.5 50 635.7 400.4 63.0 
332.5 80 644.9 400 62.0 
345 92.5 645.2 399.8 62.0 
363 110.5 580.6 351.3 60.5 
377 124.5 514.3 298.4 58.0 
390 137.5 455.9 250.5 54.9 
403 150.5 397.3 202.7 51.0 
418 165.5 336.5 153.1 45.5 
436 183.5 274.1 101.7 37.1 
459 206.5 212.4 50.54 23.8 
467 214.5 194 35.3 18.2 

*The raw measurement is the average of two readings on millimetric rulers, one installed at the rear extreme 
of the secondary coil and the other a the aft of the secondary coil. 

**Displacement relative to the center alignment position, for which the raw readings are 252.5 mm. 
***Numbers in color violet are computed from direct measurements. 

The number of points obtained in Table 35 was not too high due to the difficult of precisely 

realigning the e-bike at each new displacement. However, by the use of curve fitting, it was possible 

to extract the 400 W clipping point with resolution better than 1 mm. However, although the rulers 

used had uniform quality and provided good linearity and consistent measures to other available 

rulers available in the lab, their precision was not assured by manufacturer and they were not 

calibrated, thus real precision is unknow. The power levels are measured to 0.3% precision. 
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The power data obtained is then plotted in Figure 198 for analysis. 

 

Figure 198: Experimental i-lane input and output power, as a function the lateral misalignment. 

Curve fitting models of the side skirts and central output power values, and the interception 

points of these curves (thin red, blue and green dashed) is numerically solved for the critical lateral 

displacements 𝐷 ,  and 𝐷 , . The solutions found (using Wolfram Mathematica) are: 

𝐷 , = −94.6 mm (5.118)

𝐷 , = −98.0 mm (5.119)

The resulting experimental value for 𝐷  is then given by: 

𝐷 = 𝐷 , − 𝐷 , = 192.6 mm ≅ 193 mm , (5.120)

which is 3.5% smaller than the design value. 

This error is compatible with the total error effect resulting from different simplifications 

used in the design. Firstly, in the approximations used in the design method, an error of up to 2.5% in the simplified heuristic estimation of 𝐷 (Section 5.7.3) is expected. To this error, an 

additional 1.25% error from other sources can be easily attributed, for instance, to errors in the 

measurements of the displacements and power levels. Then the 𝜀 =  −3.5% error in 𝐷  is 

completely justifiable. In addition, a simple correction initially devised for this error could consist 

in the reiteration of the design procedure, using 𝐷  =  𝐷 ,  =  200 mm ×  (1 −  𝜀). 
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The voltage supplied to the constant resistive load, mimicking the association of the 

powertrain and a battery management system (BMS), remained constant along all electrified width 𝐷 , as shown by the red curve in the graph of Figure 199. 

 
 

Figure 199: Experimental characterization of the open secondary voltage and the output of the DC-DC converter.

The relation between the regulated output voltage from the DC-DC converter in the 

secondary and the rms induced voltage, which can be measured with the secondary coil in open-

circuit, was analyzed in Section 2.5.5. For buck converters as that used in the prototype., the DC 

output voltage should then be sustained at 𝑉 , for  𝐸 ,  ≥   𝐸 , ≅ 37.8 V  (2.75). 

Concerning the efficiency, the numbers obtained were very much in the range expected, 

from a lower value at the maximum critical displacements, as given by (5.91), to its best value, in 

center alignment conditions, as approximated by (5.117). Using the experimental data of Table 

35, the efficiency curve, as a function of the lateral displacement, is then plot in Figure 200. 

 

Figure 200: Experimental efficiency curve, all as a function the lateral misalignment. 
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It can be concluded that the efficiency figures found for the HIPLEV, ranging from 

approximately 64% in center alignment conditions to approximately 62% in critical lateral 

displacements were entirely compatible with the design estimates. These values are also in 

excellent agreement with the partial efficiency estimated for individual modules of the HIPLEV. 

As a conclusion, the design power and efficiency levels were successfully achieved, with the 

7 mm (−3,5%) error observed in the center strip of maximum transfer power considered not to 

interfere with the HIPLEV proof of concept. Both because the error is not relevant itself and 

because it can be easily corrected by iterating the design. 

5.16.3 Analysis of Errors and Correction of the Experimental Setup 

Although the error 𝜀 = −3.5% obtained in the width of the i-lane’s 𝑃 -electrified width, 𝐷 , 

is within its maximum expected range, it originated a few concerns, since in previous free-play 

experimentations with the theorems and procedures developed, errors less than 2.5% were usually 

found. That small elevation in the error, compared to that observed in other prototypes, was also 

accompanied by the reduction of the predicted best efficiency also by about 1%. This raised the 

suspicion of some ongoing unforeseen losses, or the presence of some unintentional magnetic 

shaping effect, affecting the magnetic link. 

The mere repetition of the measurements did not show any improvement in the error, on 

the contrary the measures exhibited consistency from trial to trial. Not many repetitions were 

carried out, due to the difficult to take measurements in many points, which required manual 

realigning the bicycle on top of the workbench, at newer displacements. The repositioning of the 

bike also tends to move the cover lids of the primary coil slightly. Despite the fact that the primary 

coil windings are immobilized by a restrained system, a new fine alignment check of the primary 

coil underneath the lids is necessary, before proceeding with each new measure. 

Although the high aluminum bike frame and aluminum wheel rims were considered not to 

interfere significantly with the power transfer, for the sake of the investigation of the error source, 

a new set of measurements was carried out, with only the secondary coil on the lane, connected 

to the secondary circuitry as is the HIPLEV diagram. The secondary coil was removed from the 

bike and positioned on the lane, as shown in Figure 201a, for ease in obtaining more detailed and 

precise measures. Any eventual discrepancies found in the measurements taken in this new 

configuration could indicate an unexpected higher influence of the bike frame. The reason could 

be that the bike frame could either be limiting the precision of the positioning, or, due to unforeseen 
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losses, it could be affecting the power transfer itself. The displacement values were again similarly 

averaged from measures taken on the two opposite extremities of the secondary coil, as illustrated 

in Figure 201b. 

(a)        (b)  
 

Figure 201: Measuring induced voltage with the secondary coil only positioned over the primary coil. 

To eliminate other source of errors, before measuring the transferred power, this time a 

consistency check of the induced voltage with open circuit secondary was first conducted, with a 

larger number of displacement points inspected, from about −250 mm to 250 mm. The values 

were compared not to the predicted values provided by the approximation given by (3.123) 

(3.124), of Theorem 1, but to full FEM model of the coils, with their multiwire conductors. If the 

bike frame could cause any disturbance on the power transfer, at least in this test this disturbance 

would not appear, and a good agreement with the FEM numeric simulations should be obtained. 

However, the new results did show a small divergence between the measured induced 

voltage, and the induced voltage that was expected in the model, even with the bike removed from 

the secondary coil. While the errors observed in displacements close to zero were negligible, but 

they became increasingly higher, as the coil position was moved away from center lane in both 

directions, specially above 𝐷 /2. The distribution of the error was also noticed to be slightly 

asymmetric (left and right) around the center of the lane, being higher inward the workbench 

(negative displacements), as show in the graph of Figure 202. This was a clear indication that 

some factor not related to bike frame was affecting the setup. Also, since this measurement was 

done with the secondary unloaded (secondary coil with open circuit), the error could not be 

attributed as well to the approximations done by neglecting the back induced current. 
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Figure 202: Anomaly found in the induced voltage. 

The anomaly found in the induced voltage was small close to the center of the lane, and up 

to approximately 100 mm away for the center, the region of upmost importance for the HIPLEV 

application, and it did not interfere with the proof of concept for the design. However, at higher 

displacements and lower induced voltages, the error could amount to more than 50%, what is 

not acceptable. For instance, at −252.5 mm, the induced voltage predicted by the FEM model is ∼6.6 V, whereas the voltage measured was ∼1.8 V. At 247.5 mm, the predicted voltage is ∼7.7 V and ∼4.5 V was measured. This unexpected error, observed despite the bike not being 

attached to the secondary coil, could easily contribute to the small reduction observed in the 

electrification width 𝐷 , from 200 mm to 193 mm, as reported in 5.16.2. 

At this point of the investigation, the major concern of the design became the coil activation 

schema, and the prototype was translated to a new, more spacious test site for the HIPLEV, in 

another laboratory room. As a last improvement in the power circuitry, a new rectifier bridge with 

multiple matched Schottky diodes in parallel and higher breakdown voltage (100 V) was installed 

on the secondary, next to the DC-DC converter, as shown in Figure 203. 

 
 

Figure 203: Detail of the installation of improved rectifier and DC-DC converter on the bike’s frame. 
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This new set up, using all wooden workbenches, is shown in Figure 204. 

 
 

Figure 204: HIPLEV prototype on new all-wooden test workbench, shown with primary coil totally covered. 

Before proceeding with other scheduled design activities, related to the development of the 

activation of the primary coils based on RFID detection (Section 5.18), it was deemed as a good 

practice, to test the HIPLEV prototype again, for power transfer and efficiency. 

In this new test site, another faster but less precise method for measuring the lateral 

displacement of the bicycle was used: The position of the bike was simply estimated by measuring 

the distance of the center of the bike rear tire to the center of the lane, with a metric tape. 

Preliminary tests indicated an estimated precision tolerance of ± 0.3 cm. It was then verified that 

a new nominal value for the 𝑃  - electrified width of 19.7 cm was achieved, this time with no 

asymmetric pattern shown on the induced voltage, even at higher lateral displacement values. 

The efficiency in central alignment conditions was also observed to increase to 65.5%, 

approximately 1.5% higher than was obtained in the previous setup (Figure 196 and Figure 197). 

In addition to validating once more the power transfer design, these new observations 

provided an indication of the existence of a vicious factor affecting the measurements in the first 

set up. In order to completely clarify the facts, it was then necessary to go back and reexamine 

the first setup. 
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Reviewing the several photos taken at the first test site, it was realized that the wooden 

workbenches used to support the primary coil (and the bicycle over it) had a metal frame structure, 

as shown in Figure 205. Although this had had no apparent effect in earlier, smaller stationary 

and dynamic prototypes previously tested on the same workbench, it could have affected the 

HIPLEV, due to its larger dimensions. The reason could be related to either the larger size of the 

prototype, or the higher current levels involved. 

 
 

Figure 205: Another rear view of e-bike on DIWPT lane, showing detail of workbench steel beams. 

The carbon steel beams embedded in the workbench were initially assumed to be far enough 

from the primary and secondary coils, and were neglected. In the first study prototypes, the coils 

were small and could be well centered on the workbench top. However, as the sizes of the 

prototype coils become larger, relatively to distance between these coils and the steel beams, they 

might have become less negligible. It was also noticed that the steel beams are soldered together, 

incidentally forming concealed coils, which can be induced by the same magnetic field generated 

by the main pair of coils in the prototype, exhibiting parasitic currents and parasitic losses. These 

are difficult to measure directly, because it might be necessary to damage the furniture do it, but 

they can be evaluated based on FEM modeling. 

To mechanically support the HIPLEV prototype, three 1.50 m long workbenches were 

aligned side by side. The workbench used was measured and modeled in 3D and then the model 

was simplified, as shown in Figure 206. 
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Figure 206: Identification of the most relevant structural elements of the workbench interfering with the magnetic 
field generated by the primary coil: (a) From the original workbench, (b) only the metallic structural elements are 

considered, and (c) from these, only the closer loops to the primary coil are modeled. 

Considering that the three vertical loops on the sides of the workbench are orthogonal and further 

away from the primary coil than the upper loops, they were initially suppressed from the electric model 

of workbench. Based on this simplification, the sum of the currents 𝐼 , 1 ≤  𝑘 ≤  4, traversing the 

steel beams that are closest to the prototype coils (Figure 206c) should be approximately equal to 

zero, as if the steel beams were simply short circuited together at their extremities: 

𝐼 +  𝐼 + 𝐼 + 𝐼 ≅ 0, (5.121)

This new experimental configuration can be simulated using the 2D geometry of the cross-

section, with (5.121) as a constraint in the FEM model. A circuit model with series lumped 

inductances for each steel beam was integrated with the FEM model, each of these inductances 

being equivalent to the partial contribution of each beam to the loop inductance. The values of 

these lumped inductances were experimentally adjusted at 𝐿 = 400 µH for beams numbers 𝑘 =  1, 3 and 4, and at 𝐿 = 615  µH for beam number 2, the bean on the front of the 

workbench, the one that is most detached from the group of steel beams. In summary, the 

simulation integrated the primary and secondary coils with the finite element model and circuit 

elements of the steel beams, as represented in Figure 207. 
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Figure 207: Hybrid circuit-FEM with lumped serial inductances, as a simplified model for the workbench. 

The steel beams are hollow rectangular carbon steel bars, with a wall thickness of about 

1.5 mm, and two different cross-section dimensions are used in the construction of the workbench. 

The resistivity of carbon steel is about eight times higher than that of copper, while its magnetic 

permeability is approximately 100 times higher. The electromagnetic skin depth (2.107) in carbon 

steel is then 8/100 ≅  28% that of copper, at the same frequency. At the frequency used, 𝑓  =  51.7 kHz, the skin depth of the steel beams is approximately 80 µm, almost 20 times 

smaller than the average thickness of their walls. Because of that, as a further simplification of 

the geometry, the hollow steel beams can be modeled as solid carbon steel parts, for the effect of 

computing AC resistance, currents, their influence on the magnetic field generated by the primary 

coil, and consequently, the induced voltages on the secondary coil. 

After creating the profiles of the steel beams in the cross-section, at the correct relative 

position to the primary coil, and including the equivalent inductances in the circuit definitions of 

the model, a hybrid circuit-FEM simulation is run using COMSOL Multiphysics. This resulted in 

estimations for the currents flowing in the steel beams, and reveal that the workbench metal 

structure is capable of producing a magnetic field component, in response to the current being 

imposed on the primary coil, as shown in Table 37. It can be noticed that, although the currents 

found on the primary coil cables are very similar to that found when not considering the workbench, 

there is an unexpected slight asymmetry in the currents of cable A and C. Specially, there are now 

currents on the steel beam, previously unconsidered. 
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Table 36: Currents and losses in primary coil and structural elements of the workbench. 

Conductors Symbol Current (A rms)** Losses (W/m) 

Cable “A”* 𝐼  28.2+1.18𝑗 (43.2%) 26.6 

Cable “B”* 𝐼  8.57 − 2.42𝑗 (13.1%) 2.64 

Cable “C”* 𝐼  28.6+1.24𝑗 (43.7%) 27.3 

Steel Beam #1 𝐼  −8.72 − 0.046𝑗 (13.3%) 0.291 

Steel Beam #2 𝐼  13.6 + 0.070𝑗 (20.8%) 0.806 

Steel Beam #3 𝐼  −2.94 − 0.016𝑗 (4.50%) 0.041 

Steel Beam #4 𝐼  −1.49 − 0.008𝑗 (2.28%) 0.034 

*Current established by imposing a total real current of 65.4 A rms on the parallel association of A, B and C. 
**For single conductors, currents are positive when going outwards of the cross-section; for cables of the 

primary coil, current is positive when leaving the cross-section on the left.  

The losses reported in Table 37 are entirely due to resistive losses. The losses due to the 

magnetic field in the carbon steel core were also estimated, but turned out to be negligible, in face 

of the ohmic losses and the relatively low field intensity to which the steel beams were exposed. 

The workbench beam loops are approximately 1.50 m x 0.80 m (supporting the workbench top), 

1.50 m x 0.35 m (supporting the shelf) and 1.50 m x 0.40 m (back frame). Then the total power 

loss in one workbench can be estimated as: 

𝑃 ≅ 0.291 Wm × 1.50 m + 0.806 Wm × (1.50 m + 2 × 0.80 m) + (5.122)

+ 0.041 Wm × 1.50 m + 0.034 Wm × (1.50 m + 2 × 0.35 m) +  

+ 0.806 Wm × 𝐼 + 𝐼𝐼 × (2 × 0.40 m) ≅ 3.14 W  

As one primary coil is about 3.25/1.50 times longer than one workbench, requiring the 

support of three of them, the total estimated power loss in the workbenches, 𝑃 , is estimated 

at approximately: 

𝑃  ≅ 3.14 W × 3.25/1.50 = 6.8 W (5.123)

This is a little more than 1% of the required power input to the primary inverter to transfer 

the nominal power 𝑃  =  400 W to the vehicle. So, expectedly the use of that particular setup to 

test the HIPLEV can additionally reduce the efficiency at full load by approximately 0.7% as well. 
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Although the power transfer and the efficiency are not significantly impaired due to the use 

of a less than ideal metallic-frame workbench, the parasite currents in the steel beams also affect 

the magnetic field sensed by secondary coil. This non-intentional effect is equivalent to shaping 

the magnetic field (Section 3.6.4.3) generated by primary coil. The results as shown by the plots 

of the magnetic field intensity on the cross-section of the magnetic link resulting from FEM 

simulations, in Figure 208. 

 

Figure 208: The effect of the workbench in the model of the magnetic field: (a) Workbench is not considered, and 
(b) workbench steel structure is included in the model. Cross-section dimensions are in mm. 

The steel beams, though relatively far from the primary coil, function as a semi-open metallic 

cage around that coil, which contain loops that tends to confine the magnetic field somewhat, as 

shown in Figure 208b.  

The concordance of the experimentally obtained induced voltage data with that predicted 

with two models, the first of them, not considering, and the second, considering the effect of the 

workbench metallic structure, can be compared in Figure 209. It can be noticed that by considering 

the workbench steel frame in the model, excellent agreement is now obtained between the 

experimental induced voltage and the values predicted by the full model, including with the 

justification of a slightly asymmetric distribution on the edges of the lane. 
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Figure 209: Comparison of prediction models for the induced voltage on secondary coil with data measured on the 
prototype: with and without the metal structure of the workbench considered. 

For easier visualization of predicted voltages under the two models, the same information 

presented in Figure 209 is plotted in terms of relative errors, in the graph of Figure 210. The blue 

curve (b) representing the errors of the adjusted model using the workbench geometry and material 

information has an essentially flat error, less then ±0.5%, along all the displacement interval from −200 mm to 200 mm. The red curve (a), on the other hand, representing the prediction errors 

using the excessively simplified model (which unconsidered the workbench) exhibits negative 

errors with magnitude in excess of 2.5%, for displacements of ±100 mm and over. 

 
 

Figure 210: Prediction error of induced voltage on secondary coil: (a) Workbench steel structure neglected (b) 
workbench steel structure included in the model. 

This explains the acceptable but, at the same time, unexpected error of 3.5% initially found 

in the measurement of 𝐷 , in the prototype, and why this error disappeared when the prototype 

was moved to a new test site. 
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5.16.4 Conclusions Derived from the Power Transfer Tests 

It is requirement for the HIPLEV that the DC-DC efficiency, 𝜂 , , is higher than 26.3% 

(5.9), a number high enough to guarantee overall superior energetic efficiency for the HIPLEV over 

heavier standard electric vehicles. This value was a priori considered totally feasible, using current 

technology, based on DIWPT prototypes described in the literature which claim 70% to 80% under 

the most favorable conditions. One of the challenges in the realization of the HIPLEV prototype 

was to avoid the use of the best currently available technology, including advanced materials and 

costly circuitry. Even then, the target DC-DC efficiency, 𝜂 , was then fixed at 52.6% (5.10). 

During the design phase, it was identified that the critical point for measuring the DC-DC 

efficiency are the extremes of the wirelessly electrified path, i.e., the external limits of the zone of 

assured nominal power transfer. At these points, larger currents than in any other position of the 

HIPLEV are expected on the secondary coil, and the nominal maximum power transfer to the 

vehicle is exercised under the least favorable conditions. 

Using FEM simulation of the power losses and predicted efficiencies of the commercial 

circuit modules used to excite the primary coil and to regulate the voltage to the load, the DC-DC 

efficiency of the design was estimated to be greater or equal to �̂�  =  59.3% (5.91), with the 

vehicle harvesting full power 𝑃  =  400 W. At misalignment values lesser than 𝐷 /2, i.e., with 

the vehicle better aligned in the lane, efficiencies slightly better than �̂� , but certainly less than 69.2% were expected. 

The prototype vehicle was tested under stationary conditions, in the upright position, 

immobilized over the inductive lane module by means of a wooden front wheel support. The 

measurements of input power to the Mazzilli-Baxandall inverter and the output of the DC-DC 

converter at the secondary connected to a digital electronic load were then logged. An electronic 

load array was programmed into the constant resistance mode, to emulate the powertrain, which 

was actually installed and fully functional, but was not used in the tests. 

Though using simple materials (no true litz wire and no ferrites) the design presented is 

deemed satisfactory due to its peak efficiency of 64%, and a sustained efficiency of 62% over the 

entire operational range of vehicle misalignment. These values surpass the requirements 

established for the system and lie well within the predicted range of efficiency, at design time, of 

59% to 69%. 
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5.17 HIPLEV and Inductive Lane Integration 

Whilst the first HIPLEV prototype consists of a single primary coil, built solely to test the 

power transfer capability of the system, in a real i-lane application, several are primary coils must 

be deployed on the lane, to provide an electrified path for the HIPLEV. Each of the coils has to be 

compensated by a compensation network, which, in the case of the protype, is made of a single 

bank of capacitors that resides in the Mazzilli-Baxandall inverter board. However, another 

arrangement for the circuitry, using resonant inverters, is also proposed, pairing each two 

consecutive primary coils’ circuitry in one box, in order to reduce the number of manhole boxes 

along the lane, thus simplifying the installation and maintenance routines. 

In this context, the minimum lane module, instead of consisting of a single primary coil, 

could be composed of two neighbor primary coils, one single common DC power supply, two 

resonant inverters and two passive compensation networks. A general view of a possible 

implementation of the electronics in one of these modules, which details are not in the focus of 

this work, is shown in Figure 211. 

 
 

Figure 211: Block diagram of the electronics for controlling an i-lane module with two primary coils. 

Derivations of the power grid are taken in junction boxes, which may contain fuses or other 

type of protection against abnormally low impedances of the module. The grid power is rectified 

and then optionally filtered and converted to the multiple DC power levels used by the inverters 

and the control circuit, which include RFID readers (Section 5.18) or, in future implementations, 

other sensor devices than can detect vehicles demanding power.  
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Each primary coil, A and B, has a separate sensor and activation line to request the 

respective inverter to turn on. The rectifier, the DC power source, the inverters and their control 

should reside int the same board, in the same single manhole box. The activation sensors and 

their low level controllers should lie together with their respective primary coil. Particularly in the 

case of RFID detection, the RFID reader should be directly attached by short cables to the RFID 

reading coil, which is partially superposed with the associated primary coil, collocated in magnetic 

orthogonality with this power coil. 

The passive compensation networks for the primary coils could either be located on the 

inverter board, inside the manhole box, or they could be split, with some components in the 

inverter and others close together with the coils. This second option, if carefully designed, would 

keep the higher currents restrained to the primary coil assembly, while still avoiding electrical 

noise being radiated from the switching voltages on the outputs of the inverter half-bridges. 

The concept of integrating the control of two primary coils can be extended for three or more 

coils in the same lane, or in parallel lanes, for two-way systems. This would be particularly 

interesting if the compensation networks are split. In this case, the cables connecting the inverter 

cluster in the manhole box and coils would carry less current than the primary coil windings, and 

not much extra cost for these cables would result. 

The complete system for a one way lane should resemble the one depicted in Figure 212. 

 
 

Figure 212: DIWPT-adapted e-bike, shown on inductive lane constitute by several primary coils. 

The power grid line is shown running parallel to i-lane, but it is expected to be segmented, 

since the number of i-lane modules drawing power from the same power transformer is limited. 
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5.18 Power Activation of Primary Coils 

Dynamic inductive systems basically consist in embedding primary coils underneath the 

vehicle’s path and energizing them in sequence, with AC currents, at the right timing, every time 

a vehicle with an on-board secondary coil is presented over each primary coil. Figure 213 shows 

a simplified system architecture representation of such a system. As the vehicle moves forward 

along its path, its pick-up (secondary) coil will sequentially cross the magnetic field generated by 

the stationary primary coils placed underneath vehicle’s path floor surface. For safety and 

efficiency reasons, only the primary coils in position of significant mutual induction with secondary 

coils should be activated at a given time. The effectiveness of the system depends not only on 

good magnetic coupling and power electronic design, but also on the appropriated time-spatial coil 

activation pattern. 

 
 

Figure 213: Schematic representation of a typical dynamic inductive wireless power transfer configuration. 

Considering the vehicle cooperative behavior, the detections schemas maybe either passive 

as in [110] or active, draining some vehicle on-board power, as in [192]. 

RFID (Radio Frequency Identification) systems have been used before for wirelessly powering 

and reading low power sensors integrated to tags [193]. This work, however, prospects the 

utilization of standard near-field RFID, with both reader and tag antennas modified, as a strategy 

to detect primary to secondary coil alignments and activate other specialized wireless power 

transfer circuitry. A design was conceived targeting lightweight electric vehicles, such as pedal 

electric cycles (PEDELEC), also referred as electrically power-assisted cycles (EPAC) [5], where 

vehicles` nominal power is limited to 250 W, with possible peaks of 400W, and the maximum 

vehicles’ speeds range from 25 to 35 km/h, depending on local legislation [3]. The principles and 

the analysis method can be, however, extended to higher speed electric vehicles and i-lanes. 
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5.18.1 RFID-Triggered Power Activation for Smart DIWPT to HIPLEV 

Early lab experiments with DIWPT used photocell interruption to sense vehicle’s secondary 

coil to lane’s primary coil alignment, and sequentially power them on [110]. One passive sensing 

strategy has been recently proposed by Kamineni et al., at the University of Auckland [194], which 

is based on the magnetic coupling enhancement between two sequential primary coils when a 

third pick-up coil, the vehicle’s on-board secondary coil, is travelling in between them. This strategy 

was demonstrated to work with double “D” primary coils [195] but could expectably be adapted 

to any other primary coil configuration, provided that these coils are closely enough spaced along 

the vehicle’s path. The sole use of this technique, however, should not permit the initial positive 

vehicle identification after its detection at the first primary coil in a row. 

RFID, on the other hand, have long been used on board of vehicles for both road tolling and 

access control. The inductive wireless power transfer concept is implicit in all passive near-field 

RFID. However, IWPT is used in this RFID application just to power a tag device, which can receive, 

store, process, retrieve and transmit information back to RFID reader, by modulating the load at 

the secondary that is reflected on the primary circuit through the RFID magnetic coupling. 

To handle the proper activation of the primary coils for the HIPLEV i-lane, a RFID-triggered 

power activation system was devised, implemented, and tested as the key sensing mechanism for 

controlling wireless power transfer from an inductive lane to a moving lightweight electric vehicle. 

The RFID would then provide the means for both the detection and the identification of the vehicle. 

In order to fit lightweight electric mobility application requirements, the RFID magnetic 

antennas were redesigned to larger than standard sizes, both at reader and tag sides, increasing 

the detection volume without increasing the required reading power, and permitting the reuse of 

commercial RFID circuits and embedded protocol software. To trigger the wireless power transfer, 

an RFID reader coil is placed magnetically orthogonal to each primary power coil to be controlled, 

at the extremity where electric vehicles are expected to come from, in a one-way traffic. After 

triggering the WPT, the RFID operation becomes irrelevant, and the power is turned off 

automatically when the vehicle leaves the primary coil field and the power demand is extinguished, 

or when time-out is reached. An inductive lane constituted of a sequence of such RFID-controlled 

primary coils can detect the presence of authorized electric vehicles and smartly energize the lane, 

manipulating the unique identifier codes and other information stored in the on-board tag to handle 

dissimilar power level demands more efficiently, and to implement tolling. The performance of the 

system is predicted based on the reconstructed 3D digital model of the RFID main detection lobe. 
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5.18.2 RFID Subsystem Requirements for WPT Activation 

In order for an RFID subsystem, constituted by an RFID reader installed on the lane side, in 

association with an specific primary coil or a primary coil set, and an RFID tag, placed on the 

vehicles, be able to successfully control the activation of the primary coils, some requirements 

must be observed: 

(R.1) Guaranteed speed of detection and identification. For a tag to be detected and 

read, it must remain continuously within the region of the space where detection can occur, the 

so called the detection volume. The guaranteed speed of detection can then be estimated by the 

ratio between the shortest travel distance of the tag, while crossing the detection volume, and the 

maximum time required to successfully process a tag, detecting and identifying it. For the e-bike 

study case considered, the value was established at 25 km/h. 

(R.2) Detection distance. Both the RFID reader and primary power coils are stationary, 

while the tag and the secondary coil are installed on board of the vehicle, at fixed relative position, 

it is convenient that the maximum detection distance be slightly larger than the IPT inter-coil 

distance, which was designed at 13.5 cm for the e-bike lane. 

(R.3) Lateral displacement tolerance. The RFID reader should be capable of correctly 

detecting and identifying the tag, even if laterally misplaced up to a certain width embracing the 

center detection line. The RFID detection center line does not necessarily coincide with the center 

of the lane. But it is expected to be parallel to both, which usually shall coincide. The lateral 

displacement tolerance of the RFID should be equal to or slightly greater than the lateral 

displacement tolerance of the secondary coil with respect to the primary coil, arbitrated at 39 cm, 

as justified in Table III. 

(R.4) Decoupling from magnetic power circuit. The RFID subsystem is assumed to 

perform its task of detecting tags and issuing a triggering signal to activate the power inverter 

before the primary coil is energized. So, functional sensitivity to the magnetic field used to transfer 

power is not critical. However, both the reader and the tag must at least withstand the voltages 

possibly inducted in their coils during the energization periods. 

5.18.3 Characterization and Selection of an Adequate RFID Technology 

The correct recognition of codes retrieved from RFID tags as the key to activate devices and 

systems is the typical application for this technology. Today’s existing standards use the frequency 

band of LF (125 kHz or 134.2 kHz), HF (13.56 MHz), UHF (860 MHz – 960 MHz) or SHF 
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(2.45 GHz). When selecting a RFID technology for DIWPT, the following considerations should be 

observed: 

UHF and higher frequency RFID systems operate in far-field mode (radiative), with high data 

bit rates and fast response, favoring the processing of faster vehicles. They are already used in 

applications involving detection of moving vehicles. However, their detection distances are usually 

much greater than the typical airgap in IPT configurations, what may lead to a too large anticipation 

in turning the corresponding primary coil on, if used as a sole method of detection. These higher 

frequency RFIDs are also more sensitive to propagation conditions and potential interferences from 

other tags in nearby vehicles. That makes it difficult to predict the correct time to turn each power 

coil in the lane on, based on the detection signal coming from the RFID reader unit. 

HF and lower frequency RFID systems, operating in near-field (inductive) mode may have 

reading distances of up to 1 m (see Table I). These distances are compatible with inter-coil 

distances in current vehicular IPT applications. The field strength from the primary power coil, 

however, tends to affect the operation of the RFID: In a first level, by interfering in the modulation 

process that permits communication between the RFID reader and the tag. Further, if the IPT field 

is too strong, induced voltages, in tag or reader coils, can damage the RFID circuits, in spite of the 

frequency separation of power and RFID signals. Among these systems, higher frequency band 

correlates with higher bit rates and lower response times, what favors the lane power response 

time and higher vehicle speeds. 

This initial screening process pointed out 13.56 MHz as the most a priori promising RFID 

band. Two commonly found non-proprietary standards at 13.56 MHz were compared, the ISO/IEC-

14443 (with variants A and B) and the ISO/IEC-15693. Their main performance parameters are 

summarized in Table 37. While ISO/IEC-15693 provides reading distances that better complies 

with requirements R.2 and R.3, the ISO/IEC-14443 standards have faster bit rates. Also, the larger 

reading distances of the ISO/IEC 15693 is associated with a higher sensitivity and higher dynamic 

range tolerance in the magnetic field strength, which is not a desirable property for a better 

precision in positioning when detecting a RFID tag. Last, but not least, ISO/IEC-14443 have higher 

availability and lower cost than other nearfield technologies. So, decision was towards initial 

experimentation with the ISO/IEC-14443A 
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Table 37: Some relevant characteristics of near field RFID standards at 13.56 MHz. 

Performance Parameter 
ISO/IEC 

14443A/B 
ISO/IEC 
15693 

Magnitude of Maximum Reading Distance (m) 
0.1 

(“Proximity”) 

1 
(“Vicinity”) 

Maximum Data Rates (kbit/s) 
A: 105.9 
B: 847.5 

26.4 

Required Field Strength (A/m) 1.5 to 7.5 0.15 to 5 

Anti-collision Protocol Yes Yes 

The RFID 14443 standards [196] [197] [198] refers to the RFID reader as the proximity 

coupling device (PCD) and the RFID tag as the proximity integrated circuit card (PICC).  

The RFID reader and tag used to test the feasibility of the RFID-triggered WPT activation, the 

NXP MIFARE Classic, is a relatively old technology, marketed by the NXP Semiconductors, under 

the name MIFARE Classic [199], and it is commonly used in public transportation, car parks and 

electronic toll collection cards applications worldwide. This RFID technology was first introduced 

in 1994, by Philips (now NXP Semiconductors), and incorporates a proprietary 48-bit key 

cryptographic algorithm that, in 2008, has already been demonstrated to be unsecure [200]. 

However, the MIFARE is a well-documented ISO/IEC-14443A-compatible RFID type that works in 

nearfield operation at a frequency (13.56 MHz) that is easily separable from the WPT frequencies 

(from 10 kHz to 100 k) normally used in vehicular applications and, equally important, it is 

currently one of the least expensive and readily available passive near-field technologies. Because 

of these reasons, it was selected in our research as the basis for prototyping and testing the WPT 

by RFID activation concept. Upon successful demonstration of this technique, it is expected that 

other more advanced RFID standards, using the same frequency band can also be employed, just 

by reusing the proposed principles. 

The dimensions for MIFARE PICC antenna are standardized [196], limited to a fixed contour 

inside an ISO/IEC-7810:2003 card, which is 85.60 mm x 53.98 mm, while the PCD antenna 

dimensions are not size constrained. Smaller MIFARE tags using an antenna of approximately 

21 mm in diameter are also popular, however their usual reading range is equally limited to a few 

centimeters. The dimensions of the printed circuit board (PCB) antenna used in the 

characterization were 38 mm x 42 mm, typical in commercial card readers. 

Experimental plots of detections contours, taken on plans that are parallel to the reader coil, 

at different heights, are shown Figure 214a. Due to the small dimensions of the reader PCB and 
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the presence of a connector and other electronic components on its surface, some mechanical 

restriction to measure points close to the reading coil (𝑧 = 0) was observed, and these were 

extrapolated by presumed symmetry and continuity, generating the curves drawn in blue. The 

black and red plots on the contours were individually measured by displacing the card on the 

plane. The red contour indicates a central exclusion bone-shaped region, about 2 mm high, where, 

due to larger size of the tag over the reader coil, no tag detection is observed.  

(a) 

(b) 

(c) 
 

Figure 214: Reconstruction sequence of the major detection lobe of an ISO/IEC-14443A reader-tag antenna pair: 
(a) contour curves from direct measurements at different heights above RFID coil plane; (b) coarse interpolation 

with meridians; and (c) fine interpolation of detection lobe surface. 

The plots were digitalized and used to create a 3D model of the detection volume for the 

reader/tag pair, as show in Figure 214b and Figure 214c. The maximum detection height 
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(operation range) was found to be 20 mm, with the base of the detection volume inscribed in a 

rectangle of roughly 75 mm x 40 mm. 

5.18.4 Extending the Operation Range of RFID 14443A 

Commercial ISO/IEC 14443A-based RFID systems were designed to exhibit an operation 

range up to of 10 cm from the RFID reader, depending on the reader coil dimensions and attached 

circuitry. However, the actual operation distance of most commercially available systems usually 

lies in the 2 to 5 cm range. One method of extending the reading range of ISO/IEC-14443A, further 

than that, while keeping near field operation, is to amplify reading currents and reading antenna 

dimensions [201], keeping the total coil length of the coils small enough not to radiate significant 

power levels. If this is done in conjunction with the use a battery powered tag that actively emulates 

load modulation, ranges of a few meters are possible [202]. 

However, in DIWPT applications the RFID readers are expected to be permanently scanning 

for vehicles, to activate power at vehicle/tag presentation: Therefore, increasing the reading 

current level would result in an inconvenient higher lane stand-by power, reducing overall electrical 

efficiency. Also, the need to replicate these upgraded reading circuits along the lane would make 

the system more expensive. Battery operated tags on the other hand, while very effective in 

extending the detection range, would require an auxiliary battery on board of vehicle, to guarantee 

the energy harvest can be started. The option adopted in this work was, however, to first test the 

limits of the achievable range extension just by enlarging the reader and tag antenna coils, using 

no signal amplification, and keeping the tag purely passive. 

5.18.4.1 Scaling the Dimensions of Coils and Preserving Inductances 

Coils of different sizes can have the same inductance, if their number of turns, geometry 

and core material are properly adjusted. Similarly, two different pairs of coils at different distances 

from each other may be designed to exhibit the same mutual inductance as the original pair. In 

air cored coils made of concentrated, filamentary windings, the inductance increases and is 

approximately proportional to the square of the number of turns. But the inductance also increases 

with the cross-section area enclosed by the windings and decreases with the cross-section of the 

conductor used in the windings, with many formulations existing to support these experimental 

facts [31]. 

One possible way to design a new pair of coils 𝐶  and 𝐶  which magnetic coupling has the 

same inductive circuit parameters as that exhibited by a given pair of coils 𝑐  and 𝑐 , is to firstly 
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design two new coils that have the same inductances 𝐿  and 𝐿  of respectively 𝑐  and 𝑐 . The 

proportion used to transform the main linear dimensions of the windings of 𝑐  to 𝐶  should be 

approximately the same as that use to transform the dimensions of 𝑐  to 𝐶 . If the series equivalent 

loss resistances are relevant for the circuit, the cross-section of the windings of the new coils 

should also be changed to match that of the original coils, at the required operation frequency. 

Once the two new “proportional” coils are built, it can be experimentally found a new relative 

positioning (expressed by the distance) between them that will result in the same original magnetic 

coupling coefficient (and mutual inductance), as long as the mutual inductance of these new coils 

at zero distance is greater or equal to mutual inductance of the original pair of coils. In fact, the 

mutual inductance increases from zero, when coils are placed at an infinite distance of each other, 

to this maximum inductance value, when the distance is shortened. Additionally, if all coils can be 

assumed as having filamentary windings, and the new coils 𝐶  and 𝐶  are homothetic to 

respectively 𝑐  and 𝑐 , the relative distance where the same mutual inductance is found should 

also be in the same homothetic ration to the distance between the original coils. 

This general case of non-filamentary coils can be visualized in the example of Figure 215. 

 
 

Figure 215: Qualitative example of coil pairs of different sizes still resulting in the same inductive circuit model. 

5.18.4.2 Enlarging the PCD Antenna 

The strategy for enlarging the reader antenna without changing its circuit parameters was 

to simultaneously reduce the number of coil-turns and increase the 𝑎 ×  𝑏 rectangular coil 

dimensions.  

The original MIFARE reader coil, consisted a of four-turn rectangular spiral coil laid on 

printed-circuit board, with external dimensions of 38 mm  x 42 mm. An enlarged antenna was 

then obtained with the same inductance of the original antenna, in the range of 1 𝜇H to 1.5 𝜇H, 
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by a single turn coil with double 0.5 mm  flexible wire, with dimensions of approximately 

50 cm x 29 cm, as shown in Figure 216. 

 
 

Figure 216: New enlarged rectangular antenna built for the RFID reader (dimensions in mm). 

Even larger reader antennas could have been obtained with the same inductance as that of 

the original reader coil, by using thicker wire and multiple paths. However, for near-field operation 

at the frequency of 13.56 MHz, the antenna perimeter, 2𝑎 + 2𝑏, in order to reduce radiation 

losses, should be kept below the near-field mode limit dimension given by: 

2𝑎 + 2𝑏  ≪   𝜆2𝜋   = 22.1 m2𝜋 ≅ 3.5 m (5.124)

A practical and more conservative limit value, often adopted as a recommendation, is  λ/10 

instead, numerically equivalent to 2.21 m at 13.56 MHz. In this way, the newly designed reader 

coil, with 𝑎 = 50 cm and 𝑏 = 29 cm, has a perimeter of 1.58 m, within a 30% margin away 

from the maximum recommended length of λ/10. Once near-field operation is presumed, 

negligible radiation losses are observed, and the reader and the tag behave as electric circuits that 

are coupled by an air-core transformer. 

5.18.4.3 Modification of the PCD Circuit 

The new larger reader coil has been made to exhibit approximately the same electric circuit 

parameters as the original antenna. By appropriately adjusting an external capacitive 

compensation network [203], this antenna can be driven by the same circuit used in the original 

Proximity Coupling Device (PCD). The PCD is then combined with a microcontroller to enable 

intelligent activation of the power inverter that energizes the primary coil. The resulting circuit, 

based on the MFRC522 MIFARE frontend processor [204] is shown in Figure 217.  
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Figure 217: Circuit used for activation of primary coil inverter by an RFID reader. 

The MFRC522 integrated circuit is commercially available in a PCB module (the RC522) 

that also integrates a small antenna. For fast prototyping, the RC522 was used; however, this 

module was modified by disabling the onboard antenna and connecting the driver circuit to the 

newly designed larger antenna, through an external compensation module. The values computed 

for C1 and C2 were respectively 47 pF and 122 pF (C2a = 100 pF in parallel with 

C2b =  22 pF). The Q-factor of the antenna used the remained close enough to that 

recommended for the original smaller antenna, so no impedance matching resistors 𝑅  were 

necessary to be added. The implementation of the modified RFID reader circuit is shown in Figure 

218 (compare with schematic diagram in Figure 217): 

 
 

Figure 218: Implementation of the modified RFID reader circuit. 
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At power-on condition, the MFRC522 on board of the RC522 is programmed to use its Serial 

peripheral interface (SPI) bus in the slave mode [205] to communicate with the microcontroller, 

which is used to control the on/off state of the inverter that feeds the primary coil associated with 

that specific RFID reading coil. 

5.18.4.4 Enlarging the PICC Antenna 

A larger designed PCD antenna will generate a weaker field strength over a larger area. To 

compensate for that, the PICC (tag) coil was also modified, with an increase in the area of its 

cross-section and a reduction in the number of turns, using a thicker conductor, to keep the self-

inductance approximately constant. A balanced design was made to match the same inductance 

of the original tag coil, approximately 6 μH. The newly built tag coil is also connected to the tag 

chip through a compensating capacitive network, adjusted as a 15 pF series capacitance. 

 
 

Figure 219: Construction of an enlarged MIFARE-compatible RFID tag: (a) Original RFID tag; (b) Separation of 
original tag coil and tag chip; (c) larger tag with equivalent coil built, bottom view; and (d) top view. 

5.18.4.5 Characterization of the New PCD/PICC Pair 

Tests were configured and proceeded as shown in Figure 220, where the RFID reader coil 

position, is indicated by a red dashed contour line. Initially plastic sheets, and later precisely cut 

wooden plates, were stacked to produce several controlled separation distances between the RFID 

reader and tag coils. The new reader/tag pair is then immediately verified to exhibit an extended 

range of operation. Using a reference wood frame and a variable number of stacked insert medium 

density fiberboard (MDF) sheets 10 mm thick, the relative position in space of the center of the 

tag coil with respect to the reading coil could be measured with an accuracy estimated at ±1 mm 
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in all axes. The resolution was 1 mm in horizontal measurements and, due to the quantization 

introduced by the MDF inserts, 10 mm in vertical (height) measurements. 

 
 

Figure 220: Experimental configuration for evaluating de main detection lobe of the new RFID coil pair. 

The same procedure previously used to characterize the main detection lobe of the MIFARE 

standard card, by measuring and registering on graph paper the limit contours of 100% detection, 

was then used to characterize the new enlarged reader/tag coil pair, generating the curves plotted 

in Figure 221a, and the 3D model in Figure 221b. 

 
 

Figure 221: Reconstruction by interpolation of the main detection lobe for the modified ISO 14443A reader-tag 
antenna pair (b), from limit detection contour measurements at different heights (a). 
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The new total detection volume is visibly larger than that of the original MIFARE card, shown 

in Figure 214b. In the present case, however, no detection-blind zone was observed inside the 

main lobe, what is very convenient for the detection of vehicles (and their onboard RFID tags) 

crossing the detection volume of the PCD antenna. 

The new envelope dimensions of the reading volume are shown in Table 38. The result is 

an increase in the detection range from 20 mm (as extracted from the model in Figure 214) to 

236 mm, that is, a linear gain in range of approximately 12 times, if compared with the detection 

range of the original MIFARE card-reader pair.  

Table 38: Detection contours for re-designed RFID antennas  

Principal Dimensions of Detection Contours 
for 100% RFID Detection Rate 

Height (mm) Transversal 
Width (mm)

Longitudinal 
Depth (mm) 

Cross-Section 
Area (cm2) 

0.0 527 295 1606 
111 521 301 1423 
160 457 272 1068 
221 270 155 345 
236 0 0 0 

Beyond obtaining better range detection and lateral tolerance alignment parameters with 

the new reader/tag pair, the total detection volume was increased. Thus, the transit time of the 

tag when crossing the detection space of the main detection lobe of the PCD antenna was also 

increased, at a given tag/vehicle speed. Or conversely, for a fixed given identification rate to be 

performed by the PCD, more tag/vehicle speed can be handled. 

5.18.5 Maximum Speed of Guaranteed Tag Detection 

Based on the digital model of the major lobe of the reading volume, reconstituted from 

measurements by numerical interpolation, programmed in Wolfram Mathematica software tool, it 

is possible to anticipate important system behavior characteristics, such as misalignment 

tolerances and maximum vehicle speed for assured detection and correct radio-frequency 

identification. With the aid of the model, is also possible to select the best possible height to install 

the tag on the vehicle. 

The maximum speed of guaranteed tag detection will depend not only on the geometry of 

the RFID coils, which will determine the zone in space in which the tag can be detected, but also 

on the duration of time this tag remains continuously inside this detection zone, while the vehicle 
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moves over the lane. This will also depend on the protocols and the performance of the software 

and hardware implementing it, while executing the tasks detecting the tag, reading its contents, 

and deciding whether the vehicle associated to these contents is entitled to harvest energy from 

the lane. 

5.18.5.1 Lateral Alignment Tolerance 

The power transfer capacities of the target DIWPT system, an experimental inductive lane 

for e-bikes [3], are given at different misalignment conditions, in Table 39. 

Table 39: Power Transfer Capacities and Corresponding Vehicle Alignment Tolerances. 

EV Power 
Demand Level 

Power (W) 
EV to Lane Maximum  

Misalignment Width, 𝑤 (cm) 

Peak 400 20 

Nominal 250 27 

-3 dB 200 29 

Low 100 39 

Arbitrarily considering 100 W as the minimum level of useful assistance power (“Low” level, 

in Table 39), RFID correct operation must be verified at corresponding alignment tolerance, that 

is, vehicle detection must be assured for any 𝑤 ≤ 39 cm. For a given height, ℎ, this width, 𝑤, 

can be directly checked by inspecting the cross-section of the major detection lobe at the height ℎ, as illustrated in Figure 222 . If a rectangle of width 𝑤 is inscribed in the cross-section perimeter, 

its other side, 𝑑, will be the minimally assured depth of crossing, for all lateral displacements ±𝑥 

such that |2𝑥| ≤ 𝑤. 

 
 

Figure 222: Numerically computed horizontal cross-section of the main RFID detection lobe for the modified 
reader-tag antenna pair. 
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By examining the contour plot cross-sectioned from the main detection lobe, in Figure 222, 

which will shrink as the height of cut is increased, it is possible to infer that, using a rectangular 

reader coil, except possibly at very low tag heights, which are not practical, the maximum tolerance 

alignment will decrease with height, until the cross-section collapses to a point at ℎ = 236 mm, 

the maximum possible tag height, above which there will be no tag detection. 

5.18.5.2 Maximum Vehicle Crossing Speed for Detection 

The amplitude modulation (ASK) used in ISO/IEC-14443A is not affected by vehicle’s speed, 

provided the tag coil is kept within the reader detection volume and parallel to reader coil, often a 

reasonable assumption in vehicular applications. In this manner, to assure detection is sufficient 

for the tag to remain inside the detection volume enough time for the exchange of the defined 

messages in the RFID protocol, then to process the tag UID data and decide whether the power 

activation triggering signal should be issued. In laboratory experiments, this time, Δ𝑡 , was 

consistently measured to be limited to 32 milliseconds, working with an ATmega328P processor 

(Arduino UNO R3), an RFID PCD module based on the NXP MFRC522 reader/writer IC [204] and 

reused software from Arduino RFID Library for MFRC522, with minor modifications, for measuring 

the duration of the identification cycles. 

For a vehicle/tag assembly to be detected, its transit time along the main lobe cross-section, 

at height ℎ and lateral misalignment 𝑥, should be greater or equal to Δ𝑡 . Then its average speed 

crossing the detection volume at any displacement within the width 𝑤, should be given by (5.125) 

and (5.126): 

𝑣(𝑥)  ≤  𝑣 (𝑥) = 𝑑(𝑥)Δ𝑡𝑝 ≤ 𝑑𝑚𝑖𝑛Δ𝑡𝑝  (5.125)

 

𝑣 =   𝑑𝑚𝑖𝑛 ℎ, 𝑤Δ𝑡𝑝  (5.126)

This maximum speed can be numerically computed from the reconstructed digital model of 

the main detection lobe, for given values of ℎ and 𝑤. At the limit case whereas 𝑤 = 0, i.e., perfect 

vehicle alignment, the relationship between tag the height and the maximum vehicle speed is given 

by the black dashed curve in Figure 223. The other curves in Figure 223 show how the maximum 

speed decays, as the required alignment tolerances, 𝑤, are increased. The curves are homothetic 

to intersections of the detection lobe in Figure 222 with vertical parallel planes at  𝑥 =   𝑤/2.  
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Figure 223: Predicted maximum electric vehicle speed for guaranteed detection, as a function of the height of the 
tag above the RFID reader antenna and the desired lateral alignment tolerance. 

In practice, tag heights less than the power coils “air-gap” (which is greater than the vehicle-

to-ground clearance distance) are not mechanically allowed, and the curves in Figure 223 should 

only be considered as a valid design option above that quota, in the present case of the HIPLEV 

prototype system developed,135 mm. 

The use of MIFARE ISO/IEC-14443A RFID with modified antennas was then verified to be 

compatible with the requirements of lateral tolerance widths of 40 cm and vehicle speeds up to 

25 km/h, being adequate to be used in conjunction with the prototype e-bike inductive lane tested. 

Measurements with an instrumented moving vehicle are yet due to be realized, as an ultimate 

design check for maximum achievable speed. 

While this analysis methodology holds in other applications, the impossibility of significantly 

further increasing the coil size, without leaving the desired near-field operation, would likely prevent 

its application at speeds higher than 45 km/h − a number that results if the reader coil is rotated 𝜋 2⁄  with respect to direction of movement. This would be obtained, however, at the expense of a 

tighter alignment tolerance, in the order of 25 cm. 

5.18.6 RFID System Integration 

Each of the RFID reading coils must be installed close to the corresponding primary power 

coil which activation it will trigger, and the tag coil on board of the vehicle, close to the secondary 

power coil (R.4, in section 5.18.2). The proximity of power coils to the RFID coils can impair their 

normal operation and even potentially damage the RFID controller circuits. The collocation of the 
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coils, while allowing the detection of vehicle approach, has also to preserve the integrity of the 

RFID circuits upon energization of the power coils. The proposed solution for obtaining safe 

operation was to install the RFID and power coils at magnetically orthogonal relative positions, 

both on the primary (lane) side and on the secondary (vehicle) side. In this special relative position 

of the coils, the total magnetic flux from one coil to another is zero, due to positive and negative 

fluxes cancelling each other, as illustrated in Figure 224. So, their mutual inductance, as well as 

the induced voltage in one coil by the other coil, will be equally zero. Since they have to be parallel, 

and almost in the same plane, due to mechanical constraints of the lane construction, the coils 

must be placed at eccentric positions. 

 
 

Figure 224: Example of coils in magnetically orthogonal relative position. 

5.18.6.1 RFID Reader Installation on Lane 

The modified single turn 50 cm x 29 cm rectangular RFID reader coil (Section 5.18.4.2), is 

then to be installed at one of the extremities of the primary coil. To assign its best position, initially 

the locus of the center of the RFID reader coil for magnetic orthogonality, between this coil and 

the primary coil, is experimentally determined, using the configuration shown in Figure 225. 

 
 

Figure 225: Experimental determination of the locus of the center of the RFID reader coil. 
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In the experiment, the voltage induced on the RFID coil is constantly monitored, as this coil 

is manually displaced on the support table, keeping its rectangular winding parallel to the 

longitudinal axis of the primary (power) coil (black dash-dotted line). This procedure seeks to 

determine the positions of the center of the RFID reader coil where the induced voltage measured 

on the oscilloscope is zero. When such a point is found, its coordinates are annotated. After 

interpolation, these points generate the red curve drawn over the photo in Figure 225. If the RFID 

reader coil is centered over this curve, the RFID reader coil and the primary power coil will be 

decoupled, except by a minor parasitic capacitive coupling, which was experimentally verified to 

be irrelevant to the RFID operation. 

The choice of the exact position to place the center of the reader coil along this red curve is 

a function of the misalignment of the RFID tag with respect to the longitudinal axis of the secondary 

coil attached to the vehicle. It can be obtained by intersecting the red curve with line r , parallel 

but eccentric to the primary coil longitudinal axis by the same distance 𝑦  which is the lateral 

offset of the RFID tag in the secondary integration, as derived in the in next section. 

 

Figure 226: Integration on the lane, with the RFID reader coil positioned at the extremity of the primary coil the 
vehicle is expected to come from. 

When the RFID tag coil crosses the attack detection contour (on the right side, if the vehicle 

comes from right traveling leftwards), the vehicle is detected and, if identified as able to harvest 

energy from the lane, the inverter is activated. After activation, the intensity levels of the currents 

in primary and secondary coils, although not being enough to damage the RFID circuits, they can 

interfere with the normal RFID operation. However, this is not a problem, because the RFID status 

becomes irrelevant after primary power is activated. 
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In the identification process, the RFID reader reads a unique identifier (UID) code, 

transponded by the tag, which can be 4 or 7 bytes long, depending on the RFID chip model. For 

the MIFARE S50 chip tested in the prototype the UID is 4 bytes long. For DESFire chip models, it 

is 7 bytes long, what would enable the system to distinguish more than 720 million of different 

vehicles, with less than 10  of chances of successfully counterfeiting a tag by randomly picking 

an UID code.  

In the current prototype used for testing and demonstrating the concept, the UID is merely 

checked to be in a predefined list of enabled users, by a supervisor program running on the lane 

microcontroller. If the code is validated, the controller issues an activation signal that triggers the 

power inverter on. In real applications, other more complex algorithms and on-line database 

checking can be engineered, provided a fast enough response is guaranteed. 

In addition to the UID, other values could be stored in the registers of the tag chip, and 

manipulated, for instance, at toll-collection points. The user energy “credit” could then be stored 

in the registers, and decremented for tolling, in a similar manner the ISO/IEC-14443A MIFARE 

cards are used in current ticketing applications. 

5.18.6.2 RFID Tag and Secondary Power Coil Integration 

The vehicle used to test the HIPLEV concept is an electric bike, with the secondary power 

coil wound around the rear wheel, what results in an intrinsic difficulty to position the tag 

simultaneously aligned with the longitudinal center axis and close to the secondary power coil. 

This centered position is anyway inconvenient, due to the higher possibility of interference by 

magnetic coupling between the RFID tag and secondary coils. Since the secondary coil is multiturn 

and has much larger dimensions than the developed tag coil, the magnetic orthogonality position 

occurs when the RFID tag coil is installed over the secondary windings, approximately centered to 

the middle turn. Similarly, to what has been done in the collocation of the coils on the lane side, 

the exact offset from the longitudinal axis of the secondary coil is also determined experimentally. 

The redesigned RFID tag with a newly built antenna, consisting of 6 cylindrical-helix turns of 

1.5 mm2 cross-section copper wire, 128 mm of diameter and 18 mm height, is then placed on a 

lateral side of the secondary coil, as schematically shown in Figure 227. The passive tag circuitry 

then stays electrically decoupled from the secondary power circuitry. 
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Figure 227: RFID tag integration on board of electric vehicle. 

When the bike moves, the RFID tag (green) and the secondary (red) coil are kept 

mechanically solidary, with their longitudinal axes separated by distance 𝑦 . In this manner, 

when the longitudinal axis of the secondary power coil and the longitudinal axis of the primary coil 

are perfectly aligned, so are the axes 𝑠 .(in Figure 227) and 𝑟  (in Figure 226).  

The exact location of the center of the RFID tag coil with respect to the secondary coil is the 

established by further determining the position 𝑥  along 𝑠 . This can be done by adopting an 

operation setting in between two different optimum strategies: 

(i) Guaranteed vehicle presence, aiming to assure that vehicle will be in a position 

ready to harvest when the primary power is activated. A condition that is achieved 

by requiring that the center of the RFID tag coil should be crossing the attack contour 

of the main detection lobe of RFID reader antenna exactly when the center of the 

secondary coil is entering the intended harvesting zone of the primary power coil, 

as calculated by numeric simulation in Section 5.13.1. So, the vehicle would be 

already in the power harvesting zone when the tag is detected. At the vehicle speed 

of 25 km/h and maximum tag detection time of 32 ms, this would imply missing, 

in the worst case, the first 22 cm of lane. For lane modules about 3 m long, for 

instance, this is equivalent to waste about 7% of the lane energizing length. 

(ii) Anticipated power activation, aiming to assure that the primary power is already 

enabled when the vehicle enters the harvest zone. A condition that is achieved by 
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requiring that, when the secondary center enters the harvest zone, the RFID tag coil 

center is on the verge of leaving the detection volume of the RFID reading antenna. 

This leads to the use of the full harvest length over the lane. 

Using anticipated power activation is better under the perspective of increasing the 

maximum possible primary coil spacing, without having a negative energy balance on the short 

term storage or battery, installed on board of the vehicle. On the other hand, by using this strategy, 

there is a chance of keeping the primary power on up to a maximum of 32 ms before the vehicle 

is in a good position to start harvesting. 

This effect can slightly diminish the overall electric efficiency of the system. But not in the 

same proportion as in the case of guaranteed vehicle presence. Because, in addition to the limited 

fraction of 7% of maximum extra time energizing the primary coil, when the vehicle is not harvesting 

energy, the standby power supplied to the primary coil circuitry is much less than that when IWPT 

to the vehicle is occurring. For instance, if the standby power is as implied by the power estimates 

in Table 30, the new overall DC-DC efficiency of the system, instead of 𝜂 , at the worst case 

becomes: 

𝜂 =  400 W × Δ𝑡𝑡𝑟𝑎𝑛𝑠𝑖𝑡400 W𝜂 × Δ𝑡𝑡𝑟𝑎𝑛𝑠𝑖𝑡 + (178 W + 34 W) × 7% × Δ𝑡𝑡𝑟𝑎𝑛𝑠𝑖𝑡 , 
(5.127)

where Δ𝑡  is the to traverse the harvest zone of the primary coil, assuming a constant speed 

of the vehicle. This simplifies to: 

𝜂 = 𝜂  11 + 𝜂 × 53% × 7% ≥ 𝜂 (1 − 𝜂 × 3.71%) (5.128)

In the specific case where the predicted worst case efficiency is 59.3%, the new predicted 

worst case efficiency considering the use of anticipated primary coil activation becomes 𝜂  =  58.0%. This new efficiency value is not significantly less than in the case where the 

guaranteed vehicle presence strategy is used, and still above the minimum target efficiency (5.10). 

5.18.6.3 Verification of Other Collocation Issues 

Using the design procedures formerly described, adequate collocation of primary power coil 

and the RFID reader coil, as well as that of the secondary coil and the RFID tag coil, have been 

separately established. However, these collocations, respectively on the lane side and on board of 

the vehicle, do not cover all possible interference issues. 



Chapter 5 - Inductive Lane for Lightweight Electric Vehicles 

Dynamic Inductive Wireless Power Transfer for Lightweight Electric Vehicles 
Luiz Alberto Lisboa da Silva Cardoso – University of Minho 378

 

Although the power coupling coil pair operates at a frequency band (LF) that is well apart 

from the operating frequency of the RFID (HF), the current-turns levels in both the primary and 

secondary coils may be very high, in the order of 100 A rms. Observing Figure 228, it can be seen 

that possible non-desirable interactions between coils pairs are {(1A, 1B), (2A, 2B), (1A, 2B), 

(2A, 1B)}. 

 
 

Figure 228: Possible interferences between coil pairs in the lane and on board of vehicle. 

While interactions {(1A, 1B), (2A, 2B)} have been cancelled in the design by placing the coils 

in magnetic orthogonality, there is a priori still possibility that the primary power coil interferes in 

the tag coil, and that the secondary power coil interferes with the coil reader, even with the large 

difference operation frequencies. This interference can occur at two levels of severity: (i) it can 

impair the normal functionality of the RFID tag detection and the communication between the PCD 

and the PICC; or (ii) it can damage either the PICC or the PCD circuits. 

The compensation circuits that connect the reading antenna to the PCD and that other 

connecting the tag antenna to the tag chip, together with their own antennas, behave as high Q-

factor band-pass filter, attenuating the LF signal incoming from the power coils. Because of that, 

the total induced voltage on the RFID coils by the power coils, at the distance they are installed 

from each other, were verified to be less than the maximum safe levels, according to the RFID 

chips manufacturers. 

On the other hand, the interference level was verified to be enough to cause erroneous RFID 

operation. However, this was not considered a major problem, because the RFID detection only 

needs to occur at the approach of the vehicle, when the primary and secondary power coils are 

not yet energized.  
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5.18.6.4 Dynamic of the WPT Activation Triggered by RFID Detection 

The designed dynamic interaction of the vehicle electronics with each i-lane module is 

explained based on Figure 229, where three relative positions of the secondary coil assembly, on 

board of the vehicle, with respect to the primary coil, at three sequential times are shown: 

(1) When the vehicle, moving leftward, approaches the primary coil module and the RFID 

tag (green circle) enters the main detection lobe (green dashed contour) of the RFID 

reader coil (black coil), being detected by the PCD. 

(2) When the vehicle, continuing its movement, advances to a position where the RFID tag 

leaves the main detection lobe of the RFID. 

(3) During the energy harvesting time, transiting over the primary coil (blue coil). 

 
 

Figure 229: Interaction of the vehicle at different relative positions on route over one i-lane module: (1) RFID tag 
entering detection main lobe of RFID reader antenna; (2) RFID tag leaving detection main lobe of RFID reader 

antenna, and (3) secondary coil harvesting power from primary power coil. Not drawn to scale. 

The vehicle speed, which is the speed of the secondary coil assembly, illustrated in Figure 

229 by its principal components, the secondary power coil (red rectangular spiral coil) and the 

attached RFID tag coil (green circle), is represented by a red arrow. The red and green crosses 

respectively represent the centers of the secondary and tag coils. 

The two concentric horizontally oblong yellowish zones inside the primary coil, which are 

contoured by a red dashed line, are the zones over which positioning the center of the secondary 

coil (red cross) maximum power harvesting of 250 W (lighter yellow) and 400 W (darker yellow) 

are possible. These zones are calculated by numeric simulation, and coincide with the 

corresponding central yellowish zones of Figure 183, in Section 5.13.1. 
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The yellowish zone inside the RFID reader coil (black coil), contoured by a green dashed 

line, is the horizontal cross-section of the main RFID detection lobe (Figure 222), taken at the 

height at which the tag is installed on the bike (close but in magnetic orthogonality with the 

secondary coil winding), as measured from the RFID reader coil. 

The program running on the lane module microcontroller enforces the following dynamic 

behavior for the interaction between the vehicle and the lane module: 

• At rest, when there is no vehicle coming to, transiting over or recently run over the lane 

model, the power inverter is turned-off, and the RFID reader is kept in scanning mode, 

waiting for tags to enter the detection zone of the RFID reader antenna. 

• When the vehicle arrives at position (1), it becomes possible for the detection of the RFID 

tag to occur. But it may still take some time until it is effectively detected. 

• Detection will occur sometime during the transit of the vehicle from position (1) to position 

(2). So, at position (2) the primary coil is guaranteed to be already energized. 

Clearly, the primary coil will be energized sometime between positions (1) e (2)  

• The vehicle rides along the coil harvesting power from the primary coil, as long the center 

of the secondary coil is properly positioned in the lane, that is, within a maximum 

misalignment from the center. In position (3), the vehicle is on the verge of crossing the 

400 W power transfer level. At this position, if the vehicle is drifting right, the maximum 

transferred power will start to decrease, still being greater than 250 W while its position is 

within the limits of the light yellowish zone. 

The RFID detection triggers the power transfer, but its reading is disregarded after that. The 

primary coil activation is sustained while the power supplied to the inverter is larger than a 

minimum value that can be programed. To accommodate possible dramatic reductions in energy 

demand of the powertrain of the vehicle during its transit over the primary coil, what could 

terminate the energy supply, a minimum “ON” time 𝑡 ,  is guaranteed by an internal timer 

managed by the controller. This time can be adjusted to be the minimum required time for a 

vehicle at the maximum speed of electric assistance (25 km/h) to travel over the total length of 

the primary coil, which is 3.25 m: 

𝑡 , =  3.25 m25000 m / 3600 s ≅ 0.47 s (5.129)



Chapter 5 - Inductive Lane for Lightweight Electric Vehicles 

Dynamic Inductive Wireless Power Transfer for Lightweight Electric Vehicles 
Luiz Alberto Lisboa da Silva Cardoso – University of Minho 381

 

For safety reasons, and to avoided unintended stationary IWPT operation modes, the primary 

coil should not be continuously energized for a more than an absolute maximum transit time 𝑡 , , after which it should be turned off. Assuming that the minimum reasonable speed, for 

a bike travelling on the lane, to receive energy is 125% of the average speed of person walking, 

which is 4 km/h, 𝑡 ,  can be calculated by: 

𝑡 , =  3.25 m1.25 ⨯ 4000 m / 3600 s ≅ 2.34 s (5.130)

In steep terrain, the speed of a 250 W EPAC bike can be seriously impaired, so in this 

condition 𝑡 ,  should be enlarged accordingly. If an inertial sensor would be included in the 

microcontroller board, this timeout constant could be automatically adjusted to the grading of the 

lane where the primary coil module is installed. The geometry of the controller housing and the 

lane module should then be carefully designed to facilitate installation of the reference axis of the 

inertial sensor to be parallel to the lane. 

5.18.7 Future Improvements in the Power Activation Design 

Although one-way traffic is required in the configuration tested, the present results could be 

extended for non-simultaneous two-way traffic as well, by using one RFID reader at each extremity 

of the controlled primary coils. To minimize the complexity and cost added in a larger lane system, 

this method can be used as a strategy for identifying the vehicle and activating the lane power 

start, by controlling the first coil only in a row of coils, since other simpler methods to control the 

coils following the first can be found, if the coils are close enough. The design for a two-way traffic 

on the same lane however is doubted as a good urbanistic solution. 

The RFID have some known security issues that are being researched, and improvements 

are constantly made to this technology. The risk of tag cloning and eavesdropping attacks may 

however require detailed analysis before the use of this technology in high-end wireless power 

transfer and associated tolling applications. For low-end, low-cost applications of IWPT, such as e-

bikes and similar lightweight electric vehicles, the use of RFID technology for activation and tolling 

is expected to offer an acceptable trade-off between security and functionality. 

In this first implementation, the RFID software was not optimized for timing. The RFID 

standard considers the possible existence of multiple simultaneous tags in the detection volume 

and the firmware implements algorithms to handle the potential collision of messages from the 

different tags. In the vehicular application described, however, it is unlikely that two or more 
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vehicles can coincide over the extremity of the same primary coil. If the coil is not wide enough for 

more than one vehicle at a time, as it is in the developed prototype, this is actually a physical 

impossibility. So, in this case, there may be margin for reduction of the tag identification time, by 

simplifying the anti-collision protocol. That would allow a higher maximum vehicle speed to be 

handled by the RFID detection and identification system, and thus, a higher maximum DIWPT 

speed itself. 

Other RFID standards in HF band, such as the ISO/IEC-14443B variant, which can achieve 

higher bitrates, could also be tested, possibly yielding faster cycle response and higher maximum 

vehicle speeds as well. The creation of a specialized RFID standard, working at a carrier frequency 

1/4 to 1/5 of the current 13.56 MHz standard, is perceived as opportune, as it would allow reader 

coils with perimeter up to λ/10 = 8.8 m, capable of handling vehicle detection in larger volumes 

and at higher speeds, but still operating in the desired near-field mode. The 3.155-3.400 MHz 

band has already been recommended for RFID, access control and automatic road tolling 

applications [206], and should better fit the DIWPT application. 

The limitation on the available instrumentation to dynamically evaluate the DIWPT prototype 

developed originated another related but independent contribution, which is reported in Chapter 

6: the development of a special electro-optical instrument to dynamically and synchronously 

monitor the lateral misalignment of the bike on the lane, its angular attitude, the electric power 

supplied by the lane, and the power transferred to the power train. 

5.19 Summary of Achievements 

An EPAC (PEDELEC) e-bike was adapted for harvesting electric power from an inductive lane 

module, which was also especially designed to match the requirements of this type of vehicle. 

Despite no major effort having been made to optimize the design as a product, to limit the effort 

and allocation of resources in the prototype implementation, the viability of the HIPLEV concept, 

as proposed in Chapter 4, has been proved. 

The vehicle used in the prototype, the standard upright e-bike, is one of the most popular 

representatives of the electrically assisted HPV. Other classes of HPV, such as quadricycles or 

longtail cargo bikes, would more easily be adapted to function as a HIPLEV. 

The initial evaluation of the prototype was made by means of stationary tests only, with the 

bike being immobilized and manually displaced over the lane, in order to plot the curves of 

transferred power and its efficiency, as a function of the misalignment of the vehicle with respect 
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to center of the lane. The measurements of electric-spatial performance parameters are in 

excellent agreement with that expected by design and by the numeric simulations realized. Peak 

power levels of 400 W were verified to be sustained indefinitely, at misalignment widths up to 

20 cm, which, as reviewed in section 5.3, is the minimally required envelope margin for a cyclist 

to keep the balance, when cruising at speeds over 12 km/h. Since the power assistance for 

electrically assisted power cycles is currently limited to 250 W [5], the harvested power that is not 

consumed in the powertrain, at least 150 W, can be stored onboard of the vehicle, and used to 

sustain the maximum nominal power on the powertrain during the transit between neighbor 

primary coils, where there is no power to be harvested. Other design variants using the same 

method could achieve larger electrified widths or power transfer levels. 

The peak efficiency DC-DC level initially obtained was 64%. However, after the prototype was 

reinstalled and tested on 100% wooden workbench, this efficiency raised over 65%. It was then 

identified that a carbon steel support structure, intrinsic to the workbench initially used, was 

functioning as unintended secondary coils and a parasitic load. Not only the efficiency improved 

after this incidental conductive material was removed from the configuration, but also the magnetic 

field shaping effect disappeared, which was producing a slight constriction of the magnetic line 

fields, and the electrified length was restored to approximately 20 cm, as expected in the design, 

from an initial value only slightly over 19 cm. All the linear measurements were made using non-

calibrated millimetric rulers, but due to the difficult to keep the alignment and perfect verticality of 

the bike on the lane, they should be considered precise to ±0.3 cm, at best. 

While the efficiency figure obtained is less than typical best cases reported for DIWPT using 

similar oblong coil prototypes, in the range of 70% to 85%, in our prototype, top efficiency was not 

the target. Instead, simple electric materials and low-cost electronics was used. Especially, the 

power coils were built without using true litz wire, which would exhibit less losses, or any soft 

magnetic materials in their core, which could better shape the magnetic field and increase the 

magnetic coupling coefficient. This directive for simplicity did not aim the cost reduction by itself. 

Rather, the motivation was to validate the HIPLEV concept, demonstrating, at the same time, that 

the design method, using simple geometric calculation tools, can be replicated almost anywhere 

in the world using largely available material resources. 

In this manner, no special effort was made in circuit development, and the reuse of existing 

circuit modules in a system design approach was the adopted option, whenever possible. Rather, 



Chapter 5 - Inductive Lane for Lightweight Electric Vehicles 

Dynamic Inductive Wireless Power Transfer for Lightweight Electric Vehicles 
Luiz Alberto Lisboa da Silva Cardoso – University of Minho 384

 

the technical contributions that uniquely made it possible to achieve the design goals are related 

to magnetic field design, namely: 

(i) The cross-section design procedure, establishing an optimal primary coil width for 

maximum power transfer level between the lane and the secondary (pick-up) coil, 

on board of the vehicle, for the case of oblong primary coils. 

(ii) The DIWPT design procedure itself, that starts with the identification of the vehicle 

dimensions, dynamic characteristics, and powertrain, and sequentially determines 

the parameters for the secondary and primary coils, as well as the required 

excitation for the primary coil and the architecture of the harvesting circuitry in the 

secondary, with minimum heuristic considerations. 

(iii) The electromechanical design of the secondary coil, with its windings specially 

adapted around the rear wheel of the e-bike, taking into consideration its unique 

maneuvering and dynamic characteristics, thus producing the first known inductively 

powered electric bike. 

(iv) The power activation scheme for the primary coils, based on the colocation of a 

ISO/IEC 14443A RFID reader on the lane, and the corresponding RFID tag on the 

vehicle. In both cases, the RFID coils were placed in magnetic orthogonality with the 

power coils, minimizing crosstalk that could potentially destroy the sensors. For that, 

the reader and tag antennae were modified to allow tag detection at larger distances, 

while still operating in near-field mode. 

The reuse of standard near-field operation ISO/IEC-14443A RFID circuitry and software 

provides a simple and effective means of triggering dynamic inductive wireless power transfer to 

electric vehicles. This scheme not only can detect approaching electric vehicles, but also extract 

vehicles’ authorization, tolling and power demand level codes, enabling more efficient 

electrification of an inductive lane [9]. If lane segments are adequately limited in length, no two 

vehicles can be simultaneously over the same segment, and the entire lane could efficiently handle 

vehicles with dissimilar power requirements, by automatically adjusting the power level at each 

primary coil. 

In a future project, if the vehicle power train control is integrated with the tag, the same 

vehicle could present different power demand codes to be transponded to the lane through the 

RFID interface, at different times, optimizing the requested power level to that instantaneously 
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required for electric assistance in the HIPLEV. Analogously, by replying with the correct RFID 

codes, vehicles with dissimilar power level demands could share the same i-lane. 

Trial experiments were conducted using the NXP MIFARE 1k, a commercial family of RFID 

products, which is ISO/IEC-14443A compatible and operates at 13.56 MHz. Actual measurements 

of the major lobe for a newly designed reader-tag antenna pair indicate a maximum vehicle speed, 

for guaranteed detection and successful DIWPT operation, in the range of 25 km/h to 30 km/h, 

at a lateral alignment tolerance of 40 cm. While this speed is not high enough to address traffic in 

highways, it fits satisfactorily slower moving lightweight electric vehicle applications, such as 

electrically power assisted cycles and industrial applications using similarly speed-rated electric 

vehicles. 

At a large-scale production, it is estimated that other improved power electronics 

configuration options could be alternatively used to drive the primary and secondary coils while 

still exhibiting low complexity. For instance, the microcontroller and RFID reader circuit can be 

integrated in the same board of the inverter. However, this power electronics related engineering 

effort was considered out of the scope of this work. 

On the workbench, with no cyclist on the bike, and the bike standing on the inductive lane, 

while harvesting its power by means of a dummy load replacing the powertrain, it was possible to 

incline and turn the bike with respect the lane by angles up to approximately 10 to 15 degrees of 

arc, without disrupting the maximum required power transfer, provided the lane alignment was 

within design limits. A more detailed characterization of the lane, concerning the angular attitude 

and the power demand fluctuation of the HIPLEV was not realized though, due to the unavailability 

of instrumental resources to dynamically test the DIWPT system created.  

Not being possible to quantitatively implement these other tests, after the workbench tests 

were concluded, the lane was also assembled on the floor, and the bike was successfully used 

over its i-lane during a public exposition at the School of Industrial Engineering of the University of 

Vigo in June 2017, being capable of accelerating by means of electric assistance only, with the 

use of a manual throttle control, while the battery was removed. Because only a single inductive 

module was built, which is electrically 3.25 m long, after a first boost provided by the electric 

powertrain, the bike would naturally leave the inductive module and, from this point on, rely on 

pedal-only mode. 
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Inductive lanes share a common characteristic that limits the nominal level power 

transferred and the efficiency achieved by a DIWPT design, which is, the reduction of performance 

when the vehicle is laterally displaced with respect to the center of the lane. In the case of two-

wheeled vehicles, such as electric scooters and bicycles, lateral inclination can also be pronounced 

enough as to interfere with power coupling.  

Experimental evaluation of DIWPT is usually implemented based on the stationary model, 

by immobilizing the vehicle at different offset distances from the center of the lane and measuring 

the power transfer parameters. Under the point of view of the induction process itself, this 

approach is reasonable approximation under the usually valid assumptions that the induction 

frequency is high enough compared with maximum predicable speed of the vehicle and the 

gradient of the primary magnetic flux on the secondary coil. However, this method does not 

account for the statistical pattern of the misalignment and the angular attitude of the vehicle itself, 

that may be especially relevant in two-wheeled vehicles. Also, the stationary approach does not 

fully and precisely access the effect of the power electronics response delay when the primary coil 

drivers are switched on and off as the vehicle is detected when moving over the primary coil 

embedded in the inductive lane. 

In order to experimentally evaluate the characteristics of vehicular dynamic power transfer 

schemes, it is then necessary to synchronously log the vehicle’s electric data, the lateral 

displacement, and the angular attitude. In this chapter, the design and implementation of an 

electro-optical measuring system with these capabilities, based on Light Detection and Ranging 

(LIDAR) technology and inertial sensors, is reported. A testing range with specific reference 

geometry, consisting of a corridor of parallel walls, is used to simplify the continuous and accurate 

estimation of lateral displacement. The design was validated by statistical characterization of the 

measurement errors, using simulated trajectories. A prototype was built and mounted on a non-

electric bicycle, with the first tests confirming its positioning measurement qualities. The findings 
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and results reported in this Chapter were firstly and recently published by the author in [7], from 

where the text and figures in this Chapter are greatly derived. 

Although the development of this tool aimed to be an advanced testing resource for HIPLEVs, 

its principle of operation and characteristic are expected to fit many other DIWPT applications, 

where primary coils lay underneath ground surface, only being necessary to adjust LIDARs and 

other sensors, as well as their control circuits and processing parameters, accordingly to the 

maximum speed and power demand levels of the EVs involved. 

6.1 Inductive Lane Technology Considerations 

In a DIWPT system, when the vehicle moves forward along its path, its pick-up (secondary) 

coil will cross the magnetic field generated by stationary primary coils placed underneath the floor, 

along the vehicle's path. The system effectiveness will depend on the appropriated time-spatial 

coil activation pattern, which is ensured by the power electronic design, but also and fundamentally 

by good magnetic coupling between the lane and the vehicle, which is ultimately influenced by 

distance and misalignment between primary and secondary coils. 

The EV running over and harvesting energy from the power lane can be either manually or 

automatically driven, in case a more precise on-lane positioning ca be achieved, and the 

misalignment errors minimized. But even with the use of precise autonomous navigation, some 

tolerance in the vehicle-to-lane lateral misalignment must be handled by the system [207], this 

parameter being perhaps the most critical one to be handled in the case of human-driven EVs, 

such as the HIPLEVs, introduced in Chapter and which development and successful prototyping 

was reported in Chapter 5. The measurement of power availability on board of a vehicle as a 

function of lateral displacement over the i-lane is then crucial to enhance the evaluation of any 

DIWPT system, particularly, of the intrinsically unstable e-bike based HIPLEVs. 

6.2 Measurement of Vehicular Positioning 

The evaluation of DIWPT requires tracking the position and attitude of an EV relative to the 

lane, while power is also being monitored. Desirable dynamic accuracies are in the order of one 

to two centimeters for positioning, and of a few degrees of arc for the estimation of attitude, this 

latter being achieved by inexpensive inertial measurement units (IMU). All position variables are 

expected to be sampled tens of times per second, to adequately represent EV trajectories. 
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In the FABRIC project [208], a recent representative effort in the quest for practical DIWPT, 

a 100 m long i-lane was tested for vehicle lateral misalignment using a RTK Real-Time Kinematic 

(RTK) global navigation satellite system (GNSS). In this phase-sensing based variant of Differential 

GPS (DGPS), positioning accuracies in the order of one centimeter can be achieved [209]. 

However, current best commercial RTK-GNSS receivers have a maximum positioning update rate 

in the order of 20 Hz [210][211], which is just marginally acceptable for DIWPT analysis. These 

systems are also costly and relatively complex, requiring the transmission of a correction signal 

from a base station to the mobile station whose positioning is being measured. 

Optical positioning measurements, using calibrated cameras and visual fiducial markers 

[212] and, often, infrared dot-markers, can deliver better accuracies at the required speed rates, 

in indoors tracking applications [213]. However, their simplicity is diminished when positioning 

objects over longer paths, due to the need of increasing the number of coordinated cameras to 

cover extended areas.  

Here, a special reference geometry was imposed to the test site, allowing the use of LIDARs 

fixed on an instrument, which is attached to the EV, to directly measure its position. The calculation 

of the vehicle-to-lane lateral misalignment was significantly simplified by a robust computation 

neither involving computer vision processing techniques nor requiring inertial data, which are still 

required for determining vehicle’s attitude and forward progress on lane. 

6.2.1 Requirements 

The current system implementation is to be used in the evaluation of DIWPT to lightweight 

electric vehicles, such as electrically assisted bicycles [214]. For this application, the nominal 

kinematic parameter limits are given in Table 40. 

Table 40: Limit parameters assumed for the EV (electrically assisted bike). 

Parameter Maximum Absolute Value 

Speed 36 km/h (10 m/s) 

Lateral Acceleration 3g (3 x 9.81 m/s2) 

Relative (to lane) Yaw Angle 30º 

Roll Angle 15º 

The range of measurements and the respective desirable order of error magnitude will vary 

with application and the objectives of the analysis, as well as the specific characteristics of the 

power train of the vehicle in test. For instance, typical nominal powertrain voltages for electrically 
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assisted bikes are multiple of 12 V, often 24 V or 36 V. Without much information found on general 

DIWPT evaluation tools currently available, as well as on DIWPT systems specifically implemented 

for e-bikes [3], values from own experience guided the adoption of the representative values shown 

in Table 41: 

Table 41: Target range and precision for vehicle onboard measurements. 

Parameter Range Std Dev of Error 

Lateral Displacement -0.5 m to 0.5 m < 2.5 cm 

DC Harvested Voltage 0 to 100 V 2% of full scale 

Power Train Voltage 0 to 40 V  2% of full scale 

Powertrain demand 0 to 500W 3% of full scale 

Relative Yaw -30º to 30º 5º 

Pitch -10º to 10º 2º 

Roll -15º to 15º 2º 

6.3 Overview of the System Design 

The system is implemented as a remote sensing unit to be mounted onto an electric vehicle. 

Figure 230 shows its high-level block diagram representation. 

 
 

Figure 230: System global architecture, showing vehicle and lane subsystems. All data collected are synchronized 
and logged for off-line analysis. 
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Positional and electric data from the vehicle’s WPT receiver (WPT RX) and powertrain are 

collected and wirelessly transmitted via a UHF channel, in real time, to a receiver unit that is 

connected to a computer (running the Analysis System) through a USB communication port. 

Electric data coming from the i-lane WPT transmitters (WPT TX) can optionally be monitored and 

synchronized to the vehicular data. 

In order not to affect the power consumption of the vehicle itself, the onboard electro-optical 

data acquisition system is designed with its own battery, which is also installed on the vehicle. 

6.4 Reference Geometry and Position Estimation 

The system works on the principle that the vehicle’s position can be established by knowing 

the position of a fixed reference geometry. Three individual LIDAR sensors are simultaneously used 

to measure the lateral distance to the walls of a reference corridor, where the primary inductive 

modules of the i-lane to be tested lie underneath the floor. Figure 231 illustrates the top view of 

such configuration, where a single inductive module is under test. Inductive lane modules are 

aligned and centralized in between the parallel walls (1) of a reference corridor. The measurement 

unit is installed on the electric vehicle running over the inductive lane, indicated in Figure 231 by 

a blue dashed curve (3). For lanes of short length, a rear flat vertical surface (2) can be optionally 

used for referencing the rear LIDAR, if measurements of vehicle speed and longitudinal progress 

on lane are also required in the analysis. 

 
 

Figure 231: Top view of test range: vehicle at initial position (a) and running in corridor (b). 
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6.4.1 LIDAR-IMU Head Design 

The heart of the measuring system is the LIDAR-IMU mounting head, drawn in Figure 232, 

is a precision machined prismatic rectangular aluminum block of squared base, fixed to the 

vehicle’s structure, mechanically solidary to the pick-up coil used to receive power from the i-lane, 

where all LIDARs and the IMU are mounted to. 

 
 

Figure 232: Perspective view of the LIDAR head mounting. An inertial sensor, not shown in the figure, is fixed to 
the face of the block which is opposite to the face the rear LIDAR is mounted on, with its inertial refence axes 

orthogonal to the faces of the block. 

The left and right LIDAR are aligned-mounted on opposite parallel faces of the block, with 

beams pointing opposite directions. A third rear LIDAR is mounted on a face of the block that is 

orthogonal to the faces of the left and right LIDAR, with its beam pointing backwards, in such a 

way that all the LIDAR beams are in the same plan, adjusted to be as horizontal as possible, when 

the assembly is fixed to the vehicle’s frame, while the vehicle is resting in a neutral position. 

The IMU unit, Bosch BNO-055 [215], is installed in small board (Adafruit BNO-055) which 

is fixed to the fourth vertical face of this precisely machined aluminum block that has parallel 

opposite faces and orthogonal adjacent faces, as show in Figure 233. This is done in such a way 

that, when the light beams from the three LIDARs mounted on the other vertical faces are all 

horizontal, the IMU will indicate zero pitch and roll angles. 



Chapter 6 - Electro-Optical Tool for Evaluation of DIWPT 

Dynamic Inductive Wireless Power Transfer for Lightweight Electric Vehicles 
Luiz Alberto Lisboa da Silva Cardoso – University of Minho 392

 

 
 

Figure 233: Detail of IMU assembly on the LIDAR head: (a) Cable soldering on the back face; (b) component side 
shown; and (c) fixed to the LIDAR head block, where the LIDAR are fixed too. 

The use of this IMU unit greatly simplifies the task of measuring spatial orientation of the 

LIDAR header (and thus, of the vehicle). The BNO-055 has an embedded data processor (a 32-bit 

microcontroller Cortex M0+) running an algorithm that fuses all raw data from a 3-axis 14-bit 

accelerometer, a 3-axis 16-bit gyroscope and a 3-axis magnetometer, and produces an absolute 

attitude estimation at a 100 Hz rate, accurate to 2 to 3 degrees of arc. 

6.4.2 Attitude Estimation 

The IMU embedded in the instrument continuously computes estimates for the absolute 

spatial orientation of the vehicle, given by the Euler angles heading, pitch and roll (ℎ ,  , 𝛾 ). By 

construction, yaw (horizontal orientation) and heading (direction of movement) will always 

coincide, unless the vehicle is skidding on the lane, so these terms are indistinctly used in this 

work. The last two of these angles represent inclination with respect to the horizontal and vertical. 

The absolute yaw ℎ  estimated by the IMU at any given measurement cycle 𝑘, however, has to 

be transformed in the relative orientation angle  , by subtracting the yaw reading obtained at the 

initially aligned start position (h , on Figure 231a) from the current yaw reading (for instance, ℎ , 

as shown on Figure 231b): 

 = ℎ − ℎ  (6.1) 

6.4.3 Progress on Lane 

The progress on lane is the distance 𝑦 from the vehicle (LIDAR-IMU head) to the back-wall, 

taken along the lane. It is measured by computing the projection of the back-LIDAR beam length 𝑑 (𝑘) onto the lane longitudinal axis: 

𝑦 = 𝑑 (𝑘) 𝑐𝑜𝑠  𝑐𝑜𝑠 𝛾  (6.2) 
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If the reference point on the vehicle is not the center of the LIDAR-IMU head, the 

corresponding coordinate transform should be additionally applied. 

6.4.4 Lateral Displacement 

While the Euler angles are necessary to estimate the distance progressed on the lane, to 

correct the readings of back LIDAR beams to the back wall, (2) in Figure 231, the lateral 

displacement can be directly and precisely computed as function of the lateral LIDAR 

measurements only: Due to deliberate construction of the LIDAR head (section 6.4.1) and control 

circuit, beams of the left and right LIDAR at any cycle 𝑘 are both simultaneous and colinear, so 

the lateral displacement 𝑥  of the EV, with respect to center line of the lane, can be determined 

by the relative proportion of the left and right LIDAR readings, according to (6.3): 

𝑥 = 𝑤2  𝑑 (𝑘) − 𝑑 (𝑘)(𝑑 (𝑘) + 𝑑 (𝑘) + 𝑤 ) , (6.3) 

where 𝑑 (𝑘) and 𝑑 (𝑘), also shown in Figure 234, in red and green, are respectively the 

calibrated readings of the left and right LIDAR (as in Figure 247); 𝑤  > 0 is the constant width of 

the corridor and 𝑤  > 0 is the distance between opposite external faces of the housing of the 

measurement unit, from where LIDAR distances to the target (wall) are calibrated. 

 
 

Figure 234: Misalignment determination based on simultaneous left and right LIDAR measurements . 
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The walls should be high enough, considering their distance 𝑤 , the height above ground 

of the installation of the LIDAR head on the vehicle, 𝐻 , and the maximum expected heading angle, ℎ , and vertical roll inclination angle, 𝛾 . Otherwise, one of the LIDAR beams may miss the wall, 

and the estimation of 𝑥  will be undefined. As a first approximation, the height for the reference 

walls, 𝐻 , should be bounded by: 

𝐻 ≥ 𝑤 tan 𝛾 + 𝐻 cos 𝛾 , (6.4) 

6.5 Modeling of Errors 

Using (6.3) to compute the raw lateral displacement, 𝑥 , which can be modeled as a sample 

of the associated aleatory variable 𝑋 , has one more benefit other than not depending on the 

inertial sensor data processed at the IMU: the standard deviation for 𝑋  can be smaller than those 

of individual measurements coming from any of the LIDARs, left or right. 

Let us assume that both lateral LIDARs have the same behavior and the errors in their 

measurements are statistically independent and, after calibration, with normal distribution of zero 

mean. Because the lidar sensors are all of the same type, it is reasonable to assume that the 

standard deviation of this normal distribution is equal to a constant  , which is a characteristic 

of the LIDAR model. So, 𝑑 (𝑘) and 𝑑 (𝑘) are samples of aleatory variables 𝐷 (𝑘) and 𝐷 (𝑘), 

such that: 

𝐷 (𝑘) = 𝑇 (𝑘) +  𝐸 ,    𝐸  𝑁(0, ),  i ∈ 𝐿, 𝑅 , (6.5) 

where 𝑇 (𝑘) and 𝑇 (𝑘) are the true, but unknown, beam lengths from each LIDAR to its 

respective target wall, and 𝐸  and 𝐸  are aleatory errors that can be modeled by independent 

identical normal distributions with zero mean and standard deviation  . Under these simplifying 

assumptions, a vehicle running parallel to the corridor will have a normalized standard deviation 

 ⁄  varying according to its relative lateral displacement,  𝑤⁄ , as shown in the plot of Figure 

235 (obtained by numerical simulation). 
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Figure 235: Normalized standard deviation of lateral displacement estimation, as a function of the true relative 
lateral displacement in the corridor (-0.5 means vehicle at left wall and +0.5, at right wall). The curves are shown 

for different constructive 𝑤 𝑤⁄  ratios and relative standard deviations  𝑤⁄  of the LIDAR measuring errors. 

At the limit condition 𝑤 𝑤⁄  =  0, for small  𝑤⁄  ratios (5% or less), the standard 

deviation of 𝑋  can still be up to approximately 30% smaller than  , when the vehicle is close to 

the center of the lane, thus improving the quality of the lateral displacement measurement with 

respect to a single LIDAR measurement, as expected under the assumption of statistical 

independence of the errors on the two measurements 𝑑 (𝑘) and 𝑑 (𝑘). For the LIDAR 

components used in the design, the standard deviation errors 𝐸  of are proportional to the 

distances to be read, 𝑇 (𝑘), ranging around 1% for distances 1 m and above. So, by using 

calibrated LIDARs, the standard deviation of a single measurement of the lateral displacement can 

be reduced up to approximately 0.7 %, when the vehicle lies in the central region of the corridor. 

That corresponds to a ±7 mm error for 2 m wide corridor, when travelling parallel to the reference 

walls. By filtering or smoothing a series of consecutive measurements along a trajectory, the 

random error can be further minimized, depending on vehicle kinematics. 

In the analysis of DIWPT applications, rather than logging the position of the mounting head 

itself, often the center of the pick-up coil installed on the EV will be the point of reference for 

measuring misalignment. Since the pick-up coil is also mechanically solidary to the frame of the 

vehicle, a simple transform can compute the movement of the coil center (or any other point fixed 

on the vehicle), based on the estimated position of the center of the LIDAR-IMU block. 

6.5.1 Reduction of Error Variance 

Assuming a smooth and flat lane with no obstacles, and no intrinsic vehicle vibration due to 

the power train or other factors, the perturbation on the vehicle movement can be entirely 
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attributed to the human control when riding (or steering), which is ultimately related with human 

skeletal muscles movements. Since the fastest human hand or finger movements that can be 

produced lie in the range between 6 to 12 Hz [216], the sampling rate for measuring the vehicle 

position, 𝑓 , can be conservatively set at 60 Hz. A low-pass filter matching this expected 

bandwidth, with cutting frequency of 12 Hz, is used to condition the sequence of calibrated 

readings of each LIDAR, reducing the standard deviation of distance estimations. 

A Finite Impulse Response (FIR) smoothing window, associated with a low-pass filter with a 

cutting frequency of 12 Hz and maximally flat response over the pass band, was designed and 

integrated in the analysis software. Filter coefficients and frequency magnitude response 

characteristics are shown in Figure 236. 

(a)    (b) 
 

Figure 236: Characteristics of the smoothing window for the LIDAR readings, implemented as a low-pass FIR filter 
of order 12, for the design LIDAR sampling frequency of 60 Hz: (a) Frequency response. (b) Filter coefficients.  

Let us assume that the vehicle moves in a zigzag pattern, with a sinusoidal trajectory along 

the center lane, with amplitude 𝐴  and constant speed 𝑣. Then it can be showed that, at the points 

of maximum lateral displacement 𝐴, the modulus of the lateral acceleration 𝑎  will be maximum, 

with 𝑎  being calculated as: 

𝑎 = −A 2𝜋ℴ 𝑣 , (6.6) 

where ℴ is the periodic distance along the path required for vehicle to repeat the oscillatory 

movement. 

Exemplifying, at the constant speed 𝑣 =  36 km/h (10 m/s), if the amplitude of the 

movement A =  20 cm and the oscillatory pattern distance is as short as ℴ =  5.2 m, the 

resulting maximum instantaneous lateral acceleration |𝑎 | is 29.2 m/s , which is about 3g, i.e., 

three times the acceleration of the gravity on Earth’s surface. 
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Considering the error modeling as in Section 6.5, for all LIDARs in the system, the statistical 

behavior of the error in lateral displacement (6.3) estimation for this trajectory can then be 

computed by Monte Carlo simulations. The results obtained for this exemplary case, of a vehicle 

at the limit design maximum speed of 10 m/s, zigzagging with an amplitude of 20 cm in a 

sinusoidal pattern every 5.2 m, which is a very extreme maneuver for a bike (which would 

doubtfully be achieved by a rider, in real traffic conditions), are shown in Figure 237, assuming 

the measurements are performed within the walls of corridor with a width 𝑤  =  178 cm. 

 
 

Figure 237: Simulated statistics of positioning error, showing expected mean and standard deviation error for a 
vehicle on sinusoidal trajectory at limit design kinematics. (a) Error behavior in vehicle’s lateral displacement 
measurement, as the vehicle progresses forward on the lane; (b) tendency for errors in longitudinal position. 

The error pattern in lateral displacement is regular along the vehicle’s trajectory, with mean µ very close to zero most of the time, except at maximum excursions, when the measurement will 

lag behind the movement, resulting in a biased error up to approximately 3 mm. The standard 

deviation of the error remains practically constant, about 5 mm along all the lane, except for the 

first and last 𝑁 2⁄  measurements on the lane, due to the smoothing window filter order 𝑁, where 

it raises to values of the standard deviation of a single measurement. These values will vary 

proportionally to the standard deviation characteristic of the LIDAR readings, which will depend on 

the actual LIDAR model and the geometry (𝑤 ) of the reference corridor being used. 

6.5.2 Longitudinal Error 

In Figure 237b, the longitudinal error can be noted to be unbiased along all the vehicle’s 

path. The standard deviation, however, starts with a minimum value   in the order of 2 cm, and 

increases approximately in proportion to the progression on the lane, due to the dependency of 

the forward displacement estimation on a single back LIDAR reading, which has a standard 

deviation that is also proportional to the distance to the back wall, in the case of our experiment, 

located 2 m behind the corridor entrance, the point of zero progression on lane. 
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This behavior limits the application of the proposed configuration to lane modules up to 

about 6 m long, in the case secondary measurements related to forward movement of a vehicle 

are to be performed. For lateral displacement measurements, there is no such limitation, if the 

reference corridor is long enough to enclose the lane module to be evaluated. 

6.6 Detailed System Architecture 

As depicted in Figure 230, the system has two main components, the first, which is attached 

to the electric vehicle under test, consisting of an electro-optical monitor (EOM), and the second, 

the lane data logger (LDL), which is electrically connect to the inductive lane. These two 

components have independent measuring capabilities and can work in stand-alone operation. 

However, they are normally wirelessly connected, by means of a real-time dedicated UHF link, 

what allows the time-referenced electrical and positioning data coming from the vehicle (EOM) to 

be automatically synchronized at the lane side by the LDL. 

6.6.1 Onboard Wireless Electro-Optical Monitor (EOM) 

This unit, which is mechanically solidary to the vehicle frame, is detailed in the block diagram 

of Figure 238. It has three LIDARs, one pointing right, one pointing left and one pointing 

backwards. All these LIDAR (Garmin Lite v3) and the IMU (Bosch BNO-055) are connected by a 

400 kbit/s I2C bus to a master 32-bit STM32F103C8T6 microcontroller [217] [218], the “Position 

Processor”, which runs a supervisor program that every 16.67 ms gets the distance 

measurements from the LIDAR sensors, the Euler angles from the IMU, and the vehicle electric 

data coming through a dedicated 230.4 kbaud/s asynchronous serial bus from another 

STM32F103C8T6 microcontroller functioning as a multimeter and wattmeter, the “Electric Data 

Processor”. To accommodate different timing requirements, data from different sensors are 

buffered in one cycle and transmitted in the next cycle. 

In order to simplify real timing programming, a serial channel transponded in the UHF band 

was chosen to connect the vehicle with the lane analysis system. The modules used in this 

implementation were the readily available and easy to program HC-12 wireless serial port 

communication, which working frequency programable to any of the 100 channels of 400 kHz 

bandwidth existing in the 433.4 MHz to 473.0 MHz band. The transmitting power of module is 

also programable, up to a maximum 100mW (20 dBm), and the receiving sensitivity is -117dBm 

at baud rate of 5,000bps in the air, conditions under which, according to the manufacturer, 

successful communication is achieved at a distance of up 1,000m in open space, in low noise 
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conditions [219]. By actually experimenting with these modules in a laboratory environment, it 

was verified that the bit error rate was estimated to be less than 10 , at 38400 baud, 14 dbm 

and distances in excess of 20 m, which is more than enough for the intended test conditions in 

the HIPLEV application, when testing lane modules from 1 m to 10 m long. To further increase 

data integrity, a 16-bit checksum was introduced at the end of each 24-byte long data frame. 

 
 

Figure 238: Electro-optical data acquisition system architecture on board of the electric vehicle.  

The adoption of a sampling period 𝑇  = 16.67 ms for the positional data, corresponds to 

a sampling frequency, 𝑓 , of 60 Hz, which implies (Nyquist Theorem) in a maximum tolerable 

bandwidth for the vehicle movement 𝐵𝑊 =  𝑓 2⁄ = 30 Hz. Based on the predicted 

bandwidth limitation of 6 Hz to 12 Hz, as seen in section 6.5.1, all LIDAR calibrated measures 

can be further subjected to a low pass filter to reduce the variance of measurement errors.  

The Electric Data Processor, on the other hand, performs analog-to-digital conversion on the 

signals coming from two voltmeter channels, which share a common ground reference, and a third 

channel sending data from a galvanically isolated Hall-effect amperemeter. When monitoring the 

electric vehicle, the amperemeter channel is intended to be associated with one of the voltage 

channels in a series-parallel connection. Power is then computed by discrete integration of the 

product of these readings. 
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The sample rate of the electric signals, 𝑓 , was set to 6 kHz, a hundred times greater 

than 𝑓 . A new power estimate, integrated over the most recent 16.67 ms interval, is produced 

every 𝑇  = 166.7 μs = 16.67 ms 100⁄ , and becomes available to be asynchronously read 

upon request of the Position Processor. The rms values for all other electric signals are similarly 

computed. In this manner, although the electric data is read just once every 16.67 ms, there will 

be no loss of information on the total power and average effective values of voltages and current, 

except where induced by noise or arithmetic rounding errors, if the maximum electric data 

bandwidth is limited to 𝐵𝑊 = 𝑓 2⁄  =  3 kHz. 

The power transferred in a DIWPT configuration is expected to depend mostly on: (i) the 

relative position of the WPT receiver (in the vehicle) and the WPT transmitter (in the lane), which 

is also assumed to be bandwidth limited to 𝐵𝑊 ; (ii) the fluctuations on the power demand of 

the powertrain; and (iii) the switching state (ON/OFF) and time response of the power electronics 

driving the IWPT transmitter and receiver. To facilitate evaluating the profile of the maximum WPT 

as a function of lateral displacement, the IWPT transmitter should be kept always activated, and 

the load coupled to the IWPT receiver, on board of the vehicle, should be made constant. The 

system developed is then furnished with a dummy DC load to momentarily replace the power train 

during maximum transferred power profile tests. 

Positional and electric data are packed together into 26-byte frames, including a time tag 

and a check-sum word, and periodically transmitted over UHF at 38400 baud/s. The UHF radio-

modem used can be programmed to output power levels up to 20 dBm (100 mW), using any of 

100 channels in the 433.4 MHz to 473.0 MHz band. This is enough power to achieve virtually 

errorless transmission up to 30 m range in free space, a distance by design much larger than the 

length of the inductive modules and lane segments the equipment was built to monitor. 

6.6.2 Lane Data Logger (LDL) 

This unit receives and logs the vehicle data to a “Data Log Computer”, as shown in the 

block diagram of Figure 239. It can also optionally monitor and log electric data coming from the 

i-lane. A “Lane Activity Log Processor” acquires electrical data from the lane and merges it into 

data frames coming from the electro-optical measuring system installed on board of the vehicle. 

Because of the delays involved in measuring and transmitting over the UHF link the positional and 

electrical data coming from the EV, the “Lane Activity Log Processor” has to introduce 

compensatory delays in the lane data stream, to time-align both data sources. 
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Figure 239: System architecture on the lane side: Real time data coming from vehicle is received and associated 
with simultaneous electric data sampled from the lane WPT transmitter module. 

6.7 Supplementary System Sensors 

In addition to the LIDAR-IMU based power and positioning monitoring system, other two 

independent subsystems were integrated into the developed equipment as general tools for future 

use, in support of the evaluation of DIWPT of EVs: an Auxiliary Scanning LIDAR (ASL) and a 

Secondary Data Logger (SDL). These units were directly connected to an onboard computer 

running Windows 10, which was also wirelessly linked to the analysis system running on the lane-

based computer. 

Differently from the main data collection, which is time tagged, transmitted from vehicle to 

the lane analysis system via a dedicated UHF link, and synchronized with lane data, the data 

collected from supplementary sensors need further processing, if synchronization is to be 

achieved. In the initial version of the EOM, the only of the supplementary sensors currently in use 

is the ASL. By producing a clear visual profile of the walls around the vehicle, the ASL imaging 

facilitates the selection of most significative experiment runs. 

6.7.1 Auxiliary Scanning LIDAR (ASL) 

A short range (8 m) scanning LIDAR that rotates continuously at 5 Hz to 15 Hz (300 rpm to 

900 rpm), providing 360º horizontal scan, with up to 4000 distance readings per second (model 

A2M8, manufactured by Shanghai Slamtec Co., Ltd.) It will allow future investigation of 

simultaneous localization and mapping (SLAM) techniques [220] as an alternative for positioning 

determination. Its current function is solely to provide panoramic LIDAR scene visualization, for 

checking consistence of the positioning data logged in the test runs. 
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6.7.2 Secondary Data Logger (SDL) 

The SDL is an independent, four-channel, differential analog-to-digital converter, of up to 

40 kSamples/s per channel, data-logging system, for monitoring any electrical signal on board of 

the vehicle was also installed in the system rack. The gain of each channel can be independently 

programmed to allow measuring signals up to ±100 V in amplitude. Data can be logged locally on 

disk, for posterior analysis, or relayed over a Wi-Fi link, for remote real-time system monitoring. It 

can, for instance, be used as a redundant power logging system, to validate the consistence of the 

main data collected by the EOM. Depending on the intended use and signals to be monitored, the 

SDL may require further specialized interface sensors to be installed on the EV. 

6.8 System Implementation 

In this section a brief overlook of the implementation of our Electro-Optical Measurement 

System for evaluation of DIWPT configurations, which is constituted by the Electro-Optical Monitor 

(EOM) and the Supplementary Sensors. 

The EOM has four connections with the external world: 

• The power cord, which brings +5 VDC to the system through an IP68 watertight USB 

connector. The line is supplied by a dedicated 10.000 mA USB power bank. 

• The current input cable, with two conductors that are short circuited through the 

Hall sensor in the PMM, so that the instantaneous current on the powertrain can be 

read and used to compute, by discreet integration, the net supplied power to the 

vehicle. 

• The current and power to be measured can be that supplied to the powertrain or, 

optionally, to a battery, depending on the purpose of each test or study. 

• The voltage signal input cable, with three twisted pairs: (i) one for reading the high 

side voltage, 𝑉 , which is used to monitor induced voltage, after its rectification 

stage in the secondary; (ii) one for reading the low side voltage, 𝑉 , which should 

be connected in parallel with the DC input to the motor controller; and (iii) the  

• Two local OLED displays, that continuously report the electrical data being measured 

by the PMP and the positional and attitude data being measured by the LIMUM. 

• The UHF antenna, from where the vehicle data stream is broadcast to the receiver 

at the lane side, where data frames are assembled and the information is passed to 

the DIWPT software analysis system, running on a computer. 
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In the EOM, the LIDAR-IMU head is assembled in the same enclosure with the main other 

modules: the Power Measurement Module (PMM) and the LIDAR and IMU controller module 

(LIMUM), where a UHF transceiver module (HC-12, from Seeed Technology Co., Ltd.) is also 

installed. Figure 240 is a simplified representation of the EOM assembly. 

 
 

Figure 240: Electro-Optical Monitor (EOM) simplified layout. 

All wired connections are communicated with the exterior of the EOM enclosure via IP68 

watertight connectors. The polycarbonate enclosure itself has a transparent polycarbonate lid that, 

when closed, serve as a protective dome for the UHF antenna and the OLED displays, and makes 

the whole assembly also IP68 watertight, except, as expected, concerning the lateral and rear 

openings for the LIDAR beams. The IP68 capability could be retained by sealing the beam windows 

with 2 mm clear transparent acrylic sheets, which were actually cut to size and tested no to 

significantly interfere with the measurements, after calibration (only a slight reduction in the 

maximum detection range of 40 m was noticed). However, for this first prototype the watertight 

capability was not essential, because all tests pursued were indoors. 

6.8.1 Power Measurement Module 

The implementation of power measurement subsystem was conceived and cost-optimized 

to evaluate electrically assisted DIWPT bicycles [214] [3]. It has two independent voltmeters and 

one amperemeter. One of the two voltmeter channels is associated with the amperemeter channel 

to provide power readings of the input to the power train or the substitute dummy load. The other 

voltmeter channel can be used, for instance, to measure the voltage at the DC output of the WPT 

receiver and pattern the voltage and power availability at any given position. All channels and the 
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power product are sampled at 6 kHz and integrated over the most recent period of 16.67 ms, to 

provide readings of rms values over the positioning measurement cycles. The Hall sensor used in 

the design (ACS-712-30A, from Allegro MicroSystems, LLC) converts current to voltage with a 

factor of 66 mV/A, at a worst-case output accuracy of 1.5% at 25 C, due to non-linearity. The zero 

current level corresponds to a 2.5 V output of the Hall sensor. The voltmeter channels have a 

maximum 0.5% error due to restive networks (voltage divisor). All conditioned signals are presented 

before the A/D (analog to digital) converter inputs of the STM32F103C8T6 microcontroller, from 

ST Microelectronics, with a reading range from 0 to 3.3 V at 12-bit, with a maximum total 

conversion error of ±7.5 LSB (least significant bit) and a typical maximum error of ±4.3 LSB at 

25ºC, as shown in Table 42.  

Table 42. Electric data typical maximum errors at 25ºC for uncalibrated single measurements. 

Channel Reading Range Multiplier Uncalibrated Error 𝑉  High side voltage  0 to 134.2 V 1/41.6667 0.5%+4.3/4096 = 1.6%𝑉  Low side voltage 0 to 45.1 V 1/13.6667 0.5%+4.3/4096 = 1.6%𝐼 Current -12.1 to 30 A 66 mV/A 1.5%+4.3/2703 = 3.1%𝑃  High side power -1.6 to 4 kW (indirect) 1.6% + 3.1% = 4.7% 𝑃  Low side power -545 to 1353 W (indirect) 1.6% + 3.1% = 4.7% 

The instantaneous maximum power error (of a single measurement), given by the product 

of 𝐼 x 𝑉 , can be computed by adding the relative errors of 𝐼 and 𝑉 , that is, 1.6 % + 3.1 % = 4.7 %. 

System calibration, however, can greatly compensate errors due to non-linearity, leaving practically 

only the typical random A/D conversion errors of respectively 1.1 % and 1.6 % for voltages and 

current. This gives a precision of 2.7 % for instantaneous power readings, a figure that is further 

reduced when the Electric Data Processor integrates the 𝑁 =  6 kHz / 60 Hz =  100 power 

samples and computes the average power along every 16.7 ms cycle. 

(a)  (b)
 

Figure 241: EOM-Wattmeter: (a) Identification of main block components; (b) during initial isolated module tests. 
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6.8.2 Attitude, Positioning and Electric Data Synchronization 

Each single LIDAR measurement computed and logged at 𝑓  = 60 samples per second, is 

obtained from the integration of individual pulse readings at a faster rate (> 10 kHz), until a good 

correlation peak is detected in the return signal, backscattered by the reference walls. The 

maximum number of scan pulses used in this scan process can be programmed, and was 

experimentally optimized at 16, for a good balance between fast, stable, and accurate readings. 

The correlation analysis of each of these pulse trains is accomplished in the average time 𝑡  = 2 ms. 

Euler angles are also logged at 60 samples per second, but their readings come from an 

inner data fusion estimation process running on the IMU, at a rate 𝑓  = 100 Hz. Since 𝑓  and 𝑓  are asynchronous, the IMU data can be up to 1 𝑓⁄  = 10 ms “old” with respect to the 

reading time. Similarly, the supervisor program running on the Position Processor executes several 

tasks along each 16.67 ms cycle, in such a manner that different sensors are not read at the 

same time. UHF transmission is not an instantaneous process as well: beyond the almost 

negligible propagation delay, the data is cached into a dedicated modulation processor and 

transmitted at 38.4 kbaud/s. The supervisor program running on the Position Processor executes 

tasks briefly described in Table 43 in a pipeline, according to the scheduling shown in Figure 242. 

Table 43. Main tasks executed by the LIDAR and IMU controller unit (LIMUM). 

Activity Description 

A1 - Write data frame 
to the buffered UHF 
channel.  

A4 -Start new set of 
LIDAR measurements. 

A7 - Write data frame 
to buffered serial 
debugging channel. 

A2 - Buffered UHF 
transmission of data 
frame. 

A5 - Read Euler angles 
from IMU. 

A8 - Echo data to 
optional debugging 
terminal. 

A3 - Read LIDARs' 
internal data buffers. 

A6 - Compute 
checksum. 

A9 - Controller Idle. 
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Figure 242: Task schedule for synchronous LIDAR and IMU data acquisition and transmission. Time bars are not 
drawn to scale. Tasks numbered A1 to A9 are described in Table 43  

LIDAR data sampled in cycle 𝑡 (task A4) is read in cycle 𝑡 + 1 (task A3) and transmitted in 

cycle 𝑡 +  2, in the same frame with IMU data collected (task A5) at cycle 𝑡 + 1. Therefore, the 

mean delay 𝑡  between LIDAR to IMU readings that are packed in the same data frame will be: 

𝑡  =  1𝑓 + 𝑡 + 𝑡 + 𝑡 + 𝑡2 − 12𝑓 − (𝑡 + 𝑡 + 𝑡 + 𝑡 ) (6.7) 

𝑡 = 1𝑓 − 12𝑓 + 𝑡2 + 𝑡 2 ≅ 13.7 ms (6.8) 

with the actual delay 𝑡  ranging in the interval: 

7.7 ms ≅  𝑡 < 𝑡 < 𝑡 + + ≅ 19.7 ms (6.9) 

All the positioning data, together with the vehicle electrical data, suffer an additional 

transmission latency: Due to the intrinsic characteristics of the UHF radio modem used, the 

transmission of the first bit of the data frame is only started about 𝑡  = 14 ms after it is 

transferred to the associated UART buffer (task A2). The last bit of the measurement data frame 

coming from the vehicle is then received at Lane Activity Log Processor 𝑡  after the beginning of 

the transmission: 

𝑡 =  𝑡 +  (  ⁄ ) ( ⁄ ) ≅ 20.8 ms (6.10)

The precise analysis of the logged data takes these delays into consideration, to time-align 

the lagging lateral displacement measurements, based only on LIDAR readings, with respect to 

Task ms

A1 0.07

A2 6.8

A3 0.91 t t+1 t+2 t+3

A4 0.24 t t+1 t+2 t+3 t+4

A5 2 t+1 t+2 t+3 t+4

A6 *

A7 2.6

A8 3.2

A9 > 10

t+4 ≡ t+2

(LIDAR @ t+ε,        
IMU @ t+1-δ)

(LIDAR @ t+1+ε, IMU 
@ t+2-δ)

(LIDAR @ t+2+ε, IMU 
@ t+2-δ)

Initial Cycles (Transient)
t t+1 t+2 t+3
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the attitude measurements, the electric measurements of the powertrain, and the electric 

measurements coming from the i-lane. Figure 243 shows the timing of the main events in the 

system, from LIDAR reading start until data from measurements on board of the vehicle is available 

on the stationary receiver, ready to be associated to the i-lane power metering subsystem. A new 

aligned data set of measurements is available every 16.67 ms (60 Hz rate). 

 
 

Figure 243: Timeline of main events in the system, from measurements on board of EV to UHF transmission and 
synchronization with lane data. 

 

6.9 Prototype Integration 

The electronics of the system were organized into two printed circuit board units, one for 

the LIDAR-IMU control and the other for power measurement, both using STM32F103 32-bit 

microcontrollers (Cortex-M3 core architecture), with a clock speed of 72 MHz. To permit local 

monitoring of the Electro-Optical Monitor (EOM), two organic LED (OLED) displays were added to 

this unit, one to monitor the  Power Measurement Module (PMP) and the other, the LIDAR and IMU 

readings from their controller module (LIMUM). 

During normal operation, commanded by an external “LOG” switch being closed by the 

rider, the data frames are continuously transmitted through the UHF channel and remotely logged, 

and both local OLED displays will show the status message “RECORDING MODE ACTIVATED”. 

When this external switch is open, the data frame transmission is suspended, and the all the 

measurements are continuously refreshed on the OLED displays. On the PMP display, 𝑃 (power), 𝑉  (low voltage), 𝑉  (high voltage), and 𝐼 (current) measurements are displayed, while on the 
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LIMUM display, the readings of ℎ (heading), 𝑟 (roll) and 𝑝 (pitch) are, every 4 s, alternately 

displayed with the LIDAR distance readings, B (backwards), R (right) and L (left). 

Figure 244 shows all the modules of the EOM, except the external LOG activation switch, 

interconnected and powered-up. Since the LOG switch, which is externally attached to the bike’s 

handlebar, is not connected, the LOG terminals are left open and the system is induced to operate 

in local mode, reason for the displays are showing measurements. 

 
 

Figure 244: Modules of the electro-optical monitor electrically connected during functional tests, just before being 
mechanically assembled (except the power bank) into an IP68 enclosure, and integrated in the bike rack. 

The LIDAR-IMU control and the power measurement units are assembled stacked on top of 

each other, housed in an IP68 (according to IEC standard 60529) polycarbonate enclosure with 

clear lid, resulting in a total 𝑤  = 14 cm (LIDAR box width). The only external electrical wired 

connections are those for power, voltage and current sensor inputs, and the LOG switch. These 

lines are bundled into three IP68 compatible pass-through connectors transfixing the enclosure. 

Inside the enclosure and visible through the clear lid were installed OLED displays, for local reading 

of measurements made by each of the two modules. The watertightness of the assembly was, 

however, severely impaired by the holes drilled to let the LIDAR beams and their respective back 

scattering rays pass through the laterals of the box. For dust protection, 2 mm cast transparent 

acrylic windows were introduced to cover the LIDAR beam holes. These acrylic windows are also 

transparent (> 85% transmission) at the 905 nm wavelength (infrared) emission of the LIDAR type 

used. Their effect in attenuating and delaying the LIDAR signals can be compensated by calibration 
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procedures, with the maximum detection range being slightly degraded, but experimentally verified 

to be still well over 10 m, enough for the application. For testing vehicles outdoors, in arbitrary 

weather, it would be necessary to redesign the LIDAR protection windows, so that the adequate 

watertightness grade is met. 

Figure 245 shows the UHF wireless Electro-Optical Measurement unit (EOM), (A), integrated 

in a bike rack with the other onboard subsystems: (B) Scanning LIDAR; (C) Resistive loads and 

heatsink, mounted on both sides of vehicle, to emulate power train; and (D) Redundant voltage 

data logger model DI-1120, from DATAQ Instruments Inc., and management system, running on 

a Microsoft Windows 10 Pro PC Stick, manufactured by Azulle Tech. 

 
 

Figure 245: Bike with measurement rack with EOM and auxiliary subsystems installed. 

The power demand of the electric powertrain will depend on the acceleration and mechanical 

drag forces imposed on the vehicle, greatly varying along the vehicle progression on its path. A 

useful test condition is then to force the power consumption to the nominal maximum power 

demand of the powertrain. This can be achieved by momentarily replacing the powertrain circuit 

by a resistive dummy load of appropriated value. Such resistive load was also integrated in the 

prototype, as seen in Figure 245 (C), to facilitate the evaluation tests. 

6.10 Experiments and Results 

The general purpose DIWPT evaluation tool developed is based on two types of positional 

sensors, the LIDARs and the IMU. In principle, both need calibration. In the case of the IMU, this 

can be easily achieved with some special service routines provided by the inertial processor used 

in the LIDAR head implementation, which are run in the beginning of operation. This automatically 

calibrates the zero pitch and zero roll attitude of the vehicle to coincide with those measured with 

the bike in initial upright positioning. In addition to that, all heading measurements are also 
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referenced to the initial heading, that read when the system is turned on. For establishing a zero 

reading in the direction of the corridor, the vehicle is aligned with the center line of the corridor 

and the reference walls before it is turned on. From this point on, all angular heading 

measurements are relative to the walls. 

The optical components, however, require manual calibration for distance reading, to allow 

curve fitting parameters to be extracted, after a reference plane (zero distance) is established. 

6.10.1 LIDAR Calibration 

According to the manufacturer (GARMIN) of the LIDARs model Lite v3 used, non-linearity in 

the LIDAR readings is expected when measuring distances of 1 m and shorter. The lateral LIDARs 

(left and right) were calibrated using 9 reference distances from 24.1 cm to 145 cm, using metallic 

bars of known lengths, as shown in Figure 246a. 

                

 
 

Figure 246: Left and Right LIDAR calibration using metallic bars of known size. 
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The lengths of these reference metallic bars cover the entire range of expected 

measurements, according to the width of the corridor used in the experiment. The LIDAR 

measurements were made with each metallic bar perpendicularly touching the wall and the 

corresponding lateral side of the EOM unit, for both left and right sides, as shown in Figure 246b 

and, in a closed-up view, in Figure 246c. A similar procedure was also conducted with the rear 

LIDAR, where instead of metal bars of known sizes, an digital laser tape measuring unit was used, 

as a reference, due to the distances involved being larger. A total of 5 reference distances, from 

112 cm to 766 cm were used. 

According to the manufacturer, the LIDAR sensors used exhibit an almost fixed proportional 

maximum error behavior for distances larger than 1 m, and up to the maximum laser detection 

range, which is 40 m. The manufacturer also warns that, when detecting distances closer than 

1 m, these LIDAR should normally present pronounced non-linearity. This was actually observed 

in the calibrating curves individually fitted for the three LIDARs used, as highlighted in yellowish 

shaded areas of the chart in Figure 247. In fact, the non-linearity is noticed up to approximately 

100 cm to 115 cm, depending on the specific specimen considered. 

 
 

Figure 247: LIDAR calibration curves experimentally obtained.  

An observed increase in the standard deviation of readings at distances less than 0.45 m, 

however, strongly restricts practical operation of these LIDARs at too short range, the measures 

corresponding to the gray-shaded area Figure 247. 

For the usually slim lightweight electric vehicles at lower speeds, such the HIPLEV bikes, 

narrow corridors can be used, and the calibration of the LIDARs is very important, because the 

reading distances can often be less than 1 m. In order to improve precision of the measures and 

the estimated lateral displacement of the vehicle, calibration procedures of all three main LIDARs 

have always to be individually executed, before running the actual experiments. 
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6.10.2 Test Site Configuration 

The ideal dimensions of the reference corridor depend on: (i) the range of the lateral 

displacements to be measured; (ii) the maximum expected tilt angles of the vehicle, with respect 

to the corridor longitudinal axis; (iii) the maximum speed of vehicle; and (iv) the characteristics of 

the LIDAR used in the design.  

According to the manufacturer (GARMIN) of the LIDARs used (model LIDAR-Lite v3), the 

maximum range of detection, 𝑑 , is 40 m, with an error of ±1% in the mean value read, and 

another ±1% error due to dispersion, for distances above 1 m, with non-linear behavior when 

reading distances less than 1 m. From experimentation, it was verified that the standard deviation 

of the distance measurements is reduced (down in the 7 mm to 9 mm range) at the distances of 

approximately 0.6 m to 1.2 m, increasing rapidly as the distance falls below 0.5 m, and 

proportionally to distance itself, at distances above 1.2 m. 

Non-linearity in the readings can be compensated by calibration procedures, if operation 

distances are kept above 𝑑 = 0.5 m. The reference corridor width 𝑤  should be such that the 

minimum distance from the LIDAR head to the wall, at the condition of maximum displacement 

from the center of lane, should be not less than the above marked minimum recommended 

operation distance 𝑑  for the LIDAR. Thus, a good choice 𝑤  for the minimum value of the 

corridor width, without experimenting LIDAR increased dispersion errors, would be expressed by: 

𝑤  =   𝑑 + 𝑑  + 𝑤 + 𝑑 = 2𝑑 + 𝑑 + 𝑤 , (6.11)

where 𝑑  is the maximum anticipated lateral displacement width for the vehicle and 𝑤  is an 

equipment parameter, as defined for (6.3). Particularly, for a bike, it is also necessary that 𝑑  >  𝑤 , where 𝑤  is the minimum required width to accommodate the oscillatory movement 

of the bike, in order to allow the cyclist to dynamically keep the equilibrium, as defined in section 

5.3 and illustrated in Figure 148. 

The maximum detection range 𝑑  also restricts the maximum corridor width, 𝑤 . 

Considering the vehicle can assume relative heading (𝛼) and pitch (𝛽) angles limited in absolute 

values respectively to 𝛼  and 𝛽 , then: 

𝑤  ≤   𝑑  cos(𝛼 ) cos(𝛽 )  (6.12)
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There is, however, one more condition on the maximum value of 𝑤 , that can be derived by 

requiring the LIDAR beam not to touch the floor, what would invalidate the simple expression in 

(6.3) for calculating the lateral displacement. The limit condition is when the vehicle is maximally 

tilt (roll angle) inside the corridor: 𝑤𝑐𝑜𝑠(𝛼 )  ≤ ℎ𝑠𝑖𝑛(𝛽 ) ,  (6.13)

where ℎ  is the height of the center of the LIDAR mounting head above the floor plane. So, 

reuniting conditions given in (6.12) and (6.13), the maximum corridor width, 𝑤 , is given by: 

𝑤 =   𝑐𝑜𝑠(𝛼 ) 𝑚𝑖𝑛 𝑑 𝑐𝑜𝑠(𝛽 ) , ℎ𝑠𝑖𝑛(𝛽 )  (6.14)

For a bicycle, a typical 𝑑  of interest will be around 1 m, so the desirable minimum corridor 

width to be used with measurement unit, as given by (6.11), should be 2.15 m. During the 

experiments with the bicycle, it was verified that heading (relative to lane longitudinal axis) and roll 

angles, under normal ridging conditions, were respectively limited to 30 degrees and 15 degrees. 

Using (6.14) and considering a mounting height of 1 m and the characteristic 𝑑  of the LIDAR 

used in the design, results that the maximum corridor width should be approximately 3.35 m. 

In the first test runs herein reported, a corridor 1.778 m wide (Figure 248) was used, due 

to its prompt availability (near to our lab). This value lies outside the calculated ideal corridor width 

range though. The consequence, based on (6.11), is that, for this width, lateral displacements 

estimations 𝑑  such that: 

𝑑 > 1.778 − 2⨯0.5 − 0.15 = 0.628 m , (6.15)

are expected to have increased dispersion errors. In practice, however, there was no problem with 

that, because, for such a narrow corridor, lateral misalignment widths greater than 0.63 m are not 

likely to be observed in the experimental runs, due to the natural tendency of the cyclist to ride 

away from the walls, to avoid collision. 

In the verification of operation envelops of a HIPLEV, for instance, the lateral displacement 

width of interest goes at most to about 60 cm. Particularly for the evaluation of the first HIPLEV 

prototype designed and tested in Chapter 5, 30 cm would be enough, because its sufficiently 

higher than the specified 𝐷  =  20 cm (Table 25). 
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The experimental setup for acquiring data for testing the EOM positioning capabilities was 

created by placing a large back reference wall perpendicular to the test corridor, as shown in 

Figure 248. The perpendicularity of this back wall was checked by the verification of equal 

distances, on the left and on the right, to a given cross-section of the corridor. 

 
 

Figure 248: Experimental setup temporarily established during nighttime, in one of the corridors of MIT Computer 
Science and Artificial Intelligence Laboratory.  

A lateral view of the bicycle with the EOM installed, positioned at the start-run point, at the 

beginning of the corridor is show in Figure 249. No primary coils were installed in the test site, 

and the bicycle was not equipped with the inductive energy harvesting system, because these tests 

aimed position measurement verification only. At this stage of the EOM development, electric tests 

were separately conducted, on the workbench only. 

 
 

Figure 249: Lateral view of the bike with the Electro-Optical Monitor (EOM) installed and ready for tests.  
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The expected EOM precision in measurements of lateral displacements is better than 1 cm. 

In order to perform an experimental characterization of this error, a reference system of higher 

precision would be required, for computing measurement deviations from the trustable reference. 

However, such a high precision reference system for dynamically measuring positioning was not 

available. In this first assessment of the EOS functionality and measurement capabilities, the 

evaluation was performed by comparing the measurements with those extracted by processing the 

video recorded during the experiment. Still, the video configuration used yields an expectedly lower 

precision than that of the EOM itself. Because of that, in this first experiment, only a gross 

quantitative evaluation was possible. 

Further assessment of the EOM measuring capabilities would require more complex 

equipment, for instance, high resolution image processing using infrared markers [213] or real-

time kinematic global navigation satellite systems (GNSS RTK) [210] [211]. Even then, to match 

the 60 Hz measuring rate of the EOM, some extra design effort on the reference system is 

expected. 

6.10.3 Trajectory Reconstitution Using the EOM 

The use of a camera positioned behind and close to the back reference wall, overlooking 

the corridor and its left and right reference walls, as shown in the setup of Figure 248, permitted 

the reconstruction of the bike position with techniques of computer vision, as illustrated in Figure 

250. The average accuracy of estimates of the lateral displacement of the bike is calculated at 

approximately 1.5 cm, when the bike is in a central position of the corridor. A reference point on 

the bike frame is video-tracked, and the resulting estimated trajectory is then compared with that 

estimated by the EOM, making use of as special video tracking software [221] 

 
 

Figure 250: Tracking the bicycle on the video, as a reference for consistency check of the computed position 
estimations of the EOM. 



Chapter 6 - Electro-Optical Tool for Evaluation of DIWPT 

Dynamic Inductive Wireless Power Transfer for Lightweight Electric Vehicles 
Luiz Alberto Lisboa da Silva Cardoso – University of Minho 416

 

The raw LIDAR and IMU data are wirelessly transferred to an analysis program developed in 

MATLAB (from MathWorks), running on a fixed station. The time sequences corresponding to these 

data are then plotted, and any segment of interest in the run is located and cropped manually. In 

a real DIWPT evaluation, the duration of this segment should correspond to the transit time of a 

vehicle over at least one primary coil. The positional data collected correspond to the estimated 

distances of the EOM to the reference walls, rear and lateral (left and right), which are plot in the 

upper panel (a) of the analysis program screen, as shown in Figure 251. The rear LIDAR data, plot 

in black, shows a smooth ramp, demonstrating that, in this run, the bicycle departs from the back 

wall with an approximately constant speed. The red and blue curves in the same panel show the 

LIDAR estimated distances to the left and right walls of the corridor, which vary relatively more 

slowly, because the magnitude of the lateral velocity is smaller than that of the forward velocity. 

 

Figure 251: Raw positional and electrical data capture onboard of the vehicle: (a) LIDAR data panel; (b) IMU data 
panel; (c) vehicle electric data panel (reading zero values); and (d) i-lane electric data panel (not connected). 

The Euler angles captured from the IMU installed in the EOM are the Euler angles of the 

bike itself, since the EOM is firmly attached to the frame of the bike. These angles are shown in 

panel (b) of Figure 251. As expected, since both wheels are kept in contact with the ground surface 

all the time, the corridor floor is almost perfectly horizontal (one of the few regularities people can 

count on in the Stata Center [222]) and turns are range-limited, the pitch angle remains almost 

constant and close to zero. So, in this particular configuration, the pitch does not apport relevant 

information by itself. 
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In fact, by careful installation of the EOM on the bike frame, the pitch angle could be brought 

very close to zero. But this is not necessary, because this angle is considered in the 

transformations that calculate the position of the secondary coil in the lane reference system. 

The other two angles plotted in Figure 251b are the roll and the heading. The roll is the 

lateral inclination angle of the vehicle (presently, the bike), zero at the vertical, positive if the bike 

is inclined to the right. The heading angle in the plot is actually the relative heading angle, using 

the zero reference the heading angle at the start of the run, when the bike is intentionally set 

parallel to the corridor. Both the heading and the roll angles have an expectedly average value 

approximately equal to zero, along the central segment of a run. 

The trajectory of the vehicle, or, more specifically, of any object rigidly attached to the vehicle 

frame (and thus, to the EOM), is the determined by the analysis program by using the algorithms 

derived in Section 6.4 and the low pass FIR filter introduced in Section 6.5. 

The electric data synchronously collected on board of the vehicle, a measurement of current 

and two measurements of voltage, are presented in panel (c) of Figure 251. In this particular run, 

since the bicycle has not an electric powertrain and neither nor energy harvesting devices, the 

current and voltages sensors were floating, and the reading are all zeroed, except from electric 

noise. Because the power signal is computed by the integration of the product of the current 

reading by the reading of one of the voltages, this noise is essentially canceled, at the power value 

read is zero. 

Similarly, because there are no primary coils in the lane in this particular test run, and no 

electric data is being captured from the lane side, the analysis system, instead of displaying the 

lane electric data, the message “-(inductive lane not connected)-” simply displayed in its panel (d), 

and not curves are plot, as shown in Figure 251. The analysis system, however, is prepared for 

future dynamic tests of the HIPLEV, when a test range is built, and all signals become available. 

In a DIWPT study, the usual interest would be to track and find the trajectory of the center 

of the secondary coil, or, at least, its coordinates in the 𝑥 axis, which is transversal to the lane, 

and represents the relative lateral displacement of the secondary coil, assuming the primary coil 

is aligned with the lane. However, as explained, the bike neither is adapted with a secondary coil 

nor with the harvesting circuits, in the tests accomplished so far. So, just to exercise the analysis 

program, it was assumed that the center of the secondary coil is located at a fixed distance H  =  62 cm straight below the center of the EOM head. 
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The chart in Figure 252 shows the reconstructed trajectory using the IMU and raw calibrated 

LIDAR data in Figure 251, as generated by the interactive analysis program. The total time interval 

in all panels are exactly the same, with the black dashed lines in all of them, vertical in panels (a) 

(b) and (c), of Figure 251, and horizontal in the panel in Figure 252, also representing the same 

moment in the run. However, while the horizontal axis in panels (a), (b) and (c) represent time, 

the vertical axis in the chart of Figure 252 represents the distance travelled forward. Speed cannot 

be directly read in this latter chart, but other algorithms could have been used to plot the speed 

and its longitudinal and transversal components, if that would be necessary. 

 

Figure 252: Reconstitution of the trajectory of the center of a pick-up coil fixed on vehicle frame, based on the 
range readings from the LIDARs the Euler angle readings from the IMU. 

Yet in Figure 252, in the top of the panel, the corridor width is manually entered in the 

system. Just below it, the relative position of the center of the secondary coil (or other point of 

interest on the vehicle – such as the position of the RFID tag) with respect to the center of the 

EOM head, (0,0,H ), is also manually entered. The green dots are computed by applying the 

expressions developed in Section 6.4 to the IMU and raw LIDAR data. The black curve is the 
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estimated trajectory using the same IMU provided (which is already filtered internally to the IMU) 

but, instead, the LIDAR data filtered by the FIR filter introduced in Section 6.5.1. 

6.11 Conclusion 

The immediate unavailability of a reference instrument capable of dynamically measuring 

vehicle trajectories more accurately, in the same way the presently developed instrument does, 

made it difficult to experimentally estimate the errors in the measurement of lateral displacement, 

currently only estimated by simulation, at approximately 0.7% of the corridor width. The optical 

accuracy and the resolution of the camera used further limited the accuracy of trajectory 

estimation by video tracking, so far not permitting a reliable numeric evaluation of the error in 

trajectories measured with developed electro-optical instrument. The computed trajectories were 

still compared to those obtained by video tracking Open Source Physics software [221], as 

exemplified in Figure 250, with consistent qualitative results. 

The bike, equipped with the Electro-Optical Monitor (EOM), dummy replacement loads for 

the powertrain, the auxiliary scanning LIDAR (ASL), the secondary data logger (SDL), and an 

onboard computer with wireless TCP/IP over Wi-Fi, was still ridden outdoors, in the same 

configuration shown in Figure 253, to check mechanical robustness during normal street 

maneuvers. Functional conformity was checked afterwards. The results were entirely satisfactory. 

 
 

Figure 253: Electro-optical DIWPT evaluation system mounted on a regular bike. 
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So, while not providing the actual precision limits of the EOM, a simple verification 

procedure, based on video processing, allowed us to have first a consistency check of the 

measurements, which indicated the adequacy of the system to be used in the evaluation of DIWPT 

configurations where a 60 Hz data capture rate and lateral displacement errors up to 0.7% of the 

corridor width are acceptable. Using the same proposed technique, improvements in this error are 

expected, if more accurate LIDARs and faster processing circuits are used. 
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In this final chapter, a summary of the contributions of this work is provided along with some 

reflections on their impact and limitations. Finally, suggestions for follow-up work are given. 

7.1 Reflections on the Contributions of this Research 

The contributions of this research can be grouped into three different categories. In the first 

category are those related to the IWPT technology that are useful and most directly related with 

DIWPT implementation. In the second category are the proposal, the development, and the proof 

of concept by the implementation of a new transport mode, conceived by the conjunction of Human 

Powered Vehicles (HPV) and the DIWPT technology, the Human-Inductively Powered Lightweight 

Electric Vehicle (HIPLEV). In the last category are contributions that can be considered minor, 

collateral findings in the IWPT domain. 

In the first category, the following achievements can be listed, which are not known to have 

been addressed in previous works or publications: 

(i) The development of a closed algebraic expression for the voltage induced by an infinitely 

long coil, constituted of a single turn of a filamentary wire carrying a sinusoidal current of 

constant amplitude and frequency on a parallel rectangular coil, also constituted of a single 

turn of a filamentary wire (Theorem 1, Section 3.6.3). As an approximation, this expression 

can be applied to most of the central section of oblong coils, thus facilitating the calculation 

of induced voltages in such configurations. 

(ii) The development of closed algebraic expressions for the optimum values of primary and 

secondary coils widths that maximize the induced voltage in center alignment conditions, 

when a sinusoidal current of constant amplitude and frequency is imposed on the primary 

coil (Theorems 2 and 3, Section 3.6.3). 

(iii) A simple and unified graphic interpretation for Theorem 2 and Theorem 3, which facilitates 

the design of inductive lanes based on oblong coils, when maximum power transfer is of 

most concern (Figure 118, Figure 120 and Figure 121). 
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(iv) The development of closed algebraic expressions for the optimum widths of oblong primary 

coils and rectangular secondary coils that produce a maximally flat induced voltage, as a 

function of the relative lateral alignment of the coils, when a sinusoidal current of constant 

amplitude and frequency is imposed on the primary coil (Theorem 4 and Theorem 5, Section 

3.6.3). Similarly as in (iii), the theorems are directly appliable in the case of low magnetic 

coupling static and dynamic inductive wireless power transfer configurations. 

(v) A unified graphic interpretation for Theorems 4 and 5, which facilitates the design of 

inductive lanes based on oblong coils, when a maximally flat induced voltage is convenient, 

simplifying the circuit requirements, for instance, as in the case of a secondary load 

regulated by a DC-DC converter (Figure 123 and Figure 124). 

(vi) General DIWPT design guidelines and a DIWPT design procedure (Chapter 5), for the 

situation when the geometry and the power requirements of the vehicle are fixed, and both 

an inductive lane composed of primary coils and the secondary coils satisfying these power 

requirements are to be fully determined. Differently, in previously known works and DIWPT 

application projects based on oblong coils, the geometry and excitation of the primary coils 

are initially presumed or ad hoc introduced, without detailed justification, and then the power 

transfer and efficiency levels are estimated and experimentally validated. 

All contributions in this first category are relevant to the design of HIPLEV systems using 

oblong primary coils, and were not previously published, being unveiled with the publication of this 

thesis. Heuristic approximations based on Theorem 1 and Theorem 2 were used in support of the 

design of the first HIPLEV prototype, detailed in Chapter 5. These approximations were shown to 

be enough precise, by means of FEM simulations. They were also verified to be in very good 

agreement with experimental observations, even considering that, in practice, the primary current 

and frequency were not perfectly constant. 

In this HIPLEV design, the paradigm of maximum power transfer availability in the center of 

the lane was used, because, in the preliminary DIWPT experiments, the WPT at the distances 

involved in automotive applications was perceived as difficult to implement. Especially, in 

configurations in which the magnetic coupling coefficient between primary and secondary coils is 

small. So, to increase the chances of achieving the required power transfer of 400 W to the 

prototype while using simple materials, the maximum power criterium was adopted. 

Once the required power transfer was obtained at an efficiency level also higher than the 

minimum required, the analysis of the experimental results indicates that there is enough margin 
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in the induced voltage envelope to use, instead, the paradigm of a maximally flat induced voltage. 

This suggests the opportunity for the construction of a new system, where, although the maximum 

power level availability at the center of the lane is lower than in the currently built prototype, the 

electrified width of the lane is larger, permitting a more relaxed riding. Also, the DIWPT design 

using the maximally flat induced voltage paradigm, to be supported by Theorem 4 and Theorem 5, 

shall permit the use of DC-DC converters in the secondary with a smaller dynamic range for the 

input DC voltage. This shall allow the use of simpler (and less costly) DC-DC converters. It is 

speculated that, in some applications, even the use of a DC-DC converter could be dismissed, if 

the powertrain and the battery manage system is enough tolerant to poor load regulation. 

The second category of contributions is related with the proposal and validation of a new 

variant of transportation mode, the Human-Inductively-Powered Lightweight Electric Vehicles 

(HIPLEV), and consists in the main innovative engineering component of the thesis work. These 

contributions include: 

(vii) The proposal of the HIPLEV concept itself, which is the integration of dynamic inductive 

wireless power transfer to hybrid, human-electrically powered lightweight vehicles, a wide 

range of lightweight electric or electrifiable vehicles that are propelled by human power, 

including e-bikes, e-velomobiles and other three and four-wheeled e-cycles. In this manner, 

the HIPLEV can be thought of as a wheeled exoskeleton, specialized in transport tasks, 

which is electrically powered by the lane it rides on. 

(viii) The analysis and prediction of some operational characteristics for this new transportation 

mode, which reveals its adequacy to commuting applications in urban spaces. 

(ix) The anticipation of some new urban architectural guidelines that should be recommended 

for the adoption of the HIPLEV in smart cities. 

(x) The unprecedented design, prototyping and testing of an energy harvesting subsystem for 

an electrically assisted two-wheeled bicycle, which includes the mechanical and the 

electrical justification for the installation of a secondary coil around its rear wheel. 

(xi) The design of an inductive lane profile for operating DIWPT adapted e-bikes. When the 

HIPLEV and its inductive lane are paired up, the net transferred design power of 400 W at 

a top efficiency of 64% was achieved, a number that was later improved over 65%. These 

efficiency figures were obtained without the use of litz wires or any software magnetic 

materials for shaping the field, and are expected to be further improved if these more 

expensive components would be used in the design. Concerning the transferred power, 
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400 W was chosen to cover the maximum powertrain demand of 250 W, which is the 

maximum power allowed in PEDELEC bikes in most European countries. The excess power 

of 150 W can be stored and used to propel the vehicle during inter-primary coil transits. The 

elevation of the power can be easily accomplished by new similar designs, if needed, what 

is expected to happen if a new LEV class is considered for the HIPLEV or if a revision of the 

European normative for the PEDELEC with such provision comes into effect. 

(xii) The design, prototyping and testing of an RFID detection system that can be used to activate 

the energization of individual primary coils of a DIWPT system. Although many design 

options for power control of IWPT modules have been observed in the literature, the method 

proposed has the advantage of being simple and inexpensive, for it is based on the reuse of 

the ISO/IEC-14443A, one of the most popular and inexpensive near field RFID technologies. 

The coil activation solution adopted could be used as well in other non-WPT applications 

that could benefit from the near field RFID-based activation in enlarged detection volumes. 

(xiii) The design and implementation of an electro-optical system to evaluate the dynamic 

behavior of a DIWPT vehicle running over an inductive lane, which can simultaneously 

measure power and efficiency fluctuations, vehicle lateral misalignment on the lane, and 

other information, such as the travelled distance and vehicle’s attitude, as expressed by its 

heading, roll, and pitch angles. Although the design was made having the LEV in focus, 

particularly the HIPLEV, its principle is general enough to provide the base for the 

construction of similar instruments that can evaluate DIWPT to any EV. 

Concerning the above contributions directly related to the proposal of the HIPLEV, those 

numbered (vii), (viii) and (ix) were published in [8]. Some aspects of contributions (x), (xi) and (xii) 

generated publication [3] and [6], but other are only being unveiled with the publication of this 

thesis. Contribution in (xiii) was published in [7]. 

In the third category of achievements, these minor contributions to the study of IWPT can 

be listed: 

(xiv) A geometric interpretation of the relationship among the split-frequencies 𝑓  and 𝑓 , 

the resonant frequency 𝑓  and the magnetic coupling 𝑘, which can serve as fast graphical 

calculation tool for predicting the split frequencies. 

(xv) A technical review validating the first known design of DIWPT, that of Hutin and Leblanc, 

from 1891, based on available historical information contained in or presumed from the 

original patent document, and some complementary assumptions. The DWIPT system 
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architecture, including its geometry and circuits were simulated, assuming the use of 

materials and technology not available at the time to Hutin and Leblanc. The results of the 

simulations prove that, although rudimentary, Hutin’s and Leblanc’s design would work. 

Using a single wire transmitter at a 14 cm airgap, the DIWPT design would expectedly deliver 

the nominal required power for the traction of the first commercially operated Siemens’ and 

Halske’s tram, which was first operated in 1881, in Berlin, if at least three pick-up sections 

were installed on the tram. It was also demonstrated that this design, however, would not 

be EMF-safe for the occupants of the tram, mostly made of wood. But this was probably not 

a matter of any concern at the end of the 19th century. Although frequently cited in the 

literature, this patented design is not known to have been prototyped, nor had it been 

analyzed before in detail. 

(xvi) Inductive wireless power transfer systems, either stationary or dynamic, rely on the use of 

compensation circuits on both primary and secondary. Any passive reactive network can in 

principle be used, but the simpler ones, the serial-serial (SS) compensation, the parallel-

serial (PS) compensation, the serial-parallel (SP) compensation and the parallel-parallel (PP) 

have sufficient flexibility of employment, for most applications. Many authors, such as 

Terman in 1943 and, Wang, Covic and Stielau, in 2004, have mathematically analyzed these 

configurations with respect to power transmission and efficiency, providing general graphical 

interpretation of power transfer and general formulation for designing. Whang and Mi, in 

2016, have confirmed and extended this analysis. But in none of the observed studies 

provide a joint graphical visualization, fusing the information of output power and efficiency, 

as those represented in Figure 16 and Figure 22, which is believed to facilitate the intuitive 

prediction of characteristics of SS, PS, SP and PP-compensated magnetic links. An 

equivalent derived two-dimensional graphic visualization scheme is also newly suggested, 

as a complementary IWPT design tool, as illustrated in Figure 17 and Figure 23. The charts 

can be computationally and interactively drawn, making it easier to design an IWPT 

configuration, and to establish its operation point. 

(xvii) An elementary analysis of the voltage in wireless power transfer when there is relative motion 

of primary and secondary coils, confirming that DIWPT can be approximated by the quasi-

stationary approach in most applications involving terrestrial vehicles, when high enough 

induction frequencies are used, such as those (in the HF band) currently seen in modern 

DIWPT application. This consideration is intuitive and widely accepted, but, although finding 
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similar modeling in the theory of electric machines, it is not known to have previously been 

explicitly and formally analyzed in the automotive DIWPT context. 

(xviii) A method for indirectly measuring the transferred power over the airgap of a magnetic 

coupling is provided. The method is based on the Fourier decomposition of the transferred 

power, the direct measurement of primary and secondary currents and an estimate of the 

mutual inductance, and follows directly from the linear modeling of the magnetic coupling. 

Although very straightforwardly derived, it was not previously seen in the literature. It can 

help evaluate partial efficiency figures of primary and secondary circuits of the magnetic 

coupling, which ultimately can give a better indication of how the efficiency of an existing 

IWPT circuit can be improved. This contribution, inspired by, but collateral to the thesis 

work, was documented in [11]. 

Contributions (xiv) to (xvii) are considered incidental. They were so far not addressed in the 

previously listed publications, being first reported in this thesis. 

The e-bikes, par excellence representatives of the hybrid electric human powered lightweight 

vehicles, have been in the market for the last years, and are believed to provide a functionally 

adequate, sustainable, and economically favorable substitution for both higher power electrics and 

thermal engine-based mobility, in some transportation tasks. With the presently accomplished 

research, it is demonstrated that when these vehicles are used in conjunction with Dynamic 

Inductive Wireless Power Transfer (DIWPT), a newly proposed soft transport variant, with even 

more interesting characteristics, the HIPLEV – Human-Inductively-Powered Lightweight Electric 

Vehicle is created. 

In addition to the cultural inertia, the higher manufacturing costs of the heavier personal 

transports may pose economic pressure towards the pure translation of current thermal engine 

vehicles into compatible electric vehicles of similar functionality and performance. After all, today’s 

automobile industry generates high levels of employment and profit, which would be greatly 

reduced if a significant fraction of the personal transport market would be occupied by lighter, less 

expensive vehicles. Because of that, the optimum window opportunity for the adoption of the 

HIPLEV technology is still uncertain. It is conditioned to the conscientiousness of the users towards 

sustainability, to the expected future increase in carbon emissions, policies, taxations, and the 

prices of fossil fuels themselves. 

Many cities are now creating new bike lanes that help promote the resurgence of bikes as 

a primary personal urban transport. These lanes may become the base for a future network of i-
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lanes for HIPLEVs. But the adoption of some new architectural urban design guidelines and 

electrification paradigms that specifically support the installation of i-lanes for HIPLEVs are 

necessary, such as the pedaling hubs. Recent DIWPT efforts targeting the heavier EV, for example, 

the implantation of the first large-scale inductive lane for standard road electric vehicles, as 

discussed in section 3.4, and particularly, the more recent pilot projects by Electreon (Section 

3.4.8), may help the population to assimilate the idea, and consider the application of DIWPT to 

lighter vehicles as well. 

Systems using the inductive technology and the HIPLEV concept can be developed and 

deployed without mobilization of major material and design resources, without requiring special 

supplies or logistic facilities only accessible to highly developed economies. Compared to other 

types of transportation infrastructure, the HIPLEV is a technology that can be expected to be more 

easily installed in countries undergoing economic difficulties or recovering from catastrophes, 

using local design and engineering workforce. 

The HIPLEV concept has been demonstrated as technically viable by analysis, design, 

prototyping and successful experimentation, and it is believed to have the potential to replace a 

significant part of all short to medium-distance personal transportation modes, becoming a non-

exclusive answer to the quest for sustainability. However, the successfully introduction of the 

HIPLEV as a transport mode is conditioned to the redesign of the urban space, with the necessary 

investment made in the electrification of lanes that are currently dedicated to either lightweight or 

standard traffic. Above all, conscientiousness for sustainability is essential, as not all technological 

innovations are necessarily beneficial for mankind in the long term, if adopted in large scale. 

Bikes, e-bikes and HIPLEVs are not expected to completely replace other existing heavier 

transports, either electric or non-electric. But is predictable that in not many years all utilitarian 

bikes will be e-bikes. If the proper urban infrastructure is made available, all these e-bikes can be 

transformed into HIPLEVs, which can offer a much higher utilitarian potential than standard e-

bikes (and other e-cycles). 

It should be noticed that HIPLEVs and bikes, or e-bikes, are not competitive, they are 

complimentary. In the same way HIPLEVs are not expected to replace all the standard EV in all 

transport tasks. Much as horses and horse-carriages co-existed as the main land transport 

resources until the beginning of the 19th century, HIPLEVs and full sized electric cars have potential 

to become the popular personal transports of the future. 
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Since technical resources have been developed, whether or not the widespread adoption of 

the HIPLEV will become a reality now seems to depend on cultural changes towards sustainability 

and economic issues. 

7.2 Suggestions for Future Work 

Successful adaptation of an Electrically Power Assisted Cycle (EPAC bicycle) to use the 

Dynamic Inductive Wireless Power Transfer (DIWPT) technology has been achieved. However, in 

the first HIPLEV prototype, the rider protection against the exposure to EMF levels higher than that 

currently recommended by the International Commission on Non-Ionizing Radiation Protection 

(ICNIRP) [72] was intentionally left out of the scope of this work. In particular, the proximity of the 

secondary coil to the rider’s ankles and feet should be a matter of concern. For the HIPLEV to be 

adopted as a means of transport, further design effort in this direction is still necessary, to assure 

fully safety compliance. The EMF safety of the pedestrian was already considered in the current 

prototype design though. 

So, while the HIPLEV concept has been proved as viable, the design and validation of the 

EMF protection for the rider was out of the scope of this work, and it is left for future works. The 

design for EMF safety could be enormously facilitated if other HPV frame types are adopted as the 

basis for the HIPLEV, such as recumbent bikes and recumbent electrically assisted velomobiles. 

Even exhibiting better performance, these cycle types were not selected for the first laboratory 

prototype, because they are still less popular and more expensive than the standard upright 

bicycles. But they should be considered in a later implementation approach. 

In the same way, after the successful tests of the HIPLEV prototype, it was realized that the 

use of the maximally flat induced voltage, also supported by the mathematical analysis developed, 

could be alternatively adopted, and it should result in a new version of the HIPLEV with an improved 

performance-cost relation. This design exercise is also left for future implementations. 

One of the few heuristics introduced in the design is the option for a flat rectangular spiral 

secondary coil. This is not the optimal coil design that provides a maximum induced voltage, for 

coils of the same dimensions. This choice was motivated solely by the ease of construction, as the 

prototype was hand-made in the machine shop. Other more efficient winding layouts, still using 

rectangular turns, could have been more advantageously used. The concentration of secondary 

coil turns on the external limits of the mechanically viable coil installation region could render a 

more efficient coil, and new improved design variants could possibly be achieved. 
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Other three and four-wheeled faired human-powered lightweight EVs, of recent design, can 

provide full weather protection and more value to the user, and should be considered as the next 

class of candidate vehicles for DIWPT adaptation. The technology for implementing wireless power 

transfer circuits for these HIPLEV based on more efficient vehicles is readily available, at the 

required power levels, but the market for these vehicles is still incipient. It is conjectured that the 

demonstration of DIWPT applications involving these vehicles would not only be technically well 

succeeded, but could also impulse the velomobile market. This development and demonstration, 

fully supported by the tools presented in this thesis, is also left for future work. 

The lightweight electric market is growing, but in order for the users to justify the additional 

investment in the conversion of e-bikes and other lightweight vehicles to HIPLEVs, smart networks 

of wireless, inductively electrified bike lanes have to be implanted and supported by new 

regulations. Social and economic impact must also be carefully evaluated, and might indicate 

complimentary design directives. 

The adoption of the HIPLEV requires above all a cultural change, which is always a difficult 

process. It depends on the rediscovery that “small is beautiful”, and that there are many long-

term advantages in using a more humanized technology [223]. For that, the continuous discussion 

and the dissemination of the idea among local administrators, and the public in general, may help 

to open doors for this new transport variant. It is also possible and very plausible that, when the 

required massive dedication of natural resources and the large investment necessary to electrify 

the roads for heavier EVs is fully realized, the interest in DIWPT may turn in favor of the less 

expensive, less impactful in the power grid, and more sustainable electrification of lanes for 

lightweight electric vehicles. 
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