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FOUNDATIONS FOR QUANTUM ALGORITHMS AND COMPLEXITY

Recently, quantum computation has been generating a lot of interesting from both industry and academia,
due to the first results on quantum supremacy, i.e. the first time quantum computers were able to perform
efficientlytasks deemed unfeasible to classical computers, made possible by the state-of-art qubit technology.
These achievements, despite the unusefulness of the tasks performed (quantum circuit sampling), provide
evidence that real world quantum computation is not only evolving, but also, that full-scale quantum
computers may be a reality in the mid-term future.

The benefits of quantum computation are well-known to be potentially ground-breaking, from making RSA
cryptography unsecure, to the efficient simulation of quantum systems. On theoretical side, the algorithm
body of knowledge has evolved, and nowadays, there is already a huge number of algorithms and techniques
scattered across a vast realm of applications, from solving certain linear equations to optimization.

Nonetheless, the progress in the development of new algorithms with an exponential advantage, rather
than polynomial, has been quite slow and even the application of the existent quantum computational
techniques to new problems is far from being a trivial task. The main motivation for this work was to
contribute to this problem, and do so by folflowing a foundational approach, i.e. by the understanding of the
structures of the computational advantage of quantum algorithms and the conception of formal methods to
aid in their application to new problems.

Such an approach has to deal with two somewhat orthogonal perspectives of quantum algorithms:
complexity and semantics. The contribution of this work can also be divided in these two perspectives: in
one hand we try to identify and characterize the structures that carry the so-called quantum advantage and
exercise them with new applications, and in the other hand we propose tools to deal with the correction of
guantum algorithms, particularly, we discuss a dynamic logic for a class of quantum programs: the ones
expressible in the quantum assembly programming language (QASM).

Concerning the algorithmic side of the contribution we propose two new applications for quantum al-
gorithms: the first one from quantum biology, concerning the simulation of the non-radiative effects of
electronic transport through a molecular chain in a photosynthesis system; the second one belongs to
the field of quantum chemistry, and concerns the calculation of the ground state of the Hydrogen and
Lithium-Hydride molecules, under the action of a strong electrical field (the stationary Stark effect). Both

applications were implemented and experimented in a real-world quantum computer, the IBM Q.

keywords:  biology, chemistry, dynamic logic, quantum computation
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FUNDAMENTOS DE ALGORITMOS QUANTICOS E COMPLEXIDADE

Recentemente, o interesse em computacao quantica tem vindo a aumentar exponencialmente, devido
ao facto da meta da "supremacia quantica”, momento em que os computadores quanticos sao capazes
de realizar tarefas intrataveis para computadores classicos, ter sido recentemente atingida por equipas
independentes, utilizando arquiteturas de qubits quanticos diferentes. Isto da evidéncia da saudavel
velocidade de evolucéo da area, e fortalece a ideia de que os computadores quanticos em grande escala,
podem vir a ser uma realidade no futuro.

Os beneficios, ha muito conhecidos, podem ser realmente transformadores em campos como a crip-
tografia, ao tornar a criptografia RSA obsoleta, assim como tornar possivel a simulacdo de muitos sistemas
guanticos, com aplicacdes em muitas areas da ciéncia, como na quimica, ou na fisica de particulas. O
campo tedrico dos algoritmos, baseando-se nos sucessos dos primérdios da computacao quantica, como
foram os algoritmos de Grover e Shor, tem vindo a crescer, sendo que existe um vasto campo de aplicacdes,
desde a resolucao de equacdes lineares, até variados métodos de resolucao de problemas de otimizacao.

Nao obstante, o progresso no desenvolvimento de algoritmos quéanticos que consigam tirar completo
proveito da vantagem quantica tem sido lento, e mesmo a aplicacao das técnicas existentes a novos
problemas, revela-se complexa. A motivacao deste trabalho é contribuir para a mitigacao deste problema,
através de uma abordagem "fundacional” dos algoritmos e da sua complexidade, ou seja, através da analise
e classificacao das estruturas que adicionam a vantagem quantica aos programas quanticos e, se possivel,
da concepcao de técnicas formais que permitam ajudar na engenharia de novos algoritmos.

Esta abordagem oferece o desafio de ter de gerir duas dimensdes dos algoritmos quéanticos, tradicional-
mente estudadas em separado: complexidade e semantica. Assim, a abordagem deste trabalho baseou-se
também nessas duas dimensdes: por um lado, no estudo das estruturas que permitem a vantagem nos
algoritmos quanticos, e por outro na concepcao de uma légica dinamica para uma classe especifica de
programas quanticos: aqueles que sao exprimiveis na linguagem QASM.

Relativamente a parte mais algoritmica da contribuicao, sdo propostas duas novas aplicacées em dois
campos ciéntificos diferentes: a simulacao do transporte electrénico sem recurso a radiacdo no campo da
biologia quantica; no campo da quimica quantica, o calculo do estado fundamental da moléculas H, e
LiH, sob accdo de um campo elétrico forte (efeito de Stark). Ambas as aplicacdes foram implementadas e
experimentadas num computador quéantico real, o IBM Q.

palavras-chave:  biologia; computacdo quantica; quimica; légica dinamica
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1

INTRODUCTION

Quantum mechanics emerged in the beginning of the twentieth century, as a theoretical solution to the
inconsistencies faced by classical physics at atomic scales. Later, it was extended to all physical regimes,
except to gravity, explaining physical phenomena at small scales with great accuracy. Nowadays, it is
considered the most successful theory in the history of physics.

Fifty years after its conception, with its unique properties still being understood, the first quantum-based
technologies on the fields of communication and information started to appear, giving rise to the new area of
quantum information. In the Eighties, it was introduced the first notion of quantum computing by Feynman
[151] and several others, which has quickly extended to actual computer models and new algorithms,
such as the Deutsch-Jozsa [134], as well as Grover [178] and Shor algorithms [329], all of them with the
potential of significantly boost the performance of many very hard classical computational tasks. These
include, for instance, the breaking of Rivest, Shamir, Adelmant (RSA) cryptographic system [76, 329] (one
of the cornerstones of industrial cryptograhic systems), exponential increase in the simulation of quantum
mechanical systems [249], or the resolution of some types of linear equations [191]. Nowadays, the number
of quantum algorithms and techniques has grown significantly, with many potential applications across
industry and science [167], with an expected huge impact, for instance in chemistry [90].

Quantum computation faces, however, many very hard technical challenges, which has been preventing it
to reach its full potential. The hardest of these challenges is the so-called decoherence, i.e. the hardness of
conserving superposition and entangled quantum states, from the errors caused by environmental interaction,
which so far, remain uncontrollable, despite the many physical architectures, error correction strategies and
even alternative computer models [161, 148, 84] that have been developed. In fact, in terms of hardware,
quantum computing is still at an early stage of development, and /impactfulimplementations of most relevant
guantum algorithms are still beyond reach. However, advancements have been made, mostly due to the
developments in superconducting qubit technology [228, 236], and of optical systems [385]. It is expected
that in the next few years quantum computers start performing tasks deemed hard to classical computers,
reaching the so-called quantum supremacy [297].

By the time of the development of this work, an important milestone was reached in this regard, by
Google claiming a quantum advantage in a circuit sampling task [74, 29], using a 53 super-conducting



qubit processor a claim disputed by IBM [285]. More recently a Chinese team, has also claimed quantum
advantage using a photonic quantum computer, in boson sampling [385]. Furthermore, recently another
important milestone was attained in the field of simulation of quantum chemistry [300].

Current technology, known as the Noisy Intermediate-Scale Quantum (NISQ) [298] era, yields qubits with
a controllable amount of error and it is already expected that high-impactant computational tasks will be
performed by quantum computers, in the field of optimization [91, 88], or even in very relevant problems
such as nitrogen or carbon fixation, using techniques such as quantum annealing or the variational quantum
eigensolver method.

In conclusion, advancements in the theory of quantum algorithms, have led to large number of quantum
algorithms, techniques, and computer models. However, the creation of new algorithms, or even, their
adaptation to new contexts, has shown to be non-trivial. The motivation for this work, is exactly to contribute
to the engineering of new quantum algorithm, following a foundational approach. The word "foundations”
may have several meanings depending on the context, dealing, in general, with trying to find the most
fundamental components of the object of study. In the context of mathematics and computer science,
the term usually refers to the underlying theory or semantic model, where the object, or objects, of study
can be captured in a sound and complete way. Following such an approach for the construction of new
guantum algorithms is specially challenging, as it has to deal with two, generally orthogonal, dimensions:
their performance (complexity wise) and their correctness.

In quantum computation, the correcitness side is already significantly mature, and many useful tools
to reason about quantum processes and programs are available, founded on the consistent work in the
fields of semantics of quantum programming languages and logical systems. The complexity side is not so
mature: while the fundamental components that allow for quantum advantage across all quantum computer
models, techniques and algorithms are common and identified, /nterference and entanglement, and despite
the multitude of methods to identify and quantify them, to the best our knowledge there is no compositional
theory that formalizes them. Nonetheless, the mathematical theory of quantum advantage is a very active
research area. Hence, in this thesis we follow a more empirical approach: performance-wise we focused in
the characterization of some the efficient quantum algorithms and their primitives, and the conceive new
examples; from the point of view of correctness, we provide a logical formalism for dealing with a specific
class of quantum programs. More precisely the research work was developed along these lines:

* Efficient quantum algorithms - Two classes of problems for which there is a quantum algorithm
with exponential advantage are the soft-simulation of a wide class of Hamiltonians (local to sparse
ones), and the ones that make effective use of the Fourier transform, which range from the Shor to
the HHL algorithm. We studied these algorithms and provided a new application to the soft-simulation

of nonradiative energy in photosynthetic systems;



¢ Optimization problems - Quantum computers may yield some performance advantage in industrial
problems, particularly when involving some form of optimization. We review the current quantum
computational techniques employed in this kind of problems and, in particular, we explore an example
of application of one of these techniques, to the calculation of the ground-state of the H, and LiH,
under the action of a strong electrical field, the so-called Stark effect, which, to the best of our
knowledge, was not attempted before and whose conception faces non-trivial theoretical and practical
challenges;

* Logic for quantum programs - We define a dynamic logic, to reason about the QASM programming
language, which involves quantum and classical data and measurements.

These lines of research have originated the following publications:

* José Diogo Guimaraes, Carlos Tavares, Luis Soares Barbosa, and Mikhail Igorevich Vasilevskiy (2020).
Simulation of nonradiative energy transfer in photosynthetic systems using a quantum
computer. Complexity, 2020 ([179]).

¢ (arlos Tavares, Sofia Oliveira, Vitor Fernandes, Andrei Posnikov and Mikhail Igorevich Vasilevskiy.
Quantum simulation of the ground-state Stark effect in small molecules: a case study
using IBM Q. Soft Computing 25, 6807-6830 (2021). ([344]).

¢ (Carlos Tavares. A Dynamic Logic for QASM Programs. International Workshop on Dynamic
Logic. Lecture Notes in Computer Science, vol 12005, 209-217 (2019). Springer, Cham. ([343]).

The structure of the thesis reads as follows: in chapter 2 we revisit the relevant mathematical notions
underlying quantum mechanics and provide some background on quantum computation and programming.
Chapter 3 aims at classifying the quantum efficient algorithms, i.e. the ones within the so-called B0P-class,
as well as, the inherent primitives that allow quantum advantage. We also discuss the example of the
simulation of non-radiative energy transfer in photosynthetic systems. Chapter 4, is devoted to analyse
complex computational problems, which remain beyond reach to quantum computers, whereas most of
them have industrial interest, from the perspective of optimization problems. We also discuss a case study
on the calculation of a ground-state Stark effect for small molecules, a problem within the OMA class. Finally,
chapter 5, introduces a specific quantum dynamic logic to reason about quantum programs.



A BRIEF JOURNEY ON QUANTUM COMPUTATION

[ think | can safely say that nobody

understands quantum mechanics.

Richard P. Feynman, The Messenger Lectures,
1964, MIT.

This chapter aims at revisiting the fundamental theoretical notions of quantum computation, as a
background of the following chapters. We explore the fundamental mathematical concepts of quantum
mechanics, the Hilbert space and density operators formalisms, as well as the distinctive characteristics
of quantum mechanics, i.e. inferference and entanglement. Arguably, are the main source of the so-
called quantum advantage, playing a vital role in many quantum technologies, from communication and
cryptography, to computation. We also explore the main quantum computation models and programming
languages, including quantum circuits, and we provide a general perspective of the quantum complexity
classes.

2.1 Quantum physics

At the beginning of the 20t" century, physics was thought to be complete, unifying all known physical
forces and regimes, from the small to the very large. This, in despite of some smal/issues to solve, such
as the divergences verified in the calculation of black-body radiation, and the incomplete understanding
of the photoelectric effect. The solutions to these problems, led to the introduction of the of the concept
of quantum, the smallest amount of a physical quantity, for example, the Planck constant!, which is the
quantum of the orbital angular momentum. This allowed simultaneously the resolution of the divergences of
the radiation of black bodies [290] as well as the full understanding of the photoelectric effect[141], for
which Albert Einstein was awarded the Nobel prize in 1921. The latter, however, also included the radical
idea of discretization of electromagnetic waves, whose guanta were later called photons.

1 A constant & = 6.62607004 x 10~34m?kg/s introduced by Max Planck, to fit the data of black body radiation experiments



2.2. The Hilbert space formulation

These findings along with several other ideas and experiments, such as the experimental validation of the
wave-particle dualit’ and the new atomic models proposed by Bohr [72], shaped and gave experimental
validation to a radically different theory from classical mechanics: the quantum theory.

This body of ideas required a sound mathematical formulation, and this was initially achieved by two
different and /ndependent formulations: the Erwing Schrodinger’s formulation [319], based on waves, and
the Heisenberg-Jordan formulation [196], based on matrices. Both formulations were, later, shown to
be equivalent by Schrodinger [318], and later, mathematically unified under the Hilbert space formalism
by Von Neuman [276]. Both of such formalisms are canonical examples of a complex Hilbert space :
Schrodinger’s formulation happens in the space I, the space of all square summable complex sequences,
and the Heisenberg's in the LZ(R?’) space, the set of all square integrable complex functions of three real
variables [14].

Another important formalism is the one of density matrices, also introduced by Von Neumann in 1927
[361], targeting at the representation of statistical ensembles of quantum states, useful to represent
uncertainty in quantum states, e.g. fuzziness in preparation of quantum states. The Hilbert and density
matrices formalisms, particularly the finite-dimensional ones, are the most commonly used ones in quantum

computation. In the following sections we revisit the main principles of quantum mechanics through them.

2.2 The Hilbert space formulation

Despite of the complexity of its consequences, quantum theory is defined by only four postulates, in addition
to the algebraic laws governing a Hilbert space, and can be interpreted as state-based systems, where states
are unity vectors and transitions correspond to unitary transformations between states, preserving energy

conservation laws.

Definition 2.2.1. A vector space V over a field F, is a set such that for every x,y € V, the
following laws apply:

x+yeV; Opx = Oy;

X+y=y+x lpx = x;
Oy +o=x4+0y=x akx+y)=ax+ay;
ax €'V; (o + B)x = ax + Bx;

Definition 2.2.2. ([109]) A Hilbert space is a vector space H, over the complex numbers C,

with an internal product of type:

(—|-y:HxH —> C. (1)

2 The idea that both waves and particles had similar behaviour, as proposed theoretically by Louie De Broglie [127], and
experimentally demonstrated by Compton [113]



2.2. The Hilbert space formulation

In this operation, for all ¥, ¢, e € H and A € C the following algebraic rules apply:

(PP + €) = MPlp) + (Ple); (AP + ¢le) = A (Yle) + (Ple);
Wlpy = (Ply))™; (Ylp) > 0 for all p #0
where (—)* is the conjugate of complex numbers. Additionally, Hilbert spaces of infinite
dimensions must be Cauchy complete, i.e. for any (Cauchy) convergent sequence (v;); of

vectors in H, there exists v € H, such that |v; — 9] — 0.

2.2.1 The state space

The first postulate, defines the set of possible states in a quantum system:

Postulate 1. The state space of an isolated physical system is the set of unitary vectors of

an Hilbert space.

We denote an Hilbert space by . In 1939, Paul Dirac proposed a notation to express vectors in the Hilbert
space, the so-called Dirac notation [137]. Following this notation, a vector v € M, i.e. a state, is expressed
as |¥). Every vector is generated by a basis, a subset of /inearly independent vectors \vl) PR \vn). Hence,
in its general form, a vector v € V, can be expressed as a linear combination of elements of a basis,

¥) =) o), 2)

where |vl~> correspond to vectors of the basis, and a; are complex numbers corresponding to their amplitudes.

In the matricial form |v;) corresponds to a column vector:

&1
o
¥ =7 (3)
R%
A basis may be or not be complete, it is complete if the following condition holds,
Y a;lv;) =0ifa; =0, foralli . (4)
i

The dimension of M is the maximum number of linearly independent vectors in M. A further condition of
valid states is unitarity, which is provided by normalization, i.e. the norm of all valid vectors is equal to 1,

I1¥) || = ,,er}rxi (5)

6

[||o) || =1, where ||.]] is given as:



2.2. The Hilbert space formulation

where «; and &7 are the amplitudes and their conjugates, respectively. Another relevant mathematical
object in quantum mechanics is the bra (Y|, which corresponds to the conjugate transpose of a vector

¥ =197 = (a3, a3, ..., 03] (6)

Conceptually, 4ets correspond to the states of a quantum system, and brasto the tests that can be performed
over states. Finally, the internal product provides notion of distance between vectors. In the Dirac notation,
for instance, an internal product is denoted as (¥1[%¥,) and can be calculated as follows:

X

It
(Y1]¥,) = [a3, a3, ..., a5]. 2

(7)
&3

In other words, the internal product provides a measure of the likelihood that a fest (V4| results
successfullyin a state |¥5 ). If the internal product (¥1|%¥,) = 0, then (¥4 and [¥,) are independent,
i.e. orthogonal, while if the internal product is one, means they coincide.

It can be easily observed that two kinds of states are possible in an Hilbert space: |¥) = |v;) corre-
sponding to a single element of the basis, and |¥) = Zi“z‘ |?Jl-> with &; € C, corresponding to linear
combinations of basis elements, both having fundamental differences in terms of physical interpretation.
The former ones are called stationary states and correspond to states where the energy of the system is
well known, i.e. with no uncertainty associated, corresponding to different quantum numbers, and being

perfectly distinguishable. The latter ones correspond to the so-called superposition states,

where the energy is not well-defined, possessing an wncertainty associated. The proper physical under-
standing of such states is still under debate, due to their unobservability in the classical world. However in
practice, according to the statistical interpretation of Quantum Mechanics originally proposed by M. Born
[315], a measurement of such a quantum state can randomly yield one of the eigenvalues of its energy, E,,,
with the probabilities given by the squared amplitudes of the corresponding basis elements, |/\n|2.

2.2.2 Interference

A closer look to the possible state spaces in quantum mechanics, leads to the observation of one of its
distinctive properties. interference. In general, a quantum state, can be written as

Ae'®|0) + Be'®2 [1) = 110) + BI1) with A% + |8 = 1. (9)
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Interference concerns the non-independence of certain pairs of events in quantum mechanics, which can
be verified, for instance, in the so-called double slit experiment [18]. This prevents that the probability of
such events is given by the sum of their probability, i.e. P(A v B) = P(A) + P(B), as if they were
independent. /nterference requires two or more events to be calculated: considering the state described in
equation (9), and that A U B corresponds to the quantum union of the two possible quantum events, i.e.
to obtain O or 1 upon measurement, the probability of A LI B is calculated as follows:

P(AUB) = (A.e'% + B.ei%)T(A.e% + B.e'%2) = |A]? + |B> + A.B.cos(f, — 6;).  (10)

It is easily observable that the probability depends on the phase difference between the two waves (eigenfunc-
tions) of the stationary states, i.e. by the term cos(6, — 7). Formally, the actual calculation of interference
is given by the difference between the probability of quantum union and the classical union:

I(A,B) :=P(AUuB) —P(A) — P(B)
:= (A.e’® + B.e'%2) (A + B.el"92)Jr — At (A.e"l)Jr — B.eif2, (B.e‘gZ)Jr
:= A.B.cos(6, — 67)

It can be easily concluded, that the events can only be treated as independent only when interference
I(A, B) is 0. On the other hand, when the interference factoris not 0, the two waves corresponding to the
events are said to be coherent.

There is always interference in superposition states, i.e. eigenwaves of the system are always in coherence,
and the probability calculations the only depend on the phase differences (local phases) between them.
The common denominator between all phases is the so-called global phase, and while essential to the
composition of quantum systems, does not have any observational relevance, i.e. it is not relevant to
probabilistic calculations. In other words, it can be stated that

APy = [¥), with A € C (11)

where A is a global phase factor, i.e. it affects the whole system, and = means observational equivalence
and |¥) is an arbitrary state.

Interference is well known to happen with waves in classical physics, but in quantum mechanics it is
known to happen with photfons, but also with particles, e.g. electrons, i.e. e providing evidence that also
matter can behave as waves, in agreement with the hypothesis wave-particle duality. In fact, interference
has also shown to be existent in much larger bodies at mesoscopic scale, such as in large molecules [168],

but not at macroscopic level.



2.2. The Hilbert space formulation

This was shown in quantum mechanics resorting to different devices and methods, such as s/it exper-
iments, observation of electron diffraction or interferometers of many kinds. A paradigmatic example of
interferometers is the so-called Mach-Zender interferometer, depicted in figure 1, initially targeted to photons.

S
11

Mirror 1
P4 )

Detector

-

) Mirror 2

Beamsplitter

Figure 1: The Mach-Zender interferometer, is a optical device where, upon the application of a
beam splitter, photons can travel through two possible paths, until reaching one of two
detectors. Such paths can be transversed with equal probability. The detection of the
photon in the first detector corresponds to the basis state |0) and in the second detector
as |1). Adapted from [133].

In the experiments with the Mach-Zender interferometer, the end states read as follows:

L (o) +11) (12)
V2

with 1/2 probability of obtaining 1 or 0. However, the probability can be controlled by the phase difference,
which establishes the difference between a purely random distribution, where there is no control over the
distribution and it is constant throughout time, and the distributions of quantum mechanics, by-product of
coherence between waves, controllable, and oscillatory throughout the action of Hamiltonian. The loss of
coherence, which can happen through many processes, causes the decay of a quantum superposition state
exhibiting coherence to a classical probabilistic state.

2.2.3  Unitary evolution

The evolution of quantum mechanical systems has to be reversible, due to the laws of energy conservation,
and preserve linearity. Therefore, the evolution in a quantum system is given by a unitary operator U,

|‘Yt+<5t> = u|\Pt> ’ (13)

which preserves linearity:
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u( Y ale)) = X s o) (14)
i i

Postulate 2. The evolution of a closed system is described by a unitary transformation i.e.
an operator U such that U.U™' = L.

A corollary of these postulates is that the temporal evolution of a quantum mechanical system is given by the
Schrddinger equation [318], which is the cornerstone of Schrodinger's formulation of quantum mechanics.

Postulate 2.1. The time evolution of the state of a closed quantum system is described by
the Schrodinger equation,

. d
ih=1¥ (1)) = HI¥ (). (15)

The Schrodinger’s formulation of quantum mechanics, is centred at the action of the Hamiltonian operator
over quantum systems, H = T + V, T being the kinetic energy of the constituent particles and V the
potential energy of all interactions and fields in the system, both internal and external, whose action yields
the total energy of a system if in a stationary state,

HIY) = E|¥) . (16)

Notation |¥ (t)) denotes the system’s wavefunction (WF), which represents the timed evolution of an
elgenstate |¥), resulting from the action of an Hamiltonian operator. The set of WF's correspond to all
physically meaningful solutions of the Schrodinger equation, which are mutually orthogonal. Usually, there
are several possible solutions to the equation, corresponding to different values of the energy (energy levels
or eigenvalues, E,;), which are discrete for a confined (or bound) physical system. The wavefunction |¥),
may also depend on other arguments (such as spatial coordinates and spin components) according to the
representation used. In section 4.3, on chapter 4, this formalism is further explored, when addressing a
problem of simulation of a many-body system for quantum chemistry.

2.2.4  Observables

A quantum state, i.e. a wavefunction, carries information about all the observations that can be made, by
characterizing their probability distribution. In quantum mechanics one may be interested in an infinity
of types of observations, e.g. one can be interested in measuring the position of a particle, or its velocity.
Observables in quantum mechanics, are operators with a special status, known as Hermitian linear operators

which conjugate transpose (A*) equals itself,

A*

I
o

(17)
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10



2.2. The Hilbert space formulation

It can be easily verified that such operators possess real eigenvalues, and indeed correspond to those who
are empirically meaningful, as in the classical world all physical quantities are rea/values. A difference
between classical and guantum mechanics is that observables, in general, do not commute, i.e. the

commutator given by

[A,B] = AB—BA, (18)

is not necessarily O for all pairs of observables. The most well-known example of this is the non-commutativity
of position and momentum operators, which constitute the so-called Heisenberg uncertainty principle. The
commutator, basically allows the evaluation of the effect of the order of application of the observations, i.e.
if the commutator is different from zero, i.e.

[A,B] #0, (19)

the observations interfere with each other and it is impossible to estimate with arbitrary accuracy both
observables at the same time, meaning that observables are correlated, and even more, that it is impossible
to find separable distributions for the statistics of both observables and assign definite values to both of
them [73]. On the other hand, if (19) is O, then observables are independent, and hence, it is possible to
estimate both observables with arbitrary accuracy. Einstein defined this impossibility of assigning a definite
value to every observable of a quantum system in a given instant as some sort of anfi-realism, stating that
guantum mechanics should be incomplete. This, however, was proven experimentally several times, and,
is an important ingredient of several quantum technologies. Niels Bohr stated that this is a very powerful
assumption, which invalidates the calculation of joint probabilities for events that do not commute.

2.2.5 Measurements

The postulates enumerated so far, describe the possible states connected by transitions in quantum
mechanics, which include a special kind of states, the superposition states. Such states, cannot be
observed in the classical world, i.e. objects at macroscale can only be observed in a stationary and not in a
superposition of states, although they have been observed at micro and mesoscopic scales. This disparity
between classical and quantum worlds is known as the so-called measurement problem [375], for which
multiple possible theories have been developed, unfortunately, undistinguishable from the experimental
point of view with current technology. However, the process of causing the collapse of a superposition state
to a classical state is known as measurement and measurements have a stochastic nature in quantum
mechanics.

11
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2.2. The Hilbert space formulation

Postulate 3. Measurements cause the collapse of quantum states into classical states.
Mathematically, they correspond to projection operators: |M,,)(M,,|, where m is the

desired outcome.

The calculation of the resulting state after a measurement over |¥) is given by

M, ¥
m 1) , (20)
V(¥ M3, M, 19)
and the probability of obtaining a specific measurement by
p(m) = (¥ IMEM,, [¥). (21)

The set of measurement operators, for all possible outcomes, respects the condition that Zm M,LMm =

I. Each measurement operator corresponds to only one possible outcome.

Example 2.2.1. Consider state () = a]0)+b|1) and measurements My = [0) (0], My = |1) (1];
then,

p(0) = (Y| MEM, [) = ($I M [ip) = lal? (22)
Molp) _ a

lal  al 0 (23)
Milp) _ b

oo w (24

2.2.6  Combining quantum systems

In quantum mechanics there is the possibility of combining smaller quantum systems can be combined to

obtain larger one. The last postulate of quantum mechanics corresponds exactly to this:

Postulate 4. The state space of a composite physical system corresponds to the tensor

product of the state spaces of the component physical systems. A tensor is operator

®: C! x CJ - C™tnz, (25)

and its calculation for two vectors spaces corresponds to the following linear operation:
n
T=) ) (vw)ef) (26)

n
i=1j=1
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1,1 b1,2 bl,l b1,2
1 a11 a1
|:ﬂ1/1 a1,2 ®!bl,l bl,Z]: b2,1 b2,2 b2,1 b2,2 (27)
bi1 bio bi1 bip
e P A e T
2,1 2,2 2,1 2,2

a11 * b1,1 a1 * b1,2 a1p * b1,1 A1 * b1,2

ar1 dpp | b2,1 bz,z

| % byp a1 % bz,z A1 * byr a1p* bz,z (28)
ap1 * b1,1 a1 * b1,2 as o * b1,1 a1 * bl,z

[dp1 * b2,1 axq * bz,z az o * b2,1 A1 * bz,z

2.3 The density matrix formalism

Density matrices were introduced by Von Neumann in 1927 to represent mixtures of physical systems [360],
i.e. the so-called mixed states, which correspond to stochastic (classical probabilisties) combinations of
guantum systems. This representation is useful in a plethora of situations of quantum mechanics, but the
most obvious example happens there is uncertainty over the preparation of quantum states. The latter is a
common phenomenon in quantum mechanics. Following equation (6), a quantum state can be written as:

W) =) a;[¥;) (29)
i
The density operator can be obtained by the projection of a state over itself, which reads as
p=1¥)(¥, (30)
which results in a matrix of the following type:
el apat L oaad
t t +
O A ) 3 S
] R (31)
apal, . a,al

In this matrix lines correspond to kets, |‘Ifl~> , and columns to bras, <‘I’]| and each position of the matrix
contains the correspondent eigenvalue of the projection |‘Pi) <‘I’]~|, the multiplication of the «; for |‘P1~) for
its conjugate ocf. Fue to the spectral decomposition theorems, the matrix operator can be written as

Z (af * ;) [¥) (¥l - (32)

i
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2.3. The density matrix formalism 14

The elements appearing on the spectral decomposition, (a;r * wi), are elements of the diagonal of the

matrix, and correspond to the probabilities of obtaining state [¥;) ('¥;| upon measurement, hence the
trace® of the matrix equals to 1, and elements are always positive. Thus,

1. (Trace condition) p has trace equal to one;

2. (Positivity condition) p is a positive operator.

2.3.1  Pure and mixed states

States in quantum mechanics are of two types: pure, if it is possible to express them as a single ket, or
mixed, when expressed as a sfochastic combination of quantum states, i.e. the so-called mixture of quantum

states,

L= Zpi ¥i) (¥l , (33)

where p; is the probability of obtaining ¥; in a measurement. There is a multitude of situations where
this kind of representation may be useful, the most obvious case, being the existence of a dependency
between the observables of two different quantum systems, which imply that, from the perspective of one of
the systems, there is wncertainty about the actual state of the system, i.e. none of the two systems alone
possesses complete information about the state.

In practice the main difference between mixed states and pure states is that the latter states present
coherent effects and the formers do not, being purely random. A very simple example is given by the pure
state

¥) =al0)+BI1),
which reads, in the density operator formalism, as follows:

%ot 18*0(1- || ﬂx-DCJr
(wﬁ* ﬁ*ﬁ*)@(rx*ﬁ* W)' (84

The following density operator acting on the same basis, corresponds to a mixed state:

A 0
(0 B)' (35)

where A, B € R and A = |aJ?, B = |B|?. While both states have 1/2 of probability of being in states 0
and 1, they have a very different physical meaning. The former corresponds to a superposition state and

3 The trace of a matrix can be calculated by summing all the elements in the diagonal T,[p] =}, a;;.

14



2.3. The density matrix formalism

possesses interference; the latter corresponds to a plain classical distribution of two stationary states and
does not possess any interference (non-diagonal elements are 0). In the latter is impossible to contro/ the
probabilities of obtaining 0, 1 by the use of phase-shifts, for example. The distinguishability between pure
and mixed states, can be made explicit by the application of the trace operator Tr(pz), where operator p2

is given by

pPP=pxp= ZPz‘ |9:) (il ZP]' |¢’j> <¢j| = ZPz‘P]‘ 9:) <¢|¢j> <7vbj‘ = ZP% i) (il (36)
i ] i i
and the trace corresponds to the sum of the diagonal elements of p?

tr(p?) = ) pPtr(¥) (¥ = ) p?. (37)

In the case of a pure state, the partial trace will be equal to 1, while for mixed states such trace will be < 1.

For instance,if A =B =1/2

2
1/2 0 1/4 0
0 1/2 0 1/4
the trace of ,02 corresponds to 1/2 and it is lesser than 1, corresponding to a mixed state. This technique
may also be useful, for instance, in the detection of non-separable states (more on this on section 2.3.3).
Moreover, every mixed state can be transformed onto a pure entangled state of higher dimension, a

process, known as purification, for which there are an /nfinitude different processes to do it. Simultaneously,
it is always possible to produce mixed states, out of pure states [355].

2.3.2  Evolution

The evolution in the density operator formalism, similarly to what happens in the Hilbert space formulation,
is described by both unitary evolution and measurements. However, density operators have to support both
pure states and mixed states. Hence, the evolution in the formalism is not given by unitary and projection
operators, but rather by completely positive maps (CPM), which are:

* linear operator on positive matrices, preserving positivity;
* frace preserving, or trace non-increasing;

* stable under the addition of qubits, i.e. for F,I CPMs, F ® I is still a CPM.

15
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Unitary evolution

The unitary evolution is given by action of the unitary operator U over each of the Aefs of the mixed state:
u
o= pilgn) (wil = > plly) (| U" = UpU?. (39)
i i

Measurements

The simplest type of measurements are projection measurements, which correspond exactly to projection
operators. Projections have the following characteristics:

e idempotence |i) (i| = (|i) (i])>:
e orthogonality and ), |i) (i| = L.

On the other hand, the action of a measurement, over a state, reads as,

D10 (@il) (i) (bl = > 1{alp) P 1s) (il (40)
i i
and the probability of the outcome j, using a measurement M over a state |'¥), is calculated as follows:

Py(M = j) = Py(MIj) = (¥IMIMI¥) = (¥})) (j1¥) = Tr(olj) {j) - (41)

Measurements do not necessarily need to be expressed as orthogonal operators, but rather can be more
general, and not correspond to an orthogonal basis. Such is the case of the so called Positive operator

valued measurements (POVM )

S (MiM,,) =1 (42)

In both cases the measurement over a density operator is expressed as

M,, oM}, . (43)

2.3.3  Entanglement

Entanglement is perhaps the most distinctive characteristic of quantum mechanics and, arguably, the most
important component of quantum technology. The phenomenon was discussed for the first time in a paper
by Einstein, Podolsky and Rosen in 1935 [142], as a by-product of a thought experiment involving two
spatially separated particles with total spin O (singlet state), which interact in a way, such that the outcome
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of a measurement of the spin in one the particles defines the outcome of the same measurement made
in the other particle, a direct consequence of the non-commutativity of certain observables (discussed in
previous section 2.2.4). This phenomenon suggests a sort of /nseparable behaviour of the two particles,
happening regardless of the distance between them, in what constitutes an apparent violation of special
relativity. In a follow up paper by Schrodinger in 1935 [320], the phenomenon was named "entanglement”
for the first time and recognized as the most distinguished aspect of quantum mechanics.

The original argument of Einstein et al. [142], had the objective of criticizing in one hand the purely statistic
prediction power of quantum mechanics (indeterminism), and, by finding a case where it is impossible
that every observable has, simultaneously, a definite value, its apparent anti-realism. The main claim
was that the wave-function does not possess all the information to avoid these problems, and therefore,
guantum mechanics must be incomplete. This originated a new field of study on trying to find alternative
theories to quantum theory able to solve these issues, the so-called "Hidden variable theories”. A particular
important class of candidates of the latter were the "local hidden variable theories”, where the problem of
entanglement in quantum mechanics was solved resorting to Aidden local information, available to each
side of the entanglement parties. However, these theories were ruled out experimentally, as explained in the

following sections.

Bell experiments

The idea of the non-locality, which at first was considered an /nsufficiency of quantum mechanics, ended up
developing into one of the fundamental principles of quantum mechanics, particularly as a consequence of
the results of Von Neumann [208], and Gleason [174], but mostly of the so-called Bell theorems [51, 52].
The latter allowed the conception of several experiments, which could be performed in laboratory, to validate
non-locality as a core property of quantum mechanics. The Bell theorems are based in an experimental
setting based on a singlet state involving two particles, with global spin 0. Due to the commutativity properties
of spin operators in different axis, it is possible to choose two spin components ¢, 05 in different axis, such
that if the action, over the state vectors of two separate systems, denoted by 7 and B 1.4 yields +1, the
subsequent action (72.?7 yeilds —1. Hence the expected value of the measuring the system in o, 05 is

given as

-

(oi|ob) = —db. (44)

In the other hand, the calculation of the expectation values of @ and E in a /ocal hidden variables setting,
should read as

P@b) = [ dAp()A@)BG,N), (45)

17
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where A is a tuple of /ocal variables. The Bell theorem in [51], shows that there is no choice of variables
A is possible so that the expectation value of equation (45) matches the expectation value of equation
(44), as this would be a contradiction, ruling out local hidden variable theories. Furthermore, from these
works were also derived a set of inequalities, useful for the distinguishability of non-separable (quantum)
and separable (classical) correlations, the so-called Bell inequalities, which are useful to detect non-locality
in actual experiments, namely:

lac| — |ba] — |bc] < 1, (46)

where a, b, c represent the local components on each experiment. Also, other inequalities of this type are
given by

Cy(a,c) — Cy(b,a) — C,(b,c) <1 (47)

where C;,, represents an arbitrary classical correlation function. It has been shown multiple times that these
inequalities can be violated in many Bell-like experiments [30]. Moreover, many other arguments of this
type have arised, showing the existence of non-local effects in quantum mechanics. Hence, /ocalhidden
variables are excluded as candidates to a complete theory of quantum mechanics. In despite of this there
are many non-local Aidden variable theories candidate to a complete version of quantum mechanics, such
as the ones of De Broglie [127], or Bohm [71] theories.

The behaviour of entangled systems

Entanglement is characterized by the non-separability verified in multi-partite states, witnessedby appearance
of non-separable correlations in the observations in two spatially separate quantum systems. A famous
example of states in such conditions are the so-called Be// states:

9) = — (10,0,) + [1115)) , (48)

V2

where the indexes 1, 2 correspond to two different two-feve/* quantum systems. In this case the existence
of entanglement is pretty obvious, as one can easily observe that it cannot be written as a fensor product of
two separable states, and it can be strajghtforwardly confirmed by the evaluation of the partial trace in one
of the systems, upon tracing outthe other one. However, the detection of entanglement in general is far
from trivial and the conception of Hermitian operators able to detect entanglement in states, the so-called
entanglement witnesses, is an area of study on its own.

The most important fact about multi-qubit entangled systems, is that they behave as a pure state, i.e.

behaving similarly to a pure state of a single qubit system, exhibiting coherence between the elements of

4 Quantum systems possessing only two stationary states, here denoted as |0) and |1), the so-called qubits
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the orthogonal basis. However, the density matrices for any state involving only subset of qubits in the
entanglement, are mixed, i.e. no coherence is exhibited. This is verified, for instance, in the teleportation
protocol where two qubits are involved in the entanglement, yielding a pure state, however the density matrix
of each of the individual qubit presents itself as mixed state.

Another important fact about entangled and classical states, is that classical states are always convex
(separable) and entanglement states are not [356], i.e. a linear combination of a separable state is also a
separable state, for instance, given two classical states,

[$15) = ) il ® 97 (49)

and

ofB) = qof @ of, (50)
i

any linear combination of such states yields also a separable state:

pof®+ A =p)ofB =p) pigt @ F + A=p) ) qiof @ oF. (51)

A somehow fundamental method to detect entanglement, unfortunately very hard to apply, is exactly by
trying to find such a factorization for a given state, a problem clearly intractable from the computational
point of view, due to the large number of possible factorizations. The conception of efficient entanglement
witnesses is a very broad and active area of research [224].

Quantitying entanglement

Entanglement may manifest in different degrees and hence, a very relevant question becomes the definition
of efficient methods to quantify entanglement in quantum systems. This becomes specially relevant,
for instance, in quantum computation, as it is considered one of its fundamental resources. In a way,
entanglement is a measure of non-classicality of states, i.e. a measure of distance between non-separable
states and separable ones. A basic measure of entanglementis mutual information,

In(oa : pB;paB) = 5(0a) + 5(0p) — S(0aB) , (52)

where p4 and pg are the density matrices of two separate systems, and & is their Von Neumann entropy.

S(pa) = —tr(paInpy) = —tr(pg Inpp). (53)
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Figure 2: Local operations and classical communication operator definition. Adapted from [291]

However, this measure does not behave in mixed-stafe scenarios, due to the existence of processes able
to transform them in pure states and vice-versa, i.e. processes of purification [356]. Therefore, a more
general definition of measure of entanglementis necessary, which is given, for instance, as

E(o) := minpeﬂﬂ(anp), (54)

where D is a measure of distance between two matrices, ¢ is an entangled state subject to purification, p is
a classical state and 1) is the set of convex states. Any valid measure of entanglement, shall obey to the
following conditions:

» for separable states E(c) = 0, i.e. the state is not entangled, and cannot be purified to an
entanglement state;

* any measure of entanglement remains unchanged under the action of locally unitary operations®;

e any measure E(o) cannot be increased by local operations, classical communication and subselec-
tion (see figure 2)

E(o) > ZPiE((Ti)- (55)

There are many measures which respects these conditions, for instance: relative entropy, entanglement
of formation, or entanglement of distillation, or Schmidt rank [143]. Nowadays the quantification of
entanglement is very relevant, specially in many-body systems, which, however, has revealed itself as
challenging [354, 317, 22].

5 Local unitary operations, are operations which can be written in the form U4 ® Up (note that the CNOT gate is not)
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2.3.4  Decoherence

The nature of the wave collapse in quantum mechanics, defined by the so-called measurement problem,
is still an unsolved problem, and subject to intense debate in many areas of knowledge. Decoherence
processes, introduced by Zeh in 1970 [384], while not solving the measurement problem, provide a very
good explanation for the apparent decay of pure (quantum) states to mixed (quantum) states observable at
macroscopic level [387].

As discussed in section 2.3.1, every mixed state can be purified into an entangled pure state, i.e. a
mixed state is always part of a pure state of larger dimension. The process of decoherence is somehow a
purification process, where due to the introduction of entanglement between a closed system H, and its

environment M,

H, @ H,,

errors are introduced into the state M, which then decays to a (classical) mixed state. Unfortunately,
this process happens in an unpredictable and uncontrollable way, and the incapacity of controlling such
system-environment interactions, has been the major problem in the conception of quantum computers
(more on this on section 2.4). Nonetheless, this type of systems, interacting with their environments (also
known as baths), constitutes an area of study on their own: open quantum systems. While the methods of
this area are limited, and only able to deal to small systems, very far from physically meaningful systems for
decoherence processes, they provide useful insights in many applications, for instance in biology (see more
on this on section 3.3).

Decoherent processes

The decoherence observed in the /arge quantum systems, for instance in quantum technology, is an
uncontrollable and unpredictable process, exactly because the number of quantum interactions is completely
intractable for classical computers, and arguably, will still be too hard even for quantum computers. However,
the effects such interactions have in closed systems, due to action of the bath, are well-known, which simplifies
the conception of strategies to compensate them, and can be divided into three categories [83]:

e amplitude damping;
¢ dephasing;
* depolarization.

Hereby, we further describe each of these processes.
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* Amplitude damping interactions encompass the processes that cause loss of the amplitude of

one or more system’s eigenstates. The spontaneous emission of a photon from the system to the
environment from a two-level atom is an example of this kind of processes, which can cause the

decay of an excited state to its ground state [277].

Phase damping, or dephasing processes cause the decay of the off-diagonal terms from the
system’s density matrix, over time, down to zero, removing superpositions, i.e. coherences, of the
system state. An example of this process can be observed by the interaction of a two-leve/ system

with its environment, letting the initial state of the latter system be given as |¢) = a|0) + b|1).

Coupling this system with an environment, and modelling the environmental effect as a Gaussian
distribution of relative phases 6, with zero mean value and variance 2A, gives raise to the following
mixed state [179]:

bate™  |b?

)= ( |a|? ab*e‘A) . (56)

It is easily observable, that the off-diagonal elements decay exponentially to O as A increases, and
as the variance A is proportional to the time variable, the coherence in the initial two-leve/ system
decays over time [277], ultimately, removing any coherence from the system, turning the original
coherent probability distribution, into a non-coherent, classical, one. These processes conserve the

energy of the system, contrary to what happens with amplitude damping.

The Depolarization changes the system state to a mixed state, with a probability P of another
pure state and the probability (1 — P) of the initial state of the system, and it can be thought as a
combination of the other two types of decoherence [1].
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2.4 Quantum computing

Quantum computation is a scientific discipline born in the eightie’s, following the idea proposed Feynman in
1982 [151] to employ quantum mechanical systems in the simulation of quantum mechanical systems
themselves. This process, nowadays known as quantum simulation, as already foreseen by Feynman, yields
a huge (exponential) computational advantage in some quantum simulations.

This was the first idea leading to quantum computation, which was followed by the first formal com-
putational models introduced by Benioff [53, 54], based on Hamiltonian evolution and being continuous.
Later, in 1985, David Deutsch [130] provided a more general quantum universal computing model, the
so-called quantum Turing machines, as an extension of their classical counterparts. Borrowing notions from
the field of reversible computing, he introduced the notion of a quantum circuit. These are, still today, the
fundamental notions of the quantum computing models, from which originated a flurry of theoretical work,
encompassing possible implementations, programming languages and formal methods to deal with them.

From the implementation point of view the hardest challenge is decoherence [82], the conservation
of superposition and entanglement in quantum states, against the errors caused by the environmental
interaction. To solve this problem, many physical architectures have been developed, as well as alternative
computing models and error correction strategies. However, it cannot be said that this problem has been
overcome and that quantum computing is a reality.

This section is devoted to the discussion of the main concepts underlying quantum computation, as well
as the abstract models for quantum computers, from of a state-based perspective, as seen in by Deutsch
[130].

2.4.1 The state space: finite vs infinite dimension

The state space for a quantum computation is given by the set of unitary vectors (vectors of norm 1) in
a Hilbert space, which can be of finite or infinite dimension. Most of computer models, fall in the former
category, however the latter have also shown to be relevant, for instance, in quantum computing with
continuous variables [288, 368], or for dealing with systems whose number of particles in the system
changes throughout the computational process.

Nonetheless, the most common form of quantum computation resorts to a notion of gubit, 2-dimensional
Hilbert spaces, 2, with {|0),|1)} as basis, i.e. the so-called computational basis, from which spaces of
arbitrary dimension can be built. The state space of a gubitreads as follows:

[) = a |0y + B 1) suchthat |a? + |BI*> = LA |p) = [¢),A € C (57)
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where A is a global phase and does not possess any observational effects. Such state space possesses a
geometric interpretation given by the Bloch sphere [277], mostly useful to understand single-qubit unitary
transformations, where a state is described in polar coordinates by two angles in a three-dimensional space,
as presented in figure 3.

Figure 3: Bloch sphere, adapted from [277].

The state spaces of qubits can be combined with the fensor product ® to larger quantum systems. For a
n-qubit system, the set of possible states is

n-1
Q) H?. (58)
i=0

For instance, the state space of a two-dimensional space, is

) = «|00) + B101) + ¥[10) + A[11) , (59)

for a, B, 7y, A such that |2 + Iﬁl2 + I’yl2 + |A]2 = 1. Furthermore, in a purely abstract setting, one can
group a set of qubits into a register:

register with | qubits  register with m qubits

018 @ @511 ® s -
Aggregation with [+m qubits

A set of registers defines the quantum computer’s memory, whose semantics is given by the set of all
possible guantum states. An important property of a quantum memory is that it cannot be replicated: as
stated in the no cloning theorem, proven by Wooters and Zurek in 1982 [377], it is not possible to make an
exact copy of a quantum state. This is a simple consequence of linearity, but significantly changes the way
guantum programs are built.

2.4.2 Transitions between states: unitarity and time
In quantum mechanics, transitions preserve unity of states and are unitary, hence, programs are given by

the class of such linear unitary operators (U.U* = 1) in a Hilbert space. For a quantum system with n
qubits the signature of the transition operators reads as follows:
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u®n . H2®” N Mz@n

A particular relevant class of unitary operators used in quantum computation is that of Hamiltonian
evolution operators, i.e. operators that characterize the evolution of an Hamiltonian, which possess the form
e!Ht where H is an Hermitian operator. Many computer models correspond to actual analog quantum
simulators, i.e. quantum systems, which under appropriate preparation processes, are sufficiently similar to

systems to be simulated, and hence suitable to be used as quantum simulators.

Timed evolution

In quantum mechanics, non-relativistic quantum systems, are captured under the Hamiltonian formalism,
where the evolution of a quantum system, along a time ¢ is given by the exponentiation of its Hamiltonian

operator, given as:

1Y) = et/ |0) (60)

The dimension of the Hamiltonian operator is exponential in terms of the size of the basis of the system it
operates, i.e. for a system with N qubits, the dimension of the matrix is exponential

2N « ON |

As a result, the dimension of the evolution operator grows very quickly, which makes the calculations
intractable even for systems with a small number of particles: procedures such as matrix multiplication,
or diagonalization, vital in the calculation of the evolution, or estimation of ejgenvalues, while efficient in
terms of matrices dimension (complexity ~ D3, where D is system’s dimension), become 2—exponential
(DZNS) for N particle systems. However, as suggested by Feynman, quantum mechanics yields a huge
advantage, i.e. an exponential one, in the simulation of the evolution operators if the evolution operator can

be efficiently approximated (more on this on chapter 3).

The circuit mode/

Following to the discovery of quantum Turing machines, and based on the theory of Boolean and reversible
circuits, Deutsch proposed the notion of quantum circuits: acyclic graphs connecting qubits, used as inputs,
and sequences of unitary operators acting as transformations, mapping them into outputs. Quantum circuits
have a specific notation, where qubits are represented by wires, and transformations by boxes, as in the

following example:
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71 — —
Q2 ] u2

lu —
qn I U3 a—

where Uy, U, and Ujy are unitary transformations and g, up to gq,, are input qubits. Quantum circuits are
analogous to Boolean circuits: qubits are the quantum counterparts of classical bits, quantum gates are the
counterpart of Boolean gates, and quantum circuits are the counterpart of Boolean circuits. Similarly to
the classical case, Yao [379] has shown that families of quantum circuits can simulate quantum Turing
machines, implying that they provide a complete quantum computational model. Furthermore, it has also
been shown in the so-called Solovay-Kitaev theorem that any unitary operation can be approximated by a set
of universal quantum gates [226].

Nowadays, quantum circuits are the useful components of rea/ world quantum programs. Hence, it
becomes specially important to identify minimal sets of gates from which all possible quantum circuits can
be generated, and to find automatic means to approximate generalized unitary operators by them. In this
area, one can observe that unitary operators, are fundamentally reversible operators, and, hence, some
techniques can be inherited from the fields of Jow power and adiabatic electronics [129], i.e. subfield of
electronics where electronic circuits have no dissipation of energy (and information) to the environment,
which can be achieved, for instance, by not using electronic resistances. Examples of Boolean universal
reversible gates are the Fredkin and Toffoli gates (presented in table 1), which were shown to be (the first)
universal gates also in quantum computation [131].

Later, it was shown that the set of all single-quantum quantum gates (some of them are presented in
table 2), along with a controlled NOT gate, were universal [46]. Another universal gate set is given in the
case of many individual two-qubit quantum gates, as shown by DiVicenzo in [139]. In fact, this type of
results has been shown to a wide class of sets of unitary quantum gates [248].

A well-known set of universal quantum gates is formed by the single-qubit gates X, H, and the two-qubit
gate CNOT (presented in table 3), and another set, named standard basis, is given by the set of gates
{H,T,CNQOT}. The latter is particularly important because it is very close to the so-called called Clifford
circuits [264], which replaces T by the phase gate, P = T2. The Clifford circuits, are efficiently simulatable
by classical computer, bearing no quantum advantage, according to Gottesman-Knill theorem [7], hence the
presence of the T gate is a synfactic indicator of quantum advantage.

However, the base given by the Clifford plus T gate circuits is universal, and there is a wide range
of literature about the exact synthesis of unitaries [169], for instance, efficient classical algorithms to
approximate unitaries with entries in the Z[%,i] ring [229]. Nonetheless, not all operators can be
approximated efficiently with these gates and a ?nore accurate description the possible approximations is
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Gate Circuit form Matrix form
[1 0 0 0 0 0 0 07
01 00O0O0O0DO0
0010O0O0O00O0
Toffoli Gate (CCNOT Gate) :: 8 8 8 (1) (1) 8 8 8
000O0O0OT1O0TD0
— % loooo00001
0 0000 O0T1 0]
[1 0 0 0 0 0 0 07
01 00O0O0O0DO0
00100O0O00O0
Fredkin gate 8 8 8 (1) (1) 8 8 8
000O0O0OO0OT1D0
000O0O0OT1O0TD0
|0 0000 O0O0 1]

Table 1: The original three-qubit, Fredkin and Toffoli, gates.

given in [23]. More general ways of approximating unitaries, are based on the theory of matrix factorization.

Gate | Circuit form | Matrix form
Rp) | R@ - B e_oz-¢|
X !0
Z L0
i )]
Y i
S Ll) 69’5]
T [é e?%]

Table 2: Single qubit gates.

Relevant works on the subject are given, for instance, in [119], or [353, 245].
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Gate Circuit form Matrix form
1 000
CNOT — [0 = 0100
& [lox]Tlooon
0010
. I 0
CU (Controlled unitary) { 0 U|
1 000
0010
SWAP I 0100
0001

Table 3: Two-qubit quantum gates.
2.4.3  Acceptance states

In previous sections it were discussed two of the components for a state-based notion of computation, states
and transitions: states are given by Hilbert spaces of qubits involved in the computation and valid transitions
between states correspond to unitary transformations. The third component is the one of acceptance
state, which in the quantum context, corresponds states where the correct output can be obtained upon
measurement, with a probability that allows statistical distinguishability from the wrong one. Measurements

are mathematically captured by projection operators Projq,, or @) (@], as discussed in section 2.3.2. In

the language of quantum circuits, a measurement is depicted as follows:

,

A very simple example of a circuit including a measurement is given by

o —{m—A,

which aims at creating a quantum coin, i.e. a qubit in the superposition % (10) 4+ 1)), which upon
2

2
measurement will randomly yield either |0) or |1), with 0.5 of probability (because (%) = 0.5).
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2.4.4  Semantics of quantum programming languages

In the previous sections, quantum computation was introduced from the perspective of a (state-based)
operational semantic model. In this section, we shift attention to programming, focusing on the essentials
of quantum programming languages and denotational semantics, in order to obtain a clearer connection
between the programming instructions, and the corresponding physical processes.

Broadly speaking, a quantum programming language is composed of two main parts: the control
component and the actions. Actions are, in general, measurements or unitary operations. The control
statements, which aim coordinating the execution of actions, are the usual of programming languages:
conditions, loops and recursion. The control component can be of two types, classical or quantum. The
former relies using only on classical variables, i.e. variables in quantum stationary states, in control
instructions. The latter allows variables in quantum (superposition) states, leading to the "strange” idea of
superposition of fluxes (programs), which under certain conditions becomes wnphysical, i.e. transitions may
become non-completely positive, when measurements are involved. Every quantum programming language
fall into one of these schemes.

In this section, we briefly discuss these families of programming languages, their features, associated
physical effects and semantics.

Quantum data with classical control

The main paradigm in real-world quantum computation is the so-called quantum data with classical control,
a term firstly coined by Knill in 1996 [230]. This covers all programming languages involving unitary
operations, to be executed in a quantum device, and classical control instructions, to be executed by a
classical agentthat controls the quantum device, as depicted in figure 4.

results of
measurements [

Q '"[

circuits

Observer

Figure 4: Quantum data with classical control.

In this setting, the execution processes in the quantum device are only a small part of the whole
computational process. The latter, in the classical setting, can involve:

¢ creation and destruction of classical and quantum bits;
e generation of circuits (see section 2.4.2) to be executed in the quantum device;

¢ controlled execution of quantum circuits using classical variables;
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¢ application of measurements in order to obtain results from the quantum computer.

There is extensive research seeking for proper denotational semantics for programming languages in this

paradigm, as detailed in table 4.

Quantum Data with Classical control | Amount of bits/qubits Relevant works
Finite Data types Fixed [324, 260]
Infinite Data types Variable [104]
Higher-order functions Variable [323, 325, 282, 193, 107|

Table 4: Literature on the semantics of programming languages with quantum control

The term “finite data types” concerns all data structures that originate from a fixed number of bits/qubits
(data + control = data structure), for which a semantics was given by Selinger et al. [324], as partial
superoperators. On the other hand, “infinite data types” concerns all data structures that originate from a
variable (potentially infinite) bits/qubits, whose semantics for programs is given by /nfinite Hilbert spaces or
the dualcategory of W*-algebras [104]. The semantics of quantum programming languages with higher-order
functions has been an open problem for a long time, however a definite answer was provided in the works
of Pagani [282], or Clairambault [107]. None of those mathematical theories leads to unphysicalities,
principles of quantum mechanics such as unitarity and complete positivity are maintained, and they are

embeddable in Hilbert spaces.

Quantum data with quantum control (without measurements)

An alternative notion of control is to use quantum variables instead of classical ones to control the flow of
instructions, coined as "quantum data with quantum control”. A toy language exhibiting this type of control
was introduced by Ying in 2014 [382], and is characterized by the existence of an /i statement which uses a

guantum bit as the control variable, where superposition states are possible:

if (g1) then action; else action, ,

where g4 is a quantum bit and action; and action, are the actions to be taken if g, is equal to 1 and O,
respectively. This type of programs has been studied in a variety of works [314, 21].

Another type of programs that fit this paradigm, are expressed in quantum programming languages
that make use of /ndefinite causal structures. Quantum mechanics allows many kinds of /ndefinite causal
structures (superposition of causal orders), with the restriction that the resulting transitions still preserve
unitarity and complete positivity [27]. This idea led to a new computer model, the Ajgher-order quantum
computer [189], where an advantage to the circuit model has been identified. Such advantage comes from
the fact that such indefiniteness of causal structures cannot be captured directly by the circuit formalism,
only approximated by it. The superposition of causal orders can be achieved by means of a device, known as
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the quantum switch, as discussed by Chiribella et al. [103]. This mechanism has already been experimented
without resorting to any exotic physics in, for instance, [299], giving strength to the possibility of using
indefinite quantum structures in actual quantum computing, despite the fact that no computer model

implementing this kind of structure is known.

Quantum data with quantum control (with measurements)

The semantics of programming languages with quantum data with quantum control, but where the conditional
actions involve measurements, apparently, cannot be given even by superoperators [37], suggesting that

this programming language is not physically acceptable, i.e. complete positivity is violated.

results of

measurements §§
% circuits
% Observer

results of
measurements [

AN

—
\. |
circuits

Observer

Figure 5: Quantum data with quantum control with measurements

Nonetheless, an interesting question remains on what the appropriate semantics will be for such a language,
and if it fits in some variation of quantum mechanics and what would its computational power.

2.4.5 Computing models

Arguably, a quantum computer model can be defined by the type of quantum data (qubits, qudits or
continuous information), the type of instructions (timed continuous, circuits, classical instructions), and
the control strategy (how to prepare, execute and measure quantum procedures) and obviously the type
of physical phenomena behind them. These can be diversified as quantum mechanics has shown to be,
somehow, very liberalin terms of the physically sound computational techniques it allows.

Nonetheless, all the valid models can be described using the programming paradigms discussed in
previous section, and the resources leading to quantum advantage are the same, i.e. inferference and
entanglement, regardless the technique used. The main aim of the different computer models is exactly to
preserve such resources, against the uncontrollable entanglement actions of the environment, the so-called
decoherence. In this section, we briefly explore the most relevant ones.

The first class of quantum computing models are are the so-called quantum analogues. This class of
models presupposes the existence of two physical systems, one of which takes the role of simufator and the
other one of the simulated. The idea is that with appropriate preparation, the evolution and measurement of
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the simulator systems, allows for an accurate estimation of the simulated one. Hence the simulated system
must be similar enough to the simulator, i.e. the mapping,

H

simulate

d — Hsimulator (61)

can be efficiently obtained, and additionally, it must possible to prepare |0) 4 inthe simulator, i.e. the
state |0)

results are compatible. There are many examples of this kind of simulations, for instance using ultra-cold

simulate
and simulation of efsimulated must be possible using effsimutator and the measurement

simulator?
atoms, to simulate phase transitions [177], or the simulation of many-body physics and certain properties of
cosmological bodies using ultra-cold gases [70, 347]. Good surveys of this kind of simulators, are available
in [87, 167]. However, in most situations, analogue quantum simulators, are not universal, i.e. not all
computations can be executed by them.

Other universal qguantum computer models in quantum computation exist, and some of them depicted
in table 5. The most obvious one is the one given by the circuit-based quantum computing discussed in
section 2.4.2.

Model Evolution | Dimensions
Circuit-based quantum computing Discrete Finite
Discrete quantum walks Discrete Finite
Measurement based computing Discrete Finite
Topological quantum computing Discrete Finite
Hamiltonian quantum computing | Continuous Finite
Continuous quantum walks Continuous Finite
Adiabatic quantum computing Continuous Finite

Table 5: Universal quantum computing models

One of them is measurement-based quantum computation [84, 302], which focus on the construction of
complex entangled states, and evolution is given by measurements. In this model, the idea is to prepare
entangled states in such a way that, along with measurements in a suitable basis, a similar effect to the usual
quantum gates is obtained. Another model proven to be universal is adiabatic computing [148, 17, 20], which
is particularly suited to certain kinds of computational tasks (more on this will be seen on chapter 4). Also,
topological quantum computing worths to mention, due to the resistance of topological states to decoherence

[161, 275]. However, it proposes a different model of represent and operate over quantum information.

Furthermore, quantum walks are another model that provides with universal quantum computing [253], in
some cases more easily implemented, but it is only a particular case of Hamiltonian computing or of the
circuit model. Regarding infinite dimensions, LLoyd [251] raised the idea of a universal computer model,
and the physical implementation is based on optics [266]. In last few years, a line of work that has been
gaining relevance is the one of classical-quantum computational methods, which make heavy use of classical
computation, narrowing the usage of quantum resources to the minimum possible. These methods were
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created mostly to be executed in the current short-term devices and an example of them is the family of
guantum variational methods. While such methods are not computationally universal, they can be used in
a variety of problems. In chapter 4, we further explore discuss these methods and their application to an

actual example.

2.5 Quantum Complexity

Computational complexity is the subfield of theoretical computer science dedicated to the study of the
inherent complexity of computational problems, by the characterization of the resources necessary to solve
them, such as fime or memory, aiming at their classification and the understanding of their fractability.
Good surveys on the subject are available in [28, 284].

Along with computability, both of these subjects somehow capture a mathematical notion of epistemology
[5], and they actually help in the understanding the hardness of problems surrounding our daily lives, from
economics and finance to the feasibility of preparation of states for certain physical experiments. And even
the problem of determining whether a physical theory can be finitely calculated, or it can expressed by a
finite set of axioms.

This bidirectional relationship between physics and these two fields of theoretical computer science,
became more evident with the advent of quantum computation. Actually, not only it helps understanding
the limits of computation in a certain physical setting, but also the shape of physical theories, given certain

computational requirements.

2.5.1  Quantum complexity classes

In quantum computation there are several resources generally used to study quantum algorithms, which can
be divided in two parts: in one hand the quantum ones, gubits, gafes and quantum oracle calls, and in the
other the traditional classical resources used to study the classical parts of quantum algorithms. Associated
to them there are specific notions of complexity as presented in table 6.

According to these different notions of complexity, algorithms can be classified in several classes. Here,
we briefly examine which classes are specific to quantum computation, and how they fit in the traditional
complexity hierarchy. The major relevant ones are presented in figure 6.

Polynomial Time

The polynomial time (P) class, encloses all the problems that are efficiently solvable by a classical computer.
Examples of these are the graph reachability, or the shortest path between nodes in a graph [333].
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Resource \ Definition

Quantum

Qubit complex- | Number of qubits necessary to perform a quantum com-
ity putation

Gate complexity | Asymptote on the number of gates necessary to approxi-
mate a quantum operator
Oracle complex- | Number of repetitions of a block of quantum circuits

ity

Query complex- | Number of times the function subject of computation
ity has to be evaluated

Classical

Time complexity | Asymptote on the number of steps necessary to conclude
a quantum computation, including circuit generation,
oracle calls, measurement and eventual post-processing
Space complex- | Classical memory used to do the whole computation

1ty

Table 6: Most common resources used in quantum computation

Figure 6: Complexity classes for quantum computation

Bounded Quantum Probability

BQP class contains all problems that can be solved in polynomial time, by a quantum computer, with
a bounded error probability. It is an important class in complexity theory, as it is believed to contain all
problems efficiently solvable by a quantum computer, which is known to include factoring and discrete
logarithm algorithms, as well as the simulation of many quanfum systems. It can be also understood as the

Polynomial (P) class of quantum computation.
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Non-deterministic polynomial class

The non-deterministic polynomial class, encompasses the problems that can be solved efficiently by the
hypothetical non-deterministic machine (a machine that can explore all possible solutions at the same time),
or as an alternative definition, the class of problems for which the solutions can be verified in polynomial
time. It is one of the most studied complexity classes, encompassing a wide class of well-known problems,
such as the 3-SAT [114], the knapsack problem, or Hamiltonian path problems [333]. A subset of the
problems in NP-class is known to be complete, i.e. all problems in the class can be reduced to them [219].
Factoring and the graph isomorphism problems are believed to be within the NP class.

The relationship between the NP and P classes is not well-understood (the proof that there are no
polynomial solutions to all NP problems, the so-called P # NP problem [156], is a very famous open
problem), so as the relationship between the classes BQP and P. Regarding this, Bennett et al. [56] provided
evidence that the NP class is not contained in BQP, i.e. quantum computers, most likely, will not be able
to solve NP-complete problems in polynomial time [3]. However, several problems of interest in quantum
mechanics, as well as in industry, are NP-complete, such as finding the ground-state of the Ising Hamiltonian,
i.e. the state corresponding to the lowest energy of a system governed by Ising Hamiltonians [106]. This
connection will be further explored in chapter 4.

Quantum Merlin-Arthur

The Quantum Merlin-Arthur (QMA) complexity class contains the class of problems decidable by Merlin-Arthur
(prover-verifier) protocols, where the Arthur (verifier) has access to a quantum computer, i.e. it is the quantum
version of the MA interactive proof system a computational model based on the interactions between a
prover, who possesses /nfinite computational power, but provides the wrong proof of a solution of a problem
1/3 of the times, and a verifier, which only possesses a computer with PP power. A computation in this
model corresponds to an interaction between the prover and the verifier, with a limited number of messages,
in which the verifier accepts the proof [170].

The major advantage of this kind of computer models is that they are useful to characterize complexity
classes, for instance, the NP class can be seen also as an interactive proof system, where the verifier has
access to a computer with polynomial power, and the prover has infinite computational power, which is
equivalent to non-determinism. The QMA class is a very important one in quantum computation, because it
characterizes the class of hard problems to quantum computers [78], similarly to what problems of the
class NP are to classical computers. Furthermore, as it could be expected, the class QMA contains NP, and
QMA-complete problems are, naturally, NP-HARD [50, 69].

However, many problems of interest both in quantum mechanics and industry are instances of problems

in this class and in section 4, some examples will be reviewed.
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Probabilistic Polynomial time, Quantum Interactive Polynomial Time and PSPACE

The probabilistic polynomial time complexity class encompasses all problems that are solvable probabilisti-
cally, i.e. that the correct answer can be obtained with more than 1/2 of probability, and it is known to
contain the class QMA.

The Quantum Interactive Polynomial (QIP) is the complexity class that contains all problems that can be
solved by a proof-verifier protocol, where the prover has infinite computational power, the verifier has access
to a quantum computer, and both can exchange an unbounded number of messages. The PSPACE class is
defined by all problems that can be solved with polynomial resources except for time and has shown to be
equivalent to QIP [366, 207].

2.5.2  Quantum advantage

The algorithmic resources presented in table 6, do not provide any insight on which the structures of quantum
theory contribute to the quantum advantage, i.e. the structures that make that some problems that fall in
the BOP class being intractable in classical computing, have efficient algorithms in quantum computers.
The analysis of such structures brings insight on how to build new quantum algorithms.

One may think that the main advantage of quantum computers resides in the so-called "quantum
parallelism”, which is partially true. The actual resources available in quantum theory that provide quantum
advantage are precisely the features of quantum mechanics that are not available in classical mechanics:
entanglement and interference. The former is, as it is well-known, the most distinguishable feature of
guantum mechanics and essential to guarantee the existence of states with n-ary qubits, as otherwise only
single qubit states would be achievable. It is also the hardest resource to obtain in practice, and the current
attempts with short-term devices are basically about obtaining higher degrees of entanglement. However,
while entanglement provides the notion of parallelism, the differentiating factor for quantum algorithms is
interference, as argued, for instance, in the works of Fortnow and Lloyd [155, 250]. Further evidence is also
provided in the studies made in [81], or [336], where interference of quantum algorithms is measured and
compared, and it is concluded that inferference is more intense in Shor algorithm [329], than in the Grover
one [178], the former associated with an exponential advantage and the latter with a quadratic advantage.
Hence, interference and entanglement are the essential resources of the quantum advantage, where they
play a complementary role, entanglement being the basic component, and interference the differentiating
component.

An interesting discussion in quantum computation, regards the computational power of variations of
guantum mechanics, which is not a purely philosophical discussion, as the hypothesis that a theory of
quantum gravity fits in some sort of extension of quantum mechanics is real. Two main lines of work shall
be considered in this field. One considers variations on the interference patterns of quantum mechanics,
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which yields a hierarchy of different quantum theories [335, 120, 240]. Another one deals with non-linear
quantum theories. The latter were considered to solve the issues of quantum mechanics [375], but that bring
problems on their own [65, 370, 369], and have a strong relationship with the existence of closed timelike
curves, which besides bringing a great computational advantage, pose physical problems under certain
conditions [194]. In 1992 David Deutsch proposed a model for quantum mechanics, which, simultaneously,
allows the action of curved spacetimes possessing closed time-like curves (D-CTC’s), and is free of paradoxes
and superluminal signaling [132]. This model is based on the additional requirement of self-consistency
of the closed time-like curves, namely, only the ones having fixed points are considered. In this model it
is possible to do perfect cloning of quantum states and distinguish efficiently any non-orthogonal states
[85]. Exactly because of this, there is a significant quantum advantage, implying efficient solutions for all
problems in PSPACE [9, 35]. This model is, however, equivalent to a classical theory, and quantum effects
are irrelevant for the computation [8], being no more powerful than a classical computer with access to
the same timelike curves [24]. Following these lines, based on a model of closed timelike curves using
teleportation and post-selection (P-CTC's) [252], Aaronson has shown that quantum computers could solve
all problems of the class PP, and hence of the class NP [4], less powerful than D-CTC's.

The calculation of properties such as entanglement and interference are not compositional and may be
as complex as conducting the whole simulation of the quantum process, and hence, very complex from the
computational perspective. The development of easier measurements to detect entanglement and quantum
advantage is now a very wide and fruitful line of research, which ranges from complex metrics to trivial
properties that can be verified at the syntax level, in the definition of quantum circuits. Some measures that
can be applied, are for instance, Schmidt rank [359], factorization into a product state of small subsystem
[214], factorization into Clifford gates [176], existence of matchgates [348], small tree width [213, 262]
or non-negative Wigner representation [357, 261]. Furthermore, it is also worth looking into the field of
descriptive complexity, which aims at defining the characteristic languages of complexity classes, , ultimately
guaranteeing that a well-formed program in the syntax, is automatically within a certain complexity class.
This was, for instance achieved in the work of Dal Lago et al. [121], where a characteristic /ambda-calculus

of the BQP class (see section 2.5.1) was obtained.

2.6 Summary

In this chapter it were reviewed the Hilbert space and density matrices formalism for expressing quantum
theory as well as the latter’s distinctive properties, such as interference and entanglement, and how they
are crucial to quantum information and computation. It also introduced the fundamentals of quantum
computation, such as the circuit model, and other well-known quantum computational models, the semantics
of quantum programming languages, and complexity.

Some conclusions can be made in this section:
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2.6. Summary

Entanglement and interference are the most distinctive features of quantum mechanics.

They are also the essential components of quantum advantage, where they do play a complementary

role. There is also a wide range of methods to quantify them.

The computational processes allowed in quantum mechanics can be soundly captured, composition-

ally, in a wide range of quantum programming languages.

A multitude of methods has been conceived to preserve quantum advantage against environmental

effects, from quantum simulators, measurement-based computers, or recently, variational methods.

Variations of quantum mechanics may yield computational advantage but may also raise other issues
from the physics point of view.
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ON EFFICIENT QUANTUM ALGORITHMS

The number of existent quantum algorithms is now significantly bigger than in the early days of quantum
computation, following the successes of Grover, Shor, or Simon algorithms. The range of applications has
also extended, from machine learning, or finance, to the simulation of a wide class of physical systems.

However, the progress on the development of efficient quantum algorithms, bearing the so-called expo-
nential advantage to classical ones, has been slower than expected. However, the main structures and
building blocks of the algorithms in this situation are short in number and very well studied, which suggest
that a way of trying to find new quantum algorithms is to characterize these structures and extend them to
new applications.

In this chapter, following this idea, we characterize the main quantum efficient algorithms, that is the
ones within BQP class, and the structures behind them. We also explore a quantum simulation of the energy
transport in a small photosynthetic system, i.e. an example from the biology domain, as an instance of a
system that can be efficiently handled by quantum computers: it is driven by a local-Hamiltonian. The work

was published in co-authorship with Jose Guimaraes et al. [179].

3.1 The Bounded Quantum Probability class

The Bounded quantum probability (BQP) class is believed to enclose all the problems that possess an
efficient quantum algorithm, i.e. algorithms where the number of classical steps, gates and qubits required
to do the computation is given by a polynomial function. It is believed to contain the classical efficient P
(polynomial class, and there is evidence of the existence of problems belonging to the class BOP, but not to
the class P!, e.g. the Shor [329] or Simon algorithms [331] are believed to be in the class NP.

Nowadays there is a wide range of efficient quantum algorithms, for which a comprehensive survey
seems completely unfeasible, but good starting points are given for instance in [272, 108, 100, 212]. From
here, one can identify two types of algorithms possessing quantum advantage, which we denote as the
dynamic ones and the static ones. The former ones encompass the simulation of processes, and the latter

1 Only evidence because there is no proof that the class P is not the same as the class NP
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3.2. Search, sampling and simulation algorithms

the calculation of algebraic properties of certain mathematical objects. From both, it is possible to identify
algorithmic building blocks, which, presumably, yield the quantum advantage, by maximizing the effects of
interference allowed by sets of entangled qubits.

In one hand, the simulation of quantum processes, i.e. the dynamic algorithms, consists in the efficient
conception of computational processes that are able to mimic, i.e. by being statistically indistinguishable, a
quantum process to be simulated up to an error €. This type of simulation is also known as weak simulation,
in opposition to strong simulation, where it is expected that both processes produce exactlythe same results.

On the other hand, the static problems concern the extraction of generative characteristics of functions,
e.g. the period of a function as it happens in the Shor algorithm [329]. These algorithms seem to resort to
the Fourier transform and Phase estimation algorithms, which possess an exponential advantage (more on
this on section 3.4). The relationship between both types of algorithms is, however yet unclear.

Finally, there is a class of algorithms, which somehow makes use of both types of strategies, and includes
algorithms such as the ejgenvalue estimation[10] and the HHL algorithm for the resolution of /inear equations
[191].

3.2 Search, sampling and simulation algorithms

The Hamiltonian simulation and quantum walks provide universal models for quantum computation, which
imply that not only all qguantum algorithms can be put in such forms, but also that they can be reduced to
each other. Both of these conceptual models provide a complementary perspective on quantum algorithms,
allowing the unified study of, among others, search, sampling and simulation problems and provide insight
about the specific structural properties that help in the characterization of their efficiency.

First of all, search and sampling problems are considered to be equivalent [6], i.e. for each problem
of sampling there is an equivalent problem of searching and vice-versa, and both can be captured by
discrete quantum walks. A search problem can be interpreted as sampling problem, where the correct
solution is expected with high probability, as it happens, for instance, in the Grover algorithm [178], i.e. a
generic search algorithm appliable to any search space with known dimension. It yields constant guadratic
advantage, i.e. it takes \/N steps, where N is the size of the search space, and it can be efficiently reduced
to a quantum walk, as extensively studied in many works [327, 292].

There are two useful specific measurements of complexity in quantum walks for the of study sampling
and search problems: the hitting time, which concerns the amount of steps a specific marked state is
achieved, useful to characterize search problems and the mixing time, i.e. the time a quantum walk takes
to get to its Stationary distribution, characteristic of sampling problems [259].

Moreover, discrete quantum walks can be a/ways be reduced to Hamiltonian simulations, i.e. continuous
quantum walks, where the Hamiltonian corresponds to the diffusion matrix of the discrete quantum walk, as
discussed, for instance, in [96], drawing a common foundation between search, sampling and Hamiltonian
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3.2. Search, sampling and simulation algorithms

simulation algorithms. In the setting of Hamiltonian simulation, one can obtain a clearer idea on the

simulation and sampling problems that possess efficient algorithms, due to the extensive work on this regard.

As discussed in sections 3.2.1 and 3.2.2 there are efficient algorithms for a wide range of Hamiltonians, which
encompasses local, sparse and d-sparse ones. Therefore, it can be assumed that the sampling/simulation
problems that can be phrased in a local, sparse, or d-sparse Hamiltonian, or graph, most likely possess an
efficient quantum algorithm.

For searching problems the criteria are less clear, although it can be stated that simulation problems are,
most likely, simplerthan a search problems, as one can naturally expect that the mixing time is smaller
than hitting time, as in the latter one is interested in obtaining a specific element, of set elements, rather
than a global distribution. In [97] a translation between a search problem and finding a ground-state of
k-local Hamiltonian is proposed. Finding the ground state of Hamiltonian is known to be very comple, if it
involves components with dimension greater or equalto 2, as it will be discussed in chapter 4. Therefore,
search problems that cannot be mapped into Hamiltonian simulation ones, which do not involve components
with dimension greater or equal to 2, do not possess an efficient algorithm. On the other hand, search
problems who can, possess an efficient quantum algorithm, however, it is unclear if this leads to any
guantum advantage better than a quadratic one.

3.2.1 Local Hamiltonians

The simplest Hamiltonians known to be simulated efficiently with an exponential improvement are local
Hamiltonians, as first conjectured by Feynman and then by LLoyd [249]. Local Hamiltonians can be
decomposed into their local interactions, i.e. physical interactions happening between all subsets of the
particles up to a certain dimension k, which encompass a wide class of physical systems. Example of
these is the Fermionic Hamiltonians for quantum chemistry, which only involve Zdimensional Coulomb
interactions and 1-dimensional Ainectic components (in chapter 4 we deal with an Hamiltonian of this type).
Mathematically, this class correspond to the Hamiltonians that can be expressed as a sum of their local
components:

H=) H, (62)
i
The simulation of such Hamiltonian requires the existence of an efficient classical method to construct
a circuit that approximates the evolution operator e?f, up to an error €. If the Hamiltonians in the sum
commute pairwise [H;, H]-] = 0 (see section 2.2.4), then the order of application of the Hamiltonians is

irrelevant and the evolution of the Hamiltonian operator is simply given by
H=[]e". (63)
i
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3.2. Search, sampling and simulation algorithms

The simplest case of these type of Hamiltonians happens when the Hamiltonians are diagonal, which can
be trivially approximated by quantum circuits. The problematic cases start when the Hamiltonians do
not commute, for which a multitude of approximation strategies are available. The simplest one, without
diagonalizing the whole operator, is to use the diagonalization matrices in between every Hamiltonian
component that does not commute,

et DeM2p 1 (64)

, where D is the diagonalization matrix that makes etz diagonal. This approach is quite limited, as the
obtention of the diagonalization matrix is computationally complex, however, it is possible to apply it in
several cases, for instance, in the simulation of the Schrédinger equation, where the basis transformation

matrix (Fourier transform) is efficient and expressed as,

XFPF-! (65)

, where X and P constitute the position and momentum operators. Furthermore, beyond these con-
ceptually straightforward techniques, there exist a wide range of approximation techniques. The corner-
stone of many of such approximation methods is the Trofter formula, based in the Lie product formula
lim (eAt/”eBt/")n = e!A+B)t which reads as

11— 00

eHE ~ (elHhtIn _Hutimyn 4 N [H, H)2/2n + ) E(k). (66)
i>j k=3

This expression states that an Hamiltonian operator, where local components do not commute can be
approximated by the repetition (through 7 steps) sequence of local operators e'1t/m _ etHnt/1 (3 if they
would commute), where the time is discretized in steps of size t/n,, and with the error bounded by the
E (k) formula, always being less than |jn(e'fif — 1 — iH¢t/n)]|| and the error can be arbitrarily small with
the increase of n.

The computational complexity can be estimated by the number of operations needed for the repetition
of the operators involved. Each Hj acts on a local Hilbert space, the number of operations needed to

simulate e ~ mjz. Hence the global simulation time obeys the inequality n(Zf. m?) < nlm?, where

m = max{m;}. The error in each of the operations must be minor than e /nlm?. Now everything depends
on [, some number of components of the variable.

3.2.2 Sparse and d-Sparse Hamiltonians

Sparse Hamiltonians are a more general setting than local Hamiltonians, encompassing a wider class of

physical systems, as well as other algorithmic problems with practical interest, such as quantum walks
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3.3. Case study: Simulation of non-radiative energy transfer in photosynthetic systems using a quantum computer

with exponential gain [101], or NAND trees approximation [102]. Sparse Hamiltonians are defined as
Hamiltonians with a limited number of non-zero entries per row: d = poly(logN), where N is the
dimension of the Hamiltonian. For a k—Ilocal Hamiltonian with m terms, the Hamiltonian is sparse if
d = 2km.

The first algorithm to deal efficiently with this kind of Hamiltonians was introduced by Aharonov et al. [16],
where both the number of gates and of oracle calls are polynomial. Since then, there has been a significant
amount of work on the subject, striving to reach optimality of such parameters, where the works of [255]
and [61], (almost optimal) and the recent ones of [254, 255] (optimal), shall be highlighted. The methods
employed in these approximations are the recent technique of qubitization [256], and the truncated Taylor
series method [60].

There is also some work on the simulation of non-sparse Hamiltonians, only applied in very limited cases
[98], and for which no general efficient quantum algorithm is known [364]. Furthermore, to the best of our
knowledge it is not clear how interference is used in these algorithms.

3.3 Case study: Simulation of non-radiative energy transfer in photosynthetic systems

using a quantum computer

We explore now the experimental simulation of a local Hamiltonian, which can be also interpreted as
discrete quantum walk, that can be built and runned in a quantum computer: the one of transfer energy, by
non-radiative means, existent in first stage of photosynthesis. This process has been shown to be influenced
both by quantum coherent and decoherent effects, aspects also explored in this simulation. This exploration
also helps understanding, besides the quantum aspects of photosynthesis, how the theoretical aspects of
guantum mechanics, particularly the environmental ones introduced in section 2.3.4, work.

Photosynthesis is a vital and pervasive complex physical process in nature, where the radiation of the
Sun is captured by certain /iving beings, such as plants and bacteria, and transformed into the necessary
carbohydrates needed for their survival [267, 238]. From the physics and chemistry perspective, it is
a complex process occurring through several stages with several kinds of physical phenomena involved,
namely, the light absorption, energy transport, charge separation, photophosphorylation and carbon dioxide
fixation [154]. The understanding of such phenomena has greatly progressed in the past 40 years with
the physical characterization of the structure of many photosynthetic complexes [128, 321, 94]. The
comprehension of such processes would allow for many potential huge-impact industrial breakthroughs in
the field of energy, from the great efficiency improvement in energy capture of solar panels [244] to the
construction of artificial light-harvesting devices and solar fuels [378, 182, 183, 312].

The photosynthesis begins by the absorption of a photon. It occurs via excitation of a pigment molecule,
which acts as a light-harvesting antenna connected to the rest of the photosynthetic apparatus by protein

molecules. Photosynthetic pigment-protein complexes transfer the absorbed sunlight energy, in the form
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3.3. Case study: Simulation of non-radiative energy transfer in photosynthetic systems using a quantum computer

of molecular electronic excitation, to the reaction center, where charge separation initiates a series of
biochemical processes [267]. This work is focused on the first stage of photosynthesis, more precisely, on
the transport of the absorbed radiation energy from the antenna to the reaction centre, which proceeds in

the form of the so-called Excitonic Energy Transfer (EET), as schematically shown in Fig.7.

FE &
FRET
- L charge
-0 EET separation
ol >
reversible
EET /N @
ground state
A 4
EET - EET
reaction
donor acceptor center

Figure 7: Schematics of the energy transfer process from light-harvesting antenna (the donor)
through a chain of acceptor molecules to the reaction center. The excited states of the
participating molecules, denoted €,,, are broadened and it allows for resonance energy
transfer via irreversible Forster-type resonant process of exciton transfer from donor
to acceptor even if €,, # €,,,1, which is denoted by the thick arrow labelled FRET.
However, if the coupling between the donor and the acceptor molecules is strong enough,
the process becomes reversible and the exciton can go to and through many times before
it is transferred; this situation is labeled by "reversible EET" and it does not require
matching of the energy levels €, and €,,,1. Picture taken from [179].

This transport is known to be very efficient in photosynthesis, as is the whole process, with the overall
guantum efficiency of initiation of charge separation per absorbed photon up to 95% [267]. The absorbed
photon creates an exciton on the antenna molecule, which can eventually transfer it to other molecules. In
this context, it is called donor, while the others are called acceptors and the EET process can be described
by the following reaction equation:

D*+A->D+A". (67)

One may be lead to believe that, given the "size” of the physical components involved, the EET is a fully
classical (i.e. irreversible and unidirectional) process, however experimental results have shown the opposite,
with the verification of coherence between molecules over some period of time, evidenced by long-lived
oscillatory features in the dynamical response of several photosynthetic systems in many experimental
works [144, 241, 199]. However, it is predicted that these processes are still strongly influenced by the
environment [303], as the donor-acceptor pairs are not isolated from the rest of the world, and, hence, the
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3.3. Case study: Simulation of non-radiative energy transfer in photosynthetic systems using a quantum computer

appropriate theoretical setting to deal with this kind of systems is the one of guantum open systems. In this
setting, quantum systems are treated as part of a larger system ones, composed by the EET system under
study and the environment. The latter is modeled by a thermal bath, which interacts with the EET quantum
system, introducing relaxation and dephasing into and, therefore, influencing the efficiency of the energy
transport.

The theoretical treatment of such systems is very complex from the computational point view, to which a
myriad of methods is available, grouped by the type of regimes they can be applied, characterized by the
coupling strength between environment and main systems, as well as the presence of memory effects (i.e.
whether the system can be considered as Markovian or not) [267, 209, 308, 152, 339, 340, 205]

This case-study proposes a quantum simulation for the EET quantum transport, and the behaviour of the
system is evaluated on different environment regimes: from the unexistence of environmental effects (pure)
to different system-environment couplings, with the environment being modeled only by the employment of
pure dephasing effects. The experimentally Hamiltonians defined [19], and already used in other quantum
simulations [363], were used and the experimental study was conducted in the commercially available IBM
Q of 5 qubits [116], which makes it a different approach from the existent ones [273, 293, 341, 363].

3.3.1 Modeling the simulation

Our implementation contains a quantum part, aimed at simulating the unitary part of the system'’s evolution,
and a classical part that simulates the stochastic interaction with the environment, the latter only being
able to mimic pure dephasing environmental effects.

We aim at exploring the energy transport underlying the photosynthesis, throughout time, under two
regimes: (i) in an isolated system and (ii) under an action of the environment causing decoherence.

Concerning the particular qubit encoding chosen, a chain of N = 27 molecules is encoded by a set of
g qubits, where |m) corresponds to the excitation (exciton) on the m-th molecule, e.g. for a two-molecule
chain, state |0) represents the exciton on the first molecule and |1) on the second one, and a possible
successful transport of energy would correspond to the transition of the state |0) to the state [1). We denote
this as the site basis. The computational Hamiltonians under this encoding for the cases under study are
discussed in the following sections. From now on, we shall set & = 1. Also, it is convenient to measure the

1

energies/frequencies in cm™", as it is common in spectroscopy.

3.3.2  No-decoherence Hamiltonian

Considering a small chain of N molecules, the system’s Hamiltonian in the site basis reads as follows,
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N-1
Hs =Y €plm)¢mli+ Y Jp,lm)(nl (68)
m=0

m#n
where €,, is the first excited state energy of the molecule 7 and J,,,,, is the electronic coupling between the
molecules n and m. The Hamiltonian (68) for just two molecules (1 qubit), in the 2 x 2 matrix form, reads:

Ag = (GO ]) . (69)
] &
Its evolution operator is given by
¥ () = e~ st [ (0)) = U (1) [¥(0)) - (70)

Although the Hamiltonian (69) possesses non-diagonal elements, finding a good approximation in terms
of quantum circuits is relatively straightforward. A possible strategy for this is by finding a diagonalizing
transformation, T, of the Hamiltonian, such that,

HS = T+H5—diugT . (71)

where ﬁs_diag is the diagonal Hamiltonian. Therefore, the evolution operator can be rewritten as follows:

(t) = e~iHst = Tt Hs-aingtp (72)

The problem now reduces to the approximation of the T operator (and its adjoint) and the Hamiltonian
I;Is_diag, which can all be efficiently approximated in quantum circuits. The latter operator is diagonal in
the site basis, thus the unitary evolution operator can be expressed as

N - | 1 .
U(t) = e"iHst = T* [e"zmo Emf] T="T" [ [ e—lEmf] T. (73)
m=0

The T and Tt matrices can be implemented by simple rotations, Ry(G) and Ry(—ﬁ), for a two-molecule
system. However, for a higher number of molecules, a rotational decomposition algorithm together with the
Gray code [277], which decomposes a matrix in the multiplication of a single qubit and CNOT gates, has to
be used. Using this particular algorithm the gafe complexity for N molecules is Q(Nzlogz[N]) [277].
On the other hand, the diagonalized evolution operator,

R e—iEOt 0
um:( . e_iElt), (74)

translates into trivial phase rotations over each of the energy eigenstates |Ei> of the system with the respective
energy eigenvalues E;. This operator can be constructed as a sequence of CRy (¢p;) gates applied to an
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ancilla qubit (initialized at |1)), where the angle is given by ¢p; = —2E;t, i = 1,2. The X gates are used to
"select” the eigenvector to which the controlled rotation is to be applied. The circuit implementation of the
operator defined in (74) is illustrated in Figure 8. The gate complexity of this operator, in terms of single
qubit and CNOT gates for N molecules, is O.(N log[ N]).

|%ystem > @ I @ I

1) R, (—2Ejt) Ry (—2Et) —

anc

Figure 8: Implementation of the system’s evolution operator. ‘qsystem> is the state vector of the
system’s qubit in the energy eigenbasis.

For the whole circuit, resulting from the sequencing of T+HS—diagT: the number of qubits required to
simulate a molecular chain of N elements is 2 log, N and the gate count scales with O(N? Iog% N) single
qubit and CNOT gates. The transformations T and T7, in the general case, possess a high circuit depth,
which makes the system hard to simulate accurately, with low error rate, in the current available quantum
computers. More efficient methods are available to do this task, as discussed in section 3.2.1, as the
Hamiltonian is clearly local. However, for a matter of simplicity, the option of using the diagonalization
method on the operator was used, which due to the size of the system, was not particularly problematic.

3.3.3 Introducing decoherence into the system

We shall implement artificial decoherence as pure-dephasing by adding Markovian fluctuations to the
Hamiltonian. This approach is considered a good approximation in the Aigh-temperature regime for the bath
[242, 303, 83]. The actual algorithm to be used is the one of [365], which is used to simulate open quantum
systems, with pure dephasing, modeling the action of the decoherence as classical random fluctuations (a

telegraph-type classical noise affecting the system). The actual Hamiltonian for this system reads as

I:I = HS + HP (75)

and it consists of the system Hamiltonian, HS, of the previous section and the perturbation of a bi-stable
fluctuator environment, HF. The latter simply shifts the energy by a constant value for each molecule,
+9,,/2, as illustrated in Fig. 9. Explicitly,

1
HF = Z Xm(t)Am (76)

m=0

47



3.3. Case study: Simulation of non-radiative energy transfer in photosynthetic systems using a quantum computer

where Am |m) (m| is the projection operator and considering one fluctuator interacting with each molecule
m,

The function ¢,,, () switches the fluctuator between the positive and negative values (appearing randomly) at
a given fixed rate -y and g,,, is the fluctuation strength (or the coupling strength to a molecule m). Physically,
the action of the fluctuations is typically stronger for the excited states [242, 13] and g can be larger than
the donor-acceptor coupling J.

’I
X
i

ground state

Y

Figure 9: Uncorrelated random fluctuations applied to donor and aceptor’s excited state energies,
€o and €. Each molecule is affected by one fluctuator, which generates a telegraph-type
classical noise. The fluctuators switch randomly between the positive and negative value
at a given fixed rate, so that the periods of time when the molecule energy is constant,
€, +9m/2 or €, —g,/2, are random. | is the coupling strength between the molecules
that can be seen as the rate of hoppings between these fluctuating energy levels.

The implementation of such random bi-valued function ¢, (), can be done in a straightforward way by a
classical pseudo-random numbers generator with a probability of 50% of the values —1/2 and 1/2. For
circuit generation purposes, the values resulting from the random sampling have to be provided in advance
of the quantum simulation.

The fluctuator interaction Hamiltonian and the system Hamiltonian do not commute, so, in order to
generate an appropriate quantum circuit, one needs to apply an approximation technique such as the Trotter
product formula [372]. Under this approximation, the unitary evolution operator of the Hamiltonian, for a
time t = N;At, where N; is the number of iterations and At is the iteration time-step, becomes

U(N;AL) = (e—z'HAt>Nf _ (e—iI:IFAtT're—iHsAtT)Ni _ ([ ﬁ eiingAf] Tt l ﬁ e—iEmAt] T)NI ,
m=0 m=0
(78)
where E,,, denote the eigenvalues of the system Hamiltonian. The whole circuit is presented in Fig. 10 for
one iteration.
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1Ry @ {X] X] Ry (=0 HX] X]
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Figure 10: Implementation of one iteration of the system with decoherence algorithm. Here
|qsystem> represents the system’s qubit state vector in the site basis.

-8m

The fluctuator interaction evolution operator e*2 A is a selective rotational gate over a molecule m
(|m)). The fluctuator waiting time (interval of time between switches), i.e. % can only be equal or higher
than the iteration time-step, At. The switching in the fluctuator-molecule coupling strength is performed at
% , a4 € N.

For a time ¢, and iteration time step At, and the gate resource complexity, including single qubit and

1 . , _
every JAE iterations, where aAt =

CNOT gates, , reads, for a single run, as O(ﬁ[N(Iogz N + F)]) , where N is the number of molecules
and F is the number of fluctuators interacting with each one.

In the implementation of the system with decoherence, the algorithm gate resources complexity is
O(é[N2 X Iog% N + NF]) for a single run. This simulation, yet again, possess a very high circuit depth
which makes its application unfeasible in quantum computers. The number of necessary qubits is the same
as in the no decoherence simulation (2 log, N).

It also requires O (NR Zfzo t’yj) random numbers to be classically generated, where R is the number
of runs of the algorithm and Y is the switching rate of the fluctuator j interacting with the molecule. The
number of required simulation runs to average the results and obtain an error € > 0, is predicted to scale
as O ([PAit]z/e2). This complexity is calculated based on the possible non-degenerate energy state
outcomes of the entire chain in the simulation for a time £.

3.3.4 Results

We conducted simulation experiments for the quantum transport in a molecular chain using the algorithm
described in the previous section. We executed the simulation for the coherent system on a rea/ quantum
computer, the IBM Q of 5 qubits, while the pure dephasing scenario was simulated on the QASM quantum
simulator, both in the near-resonant and non-resonant regimes. For the validation purposes, we compared
the results for the coherent system with the theoretical predictions obtained by solving the Schrodinger
equation (see Supplementary Information A.2).

As for the decoherent regime, we used a classical computation of the stochastic Haken-Strobl model
[184, 303]. The simulations and circuits involved, encoded in the Qiskit platform [116], can be tested in
the following url:
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3.3.5 Coherent regime

The scenario for this regime was simulated with a simple chain of two molecules. As discussed in section
Materials and Methods and using the parameters as proposed in [363], we define the system’s Hamiltonian

as follows:
(Near-resonant regime)
13000 126
Hg = em™t; (79)
126 12900
(Non-resonant regime)
12900 132
Hg = cm™L, (80)
132 12300

The results for both regimes were obtained using an actual quantum device (the IBMQ london of 5 qubits)
and can be seen in Figs. 11 and 12, respectively. Due to the stochastic nature of quantum computers, the
experiments were conducted with 2048 shots for each time value. In the following results, the probability
of the donor and acceptor molecules being excited is denoted by P(0) = (0| pg(t)|0) and P(1) =
(11 o5 (t) 1), respectively.

—— Theory - P(0)
=== Theory - P(1)
A Simulation - P(0)
® Simulation - P(1)

Probability

0.00 0.05 0.10 0.15 0.20 0.25 0.30
Time (ps)

Figure 11: Evolution dynamics of the isolated system obtained by employing the quantum algo-
rithm for the near-resonant system: simulation results (points) and theory (lines).
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Figure 12: Evolution dynamics of the isolated system obtained by employing the quantum algo-
rithm for the non-resonant system: simulation results (points) and theory (lines).

Taking the fluctuator’s switching rate to be y = 0 or the fluctuator-molecule coupling strength to be
g = 0, one has the coherent regime. These simulations show the limiting case of the Redfield regime, i.e.
the very weak system-environment coupling, ¢ <« J. The quantum beatings, observed in the simulation
results, can be thought of as a reversible transfer of energy between the molecules, where the excitation
goes back and forth across the molecules [95].

In the performed simulations, the near-resonant and non-resonant regimes have a maximum probability
of ~ 90% and ~ 20%, respectively, of the energy being transferred to the acceptor molecule. Using
the quantum Liouville equation [267] (see Supplementary information A.2), the period of the quantum
beating is T);00r—res = 123 fs for the near-resonant regime and T,,,,,—,es ~ 51 fs for the non-resonant
regime. These periods are in the femtosecond timescale of the experimentally observable quantum beatings
[144, 112, 283]. The simulation results show a similar behaviour as those predicted by the Schrodinger
and quantum Liouville equations, where the off-curve points are predominantly originated by errors in the
guantum hardware.

3.3.6  Decoherent regime

The scenario for the regime with decoherence introduced is, in some respect, similar to the one presented
for the coherent regime for a chain of two molecules. No further changes are made to the Hamiltonian
discussed in the section /nfroduction of decoherence in the system. The quantum simulation results are
compared with a theoretical evolution based on the stochastic Haken-Strobl model, in the form of the
Lindbland master equation [184, 303]. The Lindbland equations were solved in a classical computer using
Qutip [211], a quantum open systems software framework. The set of Lindbland equations, correspondent
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3.3. Case study: Simulation of non-radiative energy transfer in photosynthetic systems using a quantum computer 52

to the model in this setting, had one free parameter regarding the environment, the dephasing rate, Ydeph-
The Lindbland equation in the Haken-Strobl model reads:
dp

1
— = L1p) = ~ilHs, 1 + Yaeps ) (L (LY, = 5p(DL], Ly —

1 t
dt Ly Lo (£)) (81)

2
where L,,, = |m) (m| are the Lindbland operators, responsible for the system-environment interaction. The
system Hamiltonian, Hg, is given by the matrix (79) for the near-resonant system and the matrix (80) for
the non-resonant system.

The environment contains only one fluctuator interacting with each molecule with switching rate o = 125
THz. As mentioned above, the dephasing rate, 7y 4,,,y,, for the Lindbland equation is adjusted to the behaviour
of the system under the action of a fluctuation strength ¢. For a range of fluctuation strengths of [100, 1000]
cm~1, in the quantum algorithm, and the corresponding dephasing rate of the Haken-Strobl model lies in
the ~ [2.3,70] THz range. Due to the existence of random fluctuations, large number of samples had
to be generated. The algorithm was implemented with 250 runs, where 5000 shots were performed for
each time t. Figures 13 and 14 present the simulation results for different values of the fluctuation strength,
along with the theoretical evolution dynamics, for the near-resonant and non-resonant systems, respectively.
It is seen in Figures 13 and 14 that oscillation amplitudes decay over time, as expected, due to the loss of
relative phase coherence between the excited states of the two molecules, evidenced by the disappearance
of the quantum beatings. This is associated with the irreversible evolution when the system loses its capacity
of performing coherenttransport. Additionally, it is clear that the system is led to a classical distribution of
the populations in the site eigenbasis.

In the regime under the study, where the environment is assumed to be at thermal equilibrium, the
final probability distribution is calculated in the limit of the classical Boltzmann distribution (m|pg(t —

€m

o0) |m) = const x e *BT . Here kg is the Boltzmann constant, T is the temperature of the bath and const
is a normalization constant [83]. Taking the limit of very high temperatures, the population terms approach
the Boltzmann distribution (0] pg(t = o) [0) = (1| pg(t = o0) 1) = % which is compatible with the
results obtained. The relaxation can not be fully observed in Figs. 13a, 14a and 14b because a very large
number of iterations would be required for this.
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Figure 13: Evolution dynamics of the system with decoherence obtained by employing the quantum
algorithm for the near-resonant system: simulation results (points) and theory (lines).

The switching rate must be high enough to observe the dephasing effects. Here we used a value ~ 33
times larger than the transfer rate, | (that is, the fluctuator waiting time must be shorter than ]‘1). As
observed in the simulations, it is a suitable value for observing the relevant effects of random fluctuations
in the system. At very low rates, it leads the system’s evolution to a behaviour similar to the previously

observed in the no-decoherence regime, Figs. 11 and 12.

The time that coherence lasts in the system is essentially defined by the fluctuation strength, ¢: in Figs.

13a, 13b, 14a and 14b (lower g) the coherence is maintained for some time, while in Figures 13c, 13d, 14c
and 14d (higher g) it is quickly suppressed. In the latter regime, an approximated diffusive motion drives the
system’s evolution, where quantum beating is practically absent. The time that the quantum beating lasts
in these simulations (until it reaches an approximate non-oscillating behaviour), is about 350 fs in Figure
13b (near-resonant system) and 200 fs in Figure 14b (non-resonant system), with a fluctuation strength
g =300 cm~L. At a longer time, it has been experimentally observed to persist (f > 660 fs [283]), a

timescale which could be modeled in the present simulation by changing the environment parameters, i.e.

lowering the fluctuation strength ¢ as can be observed in Figures 13a and 14a.
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Figure 14: Evolution dynamics of the system with decoherence obtained by employing the quantum
algorithm for the non-resonant system: simulation results (points) and theory (lines).

For each quantum simulation performed, a fitting process has been employed by adjusting the dephasing
rate of the Haken-Strobl model, so that the system’s evolution in both classical and quantum algorithms
have similar behaviours. This enables one to perform a direct comparison between both theories and to find
the actual dephasing rate of the modeled environment over the various regimes considered in this work.

The results reflect a good agreement between the data obtained and the theoretical predictions both
for the coherent case (vs Schrodinger equation) and the decoherent case (vs Haken-Strobl model), for the
different regimes definable by the coupling strength [303]. Similar to Ref. [363], this setting revealed itself
as an interesting platform for the study the quantum and environmental effects in a small photosynthetic
system, and therefore we consider, that the use of quantum simulations may be a feasible alternative in
systems with medium-strong coupling and non-Markovian systems, in the future, whose main advantage
when compared to similar works Ref. [363], is the flexibility on the implementation brought the quantum
computer used.

However, the algorithm obtained, possess high requirements in terms of gates and qubits, and, hence, it
is feasible to implement to realistic since a realistic quantum simulation of a photosynthetic system would
have to involve hundreds of light-harvesting molecules, which is beyond the current quantum technology,
and simultaneously the complexity of circuit generation is still O(N3)) and it only involves pure-dephasing
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baths. For future work, we aim at extending it to new types of bath, e.g. those allowing for higher exciton
recombination rates and non-Markovian effects as well as to new geometries of photosynthetic systems, in
particular, to the Fenna-Matthews-Olson complex [267].

In conclusion the coherent case is clearly described by a local Hamiltonian and hence it is efficiently
simulatable, although not the best choice of circuit approximation was used in this work. The addition of
environmental noise, to simulate decoherence, quickly raises the complexity of the algorithm, making a
realistic simulation of a photosynthetic system unfeasible in current quantum computers. Nonetheless, a
very good picture of how the environmental noise interacts with a closed system, destroying coherence, was
obtained, complementing the discussion of chapter 2.

3.4 Algorithms based in the quantum Fourier transform

The Fourier transform is exponentially faster in quantum computers than it is on classical ones, and it
is a cornerstone of several of the most relevant and efficient quantum algorithms, such as the ones of
Deutsch-Jozsa [134], Simon [331] and Shor [329]. It seems to be the main cause of quantum advantage in
quantum algorithmics, making extensive use of quantum interference. lts mathematical foundation can be
given in terms of group and representation theory, which allows its generalization to other algorithms, and to
obtain further characterization insights about them. So far, only algorithms based on the Fourier transform
over functions subject to the action Abelian groups are efficient, i.e. the only ones in which Jirreducible
representations are in a one to one relationship with the elements of the group.

From this perspective, efficient algorithms for a wide range of problems have been obtained, however, the
attempts to generalize it to non-Abelian groups felt short, and no generalized algorithm for these problems
exist, leaving out problems with high industrial impact such as the graph-isomorphism. In this section we

explore these issues.

3.4.1 The Quantum Fourier transform algorithm

The Fourier transform is a vital tool in modern mathematics, physics and engineering with a wide range
of applications from quantum mechanics to signal processing. In quantum computation, it also plays a
central and vital role, as it is the most important building block of the most well-known efficient quantum
algorithms and, definitely, a source of guantum advantage: the fastest classical Fourier transform has a time
complexity of order Nlog (N'), while the quantum one, has only (IogN)log(logN), i.e. an exponential
advantage. This makes the application of the quantum Fourier transform feasible, to problems where the
classical Fourier transform is not, as, for example, to find the period of a function as in Shor algorithm. The

most common form of the Fourier transform, used in fields such as signal processing, reads as follows:
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fx) = fe‘mikxf(x) dx,k e R (82)

In this field of application, the Fourier transform, can be interpreted as a function between the domain of
times and the domain of frequencies, where e~ 2rrikx, corresponds to a sinusoidal function characteristic
of a frequency k, andf(x) corresponds to the frequency response of the timed function at a given point,
decomposing the timed signal in its frequencies. The same intuitions are valid, for instance in quantum
mechanics: the Fourier transform is a function from the position domain to the momentum domain. A more
abstract treatment of the Fourier transform, phrases it in terms of group theory, where it is interpreted as a
function between two groups, the group of the original function f (x), G, and the group of unitary linear
operators GL(V'), which is given by the following expression:

n—1
fp) =) fop),p € GL(V), (83)

xeG
where f (x) is function over x, where x € G, and p(x) the irreducible representation at point x. The first
efficient algorithm for the Fourier transform, the fast Fourier algorithm (FFT) was discovered by Cooley and
Tuckey [115], and its translation and application to the quantum realm was firstly made by Simon [331]
and Shor [328]. The QFT algorithm starts by creating a superposition state, in which the amplitudes of the

states are the actual values off(x), as follows:

2"—-1

W)=Y fx)h). (84)

x=0
Upon the application of the quantum Fourier transform, the resultant state is given by:

¥y =Y g ly) (85)
y

where function g(y), corresponds to the amplitude of each of the elements of the i basis, and corresponds
to the actual Fourier transform formula

2"-1

Y eHmYI2f(x) (86)
x=0

1
gy =a(@ -y = YP) = 7

The statistics of the quantum Fourier transform, is invariantto constant shifts affecting the function f (x),
i.e. for functions whose resultant Fourier transform form

1 1 K-1
212 K =

the statistics of of the Fourier transform, reads as

eZiny(c+kr)/2” |]/> , (87)
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2
/ (88)

K-1
Z p2imtkyr/2"
k=0

i.e. it is not affected by c. The reason for this is that ¢ only affects the global phase, and, hence, does

ply) = 11
2" K

not affect the statistics of the measurements. By reasoning about these statistics it is possible to retrieve
important properties of the original function f (x), such as its period as done in the Shor algorithm of the

following section.

3.4.2  The Shor algorithm and the hidden subgroup problem (HSF)

The Shor algorithm [330] is the most important in quantum computation, due to its industrial impact, as
it can break RSA cryptography [76]. In practice, what the algorithm does is finding the (large) period of a
function, from which an attack on the cryptographic scheme can be built. The algorithm of Shor is based
on Simon algorithm for the calculation of discrete logarithms [331], and in fact, these algorithms can be
phrased in a more generic way as instances of the Hidden subgroup problem [75, 225], a problem from
the domain of group theory. Later, other instances of this problem were found, as depicted in table 7. The
formal definition of the Hidden subgroup problem goes as follows:

Definition 3.4.1. Given a function f : G - R, where G is a finite group and R an arbitrary
finite range, and the assumption that there exists a subgroup H < G, where f is constant

and distinct on the left cosets of H, find the generating set of H.

The definition may sound somewhat puzzling for non-mathematicians, so the easiest way is to look into an
example, which goes as follows:

Example 3.4.1. Consider a periodic function f on a group G presented in the following table:

x |0]1]2[3[4|5|6]|7
f(x)|0]1

assumed to be of type f : G - R, where + is the operation of G. The structure of the group,
i.e. including its actual number of elements is not known, but according to the definition
3.4.1, f(x) is constant in the cosets of the group. Hence, from the simple observation of the

function, one concludes the cosets must correspond to the following sets:

{0,3,6,9,...},{1,4,7,..},{2,5,8, ...} . (89)

Each coset corresponds to an equivalency class, resulting from the action of an element of

group, over the hidden subgroup. From group theory, it is well known that any element of
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a group generates a subgroup. Hence, from the information available about the function

(elements and operation), the possible subgroups read as follows:

(0) = {0} (1)=10,1,2,3,4,5,6,7,8,9, ...}
(2)=10,2,4,6,8,...} 3)=10,3,6,9,..}

So, having calculated all the subgroups, is trivial to see what is the one that fits the coset
structure presented in equation (89), is the subgroup generated by element 3, (3), which
can be confirmed by operating a arbitrary element of each of the cosets with the subgroup

determined, allowing to retrieve the cosets back again:

0-{0,3,6,9,..} ={0,3,6,9,...} | 1 ={1,4,7,...}
2-{0,3,6,9,..} ={2,5,8, ...}

Hence the so-called hidden subgroup is {0,3,6,9,...} and its generator is 3, which also
corresponds to the period of the function, which can be trivially verified. It is also the

number needed to perform the attack on RSA encryption scheme.

In the RSA cryptographic scheme, the modular exponentiation is used, instead of the modular summing
operation, as explored in example 3.4.1, and the computational solution explored in such example is clearly
computationally inefficient, as it requires the calculation of all possible subgroups, being only a toy example.
The Shor algorithm is able to determine the right coset structure and the generator of the correct subgroup
with high probability in a very efficient way, with an exponential advantage to the best classical algorithms.
The same quantum algorithm used in Shor is common and efficient for all Abelian groups with many
applications [186, 185, 271]. It has also been shown that the algorithm works efficiently for all groups,
which even not Abelian, if they possess normal subgroups [187], only.

Problem Query Complexity Main Technique
Abelian Stabilizer Problem Polynomial Fourier Sampling/Transform [225
Shor algorithm for factoring and discrete logarithm Polynomial Fourier Sampling/Transform [329
Simon’s XOR-mask finding a Polynomial Fourier Sampling/Transform [331
Pell’s equation and Principal Ideal Polynomial Fourier Sampling/Transform [186]
Unit Group and Class group Polynomial Fourier Sampling/Transform [185]

Table 7: Some problems with efficient quantum algorithms using the Fourier transform

The algorithm starts with the state preparation, where two logical registers are used, to encode the
domain and codomain of a ~iomomorphic function between Abelian groups. The first step corresponds to
the preparation of the domain of the function in the first register, building a Afomogeneous superposition of

values of the domain:

1 271
) =~ ( > |x>) ®10...0) (90)

x=0
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The second step corresponds to the application of an oracle f, which is based on the domain elements of
the first register, constructs the codomain elements in the second register:

2"—1
[¥) = Up1®) = > ( Z bx ®f<x>>) (91)

At this stage, due to the requirement of being constant on the cosets, for each f (x) is associated a coset of
the function, i.e. a potential measurement of the second register will yield the corresponding coset in the
first register:

¥,) = — Z o + k) . (92)

In equation (92), kr, corresponds to the exponentiation of the generator of the Aidden subgroup, rk and
Xo is the coset representative, which is unknown, and thus, prevents direct measurement of the generator.
However, its effect can be discarded, if one goes instead onto the phase domain, which can be done
systematically by the use of the Fourier transform. The application of the Fourier transform to the coset
state yields the following state:

1

2n/2 \/—

While it can be observed that the coset representative x is still part of the amplitude of the basis elements

Z 2imty (xg+kr) /2" |]/> (93)

|y>, i.e. by looking to the amplitude of an element of the basis v given by

a(q) s y) Z 62171']/(360-}-1(1’)/271 (94)

1
/2
N =
it is also observable that the element x; does not have any statistical effect on the measurement of elements,
as it only affects the global phase of the state, disappearing when the amplitude is squared.

P(y) Zznkyr/Z” (95)

Hence, the generator r can be retrieved, by the use of a statistical inference technique named Fourier
sampling. The equation above is equal to the geometric series,

. o (2m.cs.r.M
sin <2+)

py) = — (96)
sznz(2 )

, ify = jK, and O in the other case
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1 sin®(my) 1

P = RS2 (g K0 7 (97)

It can be concluded that j/r = y/2", and one can obtain j and r from the irreducible form of y/2",
which can be obtained by measuring y and expanding the result towards an irreducible fraction using the
Newton algorithm. The algorithm is probabilistic and the period obtained must be validated by testing it:
f(x) = f(x +r), and the execution of the algorithm repeated, if necessary. The probability of obtaining a
stated reducible to j/r is high, when compared to the demanded precision, which means the algorithm in
sound. The algorithm corresponds to finding the Abelian group generator.

3.4.3  Non-Abelian Hidden subgroup problem

After the success of the hidden subgroup problem algorithm for Abelian groups, there has been an extensive
research effort in extending the algorithm to non-Abelian groups. Examples of relevant groups in these
conditions are the dihedral and symmetry group, for which efficient algorithms for their hidden subgroup
problem will have an important impact, yielding efficient solutions to lattice-based cryptography [307] and
graph isomorphism [49, 145]. However, despite of some successes on this side, e.g. [203, 206], the
hidden subgroup problem for the most relevant groups is still beyond reach, even, as demonstrated, with
the query complexity always being log (|G|) (IGl is the size of the group involved) for these algorithms [146].
However, for some groups the information within cosets is not enough to capture the hidden subgroup and
further processing may be required, which is generally timewise inefficient. For some groups it may be
sufficient to enhance the HSP with the application of a proper measurement strategies [36], however it
has also been shown that the application of the technique is bounded by physical limitations [188]. Such
information shall then be filtered classically in order to retrieve the hidden subgroup, which may include
solving linear equations [311] or other alternative techniques [237]. Moreover, an effective pretty good
measurement able to distinguish such states will also need to involve an almost unfeasible amount of states.

Due to impossibility of reaching an efficient algorithm for relevant groups with potential impact in industry,
it was also attempted to explore different algorithms, such as hidden-shifts [99, 352], hidden-polynomials,
hidden translations [162], hidden cosets [162] and the generalized study of symmetry groups ,which may
have many different applications.

3.5 Hybrid algorithms

There is another class of quantum algorithm, which makes use of quantum simulation and of the exponential
advantage of the Fourier transform, as it is the example of the estimation of eigenvalues of Abrams and
LLoyd [10] and the HHL algorithm for the resolution of linear equations, proposed by Harrow, Hassidim
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and LLoyd [191]. The former consists of two steps, namely, the simulation of the Hamiltonian and the
application of phase estimation [125] (an algorithm relying on the Fourier transform) to obtain the eigenvalues
corresponding to a given ejgenvector, i.e. the composition

Phase estimation o Hamiltonian simulation (98)

Therefore, the efficiency of the algorithm is directly dependent on the efficiency of the Hamiltonian simulation,
given that the phase estimation step is known to be efficient. The latter algorithm, the HHL one, can be seen
as a more generalized form of finding a particular eingenvalue, and also depends on the efficient simulation
of the exponential of an Hermitian operator. Briefly, the algorithm is able to solve systems of equations of
the sort:

A% =D (99)

where A and b define a set of linear equations. The algorithm requires the simulation of e'At for different
values of t, which possess a potential exponential advantage, as explored in section 3.2.1. The matrix A,
may not always be a Hermitian operator, but it can be translated into one, by the following construction,

0 A
(24 -

iAt s an unitary operator. Technically, the algorithm prepares

and whenever A? is an Hermitian operator, e
le b; |iy, and then using quantum simulation, calculates e'At for a superposition of different times t,
and further, with the help of the phase estimation algorithm, is able to decompose |b> in the eigenbasis of A

and find the corresponding e/;genva/ueS/\]-. The result of these operations reads as:

N
> Bilui) ) (101)
j=1

where {|u]~> j € 1...N N is the dimension of system} is the eigenvector basis of A, and |b) = Zh ,B]- |u]->.
The only thing required right now is to find the inverse of each of the eigenvectors, producing the state
CA].‘l |)L]->. Finally, one obtains the state

N
Y BAT ) = AN b) = 1) (102)
j=1

Besides the possibility of the efficient simulation the Hamiltonian, the performance of the algorithm also
depends of the differences of eigenvalues, captured by a parameter k. The actual elements |x), can be
obtained individually in a single execution, which requires N repetitions of the algorithm, if one is interested
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in every value. Nonetheless, one can also obtain the expected eigenvalues (55|A5c’> efficiently, which useful
in many applications.

The applications of the algorithm are limited, due exactly to the caveats of the dependency of the
Hamiltonian simulation, to which, as previously discussed, are only efficient for sparse or local Hamiltonians.
Unfortunately, dense matrices are very relevant to specific problems in machine learning, from kernel
methods to convolutional neural networks. However, there exist alternative approaches for the algorithm,
which replace the condition on the sparsity on the matrix, to being approximable by low-rank matrices [322].
This algorithm exponentiates a matrix no sparse, positive definite low-rank [305].

There are many solvable systems of equations, that can be handled by this family of quantum algorithms:
[59, 62]. The case of Hamiltonian simulation is simply a special case of ODE, where A is anti-Hermitian
(A #+ A%) and fis zero, in the following equation.

dx(t)
dt
Besides solving systems of equations, the algorithm has many applications particularly in the field of

= A(x(t) +f(b) (103)

machine learning, from data fitting, such as in [373, 322], or support vector machines algorithm [304].

3.6 Summary

In this chapter two main types of efficient quantum algorithms were studied: the dynamic ones, which rely
on the ability of quantum computers to approximate efficiently a wide class of Hamiltonians, i.e. from local
Hamiltonians to d-sparse ones, as well a wide class of search and sampling problems which may be reduced
to them. Furthermore, another important branch of efficient algorithms is given by the Fourier transform
and its derivates, which encompass, for instance, the Shor algorithm and HHL, which were briefly discussed

in this chapter. From the analysis we concluded that:

* All sampling problems that can be reduced to the simulation of local, sparse or d-sparse Hamiltonian

possess efficient quantum algorithms;

¢ All search problems that cannotbe reduced to finding a ground-state, involving only local components
with less than dimension 2, does not have an efficient quantum algorithm.

We applied this finding in a conception of a case study for the simulation of a local Hamiltonian: the
simulation of non-radiative electronic transfer existing in the preliminary state of photosynthesis. It was also
studied the impact of the environment in the quantum process of photosynthesis,, where it was concluded
that it may, indeed, play an important role in the process, by enforcing the non-reversibility of the process,
by killing interference. The results also bring insight about the quantum mechanical concepts introduced in
chapter 2.
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QUANTUM OPTIMIZATION AND QUANTUM CHEMISTRY

“What we know is a drop, what we don’t know

is an ocean.”

Sir Isaac Newton.

The human understanding of reality is limited by intractable problems from all perspectives: from down
below, by the daunting complexity of many-body problems in physics, the intractability of molecular problems,
arising in medicine and biology and the unpredictability of geological events, such as earthquakes; from
the upper side by the inability of predict the emergent behaviour of the individual actions taken by a large
number of individuals, either in cooperation, or in competition, vital in areas such as economics, finance, or
sociology.

Many of such problems are computable, but completely inaccessible to classical computers, which
despite the advancements of science, have fallen (very) short to solve many of them. With the upcoming
era of quantum computation, one might ask if quantum computers can make a definite contribution to
any of those issues, help shedding light to some of the hardest questions in human understanding. The
answer to this question seems to be that it is not that so: quantum computers cannot solve efficiently most
of the problems already inaccessible to classical computers. However, some advantage, which can be
quite significant in some of them, may be expected, as shown by recent results in complexity theory. A
particular example of this is quantum chemistry, which rephrases chemistry in purely quantum mechanical
terms, allowing a better understanding of the role of quantum effects at chemical level [243]. Here, a
huge advantage of quantum computation methods, in comparison with classical ab-initio ones, is expected.
The application of nowadays short-term devices to these kinds of problems, particularly in problems with
high-societal impact, as in industry, finance, and quantum science, have raised a lot of interest from the
research and industrial communities, and in this chapter, we discuss some of the techniques employed.

The calculation of ground-state of quantum physical systems, i.e. more generally the calculation of their
points of equilibrium, can be understood as very complex optimization problems (QMA class), for which
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many optimization simpler problems can be reduced to. Due to this fact, in this chapter, we discuss complex
computational, from an optimization perspective, and the possible quantum techniques to tackle them.
The main contribution lies in the field of quantum chemistry, and consists in the conception of the
calculation of the ground-state of small molecules, Aydrogen H, and lithium-hydride LiH, under the action
of stationary electrical field using variational methods, which, to the best of our knowledge, was not directly
addressed in the literature before. The work done in the sequel involved the application of the VQE method in
the IBM Q experiment and was published in [344]. A relevant part of the contribution were the calculations

made for the matrix elements of the Fermionic operators, available in appendix A.

4.1 Search, constraint satisfaction and optimization

Search problems, i.e. problems concerned with finding a solution that matches a certain criteria from a
wide set of possible solutions, are pervasive in computer science, and span all the complexity hierarchy, i.e.
some of them are computationally easy to solve, while some others are really hard, for which no efficient
solution is likely to appear in the near future, even with quantum computers. Arguably, every computational
problem can be phrased as some sort of search problem, i.e. reducible to the extensive evaluation of all the
possible cases that compose it.

Particular examples of search problems, that are found very frequently in practice and are, in general,
hard, are the ones of constraint satisfaction and optimization. The latter reads as in definition 4.1.1.

Definition 4.1.1. (Optimization Problem)

minimize: f,(x)

subject to: f;(x) < b;i=1,...,m.

where x is a vector of variables, f, is a valuation function and f;(x) < b; are restrictions over

variables.

In fact, optimization problems can be seen as generalization of constrain satisfaction ones, i.e. in the
latter, all solutions that respect the constraints are equally valid, while in the former, the idea is to find the
solutions that minimize/maximize a cost function, among those which respect the constraints. Examples of
constraint satisfaction problems are the SAT problems, regarding the satisfactions of logical propositions by
Boolean variables.

There is a very rich relationship between constraint satisfaction problems and physical problems, laid,
for instance, by Barahona et al. in 1982 [45], where it was discovered that finding the minimum level
of energy (ground-state) of an Ising system, was NP-complete. By this way, it was possible to assign a
physical meaning to NP-completeness, i.e. the costs of the physical processes that could be used for that
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calculation. With the advent of quantum computation, it supplied the foundations for the reduction the
classical NP-complete problems to the ground state of the Ising Hamiltonians [258], in which a computational
advantage is expected. However, this advantage is not expected to make the resolution of such problems
efficient [56].

This connection between theoretical physics and computation, falls now under the field of Hamiltonian
complexity, has progressed, and Kitaev introduced the A-local Hamiltonian problem, as the quantum
generalization of classical constraint satisfaction problems [227], to which many optimization problems
can be reduced. The problem consists of finding the ground-state under the action of a local-Hamiltonian
which is in generally known to be very hard [118], i.e. while the soft simulation of systems governed by
local Hamiltonians, which includes the sampling, calculation of expected eigenvalues and etc., is efficient
(see section 3.2.1), calculating the ground-state of such systems is not.

In fact, this problem is known to be characteristic of the Quantum Merlin-Arthur class [77, 223], which is
the analogue of the classical NP-class, containing problems believed to be hard even for quantum computers,
i.e. just as the NP class contains problem hard for classical computers. However, the k-local Hamiltonian is
also an optimization problem, i.e. finding the ground-state of a quantum system is to find the wave function
that minimizes the energy of a system and a possible strategy of resolution of classical optimization problems
is exactly to reduce them to a k-local Hamiltonian problem.

The most natural form under which hard computational problems appear in industry and science is as
optimization problems. Hence in order to have a better understanding of how quantum computational
techniques apply to these problems, in this section we briefly review the background of the field (further

information can be obtained in the following references: [180, 63]).

Non-linear

Convex

Semi-definite

Linear

Least-squares

Figure 15: Hierarchy of continuous optimization problems.
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A first division between optimization problems regards the type of variables, which define the type of
program, e.g. if x is a vector of variables, and # an integer denoting the number of variables, the following

classes popup:
* Continuous: x € R"
o Mixed integer: x € R" x Z'";
* Binary optimization: x € {0, 1}";
* [nteger programming: x € Zar .

A further division of optimization problems concerns the type of functions and restrictions to optimize,
which can be hierarchically organized, in terms of expressiveness, as follows (also presented in in figure 15):
least-squares, linear, semi-definite, convex and non-linear.

Linear programs are the most common form of optimization problems found in practice, and for continuous
variables, there are efficient algorithms that can find the optimal solution. On the other hand, for the discrete
cases, i.e. binary, or integer variables, the worst-case is NP-HARD. In quantum computing a relevant class
of optimization problems is the one of semi-definite programs (SDP’s), which correspond to a generalization

of linear programs, where restrictions can be expressed as matrices.

Definition 4.1.2. (Semi-definite program)

minimize Tr(CX)
subject to Tr(A;X) < b;,i=1,...m.

where X is a nxn Hermitian matrix defining the variables, so as C, which defines the objective

function. The A;’s are also n x n Hermitian matrices and define program restrictions.

Linear programs correspond to a particular case of an SDP, where all matrices involved are diagonal. A
convex program is even a more general than linear program, or an SDP program, where both the cost

function and the restrictions are convex.

Definition 4.1.3. (Convex Program)
Is an optimization program where the function f; specifies the objective function, and f;

and b; specify the restrictions, all of them being convex functions, i.e. satisfying

filax + By) < af;(x) + Bfi(y) (104)
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Convex problems have the important property that every /ocal minimum, corresponds to the global minima,
and for this reason, there are polynomial solutions for these problems, at least for the continuous form,
based, for instance, in gradient descent methods [79].

Optimization programs involving discrete variables are, in general, harder than continuous ones, and
actually, the latter ones usually correspond to relaxations of the former. An important sub-type of discrete
optimization problems is combinatory optimization, where the solution space is given by the powerset of
the set of possible components of a solution, e.g. all possible sets of edges in a graph, induced by the set
of all possible assignments of binary variables x € {0, 1}", e.g. taking the example of edges in a graph,
0 determines an edge is not present, 1 determines its presence and a string is a possible solution of the

problems.
Definition 4.1.4. (Combinatory Optimization)
minimize SQN{Z ¢j:S € P}
€S
where P is the set of possible solutions, S is a solution, j a component of the solution and
¢ its cost.

Moreover, a particular important class of binary optimization programs, is the quadratic unconstrained
binary optimization (QUBO) one, particularly important, due to its proximity with finding the ground-state of
the Ising Hamiltonian:

Definition 4.1.5. (Quadratic unconstrained binary optimization (QUBO))

minimize ¢"x + xTQx

subject to x € {0,1}", with c € R"”,Q € R™"

A nice survey about QUBO problems can be found in the work of [233]. Furthermore, a relevant reference

about integer programming is given in [197].

4.2 Optimization using quantum computers

The seek for optimization algorithms has been very active in the last few years, and there exist many
different approaches to tackle optimization problems using quantum computers. As presented in figure

16, such techniques can be organized in three main families of techniques: wniversal algorithms, i.e.

circuit-based algorithms designed for universal computers, which exhibit polynomial quantum advantages
to their classical counterparts; quantum annealers, i.e. techniques based in the annealing and adiabatic
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computing models; Variational methods, which are targeted to short-time devices, and mostly are classical
optimization algorithms taking advantage of the exponential gain in Hamiltonian sampling. Throughout the
following sections these notions are discussed with more detail.

Quantum optimization
techniques
“Universal” quantum ; .
X q Quantum annealing Variational methods
algorithms

Quantum adibatic
computing

Figure 16: Types of approaches to optimization problems

4.2.1 Universal quantum algorithms

There are efficient quantum algorithms to solve least-squares, linear and semi-definite programs, up to
convex programs, with at least polynomial advantage. The algorithm for the least-squares problem is based
on the HHL algorithm [373], where an exponential advantage to classical approaches can be obtained,
despite the existence of polynomial classical algorithms to this kind of problems. Another very relevant line
of work is the one started by Brandao and Svore [80] providing an algorithm for Semi-definite programs,
yielding a polynomial advantage to linear programs, based on several geometrical parameters. This line of
work was also pursued in [350, 216, 349]. There are also some results within this field, concerning more
general convex optimization problems, which contrary to /east-squares and SDP problems, have no natural
guantum structure associated. However, an algorithm with a quadratic improvement to the classical stafe
of the art algorithm is available [351, 93]. In an even more general setting, shall be considered the work

on quantum gradient descent algorithms [172, 306], which can be applied to any optimization problem,

including non-convex and non-linear optimization [93], in some cases with polynomial quantum advantage.

In a recent line of work, it has also started to be explored the application of the Grover Adaptive algorithm in
optimization problems [171, 47].

4.2.2 Quantum adiabatic computing and quantum annealing
The quantum computational technique of quantum annealing was firstly introduced in 1989 by Apolloni et
al. [26], being one of the first quantum computational techniques conceived. In this work it was established

2
a correspondence between the Schrddinger operator, ;? + V(x) on a semi-<lassical regime, and a

68

68



4.2. Optimization using quantum computers

function to be minimized, corresponding to a combinatorial optimization problem, by modeling the latter
on the p-otential V (x) of the former. In this setting, the local minima correspond to the points of lower
potential, and, physically, the wave function will yield greater probabilities at such points. However due to
the, exclusively quantum, tunneling effects, it also becomes possible that particles break potential barriers
and jump to the region of other local minima, eventually finding global minima. In such work, this is clearly
shown by the analysis of the semi-classical dynamics of the ground-state of the system: in one hand it is
verified that the equilibrium points (points to which the dynamics tends to) of the dynamics correspond
to local minima (zeros of the derivate function), and that quantum tunneling allows the jump between
equilibrium points. It can also be shown that if enough time passes the dynamics tends to go to the globa/
minima. Hence, quantum annealing can be understood as the quantum counterpart of the classical method
of simulating annealing, where thermodynamical oscillations guarantee the escape from local minima, and
if enough time passes the system will converge to the global minimum.

However, it is believed that this method produces a quantum advantage, by converging more quickly
than simulate annealing to global minimum, but most importantly, by doing so in semi-classical regimes,
i.e. being more tolerant to environmental noise. The idea has already yielded several short-term devices as
documented in [153, 215, 126].

Moreover, adiabatic quantum computing, was firstly proposed by [148], and can be understood as a
particular case of quantum annealing, applicable when the environmental conditions (i.e. temperature and
dissipative conditions), are compatible with the adiabatic theorem, i.e. allow for an adiabatic transition
where no exchange of information with the environment happens [222].

The main idea of the technique is to prepare the system in the ground state of an easy to prepare
Hamiltonian (H;), and then, slowly introduce the action of a second Hamiltonian (problem Hamiltonian), in
a perturbative way, in the system, so that in the end the system is encountered in the ground state of the
sum of Hamiltonians. The total Hamiltonian of the system shall read as:

H = H(ty) + Hp(1 — t/T) (105)

If the transition occurs sfowly enough (large T), the global system will stay in the ground-state, which will be
equal, in the end of the transition, to the ground state of Hamiltonian Hp. Hence, all that is necessary is
that the solution of the problem P, coincides with the global ground state of Hamiltonian Hp. There are
many methods of doing this mapping, and adiabatic computing, despite being a universal computational
method [17], is particularly suited for solving optimization problems [149].

These techniques find many fields of application, such as in traditional computer science, e.g. search
engines [165], or even board games [345], or in a large spectrum of industrial applications. The latter
includes pharmaceutics [286]), or a multitude of problems in finance, e.g. portfolio optimization [313], risk
analysis [376], or the prediction of financial crisis [279]. A good review on the applications of quantum

computers in finance is available in reference [280]. Finally, the spectra of applications encompass traditional
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areas of optimization, such as planning and scheduling problems [310, 358], instantiated in fields such as
health [202] or logistics [136]. The quantum advantage of quantum annealers is yet under discussion, as
while it may not be possible to obtain an exponential advantage in exact solutions of optimization problems,
it may be possible to obtain advantages in approximate versions [316].

4.2.3 Variational methods

Quantum variational methods are hybrid quantum-classical approximation algorithms, targeted at optimization
problems [269], which can be applied in traditional optimization fields, such as combinatorial optimization,
as well as in quantum physical problems, such as finding the ground-state of quantum physical systems
[150, 147]. The former ones are, however, particular cases of the latter, i.e. the variational methods can be
applied to classical optimization problems, by finding a QUBO formulation for them, which can be trivially
mapped onto an Ising Hamiltonian (there are many software tools to aid in this translation available, for
instance, in the qgiskit platform [116]), over which the variational method is used, to obtain its ground-state.
As expected, there is evidence that the computational processes of variational methods are as complex
as ground-state problems [67]. Recently, these methods have started to be used, also, in mixed-integer
optimization problems, by the use of decomposition techniques [164].

Moreover, variational methods have also been used to obtain short-term versions of the most popular
quantum algorithms, such as the Grover [270], or Factoring [25], although the quantum advantage is less
clear in these settings. This class of methods became a cornerstone of nowadays quantum computation, due
to relationship between the amount of quantum resources required and the quantum advantage obtained
(more on this in section 4.2.5), i.e. low resources are required to obtain quantum advantage, turning devices
based on this technique, good candidates to quantum supremacy and proof-of-concept for industrial and
guantum physics optimization problems.

4.2.4  The Variational Quantum Eigensolver

The Variational Quantum Eigensolver (VQE) method, is a variational method, used to estimate the lowest
eigenvalue (the ground state energy) of a Hamiltonian, introduced by [287], which has been gaining relevance
in recent literature on quantum computation, through its application to Hamiltonian ground-states search,
and general optimization tasks - see, e.g., [268].
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Figure 17: Application of the variational method to fermionic problems, adapted from [268].

The method is a quantum version of the variational method for the calculation of the ground state energy,
extensively used in Physics (also known as the Rayleigh-Ritz method) and has also been widely used for a
long time in Quantum Chemistry - see, e.g., [243].
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The optimization consists of the determination of the set of parameters 6 that minimize the function
E[‘{’(é)] function, defined by equation (106), consisting of the expectation value of the action of the
Hamiltonian operator. The VQE method is an iterative method, wherein each iteration a quantum state,
corresponding to a parameterized trial function ‘F(é) (see section 4.3.5 for an example), is prepared and
the expected eigenvalue with respect to the system’s Hamiltonian is calculated.

Then a classically implemented algorithm updates the parameters 6 € R" of the quantum state using a
classical optimization routine. The previous step is repeated until some convergence criteria (e.g., in energy
and/or iteration number) are satisfied. Any optimization method able to perform this task can, in principle,
be used. On IBM Q [116], a few methods are available for this purpose. For instance, the Simultaneous
Perturbation Stochastic Approximation Algorithm [SPSA, see 64], which is characterized by a very good
performance under noise, or the Cobyla method [295].

The scheme of the method is depicted in Fig. 17, adapted from the latter work. Even if the optimization
part is mostly classical a quantum advantage is, still, obtained, as further discussed in section, 4.2.5. A
good additional discussion of this method can be found in [265].
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4.2.5 The quantum advantage of the VQE method

Each iteration in the VQE method, requires the evaluation of the action of the Hamiltonian over the ansatz,
i.e. the estimation of the eigenvalue for the current ansatz, which corresponds to the cost function. As it is
well-known, this can be done, with an exponential advantage, by the use of the quantum phase estimation
(QPE) algorithm [10], which has also several other applications, such as in the resolution of linear equations
[191].

The QPE method requires an approximation of the evolution operator, U= exp{(—iHt}) (tis time),
and its application to the initial state an appropriate number of times. For an eigenstate, the application of u
results in adding a phase (—Et), so that the energy eigenvalue E can be estimated. Unfortunately, despite
its theoretical attractivity and a broad scope of possible applications, it poses serious technical difficulties,
which makes its practical realization unlikely at the present level of maturity of quantum computers: it
requires a very large number of entangled qubits and quantum gates to be effective.

Alternatively, one can adopt a strategy of applying the Hamiltonian over a state several times, measuring
the result (i.e., performing the quantum sampling), to obtain an estimation of the expected eigenvalue,
for which effective algorithms are available, particularly the Quantum Expected Eigenvalue Estimation
(QEE) method. The method requires that the Hamiltonian operator can be decomposed into polynomial
(M) independent n-qubit operators and consists of the “measurement” of the expectation values of such
operators for a trial state |'¥) (also known as the ansatz):

(HH) = (YH|Y)
i D] _(q) 1,1 (91) (g2)| _(q1) (g2)
© Yo+ T H (o 8 oo 0 o)+ (107
i;q i1,ip;
4192

The estimation of the expectation values, {---}, requires repeated measurements on the polynomial number
of independent terms. An objective comparison of the QPE and QEE methods is presented by [265] and
summarized in Table 8.

Table 8: Comparison of resources needed for two methods, QPE and QEE. M: the number of
independent terms of the Hamiltonian approximation, p: the precision chosen, O(...):
asymptotic lower bound of the associated resource function. See text for details.

Number of Coherence Number
Method state preparations time of steps
QEE OM) o(1) O(hyyanl” Mp~2)
QPE 0() O™ O~

A main advantage of the QEE, when compared with QPE, is that it largely reduces the need for gates,
but, more important, the amount of time the entanglement over sets of qubits has to be maintained, i.e.
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the coherence time, is O(1) (independent of precision, p), which is within the grasp of existing quantum
computers, while it grows /inearly with p, O(p‘l), for QPE. However, QEE introduces the need to prepare
more copies of the ansatz to maintain the independence of the terms in Eq. (107) - O(M) against O(1)
for QPE - requiring polynomially more memory, i.e. qubits. Furthermore, for the desired precision p, the
number of necessary sampling steps is O(lhmaxlep‘z), where h,,,,, is the term with the maximum
norm in the decomposition of the Hamiltonian. In summary, the QEE method reduces the required minimum
coherence in the QPE, while preserving the significant quantum advantage in comparison to classical
methods, introducing however a polynomial penalty, both in time and memory, i.e. number of qubits.

4.3 Case study: Calculation of the ground-state Stark effect in small molecules

The work of LLoyd et al. [249] on the simulation of /oca/Hamiltonians, initiated the modern era of quantum
simulation research, by providing a realizable quantum process to the idea introduced by Feynman in 1982
[151]. The path from that point to the one in which it will be possible to simulate quantum chemistry
systems, includes the independent works of Wiesner et al. [374], and Zalka et al. [383], and the work of
Ortiz et al. [278], on the simulation of Fermionic Hamiltonians. Jointly, they provide the foundation for the
simulation of quantum chemistry.

Since then the number of quantum algorithms in quantum chemistry has grown exponentially, making
it one of the disciplines where quantum computation can have more impact. From the technical point of
view, a very relevant issue to the simulation of quantum chemistry systems, as seen in section 3.2, is to be
able to efficiently approximate Hamiltonians for quantum chemistry using quantum gates and circuits. The
processes for doing this have greatly improved throughout the years both in terms of the resources required
[367, 192, 294, 32] and of the Hamiltonian representation chosen [34, 33, 257], with an exponential
advantage in many cases.

The process of quantum simulation aims at the calculation of relevant properties, as for instance what
was achieved in the seminal works of Lidar [246], on the calculation of thermal rates in chemical reactions,
and Aspuru-Guzik et al. [31] on the calculation of ground states of simple molecules. These two works are
also characteristic examples of the two types of properties of interest in quantum chemistry, the dynamic
ones, which concern aspects of the evolution of the system, e.g. chemical reactions, and the static ones,
which concern properties about the eigenvalues. Examples of the former can be found, for instance, in
works on the process of nitrogen fixation [221, 309], and of the latter in the characterization of molecular
energy spectra [371], useful, for instance, to the optimization of molecular geometries [220]. A particular
important static property is the calculation of the minimum eigenvalues, which can be calculated in many
ways, including modified versions of phase estimation, the so-called /terative phase estimation [281, 239].

More recently, the so-called short-term devices started to appear, and quickly gained relevance in the
landscape of quantum simulation of chemistry research, namely the development of specific methods
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targeted to this kind of devices, e.g. based on the VQE method. On the field, these methods are already
extensively studied, both from the theoretical and experimental points of view (see [90] for an excellent
review on the subject). The state of the art on this particular subject encompasses the calculation of the
ground state of small molecules, namely, H,, LiH, BeH, [218], or the charged HeH* [326, 287], in
physical systems possessing 2 to 6 physical qubits. Still on this field with small quantum devices, one shall
also highlight the very recent breakthrough of [300], on the simulation of the isomerization of diazene, using
chains of H, molecules, on physical devices with 12 physical qubits.

The hydrogen molecule is the simplest one existing in nature, and the LiH molecule is just a bit more
complex than H,, lacking its mirror symmetry, which makes the calculation slightly more complicated.
Both have been the natural test case for experimental and theoretical research, particularly concerned
by the calculation of their ground state properties and the dissociation curves, which have recently been
recalculated using advanced classical [362] and quantum [111] algorithms (the latter with extension to
excited states).

The following sections are focused on the exploration of the simulations of such two molecules hydrogen
(Ho) and /ithium hydride (LiH), under the action of strong stationary electric fields (Stark effect) [181], using
the commercially available quantum computer, the IBM (@), accessed through the QuantaLab UMinho
Academic Q Hub, and programmed using the QISKit platform [116]. To the best of our knowledge, it has
not been studied directly in a NISQ machine and constitutes the main contribution of this work.

We aim also at revisiting the necessary steps, as well as the relevant theory, for the construction of a
quantum simulation for a small molecule using the VQE method, explored in section 4.2.4, as it poses many
conceptual and practical challenges, far from trivial [371]. The VQE method, is in some sort, an algorithmic

framework, requiring the following input:

¢ Aqubit Hamiltonian, which requires the calculation of the matrix elements of the fermionic Hamiltonian,
and an appropriate mapping of the resultant matrix onto qubit Hamiltonians;

¢ The choice of an appropriate ansatz and its implementation on quantum circuits;

¢ The choice of a classical optimization method and the application of the VQE routine.

Hence, over the next sections, we will discuss the relevant theory for these quantum simulations, namely,
the Quantum Hamiltonian formalism for many-body systems, the Hartree-Fock approximation and the second

quantization representation. A good introduction to the subject is offered, for instance, by [243] and [338].

The necessary items to the application of the VQE method are also reviewed, bearing in mind that the
VQE method itself was already explored with detail in 4.2.4. The actual calculation of the specific matrix
elements is extensive, but it is available in the associated publication [344] and in appendix A. We will also
explain the mapping onto a system of qubits and the design of the quantum circuit corresponding to the
initial Hamiltonian, and the execution of the VQE method to this case study, so as the correspondent results
obtained.
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4.3. Case study: Calculation of the ground-state Stark effect in small molecules

4.3.1 Many-particle systems

The Schrddinger’s equation for a system of non-interacting particles can be decomposed into a set of
uncoupled equations for each particle and the system’s WF suitably factorized. A combination of two
non-interacting and non-entangled systems can be described by applying the tensor product to the two
vector spaces,! with resultant basis given as follows:

YD) @YD) =) > Augl¥e) @ 1Y)
“ B
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In Eq. (108), ‘Ff,f) denotes an eigenfunction of a state « = 1, ..., M of the system Y6 (s =1,2). The
dimension of the product vector is dim(¥ ) * dim(¥®) = My - M,.

When the particles constituting the system are identical, their spin becomes highly relevant. The spin,
which is an intrinsic angular momentum of the particle, distinguishes between two different types of particles,
bosons (e.g. photons) and fermions (e.g. electrons and protons). For fermions, the Pauli exclusion
principle states that the system’s WF must be antisymmetric with respect to the permutation of any two
particles. This entails an important restriction upon the WF, namely that the product vector (108), if applied
to a pair of non-interacting electrons, is not compatible with the Pauli principle.

In Quantum Chemistry, a single-electron WF is called orbital [338]. One can distinguish spatial orbitals
¢ (r), where r corresponds to spatial coordinates, and spin orbitals x (x), where x = (r;s) and s € {1, 1}
stands for two possible orientations of electron’s spin. For two electrons, the Pauli principle means that

X (X1, Xp) = =X (X2, Xq1) (109)

or, equivalently,
P(ri, 1) = F¢(ry,ry), (110)

where the upper (lower) sign corresponds to parallel (antiparallel) spins of the two electrons. If the electron-
electron interaction is neglected, the correct (i.e. compatible with the Pauli principle) two-electron WF is
written in the form of the so-called Slater determinant,

Xa(X1) Xp(X1)

@y _ L
Xa(X2)  Xp(X2)

Xa Xg , (111)
V2

For interacting or entangled systems, the total WF cannot be written as a product ofits parts. Entangled parts of a system,
even if they do not interact physically, may not be described by a wave function, only represented by a density matrix.
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where x, (x) and Xg (x) designate different spin orbitals. A Slater determinant can be straightforwardly
generalized towards the case of N identical non-interacting particles. It vanishes when any two electrons
“occupy” the same spin orbital, as required by the Pauli exclusion principle.

The Slater determinant is a simple way of constructing a many-electron WF from spin orbitals representing
non-interacting electrons. Complete neglection of the Coulomb interaction between the electrons would be
too crude an approximation, while solving directly the many-electron Schrédinger equation is an intractable
problem. A compromise is achieved by a self-consistent field method also called Hartree-Fock (HF)
approximation. An effective one-electron operator is introduced, oHE (x), called the Fock operator,
which includes, as a part of the single electron potential energy, the electron’s interaction with all other
electrons whose positions are averaged under an assumption that the WF representing the system of N
electrons is a single Slater determinant. An explicit expression for vF (x) will be presented below.

4.3.2  Molecular Hamiltonian and Hartree-Fock approximation

The general form of a molecular Hamiltonian is (in atomic units):
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The first and second terms of (112) correspond to the kinetic energy of the electrons (numbered by i and
j=1,...,N)andnuclei (numbered by A = 1, ..., M), respectively. The third one represents the Coulomb
attraction of each electron to each nucleus with 7; 4 being the electron-nucleus distance and Z 4 the nucleus
charge. Finally, the fourth and fifth terms correspond to the repulsion among the electrons and the nuclei,
respectively. It is common and well justified to use the Born-Oppenheimer approximation, which
neglects the motion of the nuclei because they are much heavier than electrons, whereby the potential
energy of the nucleus-nucleus interactions becomes a constant (for fixed placement of the nuclei) hence a
parameter for the electron problem. With this, the electron Hamiltonian (112) reduces to:

DN NI (13
o = 20 Sra S5t

For the H, molecule, the Hamiltonian (113) depends on a single parameter, the distance between the
protons d. If the lowest eigenvalue of (113), Eq(d) < 0, is larger in absolute value than the proton-proton
repulsion energy, Erep(d) = d~1, the molecule is bound, as illustrated in Fig. 18.
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4.3. Case study: Calculation of the ground-state Stark effect in small molecules

Figure 18: Left: the hydrogen atom consists of a single electron and a proton and has the energy
—0.5 a.u. in the ground state. Right: in the hydrogen molecule H,, made of two
nuclei and two electrons, the total energy can be lower than —1 a.u., which makes the
molecule stable.

The Hamiltonian (113) has to be reduced to a single-electron one in order to proceed with the determi-
nation of its eigenvalues, which is achieved by means of the HF approximation, where one takes an average
over the positions and spins of all but one (to be labelled by i = 1) electron. This is done by multiplying
equation (113) by |;(,§1))(/(32>
of dimension N (the number of electrons in the system), and integrating over x,, X3, ..., X5y, which leads

X§N>) and the corresponding “bra”, both in the form of Slater determinants

to
1 2 . ZA HF
_Evl - Z Fia + U7 Xﬁt(xl) = easz(xl) ’ (114)
A=1

where v{{F is the average potential experienced by the “chosen” electron, and €, is the single-electron

energy. The HF potential can be written in the form:

1
HF _ 2_—
offf = Eﬁ g x2) P

1
> f?(i (X)X (X2) =X 5 (X1 ) Xa (X2) dXo
B A 712l p
_ . 115
X (1) )

The two terms in Eq. (115) are called Coulomb and exchange energies, respectively. The latter poses the
main difficulty in solving Eq. (114); however, its neglection (known as the Hartree approximation) results
in an unsustainable error. Due to the nonlinearity of the HF approximation, the equations are solved in
practice by self-consistent (iterative) methods, using a finite set of spatial basis functions, qby(r) (=12,
.., K) - see, e.g., [338]. The solution yields a set HF spin orbitals {x,} with corresponding energies {€,},
a=1,2,...,2K. The number of electrons in the system must be 2K > N. The possibilities to place N
electrons over 2K spin orbitals gives rise to (2K)!/(N!(2K — N)!) Slater determinants, one of which

"
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4.3. Case study: Calculation of the ground-state Stark effect in small molecules

represents the ground state of the system and the others correspond to excited states. The HF approximation
takes into account the Quantum Mechanical correlation caused by the Pauli principle, however, only of
electrons with parallel spins. The difference between the approximate HF energy and the exact energy of
the system is known as the correlation correction (or energy).

It is common to use, as initial approximation basis sets to represent molecular orbitals (MO) in the HF
equations, the linear combinations of atomic orbitals (LCAQ). Since the exact atomic orbitals for a given
many-electron atom are difficult to construct, the so-called S/ater-type orbitals (STO) are sometimes used,
which are inspired by the (exactly known) radial asymptotics of spatial orbitals of the hydrogen atom,?

Pr)~r""Le=CTY, (6, 9)

(here Y} ,, is a spherical harmonic). For instance, one can use

1

STO _ % —ZIr—Ry
P15 (G, r—Ry) = s e A

for s-states, where ( is the Slater orbital exponent. As the STO functions are difficult to handle in many-center
integrals, one practical resort consists of approximating these functions with linear combinations of Gaussian
functions, known as STO-LG functions. The calculation of the necessary matrix elements is then greatly
facilitated, because the multi-center integrals with Gaussian functions can be evaluated analytically as
discussed in appendix A. In this work, a set of such functions with n = 3 Gaussians mimicking each STO
function, named STO-3G basis, is used. For the 1s state, such a function is

3
204\
STO 3G — 1) ,—ayr?
Z,r) = cl< p )e
20,\i 20 \i
Xy \ Xz \4
e e e L (16)

where «; are the Gaussian orbital exponents that have been optimized for the best possible approximation
of $31°(Z, r) for a given ¢ [195]. The corresponding spin orbitals, ), (x), are obtained from q)STO 3G py
multiplying them with a spinor ¢(s), s € {1, |}.

4.3.3  Second guantization

In the quantum mechanics of systems consisting of a number of identical particles (electrons, in our case),
it is common to use the formalism called second quantization, originally introduced by P. Dirac - see, e.g.,

2 The STO includes a simple power function of the radius instead of a polynomial, and hence do not possess radial nodes.
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4.3. Case study: Calculation of the ground-state Stark effect in small molecules

[138]. This formalism deals with the whole system of particles, instead of with each particle individually, by
introducing a new way of describing states, by the latter’s occupation numbers. Let {x, (x)} be a complete
set of one-electron (atomic or molecular) spin orbitals that constitutes the Hilbert space of a single particle.
If the particles were non-interacting bosons, a state of the whole system could be entirely specified by
indicating the numbers of particles, 71,,, occupying each of these orbitals. Such an occupation number state
can be designated by a state vector |17, 15, ...). If the particles interact with an external field or with each
other (but still assuming that they are bosons and no restrictions are imposed by the particle's spin), the
state vector in the occupation number representation will evolve with time, obeying the time-dependent
Schrodinger equation (15) with the Hamiltonian written in terms of the occupation numbers

1
H=H;+H,= Z Topinip + EZ Hapyotndnasig . (117)
a,lB a,pB,
7,6

The sum is made over states in the single-particle Hilbert space, e.g., 1s-, 2p-like, etc., Tap being a matrix

element of the single-electron energy,

—V? Z
Tap = fdxlX;(Xl) (T + Z r—A)X,B(Xl)- (118)
A

Ir a1l

The second term in (117) represents the Coulomb interactions between the particles, with the matrix

element given, according to the convention used in Quantum Chemistry [338], by:

1
Hapys = jdxld’(z?(; (x1)Xp(%1) (@) Xy (X2) X5 (%) - (119)

The integration in Egs. (118) and (119) is over coordinates (and sum over spins) of one or two electrons
labelled 1, 2.

The Hamiltonian (117) is written in terms of so-called creation, at and anninilation, a, operators, which
add one particle to (or, remove from) an orbital &, respectively:

alng, ny,..) = ng+1lng,ny,...);
Ay lng, ny,...) = (n,lng,ny, ... (120)

The product a;;a,x is the occupation number operator for the orbital «. In the case of bosons, the creation

and annihilation operators for different & and B commute, because different orbitals are filled independently.

This is not the case of fermions, because of the Pauli exclusion principle. By virtue of this, the following

(anti-commutation) relations hold for the electron operators:
aaag +ajag=0,p. (121)
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4.3. Case study: Calculation of the ground-state Stark effect in small molecules

It can be shown that (121) guarantees that the occupation numbers can take only values 0 and 1 in
accordance with the Pauli principle [138]. Therefore, the Hamiltonian (117) has the same form for bosons
and fermions, the only difference being in the (anti-)commutation relations of the creation and annihilation
operators. For fermions, each state |11, 715, ...) of this Hamiltonian corresponds to a Slater determinant in
the Fock space (of dimension 2K), with the number of columns and rows equal to the number of electrons
in the system, N = Zil; "

The choice of single-electron basis functions x (x) is, in principle, arbitrary, but if we “guess” their
form close to the “true” WFs of the system (which actually are not well-defined in the single-electron form!),

the non-diagonal elements of the matrices 7,5 and 1,55 Will be much smaller than the diagonal ones.

For practical calculations of these integrals, the basis functions are expressed in terms of the STO-3G sets

explained in the previous section. The choice of molecular orbitals is based on the MO-LCAO approximation.

One can improve this initial approximation by solving first the HF equation (114) and using its solutions
to calculate the matrix elements. Then the diagonalization of Eq. (117) amounts to the evaluation of the
correlation energy.
In the sequel we also consider the stationary Stark effect described by the following (single-electron)
Hamiltonian:
Hg=—-E-r, (122)

where E is the electric field intensity. Its second-quantization representation is identical to Hy in (117), and

the corresponding matrix element is written as

T35 = fdxl)(;(xl) (—eErcosb) xg(x), (123)

where E = |E|, and the z-axis is assumed to be directed along E. The use of the second quantization
formalism is facilitated, for instance, by the PyQuante [274] and the PyScf [337] tools, two Python
libraries targeted to quantum chemistry calculations. We present the matrix elements (118), (119) and
(123) calculated for 1s, 2s and 2p,, atomic orbitals in appendix A.

4.3.4  Mapping the fermion Hamiltonian onto a qubit representation
In order to perform quantum computations, one needs to map the second-quantization Hamiltonian onto

a qubit (spin) representation and then design the corresponding quantum circuit that implements it. The

basic idea is to replace the fermionic operators a and a* by tensor products of the Pauli matrices,
S 01 S 0 —i s 1 0
10’ Y lioo |’ “lo -1’
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4.3. Case study: Calculation of the ground—state Stark effect in small molecules

which can be done in a number of ways, such as the Jordan-Wigner or Bravyi-Kitaev transformations [89].

The former, addressed in this section, is a specific method based on the isomorphism between the creation
and annihilation operators and the algebra of the Pauli matrices [371].

In the case of a single (one-electron) state, the Jordan — Wigner (JW) mapping is simple. Following the
convention of Fig. 19, common in Physics,

1 01

t — ) = .

a @U+:§<Ux+10y)—[0 0], (124)

1 . N_ |0 0]

ae 0 :E(Ux_my)_ll 0], (125)
1 20

t,_ 1o, _| 2

a'a—5 & 50, [O—%}. (126)

The matrices ot represent the spin-raising and spin-lowering operators, respectively, while o, is related to
the occupation number operator.

However, usually another convention is used in quantum information, as the computational basis is

0) = ((1)) 1) = ((1))
$1H) —e— 1) =d)

defined as follows:

* 1) 0) =all)

Figure 19: A scheme illustrating the mapping of a fermion onto a qubit. The arrows indicate
two spin projections. The two states of the Hamiltonian H = C&, (C is a positive real
constant) are usually denoted by |0) (lower energy state) and |1).They are connected by

. . 0
the operators a and a'. Considered as spin states, they may be denoted as (1> =10)

and ((1)) = |1), which leads to the correspondence between the a and a' operators and
the Pauli matrices given by Eqgs. (124) - (126).
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4.3. Case study: Calculation of the ground-state Stark effect in small molecules

Accordingly,
o0 and ae ot (127)

In case of N >1 fermions, the mapping becomes slightly more complex. In order to satisfy the anti-
commutation relations (121) between any pair of fermionic operators, one indexes the states by a single
index (&) and adds the string, i.e. [spin]=[fermion]x[string], taking into account the occupation numbers,
n,, of states with 8 < «a, for a given a:

i7T n
o o a,e Lpea £,

o7 o ate T Xpals (128)
The relation (128) holds for multiple fermions and the phase factors (compare to (127)) can be represented
by the Pauli matrices, (o'z)ﬁ, acting on the corresponding fermionic states. Therefore, the fermionic
operators are mapped onto direct products of Pauli matrices as follows:

a, o 1®(a—1)®(0-+)w®((72)®(N—a)

R(a—1) R (N—u)

10 01 10

= ® ; (129)
01 00] [0-1

a, o 120D @),@0)®N"Y
R(a—1) Q(N—u)

10 00 10

= ® : (130)
01 10] ]0-1

Thus, any Hamiltonian operator written in the second quantization representation can be rewritten in terms
of the raising and lowering spin operators and the Pauli matrix o,. A catalogue of such translations can be
found in Table A2 of the work [371]. For a Hilbert space of 2K spin orbitals, a system of 2K fermions (i.e.
qubits) is required for the JW mapping. The resulting qubit Hamiltonian has the following generic form:

— i (D) i1,ip (q1) (q2)
H = Zh;(j—i T Z hqllr[?za-'l ®0;, "+ (131)
1,9

i
i1,i2; 41,92

where the indices 7 refer to the type of the Pauli matrix (x, y or z), the indices g run over qubits and each h
in coefficients. The resultant is amenable to the treatment with the VOE method, explored in section 4.2.4.
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4.3. Case study: Calculation of the ground-state Stark effect in small molecules

4.3.5 Trial wave functions (ansatze)

The ground state energy estimation requires an appropriate ansatz. If the number of electrons in the system,
N, is fixed, one may use the Slater determinant solution of the HF problem for the molecule at hands,

corresponding to its ground state. We shall denote it by |'¥) and write as

N
[¥o) = [ [akiacy,
14

where & runs over the occupied orbitals and |vac) denotes the vacuum (absence of particles). Alternatively,
one may start by defining a new “vacuum” state in the N-particle sector of the Fock space, which can be
chosen as ['¥;) and used to prepare the parametrized trial quantum state [48]. This can be done by a
guantum circuit implementing a unitary operator, H, representing a set of perturbations to state |\¥y):

¥ (6)) = UO)¥p). (132)

The parametrized ansatz will be used to estimate the energy with respect to the Hamiltonian. Note that 6
stands for the whole set of parameters (also called “gate angles” in this context) that can be adjusted and
used in the optimization procedure (see Sec. 4.2.4 below).

There are several possible choices for constructing this operator, leading e.g. to the so-called Unitary
Coupled Cluster (UCC) and heuristic approaches that are discussed in by [89] and [48]. There are several
options for choosing different ansétze implemented in the QISKit package. Let us briefly consider the
UCC approach, which has mainly been used in this work.

A flexible way to generate multideterminantal (hence overcoming the HF approximation) reference states
within the Coupled-cluster (CC) method, suggested by [210], has been translated by [48] (specifically under
an angle of quantum algorithms for electronic structure calculations) into the wnitary version of the CC
approach (UCC). The operator acting on the “vacuum state” according to Eq. (132) is chosen as follows:

[¥(8)) = TOTO ) (133)

Here T is an operator representing excitations from occupied to unoccupied states (labelled below by Greek
and Latin indices, respectively), composed of hierarchical (given by the dimension of the interaction operator,
which corresponds to the i in Ti) terms,

T:T1+T2+...,
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corresponding to n-particle excitations, namely,

Ti0) = ) 6dla,, (134)
o,a

L o 1

T = 5 Z GZ%a;aZaaa/;, (135)
a,B;a,b

The UCC ansatz usually retains only the two first terms in the expansion of T, ie. if neglects 3-particle and
higher-order excitations. The expansion coefficients in (134), (135) can be interpreted as matrix elements
of a certain excitation operator between occupied and unoccupied orbitals. They can be assumed to be rea/,
e, {04, 03%,..} € R.

The anti-Hermitian combination T — T in (133) makes the exponential operator unitary. Unitary opera-
tions are natural on quantum computers, yet the implementation into quantum circuits is not straightforward
because of the non-commutation of different parts of the Hamiltonian. So, the order in which the different

terms are written in the exponent is indeed important. This difficulty is bypassed by using the Trotter identity:
PP & = n
e A*B) = lim [eA/ngebin ], (136)

where A and B are two non-commuting operators, e.g. A= Tl — TI and B = Tz — T;r This is exact in
the limit 7— oo, it is an approximation for finite 1. Different Trotter approximations of the operator (133)
can be implemented on a quantum computer by transforming it into the qubit representation and using
standard circuit compilation techniques for the “exponentiation” of the Pauli matrices [89]. Some examples
of such circuits and comparison of results obtained for different orders (1) of the Trotter approximation can
be found in the work by [48].

4.3.6 Results and Discussion

We used the procedure outlined in previous sections to calculate the ground state energy (which can
be straightforwardly converted into the dissociation energy) of two molecules, hydrogen (H,) and lithium
hydride (LiH). This has also been addressed, in which is presumably a novel result, under the action
of stationary electric fields of four different magnitudes (E = 0.0001, 0.001, 0.01, 0.1 atomic units;
1 a.u. ~ 5- 101 V/m). These calculations were performed for the interatomic distances, d, from 0.2 to
4 A with the step 0.1 A.

The actual computational environment, where these experiments were conducted, was the IBM Q. Such
computational environment is available remotely through the internet and can be accessed and programmed

using the QISKit framework, written in the Python language. The actual code developed in this thesis is

84

84



4.3. Case study: Calculation of the ground-state Stark effect in small molecules

available from the following github repository:
(contents available upon request). It makes use notably of the
QISkit and the PySCF python framework.

The PySCF tool was used to specify the molecules and calculate the respective one-body and two-body
integrals, encompassing already the action of electric fields, using the theory developed throughout appendix
A. Both molecules were assumed to have zero global charge and spin zero; the STO-3G basis (116) was
used to calculate the integrals.

The evaluation of the corresponding integrals can then be reformulated into an assembling of quantum
circuits, to be executed using the set of software packages available e.g. in the QISkit framework: Terra,
Aer, Aqua and Ignis. The calculation of the dissociation curves requires the calculation of the ground
state energies (discussed in section 4.2.4) over a range of distances, to be able to identify the minimum
(bound molecule) and the asymptotics (separated atoms) ones. For this purpose, we used two methods:
the Exact Eigensolver (classical matrix-multiplication method, as a benchmark) and the VQE.

We used the UCC (discussed in section 4.2.5) as the variational method, i.e. as the technique to build
the ansatze for the molecules under study, and the HF approximation to obtain the initial solution for the
VOQE method. In this relation, several parameters had to be considered: the maximum number of iterations
with the Cobyla method,? the optimization level (an IBM @ -specific parameter determining the degree
of optimization of the circuits generated), the mapping method to use, such as the Jordan-Wigner (130),
Bravyi-Kitaev, or parity methods (see [89] for more information on these methods), each offering different
(precision) / (circuit size) relationships. The technical parameters of calculation, selected after a course of
trial and error, are summarized in Table 9.

The use of quantum or Aybrid (such as VQE) procedures in the IBM Q require that a backend is
specified, i.e. an actual processing node able to execute the quantum circuits, which can be either a
classical computer able to perform a simulation, with or without simulated quantum noise, or a real quantum
device, with a number of qubits from 2 to 53. The results of this work were obtained using a simulator, the

gasm_simulator.

4.3.7 Results: H, molecule

The total energy as a function of the interatomic distance, hence the molecule’s dissociation curve for
different values of the electric field, is depicted in Figure 20. The effect of the electric field on the shape of
the dissociation curve remains negligible at small values of the field inspected yet results in a drastic change
of the d— oo asymptotic (slope) and in a noticeable shift of the equilibrium position for E = 0.1 a.u. The
abrupt change in the E (d) dependence slope at large distances, for very large electric field E = 0.1 a.u.,

3 In this quantum computation setting, an iteration in the Cobyla method is an expensive operation in terms of computation
time, and therefore one may be interested in limiting the number of iterations. However, the method stops if convergence is
achieved and in our particular case, the method always converged before 15000 iterations.
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Table 9: The set of technical parameters used for the quantum calculations.

parameter value

shots? 4096

Max. number of iterations 15000

of Cobyla

Max. number of iterations 5000

of PySCF

optimization level 3

mapping method Jordan-Wigner
QISkit version 0.13.0

backend gasm__simulator

(noisy simulator)

“number of times the execution of circuits is to be performed due to the stochastic nature
of quantum computers

H,
1 1 1 1 ' 1 1 1 1
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Figure 20: Dissociation curve of the H, molecule, as calculated with a classical solver (full lines)

and with the VQE (symbols connected by lines), for several values of the external

electric field E marked by color. The Stark effect (i.e. the shift of the minimum

energy with electric field) is shown in the inset. Converged in an average of 40 Cobyla
iterations for each point.

can be related to the onset of the molecule’s dissociation, which becomes possible via tunneling through

the energy barrier (blue curves in Fig. 20).
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The inspection of the VQE results, represented by symbols connected by lines in Fig. 20, reveals a
numerical noise that apparently increases with the electric field magnitude. Possibly, the HF approximation
used as input for the quantum calculation becomes unstable under the action of a strong electric field.

The inset of Figure 20 shows the Stark effect for the molecule under study, that is, the shift between the
ground-state energy calculated under the action of the electric field and at IE = 0. The distance at which
the respective energies have been extracted was the energy minimum position yielded by the classical solver
atE =0, deq = 0.7 A. We took this option because of the fluctuations of E (d) obtained with the quantum
solver.

For a non-polar molecule without intrinsic dipole moment, as is the case of the H,, the stationary electronic
Stark effect should be quadratic in the electric field. However, with the limited minimal basis used, it looks

even weaker and becomes noticeable only for very strong fields.

4.3.8 Results: LiH molecule

LiH
-6.50 —T T T T T ' T T T T T T T T 1
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c 02 / ——E=0au. |
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Interatomic distance (A)

Figure 21: Same as in Fig. 20 for the LiH molecule. Converged in an average of 70 Cobyla
iterations for each point.

The results for the lithium hydride molecule are shown in Fig. 21, where the effect of the applied electric
field is quite noticeable. The displacement of the E(d) curve increases with the electric field: already
for 0.01 a.u. the shift of the dissociation curve becomes appreciable. The Stark effect (inset in Fig. 21)

increases with the field magnitude much faster then for the case of the H, molecule. This is due to the

87

87
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intrinsic dipole moment the LiH molecule already possesses in the ground state. The Stark effect is linear in
E for small fields but than starts growing much faster because of the additional polarization of the ground
state induced by the external field.

Similar to what happens in the case of the H, molecule, the numerical noise is visible in the results and
becomes more pronounced in stronger electrical fields. Also, the ground state energy obtained with the

different solvers results in different values for the equilibrium distance, d.,, obtained for the quantum and

eq
classical solver, - 1.5 A and 1.6 A, respectively, at [E = 0. Again, the latter was taken as the reference

value for the Stark effect evaluation.

4.4 Summary

In this chapter, the landscape of the application of quantum computers to very hard computational problems,
was explored. The focus were on the optimization ones, which are pervasive in industry and can be divided
in many types, from linear to convex and non-convex. It were also reviewed the quantum computational
techniques and algorithms employed for these types of problems.

The main contribution of this chapter was the calculation of the ground-state of two small molecules H,
and LiH under the action of a strongelectric field, which configures the so-called Stark effect. The study
of the ground-state of such molecules was extensively studied in literature, including by using quantum
computers, however, the inclusion of the electric field in the calculation of the ground-state on a quantum
computer, poses many non-rivial challenges, in theory and in practice, which were not addressed directly in
existent literature, but are addressed in the sequel. Hence, it was attempted to outline, in a concise way
yet indicating the essential elements and the underlying theory, a representative practical resolution of this
problem on the commercially available (since recently) quantum computer, IBM Q, involving:

¢ The fermionic formulation of quantum chemistry systems;
¢ The connection between fermionic Hamiltonians and the quantum circuits;

¢ The state preparation, running of the algorithm and the evaluation of the results.

The calculated results were obtained the quantum device simulator and comprise the total energy as
a function of bond length (i.e. the dissociation curve), also under an applied stationary electric field. We
also evaluated the shift of the molecule’s energy at a fixed d (equal to the equilibrium interatomic distance)
with the electric field, i.e. the stationary electronic Stark effect, supposedly quadratic in IE and small for
the non-polar H, molecule but containing the linear term, and the much stronger in case of the polar LiH
molecule. Summing up, our case study seems to provide evidence for the feasibility of the use of this
guantum computer for small molecules, with a reasonable number of iterations performed.
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A LOGIC FOR THE QASM PROGRAMMING LANGUAGE

| would like to make a confession which may
seem immoral: | do not believe absolutely in

Hilbert space anymore.

John von Neumann, letter to Garrett Birkhoff,
1935.

In the beginning of the twentieth century, there was a line of thought on the derivation of a comprehensive
theory, able to serve as a foundation for mathematics, out of logical principles and in a formal way: the
so-called /ogicism. This endeavour aimed at replacing ad-hoc theories of mathematics, as it is the case of
the Zermelo-Frankel set theory.

Eventually, this endeavour lost interest, due mainly to Gddel incompleteness theorems, however, under-
standing logical structures behind scientific theories in order to have a deeper understanding of them is, still
today, a widely used approach across many fields of science. In this regard, quantum theory is a very good
example, as it possesses a very specific and insightful notion of logic, as firstly discussed by Von Neumman
and Birkhoffin their seminal work of 1936 [66], where quantum logic was introduced for the first time.

This logic is centred around the notion of observable properties, which organize themselves into an
algebraic structure which is clearly not a Boolean algebra, due to the non-commutativity of some of them.
The proper understanding of these notions originated an extensive research work, and it was particularly
important in the understanding of quantum theory itself, for instance, by helping in the axiomatization of
guantum theory in the formalism of Hilbert spaces. Furthermore, several approaches to the obtention of a
guantum theory of gravity follow a somewhat logicist approach to physics, by attempting on defining the
axiomatics for a potential unified theory, where, of course, the insights of quantum logic have played an
important role.

Nowadays, the establishment of proper logical structures for quantum theory is also driven by the interest
in automated reasoning methods and tools to deal with quantum protocols and algorithms, which has
become particularly relevant in the recent years. In this regard many logical frameworks have been proposed
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coming from different origins, from purely algebraic terms and category theory, to modal and linear logic.
In this chapter we revisit the relevant background to understand quantum logic, in sections 5.1 and 5.2,
and propose a logic able to deal with the QASM programming language, a quantum programming language
involving quantum and classical procedures. An early version of this work, presented in sections 5.3, 5.4
and 5.5, appeared in the Dali 2019 workshop [343].

5.1 Standard quantum logics

In 1936 Von Neumman and Birkhoff, published the seminal paper [66] on what would become quantum
logic, focusing on the study the algebraic properties of quantum propositions. They consider that the
latter correspond to the tests that can be performed experimentally, i.e. the so-called festable properties.
Mathematically, such properties are closed linear subspaces of Hilbert spaces, which can be defined as
follows:

Definition 5.1.1. (Orthogonality and Orthocomplement). Let H be a complex Hilbert space.
Two vectors x,y € H are said to be orthogonal, denoted x Ly, iff (x[y) = 0. Given a subset
X C M, the orthocomplement of X, denoted by ~ X, is given as:

~X={ye H ylxforal x e X}.

Definition 5.1.2. (Closed Linear Space) Let P be a subspace of a complex Hilbert space H.
P is a closed linear subspace if
~~ P =P.

Taking testable properties as propositions, the logic develops as expected. Negation is given by the
orthocomplement of a proposition, denoted ~ ¢, where ¢ is a proposition, and conjunction, denoted ¢ A 1,
is given by the intersection of the two closed linear subspaces. The definition of disjunction, slightly different
from the classical one, is given by the quantum join: the closed linear subspace defined by the classical

union of two propositions.

Definition 5.1.3. (Quantum Join) Let M be a complex Hilbert space and let K,L C M be
two subsets. The quantum join of K and L, denoted k U L is given by

KUL=~~ (KUL). (137)

A minimalistic quantum logic builds on these operations, according to the following syntax:

¢u=Li~9lpnglpug,
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where L is the property false, corresponding to the empty closed Hilbert space. Valid propositions, as usual
in logic, possess an order relationship, based on the fact that some propositions can be embedded on
each other. For instance, if A A B is true, one necessarily concludes that A is true, and hence one states
that A A B < A, i.e. Ais more general and less restrictive. In fact, the whole set of propositions can be
arranged in a bounded pre-order structure, denominated /aftice (see definition 5.1.4). The most distinctive
property of quantum lattices of propositions, is that the distributivity law, one of the cornerstones of classical

logic, does not hold,

PAQUR)# P AQU(PAR),

due to the non-commutative nature of observable properties of quantum mechanics, i.e. the order in which
observation are made matters, as presented in example 5.1.1.

Example 5.1.1. Due to the Heinsenberg’s uncertainty principle it is well known that it not
possible to have, simultaneously, definite values for momentum and position. From this, it
is possible to build an example where the distributivity law fails. Consider the following

propositions,
e P -|p| <1 (units are irrelevant),
e Q-x<0and

e R-x>0

where x regards the position of a particle and p its momentum. From quantum mechanics,
it can be stated that if P is true then

(P A Q) is false, (P AR) is false, (P A Q) U (P A R) is also false,
(QUR) is true, and P A (Q U R) is also true.

Hence, PA (QUR) # (P A Q) U (P A R) and in this particular case the distributivity law
does not hold.

This fact has important implications in the way one can build inference rules for this logic, i.e. the
traditional modus ponens is not valid for the most generalized version in infinite dimensions of quantum
logic, however weaker forms of the distributive law are possible in certain situations. In particular, the
modular law, has been shown to hold for finite dimensional Hilbert spaces

fA<BthenAVBAC)=AVB AAVO), (138)
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so as the orthodomular law for Hilbert spaces of arbitrary dimension, as shown by Husimi [201],

fA<Band ~A<Cthen ~AV (BAC)=(AVB)A(AVC). (139)

These observations suggest that quantum logic is substantially harder for infinite dimensions. From the
algebraic perspective, quantum logic presents itself in a ortholattice structure (see definitions 5.1.4 and
5.1.5), where the commutative law does dot hold, which prevents the distributive law to hold, as it would do
in a Boolean algebra (definition 5.1.6).

Definition 5.1.4. (Lattice)
A lattice is a structure L = (A, V) where the following laws hold:

1. ANA=A;AVv A=A (idempotence)

2. ANB=BAA;AVB=BVA (commutativity)

3. AN(BBAC)=(AAB)AC,AV (BVC)=(AVB)V C (associativity)
4. ANAVB)=A;AV (ANB) =A (absorption)

Definition 5.1.5. (Ortholattice)
An ortholattice is a lattice L = (~, A, V,0,1) where the following laws hold:

1. Has a least element (0) and greatest element (1), thus called bounded;

2. Complemented, every element A has a orthocomplement ~ A, (AV ~ A = 1),
(AN ~A =0),

3. which is an involution (~~ A = A).

Definition 5.1.6. (Boolean algebra)
A Boolean algebra is an ortholattice L = (~, A, V,0,1), where the distributivity laws hold:

1. ANBVC)=AAB) VAANC);
2. AV(BANC)=AVB AAVO

Given this, ortholattices seem to cope with what needs quantum logic, however, the fact that a weaker form
of the modular law hold in general, leads to a more appropriate algebraic structure - that of a orthomodular
lattices (definition 5.1.7) - which, arguably, seems to be the right structure for quantum propositions [217].
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Definition 5.1.7. (Orthomodular lattice)
An orthomodular lattice is an ortholattice L = (~, A, V,0,1), where the orthomodular law
(eq (139)) holds:

If A< Bthen AV (AA ~ A) (Weak modularity) . (140)

Yet, while orthomodular lattices capture accurately the structure of quantum tests represented in Hilbert
spaces, there is still a major issue preventing them to be equivalent to Hilbert spaces as a foundational
structure of quantum mechanics: the inexistence of a tensor product [301]. This led to extensive research
work to find the "right” logical structure of quantum mechanics, from which relevant lines of work have
arisen, as for instance orthoalgebras, introduced by Randall and Foulis [159], for which a tensor structure
exists [160], which, however, possess other issues [173]. Relevant lines of work are given, for instance, by
effect algebras [158, 123], and partial Boolean algebras, introduced by Kochen-Speckter [232, 231].

Excellent reviews of these developments are available, for instance, in [157, 124], but so far no algebraic
structure, based on the algebraic properties of quantum propositions, is able to cope completely with all the
features of quantum mechanics, obtained, for instance, in Hilbert spaces.

One of the applications of quantum logic was on the axiomatization of quantum mechanics, from which
a better characterization of the Hilbert spaces suitable for quantum mechanics was obtained. The work
started by Piron in 1964 [289], where five axioms of quantum mechanics in Hilbert spaces were established
and was completed many years later thanks to the work of Mayan and Soler [334, 15].

Further, there is also some work attempting to follow a similar approach to find the quantum theory of
gravity out of logical principles see, in particular, work reported by Isham [204], or Hartle [166].

5.2 Dynamic aspects in Quantum Logic

The logical apparatus discussed in the previous sections aims exclusively at reasoning over the sfatic
perspective of quantum systems. However, to reason about quantum evolution, which possess quantum
programming as a subcase, one is mostly interested in the dynamic perspective. To the best of our
knowledge, no dynamical logical system based on the notion of logic given by observable properties, is
able to deal with quantum systems of arbitrary dimension, in a complete way. The reasons for this may
have to do exactly with the issues raised in previous section: the lack of a satisfactory notion of fensor for
orthomodular lattices and the issues existent in the structures that do possess tensors.

However, there are complete reasoning systems, particularly those akin to the formalisms of quantum
mechanics, Hilbert spaces and density operators, where the notions of tensor and compositionality come
naturally, as it happens for instance in the extensive field of categorical quantum mechanics (CQM). Such
formalism is focused on the abstract algebraic properties of such spaces and offer a wide range of tools to
validate quantum programs and protocols [11, 110].
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The notions acquired from standard quantum logics have also influenced a wide range of logical systems
to deal with quantum programs and several associated tools originate in different contexts, including modal,
linear logics and some forms of non-classical logics. Here one shall highlight, for instance, the works of
Mateus et al. [263, 92], Adams et al. [12], based on the so-called effectus theory [105], or the works of
Ying [380], a Floyd-Hoare logic [200] based on the notion of weakest-precondition semantics of D'Hondt

and Panangaden [135]. The latter has originated several model checkers and theorem provers [247, 381].

Still in the Hoare logic line of work, there is the work of Unruh [346], and also several attempts of building
Hoare type systems [332], in order to obtain automatic program validation, right on compile time.

The line of work which mostly influenced the work undertaken in this thesis is the one of quantum dynamic
logic. Dynamic logic is a system often used for program verification introduced by Pratt [296, 190], and is

essentially a modal logic, where modalities are labelled by program components [68]. On the quantum side,

a modal perspective on quantum logic, has been explored, for instance, in the works of Dalla Chiara et al.

[122] or Goldblatt [175], and the first dynamic logic for quantum programming was introduced by Baltag
and Smets [38].

5.2.1  Quantum dynamic logic and its semantics

A dynamic logic for quantum programs was introduced in 2004 by Baltag and Smets [38, 39], and since
then it has been extensively developed, as documented, for instance, in [41, 42], or [43, 40], focusing on
different perspectives, e.g. capturing entanglement in quantum systems, or the probabilistic properties of
quantum programs. More recently, akin to this kind of work, Bergfeld [58] proposed a probabilistic dynamic
logic for quantum systems, focusing on the calculation of probabilities [57], which also influenced our own
work.

There are still however many relevant lines of work to pursue in the field of dynamic logics, for instance,
the design of logics to deal with more realistic quantum programming languages, particularly the ones that
involve classical control instructions and measurements, which as, discussed in section 2.4.4, constitutes a
large family of languages of increasing complexity.

Nonetheless, standard quantum logic can be expressed in dynamic logic, i.e. using a structure akin to
a labelled transition system [198], where the state space is given by the set of valid states in an Hilbert
space. Tests, rather than corresponding a closed linear subspaces, are given by valid transitions in the state
space, in a relational way, such that they correspond to their actual effects. A structure that captures these
premises, and supplies notions compatible with quantum logic, is that of a quantum dynamic frame, which

is defined as follows:

Definition 5.2.1. (Quantum Dynamic Frame) A quantum dynamic frame J is a tuple

%, L, {ﬂ}pa@) such that T is a set, L C 2%, ZQ 2. x ¥ for each P € L, that satisfies

the following conditions, where —= Pes o,
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1. L is closed under arbitrary intersection.

2. L is closed under orthocomplement, where the orthocomplement of A C X is

~A:={sE€Xstforall t €A) (141)

3. Atomicity: For any s € %, {s} € L.
4. Adequacy: For any s € ¥ and P € L, if s —» ¢, then s LAy
5. Repeatability: For any s,t € ¥ and P € Lif s 22, thent € P

6. Self-Adjointness: For any s,t,u € X and P € L, if s LRI u, then there isav € &
p?
such that u — v — s, for all v € P.

7. Covering Property: Suppose s , t, for s,t € ¥ and P € ., then for any u € P, if
u # t, then u - v-4s for some v € P; or, contrapositively, u = t if u - v implies

v—sforallveP.

8. Proper superposition: For any s,t € X, there is a u € X such that s - u — t.

There are other structures that have been shown to be equivalent to this one, such as, along these lines,
quantum Kripke frames introduced by Zhong [386]. An interesting slightly different approach to the semantics
of quantum logics, is the one intruduced by Bergfeld [57], where quantum systems consist of a series
of independent systems, represented by ordered basis, the N-PQM model. In this approach, the notion
of entanglement is a free connective, part of the syntax of the logic, which greatly simplifies some of the
probabilistic calculations.

One advantage of using dynamic structures to represent quantum logic is that the corresponding logic
can easily be transformed into a logic of programs, as done by Smet and Baltag’s in [38]. The semantics is
given by quantum frames, which is just an extension of quantum dynamic frames allowing unitary transitions,
which can be typed as a tuple reading as:

L) 1= (2 A5 per (e ) (142)

where, similarly to quantum dynamic frames, X corresponds to the set of possible states of an Hilbert
space of finite dimension, P € L are testable properties (i.e. the closed linear subspaces), P? the actual
experimental processes of measuring testable properties, and U & U to unitary transitions. Naturally,
guantum frames support all rules presented in in definition 5.2.1, and in addition the theorems 5.2.1 and
5.2.2, which concern the reversibility and adjointness of unitary operators, respectively.
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Theorem 5.2.1. (|38]) In every quantum frame X () the following properties for unitary
transformations (stated for all U, Ut € U) hold:

1. Functionality: For every state s € ¥ we have 3t : s Yy
. . .. .. u ut . . . ut u
2. Inverse-adjoint (bijectivity): s — t — w implies s = w. Similarly, s — t — w

Theorem 5.2.2. (Adjointness [38]) Let F be a linear transformation and let s, w,t € ¥ be

t
states: If s LN w — t then there exists some state v € X such that ¢ £ U — S.

The quantum frames are used in a logic for quantum programs explored, for instance, in [38, 44]. Such
logic encompasses two layers, the layer of programs, (77) and the layer of propositions, (¢), with the following
syntax:

¢ = plop A Pl=@llT]PIP="g

7T = u|P?|7T; i U T

On the propositional layer, one founds the usual Boolean connectives, A and —, with similar meaning as
they do in classical logic, modal operator [ 77 ]¢ with the meaning”if 7t terminates, then ¢ is necessarily
true”, the probabilistic operator P2r<p, meaning that "¢ is true with a probability greater than r”. The
programs /ayer 7t contains the atomic programs and the operator for sequential composition of programs,
nondeterministic choice, and fests, which correspond to the quantum tests, with the destructive effects that
characterize them. The main innovation of this logic is to provide a concrete way to reason about quantum
programs.

On the decidability side, the finite dimensional standard quantum logic, has been shown to be decidable
by Dunn et al. [140], using a proof strategy based on a reduction to the first order theory of the reals, known
to be decidable by an important result of Tarski [342]. Following to this result, many other logics, including
the dynamic ones discussed in this section, have shown to be decidable using the same type of strategy, as
shown by Baltag et al. in [44].

Furthermore, it is also shown in Dunn et al. [140], that whenever another qubit is added to the register,
the correspondent logic is different, QL((Czn) *+ QL(CZHH). Due to the inexistence of tensor operator
defined between two such logics, the latter cannot be built from the former, just by fensoring it with a
single-qubitlogic. For infinite dimensions, standard quantum logic is known to be undecidable [163], so as,
presumably, all the logics that handle programs with infinite dimensions that can be reduced to it.
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5.3 A dynamic logic for QASM programming language (LQASM)

The Quantum Assembly Language (QASM language) [117], is the quantum circuit specification language in
use in the commercially available quantum hardware supplied by IBM, the IBM Q platform [2]. The platform
includes a visual editor for quantum circuits (a simple example for a quantum coin is presented in figure 22).

Circuit editor % Circuit composer
Gates
OPENQASM 2.0;
include "qelibl.inc"; e 0 m m m m
HEOOEMEOHN
Operations subroutines
lo) +Add

q[e] o)

qra] o)

S

rrrrrrrrrrr

qr2]1 o)
qC3] o)

q[4] o)

5

Figure 22: Example of the definition of a circuit in the QASM language. On the right side the
visual definition of the circuit and on the left side the correspondent QASM code.

QASM is not a purely guantum language as it involves some form of classical control, i.e. it encompasses
classical variables, measurements, which possess a probabilistic nature, and classical flow instructions (/f
statements), based on the (probabilistic) results of measurements. Therefore, a logic targeted to this kind
of programs must be able to deal with these probabilistic instructions which may affect both propositions
and programs, a challenge we intend to address in this work. More on this on section 5.3.3. Our point of
departure is the extensive line of work on dynamic logics for quantum programs, initiated by Baltag and
Smets [38, 44] and the work of Kozen on the dynamic logics for probabilistic programs [235, 234]. In the
next few sections we discuss both the fragment of QASM to be handled by the logic, as well as the logic, its
syntax and semantics.

5.3.1 The QASM programming language

The QASM language is a circuit specification language, allowing for the construction of a wide range of

circuits, making use of quantum gates, expressed in rotations on up to three axis:

— U((P) — — u2(¢/ 9) — — U3(¢, 91/\) —

where ¢, 6, A correspond to angles in the x,y and z axis. This set of gates is clearly universal, as any
set of gates can interpreted as a mui/ti-angle rotation. Furthermore, the language also allows the definition
of customized quantum gates, based on arbitrary compositions of these rofational gates, and the angles
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themselves can be derived from a wide set of complex-valued constructible formulas, at compile time.
Moreover, the language also encompasses a set of classical control instructions. creation of classical and
quantum registers, resetting qubits, measurements and conditional statements. However, the language
does not include any while cycles. The complete syntax of the language is available in [117], but in this
thesis we explore only a fragment, as represented in figure 5.1.

(1) = x qreg_id [index] | z qreg_id [index]| | h qreg_id [index]
| cx qreg id [indexy], qreg id [index,|
| measure qreg_id [index| — creg id [index]
| Tty; T,

(7T) creg id [size] | qreg id [size]

| if (test) then T,
| mm

Figure 5.1: A fragment of the QASM programming language. n this context, (exp) denotes the
grammatic constructions generated by the expression exp.

The instructions in this fragment have the following meaning:

* Unitary gates
— x greg_id [index] - Application of the X gate to the qubit index of register qreg_id;
— z qreg_id [index] - Application of the Z gate to the qubit index of register qreg_id:;
— h greg_id [index] - Application of the H gate to the qubit index of register qreg_id;

cx greg_id [index; ], qreg_id [index,] - Application of the CNOT gate on the qubits index; and
index,, of register qreg_id.
* Non-unitary instructions:
— creg id [size] - Creation of a register, denominated id, with a number of classical bits given by
size;
— qgreg id [size] - Creation of a register, denominated id, with a number of quantum bits given by
size;
— measure greg_id [index] — creg_id - Measurement of the qubit index of register greg_id to the
classical register creg_id.
* Flow control instructions;
— if <test> then Tt - Conditional instruction, on the success of test, program 71, is executed.

q
— 71,71 - Composition of programs.
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5.3.2  Syntax for the dynamic logic

As usual in dynamic logic, the syntax, defined in figure 5.2, is divided into two layers: one for programs and
for formulas.

(P = id] == a, where a € {1,0)
(@) = id$ == a, where a € {1,0}
(?) 1= 97| 97

(14) x id! | z id] | hid]

ex id], id]
meas id? to id
Tty TC

q
(7T) = creg id [size] | qreg id [size]
| if ¢ ? then 7,
| mm
() = i¢ | i} with i€ {0,1}
(@) = p| T|PZg | A g with A€ C | [n] @|—¢|pAg

Figure 5.2: The formulas layer and programs layer. In this context, (exp) denotes the grammatic
constructions generated by the expression exp.

The program’s layer encompasses a fragment of the QASM language, defined in figure 5.1, however
with a simplified syntax, to make proofs more understandable and shorter. The major changes consist
of the replacement of statements like id[index], by id;,, 4., Where id is the register identifier and index
the position of the bit/qubit on the vector. Furthermore, the bits and qubits are #yped, i.e. qubits are
expressed as i?i, and classical bits as iﬁi with i € {0, 1}. The syntax of the measurement instruction was
changed to meas id;7 to id, where, from left to right, the first id; defines a quantum bit to be measured,
and the second on, the classical bit of destination of the measurement. The if statement, if ¢.? then
Ty, has the same in the QASM language: if the test is true, then the program is executed, otherwise it
is not. On the formula side, atomic propositions correspond to propositions over qubit states: 0, 1 and
1, the latters referring to propositions where tests 0, 1, result with 1 as probability, and the former T to
the truth. Expressions pr,m refer to the narrowing of a proposition range to a specific register and qubit,
as for instance 0%, which means that qubit O of register g has value 0. The Pzrqo modality establishes
restrictions to the probability of propositions for instance P:O'Sp, while the A:/\go modality, refers to the
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quantum amplitude of a proposition on a state, i.e. the result of the internal product operator in a state, i.e.
(@ls), where s is a state. The [77] has the usual meaning of "the proposition ¢ necessarily holds upon the
execution of program 7T, program 7t halts” and the usual minimal set of Boolean connectives is included.
Finally, in table 10 some abbreviations are defined.

Lui=gpA -9 1:=-T (Y@ 1= =[7T]—¢

Q@ i= ()T U = =O—g Ep:= 009

Ap:==E=¢@ | oV P:==(=p A=) | ¢—>P:==(pA-1)

p<Ro:=—p>p | p>o:=-p=Fg
Table 10: Allowed abbreviations

5.3.3  Discussion

The logic presented in this chapter (LQASM) targets the QASM language, which to the best of our knowledge,
has not been addressed directly in literature before. The challenge offered by the QASM language revolve
around the need for the coexistence of classical and quantum information, so as of purely unitary programs
and classical ones. More precisely, the challenges of the design of LQASM translate into the following

concrete requirements:

1. Existence of classical and purely unitary operations, which must behave as expected when inciding

over quantum bits;

2. Coexistence of classical and quantum tests of bits and qubits, respectively, where the former ones
conserve the state of the bit being tested, while the latter yield a collapse effect;

3. Existence of quantum measurements, which are interpreted as a c/assical probabilistic combination
of the effects of two complementary quantum tests, hence preserving the probabilistic nature of the

measurement results;
4. Existence of /f statements with probabilistic control variables, as a consequence of requirement 3).

5. More generally, existence of two types of information, classical and quantum, where the latter can
copied, but does not support quantum phenomena such as /nterference and entanglement, and the

former behaves exactly as opposite.

From a semantic perspective these requirements can naturally be accommodated in a density operator
setting, which supports, by definition, all possible types of physically sound operators, which includes unitary
operators and all sorts of measurements. A Floyd-Hoare logic for quantum programs based on this semantics
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has been already developed (see Ying [380]), however, there is a slight difference between the such logic
and LQASM, which has to do with requirement 2), as non-destructive tests are not directly supported in a
density operator setting, and also, in the logic of Ying [380].

However, the logic under development here is closer to the quantum dynamic logic for quantum programs
developed in Baltag et al. [38, 44]. The semantic models presented in such logics, do not support naturally
the requirements 1) to 5), as both the states and transitions are purely quantum, however as quantum
information can be used to simulate the classical one, it provides an excellent starting point. The contribution
of this chapter goes along these lines, i.e. of extending the model introduced in [38], to support requirements
1) to 5).

In terms of expressibility the advantages of this logic are to preserve the probabilistic nature of quantum
results, which can be useful in a wide range of quantum protocols, such as the leader election, and further
it provides a more flexible model to accommodate logics involving non-trivial classical programs, rather than

simple if statements. Along the next few sections the solutions for these problems are discussed.

5.3.4  Semantics
The semantics of this logic is given in terms of a /abelled transition systern [198], defined by a fuple:

M= (S, [[.T,: Ay =25, L1 2 Ay = 259) (143)

where S is a set of states and [[.]],, and [[.]],; are meaning functions. The former function gives meaning

Iy
to propositions, i.e. it is typed as a function from the set of well-formed syntactic expressions of propositions

(Ap) to the powerset of states, and the latter one does the same for programs, typing as a function from the

set of well-formed syntactic expressions of programs (A,;), to the powerset of the pairs of sets of states.

Hence programs are deterministic. For simplification reasons we omit the identifiers of meaning functions,
p and 7z, which shall be infered from context.

5.3.5  The state space

A state of a program in the QASM language is defined by its classical and quantum components. Each such
component is divided into one or many /independent registers, each one composed of a set of quantum or
classical bits. The set of possible states for a guantum bitis given, as described in section 2.4, by all the
normalized states in a Hilbert space of dimension 2, denoted here as le where i is the qubit index, but the
actual state space of 11 qubits is given by all normalized states of H2", which encompass, all non-separable
states existent in the n qubit space. Normalization of quantum states comes from the Born rule and the
space state can be expressed as:
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HZr = 3" Agli) where Y A+ AT =1. (144)
i

i€{0,1)"

Due to the existence of stochastic instructions, i.e. measurements, we provide a classical probabilistic
semantics to classical bits. According to Kozen et al. [235], the semantics of probabilistic programs is
founded in the realm of measurable functions, where, for instance, the states of such programs are given by
a measurable function, on the possible tests! over the program variables. In the case of a probabilistic bit
the state s is defined by a function typed as

#s +{0,1} - [0,1].
Here and in an equivalent way, we represent a sfochastic bit by an Hilbert space of dimension two over

1 1
complex numbers, of basis {0, 1}, where (0) = (O) and (1) = (O) Valid vectors are normalized

!
linear combinations & (0) + B(1) witha, B € C2, i.e. elements of the form (ﬁ) where the condition

a? + ,32 = 1 holds, which we denote as Cl.z. This results in the following global state space, gathering
several quantum and classical registers:

H2 x H21 xox C2x.ox C2x ... . (145)
quantum registers classical register
S

It is pretty straightforward that Cartesian product in classical registers, guarantee that states are always
separable (convex), contrary to what happens in qubits. In conclusion the state space of a QASM program is
given by the Cartesian product of the possible states of the independent quantum and classical registers,
called Registers, where in the former the set of states is given by the fensor product of quantum bits, and in
the latter by the possible distributions definable over the configurations of the classical bits. The number of
qubits and bits available in each register is defined by reg_size. More concretely, the state space can be

written as

wn
[

JH2*reg_size o ]—I 1_[ C2
i

quantum registereRegisters classical registereRegisters icreg_size

1

: S -

For expressability purposes, the state space is represented by two families of functions nﬁi1 TigeTi :§5 -

H,,,, which yield the current state of the list of qubits given by r?l,rfz, ,rfn and nﬁl_l,rizl___,rl_

Tests correspond to the o-algebra over the valuation set C = {0, 1} of a single classical bit, the set of possible states corresponds
to the distributions definable on the tests. For valuations with a discrete domain, it corresponds to the powerset 2. Tests
form a Boolean algebra.
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H:l CE, which behaves similarly for the classical bits. A particular application of this are the functions

nﬁi :S > H?and 7151, : S — C2, which yield the state of a particular quantum and classical bits.

5.3.6  Propositions

The approach proposed in this work, based on keeping two different types of information, classical and

quantum in the logical system, may be slightly problematic in what concerns the semantics of propositions.

As usual, the semantics of a proposition corresponds to the set of states where it holds, hence

p:2°.

However, the different types of information influence the way propositions are interpreted.

Definition 5.3.1. Semantics for proposition constructors.

The definition of the primitive connectives is similar to the one used in modal logics,

corresponding to set operations as follows:

1.

2.

[pD C 2°
[T] =S5
[, 11 with i € {0,1}= {s € SI7T,(s) = li)}

[[0%]] = {s e Slnfz,(s) = (0)}, i.e. the classical 0 is a distribution, where 0 has
probability 1.

[[15{]] = {s € Slnﬁi(s) = (1)}, i.e. the classical 1 is a distribution, where 1 has
probability 1.
[o1 A@all = Lol N L]l

[—¢ll = {sls & [[e]l} = S = [[¢]]
where S — [[¢]] stands for S except [[¢]], i.e. the complement of [[¢]] in S.

[[tlell = {slVu: (s,u) € [[]] = u € [¢]l}
The set of states where the proposition ¢ holds upon the execution of program 7

(The semantics of programs 7t is given in section 5.3.7).

[[P="@]] = {sl{s | p)(@ | 5) > 1}.
The set of states where quantum proposition component ¢ holds with probability

greater than r.
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10. [[A:A(p]] = {sl{g | s) = A}. The states where the amplitude of a certain proposition

is equal to a given constant A.

5.3.7 Program semantics

The semantics of programs is given by a function from the set of well-formed programs to the power set of
pairs of states, which entails the accessibility relation, i.e. the set of valid transitions between pairs of states
(source to target) under the action of programs:

[.]: A, - 2555, (146)
A particular type of programs of this language are unitary programs, 1, whose meaning reads as
« [[ul ={(s,t) € Sx St e [[us)I As € [[u"(H]}

where 1(s), is the application of the unitary operator u to a state s, for instance, the Hadamard gate acting
over state |0), i.e. H.|0). These rules apply to unitary operators h;, z;,x; or cnoti]- which correspond to
the quantum gates H, Z, X, and CNOT, whose meaning was discussed in section 2.4.2. Indexes i,
correspond to the qubit indexes in the qubit array. It can be assumed that the unitary operator can be
extended to the unaffected qubits by tensoring it with the unity operators, e.g. the semantics of a /1 operator
just affecting the first qubit in a system of two qubits, 0 and 1, reads as: H ® 1.

The language also allows the existence of non-unitary operations, such as the creation of registers,
classical and quantum, measurements of qubits, as well as if statements. Consider first the definition of
guantum and classical registers, whose semantics read as follows:

* [[cregr[size]l] = {(s,t) € S x Slt € [\ ;g 07,11} (Classical registry creation)
* [laregr [size]]] = {(s,t) € S x St € [\ ;cqie O?i]]} (Quantum registry creation)

Tests, both quantum and classical, possess a significant diference between each other: the former has a
destructive effect on the state (the quantum bit it incides), while the latter conserves the state (the classical
bit it insides). Their semantics reads as follows:

o [[id] ==all = {(s,t) ESx S|t € ||a?di><a?di|(s)/<s|a?di><a?di|s>} (quantum test)
o [[id; ==a]] = {(s,t) €S xSls € [[P:xaidf]] At E [[P:x”idg]]} (classical test)

where a € 0, 1. The semantics of the measurement of quantum bit, can be understood as the branching
of state into "alternative worlds”, one where the test correspoding to 0 succeeded, with the probability of
success of the test stored in the classical bit and the same for 1, which is expressed as a union of two sets
as follows:
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* [[measure g; — ¢;]l = {(s,t) € S x S|(s,t) € [[id?==0]] At E [[P=810gi]] where e; =
(5107, )07, 1)} U {(s,1) € [[q/==1T) A [[P=*21,]) where e; = (s[17, }(17, Is)} (Measure-

ment)

If statements also consist of two alternative programs: one where, simultaneously, the classical test and the
program effect holds, and the one where the classical test does not hold and the state remains unaltered,

as follows:

» [ifidS ==b 7]l = {(5,) € SxSI(5,8) € [B)ge (Blyge; 7 A (s5,8) € [lid§ == b} U
{(s, 1) € [[|—|b>l.d¢ (—|b|id¢;skip]] A (s, t) & [[idS == b]]}, where b € {0, 1} and skip is the
identity operator. Z l

Finally, the language also allows the sequencing (composition) of programs, for that the accessibility

relationship, reads as follows:

e [l ={(s,u) € SxSIt € S: (s,t) €[]It A (t,u) € [[7o]1}

5.4 Some valid rules and examples

In this section, we illustrate the semantics defined in the previous sections, by the proof of soundness of
several rules and validities, as well as the correctness of both a coin tossing program and the teleportation
protocol, expressed in the fragment of the QASM programming language. The proof strategy of showing the
validity of a formula ¢ consists showing it holds in every possible state, in a state-based model as proposed
in previous section, denoted as M: Vs € S : M, s k ¢ (F means that property ¢ is true in state s), or,

equivalently, [[¢@]] = [T ]].

5.4.1 States, amplitudes and probabilities

States can be defined by the amplitude operator for all elements of the basis of a quantum state, for instance,

for a single qubit,

[[AMOL A AM21T T = (s € SIm, (5) = A1 10) + A5 1)}

The proof of this goes as follows, and makes use of the Born rule:

Proof:  [[AMOL A AM11LT] = (s € S, (s) = A110) + A5 1))
=

[AMOLT N A1) ]] = {s € S, () = A1 10) + A (1)}
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< (by the Born rule, see equation 144)

{s € SIL Y a;Iny with Y. o » a,F = 1} N {s € SI](s) = A1 10)} N sl (s) = Ap 1)} =
{slm,,(s) = A110) + A5 1)}

=4

{s € Slnri(s) =M0)+A 1)} ={s€e Slnrl,(s) =A110) + A5 1)}

0

This fact can also be generalized to systems of arbitrary dimension. Also an interesting observation that can
be, comes from the need of normalization of bits/qubits:

P=*a, — P='"*—g, , wherea € {0,1}. (147)
This also leads to the conclusion that

P=*a, v P=1"%—g, = P=*g, A P=17—q, (148)

i

,and the proof reads as follows:

Proof: = P=%a, v P~%a, = P~%a, A le_x—wlri
< (by the condition of equation (147))

P=*a, AP=1"%—g, v P=1"Y—a, A P=%a, = P=¥a, \P=1""—a,
=4

P "ari AP x—ml,,l_ =P xﬂr,- AP=""%—a, O

1

Furthermore, the probability of a test inciding over a classical variable can be applied to the whole state:

(P4, A g) = P=(a, A ) (149)

The veracity of this statement comes from the fact that the tests over a classical variable are always
compatible with any other test that can be made in the system and hence the normal classical probability
laws apply in these cases.

5.4.2  Creation of registers

The creation of registers, quantum or classical, is one of the possible actions of the QASM language, which
sets them immediately to O in both cases. Therefore, the following rules hold:

* [cregr [size]] (AiEsize 051,)

* [aregr [size]] (A ;eqz 07
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In both cases r corresponds to an arbitrary register description. We now give the proof of these rules, which
are quite similar from the semantics defined in previous section.

Proof:  Proof of rule creg

[creg 1 [sizel] (A\jeqze 05,) T
= (by the definition of the dynamic operator [77]¢)

{s € S|IVt: (s,t) € [[cregr [size]]] = t € [[(/\l.ESize O$i>]]}
= (by the definition of the creation of classical register)

(s €8IVt € [ Asegse 05,) TV = £ € [ Az 05,) 1)

= (it can be easily verified that sets referred by (1,(2) are non-empty)

{s e Sltrue} =S =[T1]

O

Proof of rule qreg is exactly the same of creg, it is just necessary to use the definition of the creation of
quantum register rather than classical register.

5.4.3  Unitary gates

In essence quantum programs are unitary gates, which, however while involving most of the times, one

or two qubits. The proofs for these instructions are made in the semantlc setting. More a demonstrative

example we show the following validity O - [hgo](A ‘fO A A‘fl ,)» Which we denote hO.

Proof:  Proof of h? )
07, = [haol(A 20] A A 2117
= (by the definition of implilcation) )
= (oi,’o A = ([hgo](AZ0], A AJ_ElZO)))]]
= (by the modal negation —=[77]¢p = = (—=(7T)=¢p))

1 1
= (0;’0 A ((hgo)—(A 20T A Aﬁlgo))>]]
= (by the definition of the dynamic operator (7r)¢)

1 1

S—(L0F,1N{s € S13t: (s,t) € [[hqoll = t & [(A20] A ARTIHT)

1 1
—{s€83t:s € [0], 1A (5,t) € [[hqoll = t & [(AR0] A ARTIHT)
= (by the definition of the h instruction and the semantics of state s)
1

1 1
—{s €83t : 7, (s) = 10) A 71, (1) = HIO) = t & [(A 05 A AT}
= (the action of the h instruction results in the state |+))
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S—&ESEhSEmMQ:KDA%Jﬂ:AEOm+HM:t$HU&%%AA%MQN
= (by the definition of the amplitude operator cin the |+) sEate) : )
S—{seS3t:s € [0], 1V At e [(AR0] A AR TP =t ¢ [A20] A AL T?)
= (it can be easily verified that sets referred by (1,(2) are non-empty)

[-L]=10TI U

5.4.4 Measurements

Measurements are also an important part, and in this sequel, only single qubit measurements are allowed,

causing the ramification of into two consistent worlds each with the probability of obtaining one and zero,

causing the fransference of probability distribution from the qubit to the classical bit. An example of this is
1 1

given by the validity (A V20, A A¥21, ) — [meas g to co] (P=0-0., A P=0-°1, ), which we denote

ml.

Proofl: Proof olf validity m1
[[(AEOZO A Aﬁlgo) — [meas g to co](P=0205 A P=01¢ )]
= (by the delfinition of in;plication)
S — ([[(A20], A AZ1I )T N [=[meas gq to co] (P=0505, A P=0°1¢ )T))
= (by the modal negation —=[77]¢p = —(—=(7T)—¢))

1 1
S — ([(AR0], A ART] YT N [{meas qg to cg)~(P=0-505 A P=0-51E ) 1))
= (by the definition of the dynamic operator (77)¢)

1 i

S—{seS3t:se [(AP0] AARIINT A (s, 1) € [[[meas gg to co]]] = ¢ & [(P=0-°0%, A
P=0-51¢ )T}
= (by the definition of measuremelnt) )
S—({s € 83t :s € [AR0], AARLIDT A (s,8) € ({(s,DIt € [} == 0N At €
[P=0-205 T} U {(s, It € [lg) == 1T At € [[PO°15 T)) = t & [(P=0°05, A P=O°1E) 1))

S—({s € 83t :s € [(AZ0] AAZLI T AL € [P=0505, vP=01E T = t ¢ [(P=050% A
P=0>1E)11)

= (as exposed in equation (148))
1

1 1
S— (s € S3t:s e [(AP0] AACIINTID At e [[PT0°05 APT0S1E P = ¢ &
=(it can be easily verified that sets referred by (1?,(2) are non-empty)

[=L1]
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([Tl

5.4.5 A Hoare style sequence rule

Hoare logic is a formal system to deal with simple while languages, introduced by Hoare in 1969 [200],
which constitutes an important landmark in computer science. One of the central rules of such logic is the

sequence rule, which reads as

{Pym{I} {I}mp{R}
{P}mry; mp{R}

where P and R are pre and post conditions for programs, 711 and 71, are programs, and 7ty; 7T, iS a
sequence of programs 7ty and 715, i.e. the rule defines how programs compose, given the proofs of the
individual programs. It is also well-known that Hoare logic can be retrieved from dynamic logic: the so-called
Hoare triple {P}7t{R}, can expressed as an expression p — [7r]r, which has the interpretation p being
true implies that it is necessary thatr is true upon the execution of program 7t. Given this, the sequence
rule of Hoare can be translated into the following expression:

P—[m]l I-[m]R
P - [7'(1; 7T2]R

which also corresponds to the following expression P — [711]I AI — [715]R & P — [711; 715 ]R. We
show this rule also holds here. Firstly, it can be easily shown that [771; 715 ]¢ < [711][ 715 ]¢ holds:

Proof: [7T1,' 7T2]¢ e [7T1][7T2](P

{seSIVu: (s,u) € [[rry; o]l = u € [¢1]} = [[[711][712]¢]]

=(by definition of composition)

{s € SIVu : (s,u) € {(s,wi3t : (5,t) € [MmI A (tu) € [[m]l} = u € [¢]I} =
[[[7r1][[72]p11]

{s € SIVuvt: (s,t) € [mll A (tu) € 7]l = u € [¢l} = [[m1[712]4]]

{seSIVt: (s,t) e lm1ll =t e {tV(Eu) € llm]ll = u e ([¢ll}} = [ 1lm]¢]l

{s €SIVt (s,1) € [[m ]l = t € [[[m]¢Nl} = [[m1][772]9]]
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[7t][m )¢ < [y ]l )¢ O
Thus,

P—-[mlIANI—-[m]R & P - [mq;15]R

= (by the substitution of I for [77,]R)

P - [m][m]R & P — [y, 1,]R

Tl

- [7'(1, 7T2]R - P - [7T1, 7T2]R

5.4.6 Putting it all together: A quantum coin tossing program

In this section, using the validities and rules of previous sections, we illustrate the use of the logic through
the proof of correctness of a simple quantum program for quantum coin tossing (prepare a qubit in a
superposition state and measure it, obtaining O or 1 with equal probability), which translates into the following
QASM program:

OPENQASM 2.0;

include "gelibl.inc”;
qreg q[1];

creg c[1];

h q[0];

measure ¢[0] -> ¢[0];

The correctness of such program implies the following post-condition:
[qreg q [1]; creg ¢ [1]; 1 gg; meas g to ¢ ] (P=0'5OCO A P=0'51C0>

Proof: by making use of sequence rule, as well as creg and qreg validities, the following inference is

true:

[areg q [1]](0F,)  [creg c[111(05,)
[areg q[1]; creg c[111(0F, A OF,)

The following inference is true, through the application of validity hO and the sequence rule
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L L
(1) 0y — [ qol(A20] A AT

N N (2)
[areg q[1]; creg c[1]; i ol (A 20, A A¥21, A O)

And finally the post-condition is show to be true by validity m1 and the sequence rule, completing the proof

1 1
(2) (AROJ A AR > [meas g to gl (P=O205 A P=0-°1E )
[qreg q[1]; creg c[1]; i go;meas g to co](P:O'50§0 A P:O'51§0)

(3)

5.4.7 The teleporting protocol

The teleportation protocol was introduced by Bennet et al. [55] in 1993, and it is the cornerstone of many
quantum communication protocols. It allows the replication of the state of a qubit onto a second qubit, where
each of the qubits are held by two different parties, physically separated. The protocol works, regardless
of the distance between parties, through the use of a Bell pair shared between both parties. The protocol,
besides its enormous applicability, is also one of the most fundamental and paradigmatic examples of the
employment of quantum entanglement, and it is a natural festbed for any new quantum formal method. In
this section, we show that it is also possible to prove the correctness of the teleportation protocol in the logic
developed in this chapter.

A N
k4 : : : R
|'¥) | —1 Hi——1 )
——H — X Voo,
i 5 N
g g g (1)~ (1)}
X x -z —w
State preparation Creation of Bell pair Entanglementwith Measurementand
first qubit ' application of corrections

Figure 23: Circuit of the quantum teleportation protocol as proposed in Bennet et al. [55]

The protocol can be expressed by a quantum circuit involving three qubits, as depicted in figure 23, where
the following parts can be identified:

o State preparation, which involves the preparation of the first qubit and the creation of the Bell pair
between the second and the third qubits;
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¢ Association of the Bell pair with the first qubit;

* Measurement of the first qubits and application of the results for post-correction on the third qubit,

which requires the exchange of classical information between the holders of the first qubit and of the

third one.

In the real-world scenario, qubit 3 is physically separated from qubits 1 and 2, and the former and the

latters are controlled by two distinct parties, which have to possess access to a classical channel to convey

classical information. Such information is obtained from the measurement of qubits 1 and 2 by the first

party, which then conveys the results of the readings to party 2, which uses them to apply post corrections

on qubit 3, hence retrieving the original state of qubit O, held by party one. This process can be translated

into the following QASM program (qubit O can be mapped to the upper line in the circuit of figure 23, qubit

1 to the middle line, and qubit 2 to the bottom one):

OPENQASM 2.0;
include "gelibl.inc”;
qreg q[3];
creg c[2];

0(0‘) qo0;

q [1];

cx q[1], af2];
cx q[0], q[t];
h g [0];
measure q[0] — ¢[0];
measure q[l] - c[1];
if (¢ [1] ==1)xq
if (c[0] ==1)zq

x q[2];
[2];

The correctness of the teleportation protocol translates into the following statement:

[areg q[3]; creg c[2]; po (&) qo; h g7 cx g, qd; ex g3, 97 h g
meas qj) o ¢§; meas g7 to c§; if (c [0] == 1) x g3; if (c [1] == 1) zq3] (P=%103 A P=17%1]) ,

where P=”‘Og A P=1""1g can be interpreted of the post-condition of the protocol, determining the target

probability distribution on qubit 2: & for obtaining O upon measurement, and 1 — « for 1. Such probability
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distribution is the one set up in qubit O, by operator py(a), during the preparation stage. In a real-world
scenario, the preparation stage is the one by two separate and independent parties, i.e. both the state
preparation of qubit O and the existence of the Bell pair are pre-conditions of the actual teleportation.

The state preparation stage

The state preparation is the subprogram [greg q [3];creg c[2]; po(a);h qi’; X q’i, qg], also denoted PREP,
which includes the declaration of classical and quantum registers and the preparation of the first qubit
according to the desired observational properties, probability a for obtention of O upon measurement and
1 — a, for 1, as well as the creation of the Bell pair. Making use of sequence rule, as well as creg and
greg validities, the following inference is true:

[areg q [31](0, A O, A O,)  [creg c[211(05, A OE)
[areg q [3];creg c[2]1(0F, A 0F, A O, A0S AOE)

One can also assume the existence of an operator p(«), that can prepare a qubit on the state with the
desired probability distribution, i.e. « for 0, and 1 — « for 1, through setting up the amplitudes A; and A,,

OZO - [pO(“)qO](A:/\]O% A A=/\21q0) ,

and that
AMOT A A1 - p=a0] A P=1Te] (150)

Hence, the following inference is true

(i) 0F, = [po(@]A=NM0, A AZA21, )
[areg q [3];creg c[2]; po () qo](A:Aquo A AZA21%) A 0?;1 A OZZ A 050 A O,

(ii)
The following steps are the creation of the BELL pair between qubits 1 and 2, which is performed by

program h q [1]; cx q [1], q [2]], which we also denote Bell,,. The following inference is true for the
application of the Hadamard operator on qubit 1, i.e. by program h q [1], (see proof h2),

(i) 0, — [halll] (A:J_i(ogl) A Azﬁ(oi’h))

(iif)
=1 =1
[PREP; h g11(A V20, A A 2(1,) AO,, A0 AOE) ,

and when composed with the operator CNOT, it is possible to conclude the following (see proof cnotl):
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-1 -1 -1 -1
(i) (A 00 AA ﬁ(li,’l)/\OE’h) — [CNOTy,] (A 207, AOG) A A ‘5(121/\122)>

Y 1 (iv)
[PREP; h q7; ex g, g31((A=11(0,) A A=12(1)) A (A“ﬁ(ogl AOTYANA 2(E A 132)>)

This defines the state of the system upon system preparation, i.e. of program PREP;Bell>.

Proofs of the state preparation stage

Proof:  (h2)
_1 L
[0, — [ha[1]] (A 208) A A ﬁ(O?,l))]]
= (by the definition of the h instruction and the semantics of state s)
_1 1
S — {s13t: 7 (s) = 10) A7 () =HI0) = t & [[(A 207) A A ﬁ(O?h))]]}
= (the action of the h instruction results in the state |+))

S— {513t 55 € 15 (5) = ) AT, () = = (0) +11)) = £ & [[(A:5<ozl> A AzTE(oz’,l))]]}

= (by the definition of the amplitude operator on the |+) state)
1

1

S—{si3t:se [0l NV Ate [[(Azﬁ(ogl) A A:J_E(ogl)>]]<2> =

_1 -1
te [[(A 20T)A A ﬁ<021>)]]<2>}
=(it can be easily verified that sets referred by (1),(2) are non-empty)

([Tl
UJ

Proof:  (cnotl)

-1 -1 -1 -1
A 20OI)AA 2A8)A0L | - [exgl,g21 [ A 2T AOL)AA 2T A 1;,72)>]]
= (by the definition of the CNOT instruction and the semantics of state s)

S—(si3t : my 4 (s) = %(|00>+|10>) A Tog 0, (D) = CNOT.%(|OO>+I10>) >t ¢

1 =1
LA 208 AOL) AA 20 AT
= (the action of the h instruction results in the state % (100) + |11)))

S = (513t 5 7g,,(8) = £ (100) +110)) A 75, 5, () = = (100) + 1) = t & TA (07 A

-1
0f) A A Al AT
= (by the definition of the amplitude operator one can express the semantics of the state as follows)
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S—{s|3t:se [[(Azﬁ(ogl) AATEATY A 022>]]<1>/\
te [[(Aﬂ_f(og1 AOLY A Azﬁ(lg1 A 122)>]]<2) =

_1 -1
teE LA 2OF A0 AA 2T A1E @)
= (it can be easily verified that sets referred by (1,2 are non-empty)

([Tl
UJ

The association with the first qubit

The next step of the protocol, and indeed the actual step in the real-world scenario is to associate qubit O
and the Bell state of qubits 1 and 2, which is made by the CNOT operator, i.e. through the program cx qg,
q;’, also denoted CNOT;. From the sequence rule and the semantics of the CNOT operator (see proof
cnot2), one can infer the following

_1 -
(A=M(0F) A A=A (A ) A (AR (O], AOL) A AEI] ATE))
. :(i*/\l) q q q :(L*(A2> q q q
(iv) onor 1 (A7 O0 AOG A DG A AT R AR A O], A,
_’[ N TOl] =(L*/\1) q =L*(/\2)

=(L
(A 2
1

. (v)

=(LxAyp) =Lx(Ay)
) 9 719 A17 ) A A 9 207 A1
AA 20 AT AT ) A A 2 T (g A0 ATG))

[PREP; Bell;5;CNOT;] Qa0 A0y A O) AA 2 (Lo A0, A Og)

which characterizes the resultant state of such operations. We denote the program PREP; Bell;,;CNOT;
as ENT, for a matter of syntax simplification.

Proof:  (enot2) Let p denote the following expression

=<%*A1> q q q =<%*<A2> q q q
p= (A (0g, A Og, AOg) A A (15, A Og, A 0g,)

EM 01 17 A1 =5 g 01 A
AA (0, AL, AT ) AA T A O ATg)).

The proof goes as follows:

_1 1
[AMOF ) A AR AT )y A (A 208 AOL) A AZAT ATL)) - [CNOTy 1p]]
= (by the definition of the h instruction and the semantics of state s)
. _ 1 1 1 1
S — {Slat : an/qlzlh(s) = (/\1 * E |000> + )Ll * E |011> + )Lz * E |100> + Az * E |111>) A\
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n‘io:ﬁ1/‘12(t) = (CNOT ® I)'nqo/fh/% () =>t¢& [[P]]}
= (the action of the h instruction results in the state |+))

. _ 1 1 1 1
S — {S|3t : ﬂqolqllqz(S) = (/\1 * E |OOO> + )Ll * E |011> + /\2 * E |100> + AZ * E |111>) AN

_ 1 1 1 1
g2 = (1 % 1000} + A3 % 2011 + g 5 = [110) + A5 = 101)) = ¢ & [pI)
= (by the definition of the probabilistic operator on the |+) 1s’ta’[e) )
S—{si3t:s € [(AM (0 ) A A=A (17 1) A (A2 (08 AOT) AAZ L AN AL E
[p]> = t & [p]I*}
= (it can be easily verified that sets referred by (1,2 are non-empty)

IRl
UJ

Measuring qubits and classical information

The resulting state of program ENT holds a superposition of all the possible Bell states with the original
amplitudes A; and A,. All that is necessary is to eliminate the Bell states from the global state, in order to
retrieve back the original state on the third qubit. This is done by the program h gg;meas qg to cg; meas
q’i to cf; if (c [0] == 1) x qp; if (c [1] == 1) z g5, which measures the first two qubits, in two different axis
each (two measures are enough to identify the Bell state) and uses the results of the measurements in two
independent /f stafements to eliminate the Bell states. The first step of the measurement is the application

is the application of the operator H over qubit O, in order to be able to measure in Hadamard basis, i.e.

[+),|—) rather than |0}, |1) (see proof h3), leading to:

=M g g . od =5 g g g

(A 92 (0, ANOg, AOg,) AA 27 (15 A Og, AOg,)
=M g aq . qa =5 g g aa

AA 20 NG ATg ) AA 2T A0, ATG))

" A:(%*T)(ogo AOT AOT) A A:@*fz)(OZO A 0G, A1)
/\AZ%*AZ) (09, A1, AOD) A AZ(E’:“) (03, A 1g, A13,)
/\A:<E’ZA1) (1, A0, AO%) A AT g A0 A
/\A=(—5*A2)(1ZO AT AT A Az(%ml)(lzo A1G, A1G,) ,
: : (vi)
AGMf o, a0y a AZE) o, nof, A1)
/\A=(f”2><ogo A T4, A 0G) A Az(fj“) (03, A1, ATE,)
,\A=(§T1)(1ZO A0 ALY A ATC22) (1T A 0] A1)
,\A=(—§*A2)(1ZO AT AOT) A A:<_%*/\1)(1ZO A1 ATG)

T — [ENT;h go]
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The following step is the actual measurement of qubits 0 and 1, storing the results in the classical
bits. This can be done by programs meas qg to cf) and meas q‘{ to ci, which we denote as M1 and M2,
respectively. The effect of the measurements gives origin to the following inference (see proof meast):

— l* = lﬂ-
A=) A 08 A0L) A ATE2) 08 A0F v 10,)
=(3*42) 01 A 17 A O =(3*M) 01 A 17 v 17
AA (f 2)(OqO A1y ANOg) A A (21 1)(0% ANlg, V1)
A=)l A0l A0) A A2l Ao vid)
= —l*/\ = —l*/\
vi)  AA (-2 2)(1?,O AT AOT) A A (= 1)(1?,O AT ATD)
P=025(05, A OF A0S, AOT A ATM(0]) v A=) (1] ))v
P=025(05, A OF A 1S, AT A AZA2(00)) v A=A (1)) v
P=025(15 A LI A0S AOT A ATM0T) v ATAD (1)) v
P=025(18 A LI A1E AT A ATA2(00) v AT AT))
P=025(05 A OF A0S, AOT A ATM(0F) A A2 (1)) v
P=022(05, A OF) A ATE A ATA2(0]) A A=A (1] ) v
P=025(16 A 1% A0S, AOF A ATMO] ) A A1)V
P=025(18 A LI A1 AT A ATA2(00) A ATV AT ))

- [M1;, M2]

(vii)

[ENT;h gg;M1;M2]

Finally, following the measurements of the first qubits, all that remains is to apply the error corrections,
which come from the programs if (c [0] == 1) z g, and if (c [0] == 1) z g,, which we name as IF1 and IF2,
respectively. The following inference is possible upon the execution of program IF1 (see proof ifl),
P=022(05, A OF) A O, AOT A AZM(O]) v A=A2 (1] ))v
P=025(0c A OT A1 AT A ATA2(00) v AT AT )V
P=025(15 A LI A0S, AOT A ATM(00) v ATA2(10 ))v
P=025(15 A 1] A1 AT A ATA2(00) v ASCA0AT))
P=0-5((05, AOT A AZM(OD) A A=A AT )V
P=05(1¢ A1] A ATA2(00) A AT (1))
P=05(0¢, A OT A ATM(OL) A A=A (1)) v
P=02(1E A7 A ATA2(00) A A (])))

(vii)

— [IF1]

(viii)
[ENT;h go;M1;M2;IF1]

and after the program IF2 the following post-condition holds (see proof if2)

P=05002, A OT A ATM(0L) A A=D2 (1] ))v
i) PTOS(AL AT A AT2(0]) A AT A )
= [IF2] (A=M(0F,) A A=12(17))
[ENTh go;MLM2IFLIF2] (A= (00,) A A=A2)(1]))

(ix)
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which due to the assertion of (150), results in [ENT;h qO;Ml;MZ;IFl;IF2](P="‘(OZZ) A P=1‘”‘(122)) being
true, completing the proof.

Proofs of the measurement and post-error correction

Proof:  (h3)

Let p, g denote the following expressions

A:(%Ml) q . . A:(%*(/\g ] . ]
p =« (03, A Og, A Og,) A (14, A0y, AOg)

(LxAq) =LaAy)
9 217 A17) A A 9 A 07 A1
AA (0, NG, ATg ) AA TG A0 AT,
and

—(1, =(1«
=AM 01 A0l A0L) A AT 0 A 0T A1)

— l* = l*
A=) 0 A1d A 00) A AT 00 A19 A1)

_ l* = —l*
/\A_(Z Al)(lgo A Ogl A ng) A JZ\’ < 2 /\2)(130 A OZI A 122)

(-1 (-1,
AA=(222) A8 A8 A0y A AT AT AT A1),

The proof of the expression p — [H ]q goes as follows:
[[p — [H]ql]
= (by the definition of the h instruction and the semantics of state s)
. _ 1 1 1 1
S — {Slat : anrﬁhzﬂlz(S) = (/\1 * E |000) + /\1 * E 011) + )\2 * E [110) + )Lz * E 1101)) A
”qo,ql,qz(t) =H®IQ® I)'ﬂqo,q1,q2(s) =t & [[q]]}
= (the action of the h instruction results in the state

. _ 1 1 1 1
S — {s|3t : an/qlzlh(s) = (/\1 * E |000> + /\1 * E |011> + )Lz * E |110> + )Lz * E |101>) N

Tgogs () = (A1 % 51000) + 45 % 5 1001) + A # 51010) + A1 % 5 [100) + —Ap % 5 [101) + A5 ¢
%mo) e % 1111)) = t & [[pIl}

= (by the definition of the amplitude operator on the state)
1 1
S—{sI3t:s € [(A™M(OF ) AAZAD AT N A A 2T AOT)YAALAT ALI NIV AL e
[P =t & [pI}
= (it can be easily verified that sets referred by (1,(2) are non-empty)

(Tl
U
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Proof:  (meast)
Let p and g denote the following expressions:

p =AM 08 A 0T A07) A AT(2) 07 A 0T ATL)
A A= M)
A A=
A A=) 4 A 18 Aoy A ATCTM AT A1 A1),

q =P=025(05 AOJ A0S AOF A AZMOL) A A=D1 )V
P=0-25(05, A OF A1, AT A ATA2(07)) A A=A (1)) v
P=025(1E AT] A0S A O], A ATM(0]) A AT AT )V
P=025(15 A 1] A1E AL A ATA20] ) A ATEA AT ).

N|=

)0, A1, A0 A AT o] A1, AT

ons)

N|=

*A q q q = q q q
1>(1‘10 A 0‘11 A 0‘72) ANA ( (1‘70 A 0‘71 A 1‘12)

The proof of the expression p — [M1; M2]q reads as:

[[p - [M1; M2]q]]

(by the definition of the dynamic operator (77)¢)

S—{siFt:s e [[pll A (s,t) € [[[meas g to cy;meas g1 to c1]]] = ¢ & [[q]]}

= (by the definition of measurement)

S—{s|3u3dt:s e [[pll A (5,u) € ({(5,u)lu € [[qg ==0]I(s) ANu € [[Pelogo]] where e; =
(s[0F,) (04, s)) U (sl € [laf == 10 Au € [P21g Twhere ey = (s[15,) (1] [s)1) A
(u,t) € [[measg; tocy]] = t & [[q]]}

= (by the definltion of measurement and combination)

S—{sI3t:s € [[plIA
(s,t) € ({(s, Dt € [[q] == 01 At € [0, A P=105, A P=2205 T}V

{(s,Hlt € [q] == 111 At € [0, A P=105, A P=31E T}V
{(s,HIt € [[q] == 0] At € [[1] A P7%41E A P=%20¢ T}
{s,Hlt € [[q] == 1 At € [[1], A P71, AP=1E TN} = ¢ & [[q]]}

where e; = <S|OZO> <OZO|S>,62 = <s|021> <OZ1|S>'33 = <s|121> <1Zl|s> and ey = <s|1ZO> <1ZO‘S>)
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5.4. Some valid rules and examples 120

= (the actual application of quantum tests, lead to the following state)

S—{s|3t:s e [[plI(1H)A
(s,t) € ({(s, D)t € [(OF, AOF, AOE, AOE, A AZM(OT) A A=A AT NTU
{(s, Ot € [[P=O>05(1T AOF A0S, ALE A AT2(0]) A A=M AT NV
{(s, Ot € [[PTO05(0F A1 ATE A0S A ATMOL) A A=T2(1T ) T
{(s, Ot € [P=0202(A5 AT ATE ATE T A ATR2(0,) A A= AGNTND = t & [q1P)

S—{s|Ft:se [[p]](l) At E [[q]](2) -
t & [[q1?))

= (it can be easily verified that sets referred by (1,(2) are non-empty)

[[=L1]

[T U
Proof:  (ifl) Let p, g denote the following expressions:

p =(P=025(05, AOT A0S, AOT A ATM(0]) A A=A (1)) v
P=023(05 A Of A1 ALE A AZA20]) A A=V AT )V
P=025(15 A LI A0S, AOT A ATMOF) A ATTA2(10 )V
P=025(15 A 1T A1 AL A ATA200 ) A ATEA A ),

q =P=9°((05, A OT A AZM(0F)) A A=A AT ))A
P=03(15 A 1] A ATA2(0]) A AT AT)) .

The proof of statement p — [IF1]q reads as:

[[p — [IF1]4]]
= (by the definition of the dynamic operator (77)¢)

S—{sIFt:s e [[p] A (s, t) € {[[[if(co==1)zq3]111} = t & [[q]]}
= (by the semantics of the if statement)

S—{s|3t:s € [[plIN(s, 1) € ([[cg == LTINM¢, {1, l; 2 g3 1M ULITco == OTIN(IIO, X(O, I; skip1l) =
& g1}
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5.4. Some valid rules and examples 121

= (by the definition of the if statement, only two worlds, the ones where test ¢y == 1 holds, will be affected
by the phase flip operator)

S—{si3t:s e [pI At € (IPO2(0F, A0 A0, A0S AAZMOF) A A=A (17 ) TU
[P=023(0¢, A 0gy A1E, A TG A ATR2(07,) A A= (17, ) TTU
IP=025(1¢ A 19 A0S A0 A A=(00) A A=12(19)TIU

[P=025(15 A1] ALE ATD A AT2(00) A A=A )T = ¢ & [qT)

= (upon the application of the phase flip correction, the two pairs of possible worlds become equivalent,
hence the possible worlds are narrowed to 2)

S—{sI3t:se[plV Ate ([[1:’:0'5(1§O A 120 AOg A 021 AATh (0?72) A AZAZ(lZZ))]]U
[[p=0.5(150 A 120 A 151 A 121 A AZAZ(OZz) AN «A:(/h)(lgz))]])(Z)
= t & [q1®}

= (it can be easily verified that sets referred by (1,(2) are non-empty)

[[=L1]

[LT1l u

Proof:  (if2) Let p, g denote the following expressions:

p=P=050¢, A O], A AMOD,) A A=A (1] ) A P=OSE A L] A AT(0]) A A=M (D)),
q = (P=*(07 ) AP=12(11)).

The proof of the statement p — [IF2]g, read as

[p - [IF2]q]]

= (by the definition of the dynamic operator (77)¢)

S—{sl3t : s € [[plIN(s, £) € ([[eq == 1IN, X1, Ex gz IYU{lleq == ONIN (11 (1, I; skip]l) =
t & [qll}

= (by the semantics of the if statement, i.e. one possible world is affected by operator X, and the other is
not)

S—{sI3t:s e [[pI At e ([PTO5(AL, AL A0S AOT A ATM©OT) A AZR2(1]) TV
[P=0->(1E, A1E) AL AL AAZMDO ) A AZ2AINT) = ¢ & [q1)

= (the two resulting worlds are equivalent and hence, merge into one)

S—{s|3t:s e [[pl At e (LATMO]) A AT2(1F NT =t & [q]1}
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5.4. Some valid rules and examples 122

= (by assumption of equation 150)

S—{s|3t:s € [pIP At € ([P=*0L, AP=1=%1] 1@ = t ¢ [(P=*(0L,) APTI=* (1], ) 1@}
= (it can be easily verified that sets referred by (1,(2) are non-empty)

(-1 =10T] U
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5.5. Proof of decidability

5.5 Proof of decidability

In this section we show that the logic presented in this chapter is decidable. The method for this is based
on the reduction of the logic to the theory of the first order language of complex numbers, i.e. first order
theory of the algebraically closed fields?, known to be decidable by an important result of Tarski [342].

Definition 5.5.1. The first order theory of complex numbers, denoted by ICC, is the theory
of C in the language L, which corresponds to (C, *,+,.,0,1), where * is the conjugate

transpose operation.

This strategy of proving the decidability of quantum logic has been defined for the standard quantum
finite dimensional logic by Dunn et al. [140], and a more general recipe for a wide range of quantum logics,
including modal and dynamic ones, has been discussed in Baltag et al. in [44]. The latter work is the main
inspiration for this section, from which the main ideas and notation were borrowed. We revisit the main
ingredients of the proof recipe through the next sections and the decidability is stated and proved in theorem
5.5.2.

5.5.1  The main idea of the proof

The cornerstone of the proof presented in [140] is based on the equivalence between quantum propositions,
closed linear sub-spaces of an Hilbert space, and kernels of matrices, i.e.

[pll & [[p]l & {vlp.v =0}, (151)

where p is a proposition, [[p]] is a closed linear subspace of an Hilbert space, and p € C"™*" is a matrix
and {v|p.v = 0} corresponds to its kernel. This equivalence makes possible the entire translation of
standard quantum logic into closed statements of the first order theory of complex numbers, as the kernel/
of the matrix p = (p14, ... /Pijr +- ,Pun), can efficiently be reduced to an expression of this theory as

CEVopou=0 CEp11.01 +pP12.02 + ... + P1,.0,, = 0N

P21-01 + P22.0n + ...+ P2u-0y = OA
AN

Pn1-91 + Pn2-02 + oo + Py 0y = 0.

where pq11 to p,,,, are a set of variables with valuations in C. From here one can extract useful notions of

logic: v € [[p]] as
CEpo=0 (152)

2 Theory composed of axioms of algebraically closed fields, equality operators, and first order quantifiers.
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5.5. Proof of decidability

and the notion of satisfaction J k p, meaning that p is true independently of the matrixial representation,
p, chosen:

HEpe CEVpYopo=0. (153)

Furthermore, it is also possible to express unitary operators with an additional condition enforcing their
unitarity,

HEulpe CEVipU,®) - Yop(iiv) = 0,where U, (1) = i.i* =1,

completing the necessary machinery to capture the static and dynamic aspects of quantum logic. In a more

general way every quantum dynamic logic expression can be translated into expressions of type

HE @ e CEVigPQR) - V0.9 (0,%)), (154)

where both q)‘s(v,a‘c’) and qop(a'c’) are functions, v is a vector space, and X are lists of variables, with
valuations in C, which corresponds to the matrixial representation of ¢, ¢. The former function defines
[[¢]] € H, i.e. by making the X correspond to the assignment [[.]], and the latter, ¢ (X), defines the
range of good values for X. Hence, as all the statements falling into this type of expressions are inherently
well-formed in the first order theory of complex numbers, and hence implicitly decidable, and the proof of

decidability somehow reduces to showing that such functions can be obtained by an effective method.

5.5.2  Application to the Probabilistic logic of quantum programs

These ideas are applicable to the probabilistic logic of quantum programs (PLQP), introduced in [44].

Recalling, its syntax reads as:

¢ = plop A Pl=@llT]PIP="9

7T = u|P?|7T; i U T

The first element of the proof of decidability of the logic comes from the fact that all models over a Hilbert

space of this logic, (X, [[.]]), are isomorphic to a C"-interpretation (see definition 5.5.2), H = C", i.e.

an interpretation over the closed subspaces of an Hilbert space.

Definition 5.5.2. Given a language L, by a C"-interpretation we mean a map [[.]], that
assigns to each sentence of L a subspace of C". Also given any class F of C" interpretations
of L, we say that a sentence ¢ is F-valued and write F E ¢, if [¢]] = C" for all [.]] € F
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Based on the equivalence of equation (153) and (154), one can conclude that for each assignment [[.]],

there must be a function a : var(Lc) — C, where var (L) corresponds to a list of variables %, i.e.

one that makes 495(0,3?)) be equivalent to some [[.]]. For instance, In the case of the PLQP language, to
an atomic proposition p, defined by a tuple X = (x4, ..., x,,;;) of n x n variables, the function «, given by
a(X) = (w(xq11),--.,&(X,;,)), is such that ¢5(v,a(5c’))) is equivalent to [[p]]. There is a wide range of
functions a for each assignment [[.]], however not all them are valid. In the case of the PLQP language,
such pairs, i.e. valid pairs, must respect the following conditions (Au is the set of well-formed unitary
operators):

o foreachu € Ay, C E U,[a(i1)], thatis a(il) is an unitary matrix;
o foreach p € A4, [[p]] is the kernel of the matrix (a () and

e foreachu & AU, [[u]] is the unitary transformation, given by the unitary matrix a (1).

The structure that maps the valid assignments, [[.]] and a-functions is denominated a C-coding (see
definition 5.5.3), which is nothing more than a relational structure, containing all [[.]] — « function pairs.

Definition 5.5.3. Given any class F of C"-interpretations, a C coding of F is a partial
function R from C?% ) onto Fsuch that, for every finite list of variables ¥ = (xq, ..., x,,) C
var(L¢) of L¢ there is an m—ary formula p;(y) of L defining the set {a(X) € C™ja €
dom(R))}. Moreover, we say that a C-coding is effective if there is an effective procedure

of computing such pz () for any given finite X.

An effective C—coding is one where the function py (}7), which determines the valid assignments for the
lists X, can be determined effectively. There is a close relationship between C-codings and function pairs
(¢ (%) and ¢° (v, %)), which translates as follows:

R(a, [[.1]) entails [@]] = ¢°(C,a(®)),  ¢?(C) = p:(C). (155)

Hence, the decidability of a logic, which corresponds to the existence of an effective method to the
generation of functions (p‘S (v,¢) and o’ (X), can also be reduced to the r-translatability (see definition
5.5.4) of expressions in an effective C-coding, as stated in theorem 5.5.1.

Definition 5.5.4. ([44]) Fix a finite-dimensional Hilbert space H = C" any class J of
C"—interpretation of a language L, and any effective C—coding R of F. Then for any
sentence ¢ of L, we say that a formula q)‘s(vl, oo, 0, %) of L (with a specific tuple of

variables X) translates ¢ in R, or is an R-translation of ¢, if conditions of equation (155)

Theorem 5.5.1. ([44]) Fix a finite-dimensional Hilbert space # = C", any class F of C"-
interpretations of language L, and any effective C-coding R of F. Suppose a sentence ¢ of
L has an R-translation. Then it is decidable whether J E ¢ or not.
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5.5.3  The decidability proof of the QASM logic

We now discuss the actual proof of decidability for the logic developed in this chapter, the logic for the
QASM language (LOASM), essentially by showing that the conditions presented in lemma 5.5.2 also apply
to it. The model proposed for LQASM in section 5.3.4, is quite similar to the PLQP ones, and it can be
straightforwardly verified that the fundamental assumptions to the proof of decidability of latter also hold in
the former:

¢ The model of LQASM isomorphic to a C"-interpretation;

¢ Propositions correspond to closed linear subspaces.

The main differences between the LQASM and PLPQ lie on the type of programs allowed, i.e. the former
allows unitary operators and classical control instructions and includes the connective A=". The theorem
5.5.1, presented in previous section, establishes the conditions for the general proof recipe of decidability,
presented in lemma 5.5.2.

Lemma 5.5.2. (|44]) For every finite-dimensional Hilbert space /H = C”, and any class J of
C"-intepretations of a language L, the logic of J is decidable if

1. The theory is recursively enumerable;
2. There is an effective C-coding of R;

3. There is an effective procedure that yields R-translation to a given atomic sentence

of L;

4. Each (n-ary) connective of L, R-translation is preserved.

In theorem 5.5.3, proven and discussed in [44], this recipe is followed to show the decidability of the
PLQP logic by showing that each individual condition holds in it.

Theorem 5.5.3. ([44]) Let Lpyop be a language of PLQP. For any n € N of any Hilbert
space Jt = C", the language PLQP (M) = {¢ € LppoplH F ¢} is decidable.

We also follow this recipe to show the decidability of LQASM. The functions ¢5(v,5c’) are defined in table
11 and functions par (¢) correspond to the set of C-valued variables p that are part of a proposition . We
are ready to show the decidability of LQASM in theorem 5.5.4.
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5.5. Proof of decidability

Static propositions

p? (v, par(p))

(@ A)°(v,par(p A )
(¢ vV )°(v,par(p V P)) =
(=)’ (v, par(~@))
~ F(v,%)

(P=")° (v, par(P="))

(A=29)0 (v, par (A=) -

Programs and unitaries

([7t19)° (v, par([7]9)) =
([7; 71 9))° (0, par ([7T; T)) =
([ul@)® (v, par (Ju]g)) =

Creation of registers
([creg id [size]|@)° (v, [creg id [size]|p) =

(|qreg id [size]]@)° (v, [qreg id [size]|p) =

Measurements and tests

([id] == alp)’ (v, par([id] == alg)) =

po=0

@° (v, par(@)) A ¢° (v, par())

@° (v, par(9)) V @° (v, par())
go‘s(v,par((p)) -0v=0

Yw(F(w,X)) = (v,w) =0

Jw(w # 0N ~~ qo‘s(w,pur(go)) A
(v, w)? = rl[v]|?|jw]?

Jww # OA ~~ ¢°(w,par(p)) A
(v,w) = A

([7t19)° (7tv, par (@)
@’ (7o, [T]9)
@ (iv, par (@)

(p‘s(creg id [size]v, par (¢)) =
go‘s(v,par((p)) A ¢5(v,par(ﬁ)) where
0 is the assignment to variables
corresponding to the semantics of
creg (see section 5.3.7)

@’ (qreg id [size]v, par(@)) =
q)‘s(v,par(go)) A ¢5(v,par(@)) where
0 is the assignment to variables
corresponding to the semantics of
greg (see section 5.3.7)

@° (171, par (@) where 11 =

|ia?) (id]| /,/v* id?) (id]| v

For m = measure qreg_id [index| — creg id [index]|]

([m1p)° (v, par([m]g)) =

Classical tests and if statements

([idS == al@)° (v, par([idS == algp)) =

([if ¢.? then] nq](p)‘s(v,par([if @.? then| 7, 1@))

(p‘s(v,par([id? == 0]¢)) A
(P=11(id] == 0))°(v, par(P="1(15))V
¢° (v, par ([id] == 1]¢)) A

(P="2(id] == 1))° (v, par(P="2(15))

where r; = 0* O’Z> <0ﬂv and
ro = 0" [17) <1?|v

(Pzrllid?)(v,par(P:rllid?)) -
@°(w, par(9)) A

(P=" 1) (v, par (P~ 14¢))
([id§ == a)@)® (v, par ([id§ == a]p)) A

(74)° (w, par ([71;])) v
(=[ids == a])® (v, par(=[id == al))A
(ﬂf)é(w,;?llr([ﬂf]q))) where

a e 01, m = lage)ael;m
and pif = (ﬁﬂ)id?)((ﬁa)idlclbskip and
skip is the identity operator

Table 11: Recursive definition of the qo‘s(v, par(@)) of ¢
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5.5. Proof of decidability

Theorem 5.5.4. Let Lpagp be a language of the QASM logic. For any n € N of any
Hilbert space 4 = C", the language QASM (M) = {9 € LoasmlH E ¢} is decidable.

Proof:  The first condition of lemma 5.5.2 is accomplished, since the logic is clearly recursively enumer-
able. The second condition , of having an efficient C-coding, is also accomplished, as the set of ¢F (v) is
defined as follows:

* ¢V (v) = u.u* = I, for the case of (p‘S(U, [ulp);
* ¢P(v) =0 = 0 (tautology), for all other cases.

The next condition necessary to hold in lemma 5.5.2 is that all propositions and connectives are efficiently
r-translatable. The case of all atomic propositions of I;QASM the fuction par(¢) is equal to p and the
construction (p‘s(v,ﬁ) is equivalent to [[p]], according to equation (151), if the kernel of the matrix a(p) is
equivalent to [[p]]. There efficient algorithms to solve this algebraic problem of calculating ¢5(v,ﬁ) given
[[p]l and hence:

(p5(v,p) can be efficiently generated for any p atomic and is rtranslatable. (156)

The A connective also preserves effectiveness. According to the semantics of LOASM, [[¢q A @5 ]] =
[[e11l N [[e11], and, therefore, the r-translatability implies the following equivalence:

(@ AP)°(v,par(p A ) = ¢°(v,par(@)) N @° (v, par(P)) = (eIl N [¥]]. (157)

Due to this equivalence, one can conclude that there is an effective method to generate ((p/\l,b)‘s(v, par(pA

P)) if (q0)5(v, par(@)), (z/J)‘S(v,par(zlJ)), and the set intersection of two finite sets, the N operation,
are effectively generatable, which clearly are. A similar reasoning can also be taken to the Vv connective, as
[[UT] is also effective and a similar equivalence exists for this operation:

(@ V) (v, par(p V 1)) = ¢°(v, par(p)) U ¢° (v, par(p)) = [[¢]] U [¢1]. (158)

The negation operator can also be, clearly, effectively generated, as its corresponding expression in the

first-order theory of complex numbers, can be trivially generated, from ¢5(U, par(@)):

(=)’ (@, par(—~)) = ¢° (v, par(p)) —» v =0. (159)

The same applies for the construction of the expression in first order theory of the complex numbers for
the complement operator ~, as it is clearly observable from its definition:
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5.5. Proof of decidability

~F(v,%) = Vw(F(w,X)) - (v,w) =0, (160)

where F is a any valid function, where (v, w) is the first order theory of complex numbers equivalent to the
internal product operation. The fact presented in (160), also makes the construction of the probabilistic
operators effective, as the corresponding expression can be obtained by

(PZ" ) (v, par(P=")) = Jw(w # OA ~~ @°(w, par(p)) A v, w)? > rlvlPllwl?>, (161)

and the same applies to the amplitude operator

(A=29)? (v, par(A=1)) = Fw(w # OA ~~ @°(w, par(9)) A (v,w) = A. (162)

As a result, it can be concluded that the expressions in first order theory of complex numbers, for both
the complement, probabilistic and amplitude operatorss can be effectively generated, and, hence, such
expressions are rtranslatable. A wider class of connectives is given by programs, whose definitions
encompass general expressions such as

([7]p)° (v, par([7T]p)) = ([7t1g)° (v, par()). (163)

We show that for every possible program 7z, function ([71]4))‘5(0, par([7t]@)) is rtranslatable. For
unitary operators

(ulp)° (v, [ulp) = @°(flv, par(@)) (164)

the function can be effectively built, as the operator ii.v corresponds to a set of sums and multiplications,
i.e. it is similar to a matrix multiplication, for which efficient computations exist and it can also be efficiently
expressed in the first order theory of the reals. Furthermore, for the creg program, whose definition reads
as

@’ (v, [creg id [size]lp) = ¢° (v, ) A ¢°(0,0),

one can conclude that it is also computable, because 0 is an atomic statement and the connective A
preserves R-translatability. The same applies for 475(0, [qreg id [size]]@). The definition of quantum tests
reads as
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5.6. Summary

([id] == alg)® (v, par([id] == alg)) = ¢° (v, par (¢)) where it = |id?> <id?| /\/v* id?) <id?|v.

(165)
On can easily observe that the expression can be effectively generated as, matrix m is a well-formed statement
in the first order of complex numbers, i.e. only valid operations in this theory are necessary to generate it.
Given this, one can quickly verify from their definitions that the valid first order theory of reals expressions
for the remaining operations, namely measurements, classical tests and if statements, can be effectively
generated as they rely on constructions that have been shown to be decidable throughout this proof. Finally,
the program sequential composition, defined by

([7T; T19))° (v, par ([7T; 1)) = @° (7o, [7T]g), (166)

also preserves R-translatability, due to the fact that all possible programs available preserve it A-transiatability.
Hence all possible statements in LQASM preserve R-translatability, which makes it decidable, finishing the

proof.
O

5.6 Summary

In this chapter, it were reviewed the main concepts of standard quantum logics and their derivations, namely,
the family of quantum dynamic logics proposed by A. Baltag and S. Smets. Upon these results, we built a
new logic targeted to a fragment of the JASM language, able to deal, explicitly, with probabilistic classical
and quantum information. We provide a semantics for the logic, based on labelled transition systems
proposed to quantum dynamic logics. We exercise the logic with a simple example of a coin toss program,
which involves classical and quantum instructions, as well as with the teleportation protocol, showing it can
deal effectively with entanglement. Furthermore, we show that the logic is decidable.
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CONCLUSIONS AND FUTURE WORK

The objective of this work was to contribute towards a mathematical framework to aid in the conception
of new algorithms, which is an endeavour that must cope with two historically different fields, the ones of
algorithm performance and algorithm correction. For the former, a more pragmatic approach was followed,
based on the study of the structures behind algorithms that allow for quantum advantage, both for the case
of efficient algorithms that fall under the class BQP, and for the techniques employed in problems with
industrial, but that, most likely will not be efficient even on quantum computers. We also made two case
studies of the techniques studied, for distinct examples in the fields of biology and chemistry, both of them
targeted and executed in a quantum computer, the IBM Q. For the latter, a more formal approach was
followed, based on the conception of a logical system to a more realistic quantum programming language,
the QASM language.

The major aim of chapter 2 was to revisit the theoretical foundations of quantum computation: quantum
mechanics in the formalism of Hilbert spaces and density operators; the most well-known quantum computer
models; the theory of quantum programming languages and how they map into physical features; the main
sources of quantum advantage and a brief study on the most well-known results of quantum complexity.

Chapter 3 was devoted to the exploration of the structures behind efficient quantum algorithms, which
included the weak simulation of local and d-sparse Hamiltonians, as well as the algorithms based on Fourier
transform. The latter includes the Shor algorithm and the hidden subgroup problem. Moreover, the Harrow,
Hassidim and Lloyd algorithm, targeted at solving linear equations, may be considered a composition of an
efficient soft simulation on an Hamiltonian system representing the system of equations, and the execution
of the Fourier transform, hence being dependent on the existence of an efficient algorithm to compute the
former. Furthermore, it was possible to make the following observations:

¢ All sampling problems that can be reduced to the simulation of local, sparse or d-sparse Hamiltonian

possess efficient quantum algorithms;

* All search problems that cannotbe reduced to finding a ground-state, involving only local components
with less than dimension 2, does not have an efficient quantum algorithm.
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From this analysis, it was also proposed a digital simulation of the non-radiative energy transfer taking
place in photosynthesis, which involves the weak simulation of a local Hamiltonian, along with environmental
interaction. This way it was possible to evaluate the importance of the environmental effects in photosynthesis
and obtain further insight about quantum mechanics in an open regime.

Chapter 4 aimed at exploring problems that have no quantum efficient algorithm, but for which a
polynomial advantage is expected, once regarding them as optimization problems. There is a natural
relationship between some processes in physics, such as the convergence to equilibrium of certain physical
systems, and optimization problems, which make the former a good model to the latter. This idea is the
basis of quantum annealing and adiabatic optimization, where a quantum advantage is expected in a wide
range of problems, across a wide range of fields. Furthermore, in the so-called short-term devices method a
mention should be made to the Variational method, an hybrid classical-quantum method, which possess a
lot of applications.

One of those applications is on the field of quantum chemistry, and we explore a case study of the
application of the method to find the total ground-state energy of the H, and LiH molecules, subject to a
stationary electric field in a quantum computer. This is a non-trivial process, and we particularly explored:

¢ The fermionic formulation of quantum chemistry systems;
¢ The connection between fermionic Hamiltonians and the quantum circuits;

¢ The state preparation, running of the algorithm and the evaluation of the results.

The calculated results comprise the total energy as a function of bond length (i.e. the dissociation curve),
also under an applied stationary electric field. We also evaluated the shift of the molecule’s energy at a
fixed d (equal to the equilibrium interatomic distance) with the electric field, i.e. the stationary electronic
Stark effect. In total, our case study seems to provide evidence for the feasibility of the use of this quantum
computer for small molecules, with a reasonable number of iterations performed.

In chapter 5, we briefly explore the logic induced by quantum mechanics in Hilbert spaces, i.e. the
so-called quantum logic, and the path from there to logics able to deal with quantum programs, and the
issues involved, particularly the inexistence of a tensor operator, focusing on the work on quantum dynamic
logics introduced by Baltag and Smets. We proposed a logic able to deal with classical and quantum
information simultaneously, and that, furthermore, involves measurements, to which a stochastic semantics
is provided. We provide some valid rules for the logic, based on such semantics, and provide proof for a

guantum coin toss program.
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6.1. Future work

6.1 Future work

This work, in its course of the understanding of the sources of quantum advantage and how to use them
to obtain new algorithms and applications of quantum computation, ended touching many different fields
related to quantum computation. Many state-of the-art problems and lines of research to pursue were
identified and explored. On the other hand, some of the ideas explored during the course of this work, were
abandoned.

On the field of efficient algorithms, progress has been slow, with no big advancements in the last few
years, worth of notice. In the early 2000's a huge research effort has been done on trying to extend the
algorithm for the hidden subgroup problem (HSP), maintaining the exponential advantage, from Abelian
groups to non-Abelian ones, such as the difiedral or the symmetric group. Efficient algorithms for the HSP
in these groups would have important industrial impact, such as breaking /attice-based cryptography, the
cornerstone of post-quantum cryptography, or solving the graph isomorphism problem, however, the efforts
to build efficient algorithms to do so, have fallen short. However, while solving the HSP for non-Abelian
groups seems to be a hard computational task, an interesting line of research is to explore applications
where the exponential advantage of quantum Fourier transforms can be relevant, which may the case, for
instance, in fields such as computer vision, statistics or machine learning. Furthermore, the exploration of
problems that can expressed as simulations of local, or sparse, Hamiltonians can very fruitful in finding new
applications for quantum algorithms.

On the side of quantum optimization, there is an infinitude of possible industrial and academic applications
that can be explored with the current short-term devices. A particular important branch of optimization
problems is the one of mixed-integer, for which the first quantum techniques are starting to appear, mostly,
resorting to interaction between classical and quantum solvers. An example of these problems is the wunit
commitment, i.e. the optimization of the production schedule of individual energy stations in power grids, a
problem that usually involves a large set of variables, discrete and continuous, which constitutes a completely
unexplored realm for quantum computation.

On the logical side the major development would be the improvement of the calculus for the logic and the
proof of its completeness. Furthermore, it would be also be useful to explore the formalization of the logic in
a proof system, or alternatively, by the conception of a model checker.

The approach taken in the work, specially in the algorithmic part, was somehow pragmatical, however,
the interest on pursuing a unified mathematical theory to deal with both complexity and correctness remains.
Research paths on this direction can be given by the study of compositional mathematical theories behind
the advantage in quantum algorithms, as well as of characteristic quantum programming languages of
complexity classes. Concerning the former, a particular interesting line of research is one the application of
finite model theory to quantum algorithms, where models are given by combinatory structures, rather than
algebraic ones, and may possess interesting notions of logic.
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APPENDIX A - CALCULATION OF THE MATRIX ELEMENTS

a.l STO-LG wavefunctions

The STO-3G type combinations of Gaussian functions are used to calculate the matrix elements of various
electronic interactions in the molecules under study. As the minimal basis of the H, molecule includes
the s-type orbitals only, whereas that for LiH comprises both the s- and the p-type orbitals, by throughout
covering the latter molecule we leave a possibility to fall back to the H, case by removing the factor of 3 (Li
nucleus charge) in those matrix elements where it appears explicitly (namely, in Table 14 below). Also, the
parameters of the STO-3G functions have to be chosen accordingly (see Table 12 below).

Li

o
|

Figure 24: Geometry setting in calculations concerning the LiH molecule.
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A.1. STO-LG wavefunctions

The minimal basis will include the following atomic orbitals: 1s for H; 1s, 2s and 2p, for Li. All of them
will be approximated by the STO-3G type combinations of the following Gaussian functions [338]:

L
P1e(Q) = ) di1s815(®i16) 5 (167)
i=1
L
¢25(€) = Z di,2sgls (ai,2sp) ’ (168)
i=1
L
lprZ Q) = Z di,2pg2pz (‘Xz‘,Zsp) . (169)
i=1

Here ( is a parameter appearing in the Slater-type orbitals ({ = 1.24 for H and { = 2.69 as the
“recommended” value for Lils); the coefficients d; and a; are fitted parameters and g are the normalized
Gaussian functions:

3
20 \4
gs(@) = e, with C,SCS):(%) ; (170)
1
128 B5\4
g(B) = cgq)rcosHe‘ﬁ’Z, with c(ﬁw:( 713‘3) . (171)

The fitted Gaussian exponents and the corresponding coefficients d; depend on the parameter { in the
Slater orbital, also called “scaling factor”, which is different for each atomic shell (e.g for 2s and 2p states
of Li the recommended value is { = 0.75). The exponents for { = 1 are given in Table 3.7 of Szabo and
Ostlund [338]; for { # 1 they scale as a () = a(1) - §2, whereby the coefficients d are the same for
each type of states in different atoms, - e.g 1s (H) and 1s (Li), — although a’s are different. The parameters
used by us are compiled in Table 12.

Table 12: Parameters of STO-3G orbitals for H and Li atoms used in the calculations.

H Li
Qg QX1g aZS,p
(g = dls (g = dls (g = d25 d2p
1.24) 2.69) 0.75)

3.425250914  0.1543289673 16.11957475 0.1543289673 0.6362897469  —0.09996722919 0.1559162750
0.6239137298  0.5353281423 2.936200663  0.5353281423 0.1478600533 0.3995128261  0.6076837186
0.1688554040 0.4446345422 0.7946504870 0.4446345422 0.04808867840  0.7001154689  0.3919573931
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A.2. One-electron matrix elements

a.2 One-electron matrix elements

We shall use spherical coordinates with the origin at the Li atom, as shown in Figure 24. From now on, the
Li atom will be denoted “B” and the H atom will be “A”, and, according to the previous section, we shall

consider the matrix elements between the following three functions:

A) = c©e—a-D? IB) s op 25 = c(ﬂs)e_ﬁrz;
B)oy = cg?)r cos G P . (172)

Nuclear Potential Energy Matrix Elements

To calculate the nuclear potential energy matrix elements, one needs to calculate the following integrals:

1 L2 1

IG5V = (A=), = ¢y [ e 0P (173)
1 . 1

16@) = (Al——|B) = c{c) [ eaT-D*=Fr _—__ g7, (174)

7 — di P 7 —d

These integrals are the same as for the H, molecule, so we can use the result of Equation (A33) from Szabo
and Ostlund [338]:

(1) _ (s) () 2T _ap 5 B 5\ .
L, = Ca'Cg oc+[3eXp{< zx+/3d F, zx+/3d ; (175)
@) _ () (s) 2T ap a2
Iy = ey meXp{<_tx+ﬁd2 F, 0c+,8d2 , (176)

*Z

K x 0 r
a7/
Y

Pk
¢
X

Figure 25: Coordinate system and angles used in the calculation of integrals. See text for details.
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A.2. One-electron matrix elements

’ T
where F,(x) is expressed via the error function, F,(x) = aerf(ﬁ). The matrix elements involving
the p-orbital are:

1 1 22 _ B2 1 >
122" N — (A|;|B2¢ = c;f)cff) fe a(F=d)*y cos e P" " d7 (177)
= C;;p)cf fe‘”‘(?“f)z cos G~ P"* d7

=c'el [ fiDf(dF,

wherefl(F) = p—a(P=d)? andfz(?) = C0S 96‘572. [t is convenient to use the Fourier transform of these

functions:

£l = ffl(F)e—”??d?

_ e—ik’-d’je—a(?—d’)%—i%(?—i) A7 — d)

e R
_ ikd (Z)Z e 4 (178)
a
fz(_k)) = fcos@e_ﬁrze_ik'?d?. (179)

Forfz(l_é) we need to express cos 6 in terms of cos 1y, since k-7=kr cosy. The vectors k) e, and 7, in

general, do not lie in the same plane, so we need to consider the spherical triangle shown in the Figure 25.

We can use the following formula relating the angles 6, 6, and :
cos 6 = cos 0y cos 7y + sin Oy siny cos (¢ — ¢py) (180)

Using (180), we obtain:
oo 1
7y — 2 —Br2—ikrcosy
folk) =21 fo r=dr f_l cos 0y cos ye dy
[notice that the integration over ¢ eliminated the second term in (180)]. The integral with respect to cos 7y

yields:

sin (kr)
kr

1 )
f Ze—lkrzdz —
-1 kr

g lcos (kr) — ] = —2ij;(kr),
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A.2. One-electron matrix elements 168

where j; (x) is the spherical Bessel function. Then

> 2i\ oo sin (kr) >
_ = _ —pr
fok) = 27mcos by ( . ) jo lcos (kr) = ] e

2nicos€k% {1 — (i—f + 1>FD (%)} ,

whereby
V7T
Fp(t) = 7e—fzerﬁ(t) ,
in which erfi(t) = —ierf(t), is called the Dawson’s function. Then

I;Z(l)) — CI(BP)CELS) jd?{ffl (zl)eiklr ffZ( 2) lkzr

2r )3
dc L,

_ ) (s)

= C/; o —(27_[)3f2(k)f1(—k)-

The angular part of the integral in (184) is:

sin (kd)

47
27 j ptkd cos Oy g 0 dcos b, = kd

T lcos (kd) —

and we have:

3
(p(1)) () (o) 2
Ly (&, Bid) = cg 3 (0()

nﬁdj <%+1>FD($)]

k2 sin (kd)
X exp{ (_E>} lcos (kd) — " ]dk.

Another integral of this type, describing electrons interaction with the H atom, is:

(P(l))
I — B
ab |1’ _ d| 27

= c;f)c,gf) j rcos fe P — e

168
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(181)

(182)

(183)

(184)

(185)

(186)
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A.2. One-electron matrix elements

5 . 1 .
where f; (7) = rcos 8" and f(7) = _ema(P—d)?

are:

. The Fourier transforms of these functions

_.Cos O ® sin (kr) _Br?
fl(k) 2i . 27 jo r lcos(kr)— o ]e dr

3

a5

-> 27 o al .
(k) = e~ j f ) e=ar?=ikeos vy gy cos oy

4 o1 ( k )
= kd__Fp 189
*° &P\ (189)

With this,

5
2 dk >
I;g(z))(w;ﬁ;d) = c,Sf’ (p) 272 f oK cos Oy ke~ ik-d

(e )

Cgés)C(p)\/F( -~ 2
e exp{< )} ( ‘ )lcos (kd)-s'”k(;‘d) Kdk
Jipad 4p 2w

(s) .(p)
= M f (xcosx — sinx)e™ x Fp(a'x) dx, (190)

JEB2d

1 1
where b’ = —— and a’ = ——, Fp is the Dawson’s function (183). Note that the dimension of the
4,8(12 - 2Jad

3 5
normalization constants is [c (S)] =L 2, [c (p)] = L2, while [a] = [B] = L2, thus, overall dimension
of (190) is L~1, as it should be. The integral in (190) couldn’t be evaluated analytically, so it has to be
calculated numerically.
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We still need matrix elements of 71 diagonal in atomic index, which are as follows:

(5(1)) (06 IB)

1
I (a, B)
(ps(1))
Ibb

" (@, B)

153 (w, B; d)

(5(2))
Iy

15 (a, B; d)

Here we use the following expansion:

A.2. One-electron matrix elements

— C<s>cl(5p> o~ @tp)r? gz
r
(s) (P)
_ 27T, Cp
x+p
1
= 1 @ p);
1 S
= cff)C/(sp) “rcos e~ @RI g7 =
r
1
= Ve ,(Bp) ~12 cos2 fe— (B g7
r
p) (p)
47 Co /3
T 3 +ﬁ)2 /
_ 90 (L —@rpi-d2 gz
a tp "
3
212
— ) () .
= Ca'Cg —gerf(,/a+ﬁd) ;
(@ + B)2d?
=@,

_ cgf)c@) J‘
—d

1

5 =
7 —d|

1 (o]
= E;)Pl(cos 0) x

Vr2 +d2 —2rdcos@

xl(x <1,
1l > 1),

170

— ¢ —@+B)r? 005 0 d7 .

(191)

(192)

(193)

(194)

(195)

(196)
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A.2. One-electron matrix elements

r
where x = H; since cos @ = P (cos 8) (P; are the Legendre polynomials), the angular integration in

(195) eliminates all the terms in the sum over [ except I = 1. Therefore, we have:

(ps(2)) )
Ly @, i) = e f

p {l jd e~ @A gy

d? Jo

+d J:O e~ @HBI?y dr} X 4?7(

Jrerf(yJa+p d) — 2\ a+ d e (@+p)d
=7 P P cgf)cg)) : (197)

5
2(a + B)2d?
Finally, the last integral of this type is:

1

153, B;d) = c,ip)cg’) @B 20052 6 7 (198)
7 —d|
Again, we use the formula (196) and the relation
, 2 1
2 =3 |Pa(2) + 5Po(2) | - (199)

Using (199), the angular integration in (198) yields:

I
27 f_l cos? 6 ; P;(cos 6) x 1 d cos 6
= (r>d)

RS
IS I SRS R
~_

The result is:

[1+ (a+ B)d?]| vrerf(yJa+pd)
7

2(a + B)2d3

1+ (a + B)d? )
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A.3. Kinetic Energy Matrix Elements

a.3 Kinetic Energy Matrix Elements

The calculation of the kinetic energy matrix elements involves the following integrals:
22 _Ry2 4
KS = (Al-V2B), = —cic; je—w<r—d> V2e=Pr g7 (201)

dk - ,
= j S (k)£ (=F) (202)

wherefz(?) = p—a(P=d)? and f, (7) = Vze‘ﬁrz. Fourier transforms of these functions are:

fi (l_é) = Id? o= ikiy2,=pr* — _j2 (g)% exp{(—%)}. (203)

204)

e
—~
b
~—
Il
(9N
4
X
!
/~
(S
——
(]
@
<
©
—
RS
|
r-l>| b
= N
~_
~
—

Then

Kup = e <%>2f<2n>3 o p{< 4+ﬁﬁk2)}k2
T S'”kd {( “4+ﬁﬁk2>}k4dk.
+p

0 [44
Denoting x = kd, we have the following integral, fo sinxe~t**x3 dx, where b = m
n

= cwcﬁ

3
apy

. The result of

the integration reads:

3

() _ 5 s A2 (@B)?d% [B(a+p) _A4B

K = c/3 7 2api? 1| exp 4ocﬁd . (205)
(a+B)2
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A.3. Kinetic Energy Matrix Elements 173
The similar integral involving the s and p states:

Ky = rcos Be=P1* V2e—a(=d? gp

[”
&k k)fo (—k ith 2
= —C3 C,B Wfl( )fz(— ) , wit ( 06)

foy = e [ d(# = By kG- y2p-aG-d7

_ k2 ( . >% exp{(—%)} and (207)

A k
fi (k) = 1— cos 9kf lcos (kr) — sin (kr) ] e=Pr* 2 gy
kr
2 2
2k k
= icos Gkn—5 exp{ (—E>} . (208)
2p2
Using (207) and (208),
3 -
P _ s pi T i(e-d a+p dk
Ky = cichi—g [ cos e exp{ <_ ") @0
202 B2
2 o -
= 0262% fo (COSX - %) xte=b* gy
2024246

The integral is calculated with the help of Mathematica, with the result:

2
KD (a, B;d) = el ;T —1° x {1 +4b(3b - 4)
642 B2d6
1, (1
— [1+ 6b(4b2 + 6b — 3)]— ( ) } (209)
Y

173



A.3. Kinetic Energy Matrix Elements

o+
where b = 1 ,Bc’lgz and Fp is the Dawson’s function (183). The matrix elements diagonal in atomic index
o

are as follows:
2 1 o &+ ﬁ
(s) (s) (S) 2 4
K0 =0 () L [~ (<4280 )

(9,372 & (210)

K (a,B) = K& (a, B) ;
Ké‘;p)(oc,ﬁ) =0 by symmetry ;
Ky @, p) = (Bl, - v2|B>p

—— DH_'B) kz} —k?cos? 6 dala
f<2 B p{( 4ap g
3
2
=P ,(Bp)57T—Di,BZ' (211)
2+ B)2

Summary of one-electron Hamilfonian (for zero external field):

The one-electron Hamiltonian in the absence of external electric field is as follows:

For convenience, the necessary integrals are presented in Table 14, and Table 13 indicates the reference of

the corresponding equation.
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Table 13: Equations specifying matrix elements of Table 14.

A.3. Kinetic Energy Matrix Elements

Matrix Matrix

elements Eq. elements Eq.
KE) (a, B) (210) 15T @, B)  (191)
K (a,p;d)  (205) 152D (a, B;d)  (194)
K§Z>(oc,,8;d) (209) 1MW), B;d)  (175)
K =K 153, B;d)  (176)
K;?(a, gy (211) 1P, pd)  (185)
[6@) = (52D Ié’Zs(z” (a,B;d) (197)
1PV, gy (193)  LP®, g;d)  (200)
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Table 14: Matrix elements of one-electron interactions

1A1s) 1Bis) 1Boe) B,
Ko (150110 K @asafagd) Kgl@asogid) K @), d)
_éa(lfl((sl()z))gai'lyaj'ls). d _353;(2;:)))(061',15,&]’»’1‘3; 4 _3{5;(22(;))(“i,ls","},zs{g;d) —3{;({;2(;))(“i,lS’?C],',Zsp}d)
ALl —laa " i 015:0) =Ly T (s @05 ) Ly T ias G ogd) =1 (g 1, 5,5 d)
Ky @ 15,1 Ky (@] 15,1 26)
=3l @ %15) =315 (@] 1,47 05p) _Ilg;sz(z)) (@5 150 0 25p5 )
(Bl —Iéz(z’)(vé,1sr“},1s2d) ‘Iésb(z))(“i',m &, 2epi )
Ky, (@25, &), 25p)
_311(72(1)) (& 25p, &7 25p) _Ilg;gs(zn (@ 2592697 )
(Bal ~Lyy (@i 20 41 253 )

®)
Kyp @i26p, ,26p)

(p(1))
_3Ibb (ai,ZSpl “j,2sp)

(p(2)) .
_Ibb (“z’,Zsp/ [xj,zsp/ d)
<B2p|




A 4. Matrix elements of the interaction with external electric field

a.4 Matrix elements of the interaction with external electric field

We shall consider the field parallel to the z axis, so the interaction Hamiltonian reads:
Hg = —Ercos@.

We shall keep the same notation as for the kinetic energy matrix elements just changing K — J. First, we
have:

]aa = Ed; ](pp) ](SS) 0, (212)

because the diagonal matrix elements for any atom vanish for non-degenerate atomic states and J,, is
compensated by the energy of the proton at point d (see Fig. 24). For the matrix element between the s and

p-orbitals of the Li atom we have:

](p5> (SP) (s) (P>EJ'7, cos2 Qo= (@B g7

NG

=¥ g”éan—. (213)
2(a + B)

NGl

The matrix elements ];Z) are the same as for H,:

19 @, frd) =~ [ (£-7) e T-0*Frg7 (214)

We use the transformation:

e F=D?=pr* _ oy (__aof d2> ePFRe) (215)
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A 4. Matrix elements of the interaction with external electric field 178

> 1 > > o>
where P = a 4+ B and Rp = I; (ucRA +ﬁRB) = Ed. Then

) e ap N
Iy =—ci ﬁs exp{( +,3d2)} I[éa (7 — Rp)
+ & RplePF-Re)gp

= —c¥¢ <ﬁs> exp{( fﬁdz)} (J1 +J2) , where
J1 = f(ég? #1e P37 =0, and

3
= _). 2 _prZ 7 = T > &

= (& Rp)fe dr (tx+,5> zx+ﬁ@@d'

Thus, we have: R

2
TS (a, B;d) = cf,f)c;;) exp{( “’Blg )} i s6d. (216)

(x + ﬁ)E
Obviously, ](S) = ]lgz). Now we shall calculate

];’l? = —¢® <p)éafr cos2 PP e F=d? g7 (217)

—ct® <p)éa Jfl (A)fp (P)d7,

where
A@®) =r2cos20e7 P and  fo(P) = e 2D

The Fourier transform of f1 (7) is:
£l = j £ (Pe~ kT gp

_ jood,,jl d cos jzndgb [cos y cos 6 + sin<ysin O sin (¢ — ¢ )]2
=), i Y 0 Y k k k
% e—[a’rz—ikrcosy’
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A 4. Matrix elements of the interaction with external electric field

where we made use of (180). The term linear in sin (¢p — ¢) vanishes after integration over ¢, while
fznsm (¢ — ¢Pr)d¢p = 7r. Therefore,

1 1 .
f 1d cosy lcosz O cos® v + 5(1 — cos? ) sin? Gk] e ikrcosy

— (kr)3{(3 cos? Ok — 1)kr cos kr

+ [(1 = 3c0s%6;) + (kr)?cos?(6;)] sin kr} = g(_k),r)
and

fi k) =2n fooo r4e—ﬁr28(k}, r)dr

(SR GYwl(B)
A = fe_arz_iz%~<7+i>d7 _ pikd ( % >% exp{< ;_’j)} (219)

The integral (217) is given by

(p) _ ( ) (P)
Jap = —¢a é"ff (F)f (k) (2 )3 (220)
In (220), the following angular integrals come about:
27 1. sinkd
ikd cos 0 _ _ ;
jo gy f_le ki cos Oy = drr—— = 4rtjo (kd) (221)
and
2kd coskd + [ (kd)?—2] sinkd
f d(/)kf cos? Gekdcos Ok cos 0, = 4 TEE
kd
= —4x ljz(kd) + hlid )] = —4nZ(kd) . (222)
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A 4. Matrix elements of the interaction with external electric field

In (221) and (222), j;(c) are the spherical Bessel functions and Z(x) is just a short-hand notation. With
this, Eq. (220) reduces to:

3

P, a1 N2

Ly (@, Bd) = —cg’ cg 513—2 <W>
x f:[zﬁdzjo(x) +x2Z(x)le " dx, (223)
x+p . . . :
where b = ————. The calculation of the integral in (223) yields:
4aBd?
1+4 (—“ b )
4apd? 1
NG TP | —————o
15 A ( x+p )
4 (“—) 0B

4aBd?

2B8d% -2 1

'BTN erf

x+ B
4 Bd?
1+4b 1 -2 1
= Jﬁ+—3 exp{(—g>} + aTn erf (—) ,
4b2 2vb

where a = 2d?.

Summary of the perturbation operator

The matrix elements of the perturbation operator due to external electric field, Hg, are summarized in
Table 15 and the corresponding equations are referred to in Table 16. Notice that the proton energy (—Ed)
has been added to compensate ], and it is necessary to substitute &; 15, ; o5, for « and B, respectively
and “;',15 is for Li in the appropriate relations.
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A.5. Two-electron matrix elements 181

Table 15: Matrix elements for the perturbation operator

[A1s) B1s) 1Bas) 1Bap_)
(Aqgl 0 TE (w15, w15 4) SUCT & 26p; 4) Lﬁ’;’ (&, 15, &) 26p5 4)
(Bl ];Z) (@ 1/ 04]’-,15}d) 0 0 ]éZS) (& 150 ) 25p5 )
(Basl ]y (@15 ) 2695 ) 0 0 T (@ g 255 )
(Byy| ];? (@15, @) 2p; 4) ]2;1:5) (@ 1 %), 25p; ) 11555) (@i 25ps & 25p; 4) 0

Table 16: Equations specifying matrix elements of Table 15
Matrix Matrix Matrix
elements Eq. elements Eq. elements Eq.

S, B;d)  (216) TP (w,B;d) (223) Jho(a,Bid) (213)

a.5 Two-electron matrix elements

Matrix elements of the electron—electron interaction, r1_21 = Ir_’l — r"zl_l, in the “chemist’s notation” are
written in round brackets [338]:

Gilrid k) = [ ditvdiyy; GOy )P v G (),

which is different from the physicist's notation for the same thing, (z’klrl‘z1 |j1), which uses angular brackets
and different order of orbitals. Here 1p; denotes a molecular spatial orbital constructed as a linear combination

of atomic orbitals, i.e. in our case
[) = c1|A) + c5|B)1s + c31B)os + c4|B>2p. (224)

The HF energy includes the so called Coulomb and exchange integrals:

Jij = (ilr i) = (Gjlri i) (Coulomb) ; (225)
Ky = (jlrizlji) = (Gjlriglji) - (exchange) . (226)

Since [y and |j) are linear combinations of gq4(7 — d_)), 215(7) and gzp(?) functions with different
coefficients in the exponent, several kinds of integrals occur in (225) and (226), namely: (i) four kinds
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A.5. Two-electron matrix elements

of one-center integrals; (i) four kinds of two-center integrals. We proceed by elaborating on the first type
(one-center) integrals, (i).

D& (a8, 77, 8) = fd71d7281s(“1 71)81s (B, 1)1 815 (7, 72)815 (6, P2)

> > — 2 — 2
_ C&S)C;;S)CS;)C((;S) fdrldrze (a+B)ry (7,_21>€ (Y+6)rs3

§) L (8) .(s) (s 5 kz
= ()(ﬂ)c'(Y>C((5) (27[)3[<0¢ ‘B)ZEXp{( 4((x+lg)>}]

B o \-zavo)

772
— (S) (s (S> (S) VTt

3 1 1
m+5“7+&P2Um+ﬁ>+uv+&]

(8) A(s) ~(5) .(5)
5 ci'cy’ey’c
3 a Cg Cy Cs

N[

D& (a,B,v,0) =2m

- (227)
(a+B) (7+6) (a+B+7+6R

The same expression applies to Dl(jf) (a,B,7,90).
(pp) > 12 > > - = 2
DY (a,B,7,6) :fdrldrzgzp(a, rl)gzp(ﬂ,rl)rlggzp('y,rz)gzp(é, rp)
=P, (ﬁp)cff )cmeJ‘d?ld?Z cos? Glr%e_(“Jrﬁ)r% (r73) cos? 921%6_(”5)’%

dk k 2 2(a+pB)
). .(p).(p) — c0g2
= Ca Cg Cy C (271)3{ l2(0¢+,6)] l 2 cos Hk]

() ool (s} <[]

3

ko 1P[2(7+96) 2. (7 k2
XHMM)H R "](m)em{(—um))}}’

where we used the Fourier transform result (218). The calculation of such integrals finally yields:

NGl

1

D¥P) (8,7, 8) = ¢ e PP T
b (P CTBETT T [a+ By + 0)]2

x{ _+6 (oc+,8)(')/+5)}
12 5@+B+7+0)2)"

1
(a+B+7+6R2

(228)
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Table 17: Matrix elements of two-electron interactions

|A15> |Bls> |B25> |B2p>

(ssE) I ro. (ssE) . (spE) .
Dub (“i,ls/“j,ls/“k,ls/“1,1s/d)> Dab (“1,151“]',zsp/lxk,1srfxl,2sp/d)pab (D‘i,ISI“j,Zsp/“k,ls/“lepfd)?

(spC)
ab

(ss)
<Als| Daa (D‘i,ls/ ’Xj,ls/ wk,ls/ ‘xl,ls)

(ssC) . (ssC) . .
Dab (0‘1',15/“j,ls/“;gllsragllsrd) Dab (D‘i,ls/“j,lsr“k,2sp/“l,1spld)D (ai,ls/‘xj,ls/’x;clzsp/“l,2sp/d)

(88), .1 / . (spE), / .

(By.| DSl al al) Dy (@ 160 87, 25ps Q1 150 81,25p3 @), Dy (4 160 @7 25ps O 160 81,25p5 ),
s bb \Yi,1s7 5,187 i, 157 1 1s (88)/ 1 / ) ’ . (spC) .

J Dbb (wi,ls’ak,ls’“]lsp’al,z:;p’d) Dbb (“;',151“],',1510‘&25;9/“l,Zsp/d)

(spE) .
B D(ss) Dbb (D‘i,zsp/ Xj2spr Xk, 25pr X1,25ps d),
(Basl bb (¥ 25p7 87, 25p Y 25p7 ¥1,25p) (spC) .
Dbb (0‘1',25;7/ Xj2spr Xk, 2spr X1,2sps d)

(rp)
(szl Dbb (D‘i,zsp/ “j,Zsp/ “k,ZSpr “l,Zsp)




A.5. Two-electron matrix elements
In the calculation of exchange-type integrals,
(spE)
Dbbp (a, ,B/ e 5) =

= f dr1drag1s(a, 71)82p (B, 71) (11 ) 816 (7, 72)82p (3, 72)

2 12 — 2 1 _ 2
= c&s)cg’)cg”c;”) jdrldrz cos 0y 1 e~ @WHPT _—_ cos Oyrpe” (1O

12

, 3 2

dk knz k
(») (p) ;

_ CE((S)C‘BP C$)C5p (ZT)?’lzcos Qk—é eXp{<_4(,),—+5)>}]
2(y + O)2
3
2(a + BR

where we used the Fourier transform (188). The calculation of the integral finally yields:

c,(,f>c/(5p)cﬁf)cép)

NG

Dy (&, B,7,6) = (229)

=
3@+ B)(y + 6)(a+B+y+0R

For the Coulomb-type integrals,

Dt (@, ,7,0) = [ dFidrsgisa, 7)g1s (B, 7))
ngp (’)’/7’_)2 )gZP (5/ r-)Z)

NGl

T
= c&s)c(ﬁs)cfyp)cé”)

1
@+ B)(y+8)2a+B+v+6)2

2 a+p
xll—gm]. (230)

Passing now to the discussion of two-center integrals, we begin with the exchange-type ones, involving
the s functions on both centers:

DL(ZZSE) (DC/ ,B/ Y, (S,d) = f d?l d?zgls(oé, 171 — d_))gls (IB, 171)
1 R 5 .
X =——==815(7, 2 — d)§15(4, 72) (231)

|7’1 — 7"2'

= f dry diofy (71)f2(r12)f3(72) ,
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where

f() = g1s(a, 71 — Vg1 (B, 1),
1
fo(r2) = 5——==

|7’1 — 7_’)2| !
f3 (72) =41s (f)// 7_}2 - d)gls((sl 1—}2) .
Following Szabo and Ostlund [338, Appendix A], we first express products of Gaussian functions occurring

infl(?l) andf3(?2) as other Gaussian. Normalization constants will be ignored at this step, they will be

introduced in the final results. The integral in (231) becomes:

L 1 -
M f d?l d?ze_p<r_Rp)2—e_q(r_Rq)2 , (232)
12
where:
f{p_%j, f{q:%j,p:,x-kﬁ, g=7v7+46,and
3 «p Yo >
M—exp{< l“+‘5+7+5]d>}. (233)

Now we can use Fourier transform for each factor in the integral (232):
3 2
> 7T 2 L2 > 47T
f1(k) = (E) eXp{<—@ - l(k'Rp))}} fz(k) = k—z}

3
> E k2 > >
fa(k) = (%) exp{(—g — i(k-Rq)>}. (234)
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The integrals over 7, and 7, introduce two d-functions of k and remove two integrations over different
kvectors that appear after substituting the Fourier integrals into (232), so we obtain:

M
D;ZSE)(“’IB’% 5,'d) — C[(Xs)cés)c(s)c(s) 7T -
2(p7)?
dk P+4q,,
X kzexp{( qu + ik - (R —Rq)>}
M +
= ey ey ——4n f jokR, )exp{(—Z—JkZ)}dk
2(pp)2 O
() Merf Pi_ R (235)
G 3 p+q 7]’
(pg)2

where R, = |RP - qu.
The two-center s-s Coulomb-type integrals read:

DGO @, By, 8d) = [ diydiagys(a,y — d)gis(BF1 — d)

1 > >
X ——g15(7, 72)g15(5, 72). (236)
|71 — 73]

We can use here the previous result with ﬁp = j R, =0

q
and M — exp{ (—%cﬂ)}. Explicitly, we have:

3

DéSZ;SC) (IX, ‘B, ,.y’ 5’d) — Ct(XS) ‘(BS)C’()/S)C((SS) 7T
[(a+ B)(y+0)]

ol R

The two-center exchange-type integrals involving s and p-functions are:

NG

(237)

D;prE) (lx/,B/’Y/ 5/d) = fdi_’)ld?zgls(ﬂt,i_’)l — (I)gzp(ﬁ,i-’)l)
1 .
|7" = Igls(’)/l Ty — d)gZp((sl 7’2)

= f drydrof1 (11)f2 (112)f3(P) (238)
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where:

A.5. Two-electron matrix elements

fl(;}l) = gls(a/ 7_")1 - d))gZP(,BI ?1)/
1
fa(r12) = 5——==

7
|71 — 7_’)2|

f(F2) = g15(7, 72 — d) g2,y (8,72)

Now we shall use Fourier transform in the integral (238):

As before,

f1(7<)

= frl cos Gle_P(?l_Rf’>2_ik'?ld?1
1 ik > > > (P ] 2_']_%, 2 _ P >
_ R_pe 1kRplj[(r1 _Rp) -Rp]e p(#—Ry,)*—ik-(74 Rp)dr1
+R}27 J'e—p(?—RP)2_ik-(F1—RP)d71]
= e_ik'RP[ f rcos G P> —1kD g +R, fe_prze_i’z'Fd?]
2 2 2 2
_ —ikR,| . 2k k T2 k
= e PlzcosGk 5 exp{(—@>} +Rp—§exp —@
2p2 p>
where we have used the result (208)
3
_ikR 2 . k k2
= e 7 —g[zcos Ok (5) + Rp] exp{(—g)}. (239)
pZ
> 4
f2 (k) k_z , and
2 2
> _ikR, T2 k k
fak) =e 9 —%[—zcos 9k<2—q> + Rq] exp{(—g)}. (240)
q
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Substituting this into (238),
3
E (5) .(P) (5) (P) T
D, PE (a, B, 7, 6;d) = c§'c Ch ey 47TM—§
(pq»?

f%{[R +zcos€k<k)]
}} (241)

exp

f—’—«.ﬁ

X [Rq icos Hk

(S) }(319) o) (P)M

le

2(pq)
xf%[R R +i<% - Zp>§cosek+§coszék]
{(—%kz +ik - (R, —Tzq))}

~(h+L+13), (242)

where 11, I,, I are given by the following expressions
T (R, -R,)c0s0 p+q
ik(R,—R,) cos 0} 2
e P d cos Gk] exp{(——k )}dk
1 f[ j 4pq

[ p+a

1R, R
d qerfl

& R
—x = = ! (243)
2 R,

245

with R, = [R, — R,| and s = ke’
Z
]k

-1

(244)
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(e}

1 ! K(R.—R
- 2 ik(R,—R,)cos 6y |12
13_16;7(1(“ _jldcos()k cos“Be” P ]k

x exp{(—mk2>}dk
4pq

(e}

— i jl (x) —sx2,2
= Squg (! [—]z(x) - ]e x“dx
= |1t exp R VTt erf 1 . (245)
8pgR3 A 2 4s NG
S

Thus, D;ZPE) is given by (242) where M is given by (233),p = a + B, 9 = v + J; I1, I, and I3 are

+
given by Eqs (243) - (245), R, = R, — R,|, R, = ~d, R, = Td and s = L—1

q 4pqRZ’
Finally, the evaluation of the Coulomb-type integrals between s and p functions at different sites proceeds
as follows:

DY (@, By, 6:d) = [ drdiagis(a, i — digic(B, 7 — d)

1 - >
X =———==82p(7,72)82p(0,72) (246)
Ir1 — 15l

:jf@@ﬁ@nﬁwuyaéﬁ

where

i) = grs(a, Ty — Vg1 (B, 71 — ),

4

f2(7’12) =S5
|71 — 75l

f3(?2) = gZp(’Y/ ?Z)gZp(‘S/ 72) .
The Fourier transforms of these functions are:
3 2
2y — 4B o\ (7Y L A
=l (-25)) 5 (- 5-9)
fz(l_é) asin (50),
fy(k) = fei’z'7r2 cos? fe=(r+OIr* g

3

- (31) [t -] (7T ={(-0)) o
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as it has been calculated before, Eq. (218). Therefore:

pC) _ (5) () .(P) .(P) ap dk i (7O
i =0l ool (5 )} e (5
3

ool (5 )} 5 (5 ool (&)1 - o]
X _—— X — | — X — | — - —
"Wa)) e \q) U5 g 2™
m 2m 1 ap
= — = d) Xy + Xa],
oz ! <2n>3exp{< a+p )}[ 1%l
with
> 5 k2 k2 272 pq
= [el(da-5-5)} - T
dk P+
— _ | ZZsitkd) 2 _ 2
X, = kze 2 cos- 6 exp{( —4pq k )}
27 1+4s 1 1
- | (g e (57 |
452
p+q _ .
where s = . Finally, we obtain:
4pqd?
(spC) _ () () .(P) () ap
DO = PPy eXp{(_md2>}
i ! P
x[ 35 (1—qd2>erf( P+qd>
2p2q2d
5
2
F (1 B el (- P ) L. (248)
2 pad? p+aq
(p+02q°

The equations according to which the matrix elements summarized in Table 17 are calculated are reminded

in Table 18.
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Table 18: Equations specifying matrix elements of Table 17.

Matrix Matrix
elements  Eq. elements Eq.
DY (227) DEsH) (235)
DGO (237) DSPE(242) — (245)
D%jfg (248) Dé(jfE)) (229)
S
D~ (230) D7 (228)

191



	1 Introduction
	2 A brief journey on quantum computation
	2.1 Quantum physics
	2.2 The Hilbert space formulation
	2.2.1 The state space
	2.2.2 Interference
	2.2.3 Unitary evolution
	2.2.4 Observables
	2.2.5 Measurements
	2.2.6 Combining quantum systems

	2.3 The density matrix formalism
	2.3.1 Pure and mixed states
	2.3.2 Evolution
	2.3.3 Entanglement
	2.3.4 Decoherence

	2.4 Quantum Computing
	2.4.1 The state space: finite vs infinite dimension
	2.4.2 Transitions between states: unitarity and time
	2.4.3 Acceptance states
	2.4.4 Semantics of quantum programming languages
	2.4.5 Computing models

	2.5 Quantum Complexity
	2.5.1 Quantum complexity classes
	2.5.2 Quantum advantage

	2.6 Summary

	3 On efficient quantum algorithms
	3.1 The Bounded Quantum Probability class
	3.2 Search, sampling and simulation algorithms
	3.2.1 Local Hamiltonians
	3.2.2 Sparse and d-Sparse Hamiltonians

	3.3 Case study: Simulation of non-radiative energy transfer in photosynthetic systems using a quantum computer
	3.3.1 Modeling the simulation
	3.3.2 No–decoherence Hamiltonian
	3.3.3 Introducing decoherence into the system
	3.3.4 Results
	3.3.5 Coherent regime
	3.3.6 Decoherent regime

	3.4 Algorithms based in the quantum Fourier transform
	3.4.1 The Quantum Fourier transform algorithm
	3.4.2 The Shor algorithm and the hidden subgroup problem (HSP)
	3.4.3 Non-Abelian Hidden subgroup problem

	3.5 Hybrid algorithms
	3.6 Summary

	4 Quantum optimization and quantum chemistry
	4.1 Search, constraint satisfaction and optimization
	4.2 Optimization using quantum computers
	4.2.1 Universal quantum algorithms
	4.2.2 Quantum adiabatic computing and quantum annealing
	4.2.3 Variational methods
	4.2.4 The Variational Quantum Eigensolver
	4.2.5 The quantum advantage of the VQE method

	4.3 Case study: Calculation of the ground–state Stark effect in small molecules
	4.3.1 Many-particle systems
	4.3.2 Molecular Hamiltonian and Hartree-Fock approximation
	4.3.3 Second quantization
	4.3.4 Mapping the fermion Hamiltonian onto a qubit representation
	4.3.5 Trial wave functions (ansätze)
	4.3.6 Results and Discussion
	4.3.7 Results: H2 molecule
	4.3.8 Results: LiH molecule

	4.4 Summary

	5 A Logic for the QASM programming language
	5.1 Standard quantum logics
	5.2 Dynamic aspects in Quantum Logic
	5.2.1 Quantum dynamic logic and its semantics

	5.3 A dynamic logic for QASM programming language (LQASM)
	5.3.1 The QASM programming language
	5.3.2 Syntax for the dynamic logic
	5.3.3 Discussion
	5.3.4 Semantics
	5.3.5 The state space
	5.3.6 Propositions
	5.3.7 Program semantics

	5.4 Some valid rules and examples
	5.4.1 States, amplitudes and probabilities
	5.4.2 Creation of registers
	5.4.3 Unitary gates
	5.4.4 Measurements
	5.4.5 A Hoare style sequence rule
	5.4.6 Putting it all together: A quantum coin tossing program
	5.4.7 The teleporting protocol

	5.5 Proof of decidability
	5.5.1 The main idea of the proof
	5.5.2 Application to the Probabilistic logic of quantum programs
	5.5.3 The decidability proof of the QASM logic

	5.6 Summary

	6 Conclusions and Future work
	6.1 Future work

	A Appendix A - Calculation of the matrix elements
	A.1 STO-LG wavefunctions
	A.2 One-electron matrix elements
	A.3 Kinetic Energy Matrix Elements
	A.4 Matrix elements of the interaction with external electric field
	A.5 Two-electron matrix elements


