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ABSTRACT

In this paper, a general setting is presented to study the exponential stability of
discrete-time systems with bounded or unbounded delays. Based on the M-matrix
theory, we establish sufficient conditions to ensure the global exponential stability
of the zero equilibrium of low-order, and high-order, discrete-time Hopfield neural
network models with unbounded delays and delay in the leakage terms. A compar-
ison of the literature shows that our results generalize and improve some in recent
publications.
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1. Introduction

In recent decades, neural network models have attracted the attention of a high number
of scientists due to their many applications in various engineering and scientific areas
such as content-addressable memory, pattern recognition, signal processing, image
processing and optimization (see [8, 9, 29]).

In 1984, Hopfield [17] studied the artificial neural network described by the following
system of ordinary differential equations

2i(t) = —ami(t) + Y _bifi(z;(t), i=1,...,n. (1)

j=1

In order to reproduce the effect of finite transmission speed of signals among neu-
rons, communication time, or process of moving images, Marcus and Westervelt [21]
introduced a discrete delay in (1), making it more realistic. In the same publica-
tion, they observed that the delay can destabilize the system. In fact, the delay can
affect the dynamic behaviour of neural systems [1], therefore the stability of delay
neural network models have been the subject of an intense research activity (see [2—
6, 10, 12, 15, 16, 19, 20, 22, 23, 25-28, 31-37] and the references therein).

Roughly, mathematical neural network models can be classified into two types:
continuous-time models and discrete-time models. In spite of the former being the
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main focus of mathematicians, it is essential to formulate, and study, discrete-time
versions because of computational implementations [23, 24].

In the present work, we consider discrete-time low-order and high-order neural net-
work models with unbounded delay and delay in leakage terms. Using systems with
unbounded delay, it is possible to modulate phenomena where the entire history affects
the present. At this time, the continuous-time neural network model with unbounded
delay is widely studied (see [5, 12, 19, 25, 36] and references therein), while few re-
search works are focus on the discrete-time case [6]. To the best of our knowledge, the
global stability of a discrete-time high-order neural network model with unbounded
delay has not been studied yet. We should say that many authors pay attention to
low-order neural network models, but it is worth studying high-order neural network
models because, compared with low-order systems, they have stronger approximation
properties, fast convergence speed and higher fault tolerance [14, 30, 31, 36].

Since the work of Golpasamy [15], the continuous neural network models with delay
in the leakage terms have been studied by several authors [18, 26, 33] but, as far as
we know, there are few results concerning the stability of discrete-time neural network
models with delay in the leakage terms [6, 27, 28].

The problem of stability of equilibrium of discrete-time Hopfield neural network
models with delays has been studied [6, 10, 16, 22, 23, 27, 28, 31, 35]. However, the
models considered have finite delays [10, 16, 22, 23, 27, 28, 31, 35|, or with infinite
delays but just for low-order models with discrete delays independent of the neurons
[6].

In this paper we establish a global exponential stability criterion of zero equilibrium
for a discrete-time general system with unbounded delays and we apply it to low-order
and high-order Hopfield models to get new stability criteria. The classical method of
proof used in the literature [23, 27, 34] consists in constructing a suitable Lyapunov
function that assures the global stability of the equilibrium. Here, as in [2, 10, 16], the
method of proof goes through applying properties of non-singular M-matrix, which
are easier to deal with than Lyapunov functions and, at times, the hypothesis are easy
to verify.

Finally, we describe the contents of the paper. In Section 2, we introduce some
essential notations, define the phase spaces for discrete-time systems with bounded or
unbounded delays in general settings, and establish general global exponential stability
criteria. Section 3 is the core of the paper, where the stability results are established for
discrete-time, low-order and high-order, Hopfield neural network models with bounded
and unbounded delays and delay in the leakage terms. A relevant comparison with
results in the literature are presented. In Section 4, numerical examples are presented
to illustrate the effectiveness of the main results. The paper ends with a short section
of conclusions.

2. Notations and basic stability results

In this paper, we denote by R the set of real numbers, by RT the set of positive real
numbers, by R~ the set of negative real numbers, by Z the set of integer numbers,
and by N the set of positive integer numbers. For a set I C R, we define Iz = I NZ
and we denote by Z the set of non-positive integer number, i.e. Z; = (—o0,0]z.
Given n € N, we are going to consider the cartesian product R" equipped with the

maximal norm, i.e. |d| = Arﬂax] |d;|, for d = (dy,...,d,)T € R™.
€lln|z



For a positive real number «, we consider the space X, of the functions
p:Z2y — R
such that sup;c;- lo(j)] e < oo, equipped with the norm
aj )

lella = sup [@(j)]e
J€Ly

For n € N and o € Rt, we denote by X the space of the functions

: Zy — R"
J

= (@1(j), . '7(1071(j))T

such that ¢; € X, for all i € [1,n]z, i.e.

n_ ) ©: Zg — R
X ‘{ i @)l

mes ( sup lgi(7)] e | < oo b,
iE[l,n]Z JEZy

equipped with the norm

[Plla = max [lgilla = max { sup |pi(i)le® |, Vo= (p1,...,00)" € X0
i€[1,n]z i€[1,n]z jezs

For d € R", we also use d to denote the constant function $(j) = d in X7. A

vector d = (dy,...,d,)T € R™ is said to be positive if d; > 0 for all i € [1,n]z, and
in this case we write d > 0. We also denote a'= (dl_l, ... d_l)T in case of d; # 0

»r'n

for all i € [1,n]z. For d = (d1,...,d,)" € R? and § = (q1,...,¢,)" € R?, we write

dg = (diqi,...,dng,)T € R, which is not the inner product.
Given a function  : Z — R" such that sup;¢,- [Z(j)|e® < oo, we denote the ith

component by x;, i.e. T = (x1,...,2,)", and, for each m € Z, we define T,,, € X" by

Tm(j) =T(m+j), j € Zg -

The normed space X! is introduced as a possible phase space of difference equations
with unbounded delays, where the longer the delay is, the lesser its influence. A general
system of delay difference equations is defined by

zi(m+1) = Fi(m,Tw), Vm€lo,00)z, 1€ ][l,nlz, (2)
where 0 € Z and F : Z x X' — R" is a function with F(m,p) =
(fl(m7¢)7 e 7]:?1(m7¢))T'

For each 0 € Z and ¥ € X, we denote by Z(-,0,%) the unique solution

z:7 —R"

of (2) with initial conditions Z, = @.



For difference equations with finite delays, we consider the usual phase space Y,
where 7 € Ny is the delay (there is no delay if 7 = 0) and Y is the cartesian product
with Y, the normed space of the functions ¢ : [—7,0]z — R equipped with the norm

loll = max |6(5)]-
_]E[*T,O}Z
The norm considered in Y, is the supremum norm, i.e. for ¢ = (¢1,...,¢,)1 € Y we
have
6]l = max |[ll.
i€[l,n]z

For each a > 0 and 7 € Ny, the operator 577(1 =®:Y" — X", defined by

O(p): Zg — R™
i { g’(y), / ; E:;(?]i)z : (3)
is one-one, thus we can regard Y as a subset of X, i.e.
Y=oV C X
We note that

ol > [2(d)lla Yo € V.

We now state a global stability result for the general system of difference equations

2).

Theorem 2.1. Let o« > 0 and F : Z x X! — R", with F(m,p) =
(Fi(m, ), ..., Fu(m, @)L, the function in system (2).
If

[Fi(m, @)l < e *[[@lla, Vo € Xg,Vm € Z,Vi € [1,n]z, (4)
then the zero solution of (2) is globally exponentially stable, i.e.
|Zm (-0, B)la < e ") |B|la, Vo €Z,¥p € X2, Vm € [0,00)z.
Proof. Considering 0 € Z and @ = (¢1,...,¢,)" € X7, we define

Vi [o,00)z

_)
m s gm0

2l

and we denote Z(m) = Z(m, o, ®) the solution of (2) with initial condition T, = @.
By induction on m € [0, 00)z, we prove that

[Zmlla < V(m). ()



For m = o, trivially we have
1Zslla = [1Zo (-, 0, P)[la = [[lla = V(o).
Now, we assume that, for some m € [0, 00)z, we have
|1Zrlla < V(r), Vreo,m]z. (6)
From equation (2), induction hypothesis (6), and (4), for each i € [1, n]z, we have
jzi(m +1)| = | Fi(m, B)| < €™ [Bmlla < eV (m) = e "7 ]| o = V(m + 1).
From (6), we also have |z;(r)| < V(r) for all r € [0, m]z and ¢ € [1,n]z, thus

lzi(r)] < V(r), Vre]o,m+ 1]z, Vie[l,n]z.

Consequently,
|Zmtille = max [ sup |z;(m+ 1+ j)|e®

1€[1,n]z jezy

= max sup lzi(m +14+5)e*, max |z (m+1+ 7)Y
i€[l,n]z jE(—o0,0—m—1]z j€(o—m—1,0]z

< max sup lpi(j+m+1—0)|e”, max V(m+1+j)e¥
i€[l,n]z jeE(—o0,0—m—1]z j€(c—m—1,0]z

= max ¢ sup |pi(j)[e*VTTTY max e UM g o
i€[1,n]z j€(—00,0]z j€(c—m—1,0]z

= max ¢ sup |pi(j)]e¥ e IO mamH= g,
i€[lnlz | je(—oo0,0]2

= ) gy = Vi(m + 1).
Thus (5) holds and, by definition of V', we obtain

Hfm(~,0, @)Ha < e—oz(m—a) H@HOM

and the proof is concluded.
O

The exponential stability result given in Theorem 2.1, can also be applied to differ-
ence equations with finite delays, i.e. to models which can be written in the form

yilm+1) = Gi(m,7,,), VYmé€[o,00)z, i€ [l,n]z, (7)

where 0 € Z, G : Z x Y* — R™ a function with G(m, ¢) = (G1(m, d), ..., Gn(m,d))7,
and 7,, € Y defined by 7,,(j) = g(m + j) for j € [—7,0]z.

Corollary 2.2. Let 7 € Ng, £ > 0, and G : ZxY" — R with G(m,¢) =
(Gi(m, @),...,Gn(m, )T, the function in system (7).



If
Gi(m, @) <e™*||dll, Vo e Y] VmeLVie [l n]z, (8)

then the zero solution of (7) is globally exponentially stable, i.e. there are C > 1 and
a > 0 such that

G (0, 0)|| < Ce M=) |[@||, Vo € Z,Yd e Y™, Vm € [0,0)z.

Proof. Let 0 € Z, ¢ € Y, and denote 3(m, 0, ¢) = 7(m) = (y1(m), ... ,yn(m))T the
solution of (7) such that 7, = ¢.
Fix a > 0 such that £ > «(1 + 7). For m € [0,00)z and ¢ € [1,n]z, we have

where ® is defined by (3) and

Fi: ZxX" — R
(mﬂa) = g’L <m7¢|[77’0]z) ‘

This means that 7 is the solution of

zi(m+1) = Fi(m,Tw), i€ [1l,n]z,

with initial conditions T, = ®(¢), i.e. y(m) = T(m, o, ®(9)).
By (8), for each @ = (¢1,...,9,)" € X and i € [1,n]z, we have

Fmpl = |6 (m7 )| < [F .,
< e ¢ max max  |p;(j)] e®U+7)
i€[l,n]z \J€[-7,0]z
< €% max | sup |<Pz'(j)|e°‘j> =e 5.

i€[l,n]z jezy
As & — at > «a, we conclude that
[Fi(m,p)| <e™*@lla, VP € X, Vi€ [l,n]z.
From Theorem 2.1, we obtain
1Zm (0, B()]la < e [B(H)]lay  Vm € [0,00)z.
Consequently,

T (0, B(D) [l < ™ e T B() o < e |



and as

1Tmll = sup |f(m + 7, 0,5(5))‘ < sup |f(m + 7, 0,5(@)‘ eo(T+7)
jel=r: el

< Tl 0, () las

finally we have

7m0 D) < Cemem= g,
with C = e™. O

The stability results in the next section involve the concept of non-singular M-
matrix. Thus we recall the definition here.

Definition 2.3. Let M = [m;;| a square real matrix with non-positive off-diagonal
entries, i.e. m;; <0 for all ¢ # j.

The matrix M is called non-singular M-matrix if all the eigenvalues have positive
real part.

The matrix M is called M-matrix if all the eigenvalues have non-negative real part.

There is a large number of equivalent properties to identify a non-singular M-matrix
and we refer to Chapter 5 of [13] to see them and to study further properties.

3. Main results

In this section, by a non-singular M-matrix method, we establish global exponential
stability criteria of zero equilibrium of discrete-time Hopfield neural network models,
of low-order and high-order, with unbounded delays and delay in the leakage terms.

3.1. Low-order Hopfield model

First, we consider the following discrete-time low-order Hopfield neural network model
n n
zi(m+1) = awi(m — 6;(m)) + Y _ big f5(x;(m)) + > eij fi(w5(m — 7i5(m)))
j=1 j=1
n o0
+> dig > pisifi(ai(m = 1)), i € [1,n]z, (9)
j=1 =1

where n € N is the number of neurons, x;(m) is the state of i-th neuron at moment
m € Z, A = diag(ai,...,a,) is the self-feedback connection weight matrix with a; €
(—1,1), B = [bij], C = [ci5], and D = [d;;] € R™™™ are, respectively, the connection
weight matrix, the discrete delay connection weight matrix and distributive delay
connection weight matrix, f; : R — R are the neuron activation functions, d; : Z — Ny
are the delays in leakage terms, 7;; : Z — Ny are the discrete time delays, and (p;ji)ien
are non-negative sequences in the infinitely distributed delay terms.

Under different setting, the stability of (9) was studied by X. Chen et. al. [6] in the
complex field.



Remark 1. As is refereed in [6], the so-called infinitely distributed delay terms in (9),
> pigfilai(m = 1)),
=1

can be regarded as the discretization of infinite integral form

/O ki) (¢ — 5))ds

for the continuous-time Hopfield neural network models (see for example [7, 12, 20]).
To deal with the model (9), we assume the following hypotheses set:
(H1) for each j € [1,n]z, there exists F; > 0 such that
()] < Fjlul,  VueR;
(H2) for each i,j € [1,n]z, there exist §, 7 > 0 such that
di(m) <6 and 735(m) <71, Vm € Z;

(H3) for each i,j € [1,n]z, the sequence (pjji)ien, With p;;; > 0, satisfies the conver-
gence conditions

) 00
Zpijl =1 and Zeél Pijl < 00,
=1 =1

for some & > 0;
Remark 2. The hypothesis (H1) implies that Z(¢) = 0 is an equilibrium of (9).

Remark 3. In the studies about global stability of neural networks models, discrete
and continuous, it is usually assumed that the activation functions, f;, are Lipschitz
2, 6, 7, 10, 12, 25, 37]. Here we do not assume that f; are Lipschitz and hypothesis
(H1) only implies the continuity of f; at u = 0. Condition (H1) is assumed in [10] for
discrete-time models and in [32] for continuous-time models.

The most famous activation functions used in neural networks, such as linear ReLu
(rectified linear unit), leaky ReLu, sigmoid, and tanh (hyperbolic tangent), verify
hypothesis (H1).

Remark 4. The hypothesis (H3) can be regard as the discretization of the integral
conditions

/ kij(s)ds =1 and / kiij(S) egs ds < 00,
0 0

usual in several studies about global exponential stability of continuous neural network
models with unbounded distributed delays (see for example [19, 25]).

To define a convenient phase space for system (9), we need to prove the following
lemma.



Lemma 3.1. Assume hypothesis (H3).
If v > 0, then there is n > 0 such that

oo
Zetl Pijl <1+ 7> Vit € [0777}7 VZ’] € [17 n]Z- (10)
=1
Proof. Let v > 0.
oo
Fix i,j € [1,n]z and consider the function G(t) := Gj;(t) = Zetl piji, for t € [0,¢].

=1
As p;j; > 0, for all I € N, G(t) is a non-decreasing function and, from (H3), we have

(0.9} oo
0)=> pig=1 and G&) =) epy <oo.
=1 =1

We now claim that G is continuous on [0, £].

o)
Fix € > 0. From (H3), there is N € N such that Z et piji < % and consequently
I=N

= 9
Z etl Pijt < §, Vit € [O,é‘].
I=N

Since g(t,1) = e is uniformly continuous on [0,&] x ([1, N]z), there is 8 > 0 such
that

Vt’s € [O7£]7VZ S [LN]Z : |t—5| < ﬁ:> ‘etl_esl

<£
3
Thus, for ¢, s € [0,¢] with |t — s| < 8, we have

|G(t) - G(S)| - Zetl Pijl — Ze Pijl

=1 -
N-1

I
Z( es)Pijl
1
’e

o o0

Z ! Pijl — Z e Pijl
mﬁ+zww+zww

1

(o @]
13
ngl) + 5+ §

IN

_l’_

IN
Wit ——~
/\W %ﬂ

Consequently G is continuous on [0, £]. From Intermediate Value Theorem, we conclude
[e.e]

that there is ;; € (0,&) such that G(n;;) = Gi;(ni;) = Zemil piji < 14+7v. As Gj; are
=1
non-decreasing, condition (10) holds taking

1 = min ;.
ij



O]

Now, we state our result on the global exponential stability of zero equilibrium of
(9).

Theorem 3.2. Assume (H1)-(H3).
If

M = diag(1 — |ar|, ..., 1 = |an|) — [F;(|bss] + |cij| + |diz])]

is a non-singular M-matriz, then the zero equilibrium of (9) is globally exponentially
stable, i.e. there are C' > 1 and o > 0 such that

IZn (0,20 < Co ™ B, V(0vP) € Z x X, Ym € [0,00)z.

Proof. If M is a non-singular M-matrix, then (see Fiedler [13, Theorem 5.1]) there
is p= (p1,...,pn)T > 0 such that Mp > 0, i.e.

— pilai| — ij (bij| + lcij| + |dij]) >0, Vi € [1,n]z.
Consequently, there is v > 0 such that
pie " —p;lai| e Zp] ]sz\ + Jeij) €77 +|di| (1 4+~ ) 0, Viel[l,n]z. (11)
From Lemma 3.1, we conclude that there is a € (0,~) such that

o0
> e pi <1+, Vije[lnlz (12)
=1

and, as 0 < o < v, from (11) we obtain
pie”® —pila;] e*® — ij (Ibij] + leizl €7 +dij| (1 +7)) >0, Vi€ [1,n]z
and consequently

n
e Y > \ai|ea5+Z%Fj(|sz| + Jeij| €T +|dis| (1 +)), Vi € [1,n]z. (13)
j=1""

The change of variables y;(m) = p; 'x;(m) transforms the model (9) into
yi(m +1) = a;yi(m — 6;( +Z fJ pjyj(m)) + Z = f] (pjy;(m — 7i5(m)))
+Z & szﬂf] pjyj(m—1)), i€[l,n]z. (14)
=1 P

10



Considering X! as the phase space of model (14), then it assumes the form
yz(m+1) :fz(maym)ﬂ (S [Ln]%

where
fi(m,‘P) az‘Pz( z +Z fj p]SO] ))+Z%fj(pjg0j(—nj(m)))
£y ”przfg (pjs (1), i€ [Lalz,
j=1 Pi

for all o = (¢1,...,9n)7 € X and m € Z.
Now, for i € [1,n]z, 7 = (¢1,...,¢n)T € X%, and m € Z, from (H1) and (H2) we
have

Fim, @) < laigi(—6i( |+Z‘”'rf] P >>|+Z";‘?|fj<pjsoj<—nj<m>>>|
j=1 '

+Z MZPW\JZ’(@%(—D)\
j =1
—ad;(m) n »

< a—ad:(m) : Fjp;jle;(0)]
7j=1
‘Cw| lpj(=Tii(m))|e —omiy(m)
+Z ] Dj e —aT;;(m)
‘dlj| lpi(=0)]e o
+E Z PigtEiP; = o
< |CL' ||(10||a + Z |b2]’ H || + Z |CU‘ . ||¢||a
= 1% 205, (m) D Eipil@lla Jae,m(m)
Y
3 S i
pi 4
< Iazle“5ll<ﬂlla+z jF |bzg|!|90||a+zp]F lcij| €T 1Plla
Jj= 1 j=1

n oo
P _
+> S Fldi) Y e piji|[lla
j=1 Pi =1
Jail e+ p*],Fj <bz'j| + ey €T +ldi| > e Pijl) [[?las

j=1*%" =1

11



and from (12) and (13), we obtain

n
— by — —a||—
[Fi(m, )| < Iaile“5+zp4Fj(!bijl+\cwle‘”ﬂdwl(lﬂ)) Plla < e [llla-
j=1""

From Theorem 2.1, we conclude that

G (- 0,57 P) la < e 57150, Vo € Z,Yp € X2, ¥m € [0, 00)z,

[0}

which implies that

min (p7 Y} Tm(,0,8)|la < e ™ |B]a m?x{p;l}, Yo € Z,Yg € XI',Ym € |0,00)z,

where Z(-,0,9) is the solution of (9) with Z, = . Finally we obtain

max; {pl} efoc(mfa'

min; {p; N[@lla, VYo €Z,¥5 € X2, Ym € [0,00)z.
i{pi}

Hf’m(a g, ¢)|’a S

O

As a particular situation of model (9), we have the discrete-time Hopfield neural
network model with finite delays and delay in the leakage terms

zi(m+1) = awi(m—6i(m))+ Y bijfi(x;(m))
j=1
+> cijfi(zim —ij(m))), i€ [Ln]z (15)
j=1

From Corollary 2.2, we obtain the following criterion for the global exponential stability
of the zero equilibrium of (15).

Proposition 3.3. Assume (H1) and (H2).
If

N =diag(1 — a1, .., 1 = |an]) = [Fj(Ibij| + |ci;])] (16)

is a non-singular M-matriz, then the zero equilibrium of (15) is globally exponentially
stable, i.e. there are C' > 1 and o > 0 such that

Zm (-0, 8)| < Ce ™ |g]l,  V(o,4) € Zx Y}, Vm € [0,00)z,

where w = max{J, T}.

Proof. Consider w = max{d, 7}, where 0 and 7 are defined in (H2).
As N is a non-singular M-matrix, then (by Fiedler [13, Theorem 5.1] again) there

12



is p= (p1,...,pn)T > 0 such that
— pilai| — ij (1bij] + leiz|) >0, Vi€ [1,n]z.
Consequently, there is £ > 0 such that

pie”t > pilai| + Zp] (|bij] + leij]), Vi€ [l,n]z. (17)
7j=1

The change of variables y;(m) = p; 'z;(m) transforms the model (15) into

yim+1) = ayi(m—5(m +Z f; (psyj(m))
+3 %fxpjyj(m —75(m))), i € [1,n]z. (18)
j=1""

Considering Y as the phase space of model (18), then it assumes the form
yl(m + 1) = gz(mvgm)7 (S [1?n]Z7

where
Qz(m,a) = ai¢i(_ i\m +Z ” f] p]¢] +Z & f] p](bj( TZ]( ))) € [Ln]Z:

for all ¢ = (¢1,...,6,)" € Y and m € Z.
Now, for i € [1,n]z, ¢ = (¢1,...,¢n)T € Y7, and m € Z, from (H1) and (H2) we
have

_ bZ i
Gi(m, @) < lasi(~d:(m |+Z' Jm (03650 |+Z‘ ]||f] (0365 (—733(m)))]

IN

IN

= b \ - LS
|adl| o]l + E 2 Fypsl[61 + E 2 Fps @l
— Pi — P
J J
and from (17) we obtain

Gi(m. @)| < [lail + %Fj (1big] + leis) | Il < e~ [18]]
j=1""

From Corollary 2.2, there are C* > 1 and a > 0 such that

G (-0, p D) < CF ™= p71G), Vo € Z,¥$ € Y, Vm € [0,00)z,

13



and finally we conclude that
[Zm (- 0,0)| < Ce ™ Yg|l, Vo €L,V € Y], Ym € [0,00)z,

where C' = 0%3’} O
min; {p; }

Remark 5. For model (15) with b;; = 0, with constant delays, and without delay

in the leakage terms, i.e. 7;;(m) = 7; and §;(m) = 0 for all m € Z, 1,5 € [1,n]z, Y.

Hong and W. Ma [16, Theorem 3.1] proved the global attractivity of zero equilibrium

assuming that: the matrix N, defined in (16), is an M-matrix and the activation

functions f;, j € [1,n]z, are differentiable and satisfy

i) f;(0) =0, |fj(u)| <1, for all u € R, 1i_>rn fj(u) =1, and Em fi(u) =—1;
U—>00 u —0oQ

ii) fi(u) >0 for all u € R and f}(0) = sup fj(u) = 1.
u€eR

In this work, we do not assume differentiable activation functions and conditions i) and
ii) imply (H1) with F; = 1. However, Proposition 3.3 does not improve [16, Theorem
3.1] because we assume the restrictive condition of N being non-singular M-matrix. In
fact, this restrictive condition is needed since we get the global exponential stability of
the equilibrium while in [16, Theorem 3.1] the authors obtained the global attractivity
of the equilibrium.

3.2. High-order Hopfield model

Now, we consider the following discrete-time high-order Hopfield neural network model
with unbounded delays and delay in the leakage terms,

zi(m+1) = agi(m—&i(m))+ Y _ b fi(z;(m))

j=1

+3 > cingj(xi(m — g (m)) gk (@x(m — 7ijr(m)))
=1 k=1

+D 0N din ( pijigs(@;(m — l))) (Z pikigr(zk(m — l))>(19)
=1 k=1 =1 =1

with ¢ € [1,n]z, where n € N is the number of neurons, z;(m) is the state of i-th neuron
at moment m € Z, A = diag(aq, ..., ay) is the self-feedback connection weight matrix
with a; € (—1,1), B = [b;;] is the low-order connection weight matrix, ¢;;; € R are the
high-order connection weights to discrete delay terms, and d;;; € R are the high-order
connection weights to distributed delay terms, f;, gj : R — R are the neuron activation
functions, d; : Z — Ny are the delays in leakage terms, 7;j, : Z — Ny are the discrete
time delays, and (p;;i)ien are non-negative sequences in the infinite distributed delay
high-order terms.

To deal with the model (19), we assume the hypotheses (H1) and (H3) from the
model (9) joint with:

(HO1) for each j € [1,n]z, there exist G;, M; > 0 such that

lgj(u)] < min{M;, Gjlul}, VueR;
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(HO2) for each i,j,k € [1,n]z, there exist §,7 > 0 such that
0i(m) <6 and 1j6(m) <7, Vm € Z.

Remark 6. We should remark again that hypotheses (H1) and (HO1) imply that
Z(t) = 0 is an equilibrium of (19).

Using similar arguments to those present in the proof of Theorem 3.2, we obtain the
following exponential stability criterion for the zero solution of (19). For convenience
of the reader, we put the proof here.

Theorem 3.4. Assume (H1), (H3), (HO1), and (HOZ2).
If
Q = diag(1 — |ar, ..., 1= |an|) = [Filbisl] = |G} > (Mi(Jeijil + |dijil)
k=1

is a non-singular M-matriz, then the zero equilibrium of (19) is globally exponentially
stable, i.e. there are C > 1 and o > 0 such that

IZm(,0,P)lla < Ce™ ™) |[Blla,  V(0,P) € Z x X7, Vm € [0,00)z.
Proof. As Q is a non-singular M-matrix, then (see Fiedler [13, Theorem 5.1]) there
is p= (p1,...,pn)" > 0 such that
n n n
pi = pilail = > piFylbigl =Y iG> (Mi(leie] + Idije])) >0, Vi € [1,n]z.
j=1 j=1 k=1
Consequently, there is v > 0 such that
n n n
pie™ —pilai| € =" piFilb|l = > " piGy Y (Mi(leijl €7 +ldijl(1+7))) > 0, (20)
j:l j:l k=1

for all i € [1,n]z. As in the proof of Theorem 3.2, from Lemma 3.1 we conclude that
there is a € (0,) such that (12) holds and

n n n

_ pj pj

R Iailea5+zp¥Fj!bz’jl+Z;7sz(Mk(lcz-jklemﬂdijkl(l +7)), (21)
=1 4" j=1%" k=1

for all i € [1,n]z.
Now, consider X the phase space of (19). Using again the change of variables

yi(m) = p; *x;(m), the model (19) assumes the form

yl(m + 1) = ‘Fz(maym)ﬂ (RS [Ln]%

15



where

Film,0) = aipi(—di( +Z f] (pj;(0))

+ZZ Ulk (P2 (—Tijk (M) gk (Prr(—Tijk(m)))

j=1k=1
z ik N
—I—ZZ ! (Z pij1gi(piei(— ) (Z piklgk(kaOk(_l))) ’
j=1 k=1 =1

for all @ = (¢1,...,0n)" € X? and m € Z.
Now, for i € [1,n]z, @ = (¢1,-..,0n) € X7, and m € Z, from (H1) and (HO1) we
have

Fim, ) < lagi(~5i( r+2‘”'m wi3(0))]

i3 |wk’\]p]¢] (=T (mM) gk Prsor(~Tigem)))|

Jj=1k=1
n n dz k >
—i—ZZ | J | (me\gg pJ‘PJ ’) (Zpikl‘gk(pkgpk(_l))o
j=lk=1 7 =1
901( i\ —odi(m) |b2
< |z|‘ (_ Z j Fip J|<PJ 0)|

—Tigh(m))| e oTor ()

| zyk’| ‘SOJ
+ZZ Gip; e—0Tije(m) My

j=1k=1
" (k] (& lo;(
,
P (S 2 ) (S own ).
j=1k=1 =1
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and consequently, from (HO3) and (H3), we obtain

_ Il by \c 1l L2
Fimp)| < ladl 5 Z 2 Fipglipla+ >3 1o Cipy g M

7=1 k=1

S 2 (Z iszjpj"fl?> ,

j=1 k=1 =1

Dj
< |az|ea5||90||a+z ]F|bm|HS0||a+ZZ ]G M |ciik] €2 [P a
j= 1 7j=1k= 1
pPj
3 Y LG (z p) il
7=1 k= 1

Pj
LSS 2L E |
j= 1

n o0
Dy _
#3265 (el o Hagrl (3o o) ) | 1l
T 1=1
j
Finally, from (12) and (21), we have
IFim, @) < |lail e+ ﬁFj!bijl
j=1""

n n
2 - _ o=
+ZjGjZ(Mk(\Cijkle“ +ldije| (L + 7)) | [Zlla < e [@lla-
j=14" k=1

From Theorem 2.1, we conclude that
T (0,07 P)la < e P Bllay Vo € Z,Yp € XJ,¥m € [0,00)z,
and consequently

maxi{pi} e—a(m—a) ||¢H
o

Vo € Z,Np € X,V .
mini{p@'} o€ L,Vp & a) me[UaOO)Z

Hfm(',o,@lla <

O]

As a particular situation of model (19), we have the discrete-time high-order Hop-
field neural network model with finite delays and delay in the leakage terms

zi(m+1) = ax;(m — 0;(m —i—waf] xj(m))

+> Z cijkgi (25 (m — Tige(m)))gr (zr(m — 7i56(m))), i € [1,1]2(22)

j=1 k=1

17



From Corollary 2.2, and following similar arguments to those present in the proof of
Proposition 3.3, we obtain the following criterion for the global exponential stability
of the zero equilibrium of (22). We write the proof for the convenience of the reader.

Proposition 3.5. Assume (H1), (HO1), and (HO2).
If

R = diag(l - \a1|, ey 1-— ]an|) - [F}‘bljl] - [Gj ZMk|CZJk|] (23)
k=1
is a non-singular M-matriz, then the zero equilibrium of (22) is globally exponentially
stable, i.e. there are C > 1 and o > 0 such that
Zm (0,8 < Ce ™ G]l,  V(0,4) € Z x Y}, Vm € [0,00)z,

where w = max{J, 7}.

Proof. Let w = max{d, 7}, where 0 and 7 are in (HO2), and consider Y, the phase
space of (22).

As R is a non-singular M-matrix, then, by [13, Theorem 5.1], there is p =
(p1,.-.,pn)’ > 0 such that

n n n
Di —pi|ai| — ijFj“)Z‘j’ + ZijGij‘CijM > 0, Vi € [17n]z.
j=1 =1 k=1

Consequently, there is £ > 0 such that
e > Jai| + ) o Eilbl + > o Ci (Z Mk|cz-jk|) . Vie[ln]z (24)
j=14" j=1+" k=1

Using again the change of variables y;(m) = p; *z;(m), the model (22) assumes the
form

yz(m + 1) = gz(mvgm)7 (RS [Ln]Za
where

G ) = asts(=8im) + 3 L f(1;0,(0))
j=1 "

+ ' %gj(pj(z)j(_Tijk(m)))gk<pk¢k(_7—ijk(m)>)’ i € [1,n]z,

for all ¢ = (¢1,...,¢n)" € Y and m € Z.
Now, for i € [1,n]z, ¢ = (¢1,...,¢,)T € Y, and m € Z, from (H1), (HO1), and

18



(HO2) we have

_ bis|
GimB)| < |aigi(—s |+Z‘ ]\fg (0;65(0))]
>
raima\uz p” Fipyli3] + Z

n
’Cljk|

195 (P 5 (—7i5 (M)l |9k (Pr DK (—Tijr(m)))]

IN

Gipill ol My,

and from (24) we obtain

n n n
B D D _ P
1Gi(m, @)| < | |ai +Zp*],Fj\bz‘j| +ZjGj <Z Mk\%‘kl) 2]l < e [1]l-
j=1*4" j=1"4" k=1

From Corollary 2.2, there are C* > 1 and « > 0 such that
[T (0,7 )| < CFe ) |p1|l, Vo €2,V € Y], Ym € [0,00)z,
and finally we conclude that
[Zm (- 0,0)| < Ce ™ |g|l, Vo €L,V € Y], Ym € [0,00)z,

% max; {p; }
where C' = C' min {pi ] O

Remark 7. For model (22) without delay in the leakage term, i.e. §;(m) = 0 for all
m € Z, i € [1,n]z, Z. Dong et al. [10] proved the global exponential stability of zero
equilibrium assuming that: the matrix R defined in (23) is a non-singular M-matrix;
there is 7 > 0 such that 7,;,(m) < 7 for all 4, j, k € [1,n]z, m € Z; and the assumptions

Assumption 1. [10] “The activation functions f; (j € [1,n]z) satisfy
fi(0)=0, [fj(u)— fj(v)] < Fjlu—v|, Vu,veR,

where F; > 0 is a known constant”
Assumption 2. [10] “The activation functions g; (j € [1,n]z) satisfy

g;(0) =0, |gj(u)] < Mj;, gj(u) —g;(v)] < Gjlu—v|, Vu,veR,

where M; > 0 and Gj > 0 are known constants”.

Clearly, Assumption 1 implies (H1) and Assumption 2 implies (HO1) but the reverses
do not hold. Thus above Proposition 3.5 improves the main results in [10]. We should
say that Theorem 3.4 extends the results in [10] to discrete-time high-order Hopfield
neural network models with delay in leakage term and unbounded distributed delays.

Now, we consider the following discrete-time high-order Hopfield neural network
model with S-type distributed unbounded delays in the low-order and high-order
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terms,
zim+1) = ajz;(m—§(m +waf] xj(m))

P (z ) )

] 1r=1
+Zzzdw9ﬂ (Z Pzgz% ) gk (Z pg,zgxk(m — l)) ,
j=1k=1r=1 =1

with i € [1,n]z, where n, z;(m), A = diag(ai,...,a,), B = [bj], §; : Z — Ny,
and fj,g; : R — R have the same meanings as in model (19), R € N, c( " € R are
the low-order connection weights to distributed delays terms, d(»j,)C € R are the high-

order connection weights to distributed delays terms, and ( z(]l) )l N are non-negative
sequences in the infinite distributed delay terms.

The discrete-time model (25) looks like the discrete version of the continuous-time
high-order Hopfield neural network model with S-type distributed delays studied in
[37].

For model (25), we assume the hypotheses (H1), (HO1), and (HO2) joint with:

HO3) for each 7,5 € [1,n]z and r € [1, R|z, the sequence p(f’) . with p(r) >0,
ijl leN

satisfies the convergence conditions

oo
sz(;l) =1 and Zeﬂ ngl < 00,
=1

for some £ > 0.

Using the same arguments to those present in the proof of Theorem 3.4, we obtain
the following exponential stability criterion for the zero solution of (25).
To avoid repetition of arguments, the proof of the next result is omitted.

Theorem 3.6. Assume (H1), (HO1), (HO2), and (HO3).
If

S = diag(1 - |as],...,1— |ay|) -

R
Fjlbil + G5 > (|c |+ZM |d(’“ )]
r=1

is a non-singular M-matriz, then the zero equilibrium of (25) is globally exponentially
stable.

4. Numerical examples
In this section, we give two numerical examples to illustrate the effectiveness of the

results presented in Theorems 3.2 and 3.4.
In the first example, we consider a continuous-time Hopfield neural network with
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unbounded delays and, following the ideas in [22, 23], we obtain a discrete-time model
analogous to the continuous-time model. We should say that the discretization process
present in [22, 23] can not be applied to models with delay in the leakage terms.

Example 4.1. Consider the model

2y (t) = —10x1(t) + 2tanh(za(t — 1)) + 15 /0 4% tanh(x2(t + s))ds
§—o° ,t>0.(26)
zh(t) = —10z9(t) + tanh(z1(t — 3)) + 2/ 2% tanh(x1(t + s))ds

Consider also the following approximation of (26)

(2 (t) = —10x1(0t) + 2tanh(z2([t/h]|h — 1))
+15 / A/ o (2o ([t /B + [s/h]/B))ds

zh(t) = —10$%(t) + tanh(xq([t/h]h — 3))
+2/ 2ls/Mh tanh (21 ([t/h)h + [s/h]h))ds

for t € [mh, (m + 1)h], where h > 0 is the discretization step size and [u] denotes the
integer part of u € R. For t € [mh, (m + 1)h], we have [t/h] = m and model (27) has
the form

((2)(t) = —10z (Ot) + 2 tanh(zg(mh — 1))
+15 / als/Mh tanh(@o (mh + [s/h]/h))ds

xh(t) = —10x%(t) + tanh(z1(mh — 3))
+2 / 215/ tanh (21 (mh + [s/B]R))ds

For s € [-lh,—(I — 1)h], with | € N, we have [s/h] = —I and (28) assumes the form

2i(t) = —10z1(t) + 2tanh(ze(mh — 1)) + 15> 4" tanh(za(mh — 1))
=1

zh(t) = —10z(t) + tanh(zi(mh — 3)) + 2 i 27" tanh(z1 (mh — Ih))
=1

and multiplying by e'%, we get

o (1) e!% +10 1% 2 (1) = el (2 tanh(zxa(mh — 1)) + 15 Z 47" tanh(zo(mh — lh))>
=1

o (t) el +10e!% 2y (t) = el (tanh(ml(mh -3))+2 Z 27" tanh(z; (mh — lh))>
=1
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Integrating over [mh,t], with t < (m + 1)h, we obtain

mh

( /t (xl(s)elos)/ds =

10t _ o10mh
10
. (2 tanh(xa(mh — 1)) + 15 Z 47" tanh(zo(mh — 1))
=1

ol0t _ o10mh

/ (acg(s)elos)/ds = —30

: (tanh(ml(mh —3))+2 i 27" tanh(z1 (mh — m)))

=1

which is equivalent to

,

x1(t) =

.I'Q(t) =

et0(mh=1) &\ (mh) +

el00mh=t) 20 (mh) +

1— elO(mh—t)
10

2 tanh(ze(mh — 1)) + 15 i 4" tanh(zo(mh — lh)))
=1

1— elO(mh—t)
1y

tanh(z1(mh — 3)) + 23 27" tanh(ay (mh — lh))>
=1

Letting t — (m + 1)h and identifying mh with m and [h with [, we obtain

x1(m+1)

za(m + 1)

1— e—th
10 -
. (2 tanh(xa(m — 1)) + 15 24_l tanh(xa(m — l)))

=1

e 10 4y (m) +

1 — o-10h
BT
. <tanh(x1(m -3))+2 Z 27 tanh(z1 (m — l)))

=1

e 19 z9(m) +

22
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Choosing the discretization step size h = 1, we obtain the discrete-time model

( 1— 6710
rim+1) = e P2xy(m)+ ———
10
(2 tanh(ze(m — 1)) + 52 tanh(zo(m l)))
(29)
1—e 10
za(m+1) = e 0x9(m) + BETEE
1
. <tanh(:r1(m —3)+2) o tanh(zy (m — z>)>
1=1
Model (29) is a particular situation of (9) with n = 2, a1 = az = e~ 10, §;(m) =
Ga(m) =0, byy = big = byy = by = 0, c11 = 22 = 0, c12 = =%—, o1 = 55—,
e—10 _a—10
Ti2(m) = 1, m1(m) = 3, diy = dy = 0, d12 = ,dor = 5—, pra = &,

p21 = 37, and f;(u) = tanh(u). Thus hypothesis (Hl) holds with F; = F», = 1, (H2)
holds with 6 = 0, 7 = 3, and hypothesis (H3) holds with ¢ € (0,In2). In this case, the
matrix M in Theorem 3.2 reads as

—10

[1-e0 0 0 e 4 1=
= — 5 2
M I O 1 _ e_lO :| |: 1_160710 + 1_%710 0

= 10 10
_3(1_e ) 1— e—lO
10

[ 10 _7(1—e1°>]

Since M is a non-singular M-matrix (the eigenvalues are (1 — e_lo) (1 + %) and
(1—e19) <1 - ‘{—?)), by Theorem 3.2, the zero solution of (29) is globally exponen-

tially stable. In Figure 1, see the numerical simulation of the solution of (29) with

initial condition o0 = 0 and
T (]) — (COS(])7Sin(.7))T7 ] € [_970]2
0 (07 O)Tv ] € (7003 710]Z

Remark 8. We should say that example model (26) is a particular situation of [25,
model (4.7)] and from [25, Corollary 4.2] we know that zero solution of (26) is globally
exponentially stable.

Remark 9. The stability criterion in [16, Theorem 3.1] can not be applied to the
model (29) because we are dealing with unbounded distributed delays. However, if the
model had finite delays ie putting tanh(ze(m — 7'12)) and tanh(zi(m — 791)) with

T12, 721 € R, instead of Z tanh(xa(m—1)) and Z tanh(z1(m—1)) respectively,

=1
then [16, Theorem 3.1] would be applicable. The conclus1on would be the global attrac-

tivity of the zero solution of the model. This is a weaker conclusion than to conclude
the global exponential stability of the zero solution.

Example 4.2. Letting n = 2, a1 = %, ay = 511 = , bio = ba1 = 0, by = %7

1
C111 = €112 = C122 = C211 = (221 = (222 = 0 C121 = €212 = g, dlll = d112
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—e—x_1(m)

B-- x_2(m)

10 15 20 25

Figure 1. Solution (z1(m),z2(m))T of system (29) with initial condition o = 0 and
Fal(4) — (COS(]’),Sin(j))T, J € [797 O}Z
70(9) ‘{ (0,0)7, j € (—o0,—10]z -

dizo = do11 = dag1 = daoz = 0, dio1 = 3, do1z = §, piji = 37, 01(m) = d2(m) = 2,
Tijk(m) = 24 cos(mm), fi(u) = fo(u) = tanh(u), and g1(u) = g2(u) = sin(u?) in the
high-order Hopfield neural network model (19), we have the delay difference system.

ri(m+1) = éxl(m—Q) ftanh(azl( )
4= sm(:L‘g(m 2 — cos(m )2 sm :L‘lm 2—cos(7rm))2)

+§ <Z 21l sin ( ) ( —sm x1(m — l)2)>
g N (30)

zo(m+1) = —=xao(m—2)+ 3 tanh (z2(m
+§ sin (z1(m — 2 — cos(ﬂm))Q) sin (zg(m — 2 — cos(ﬂm))Q)
+$ <Z 211 sin (z1(m — l)2)> (Z % sin (z2(m — l)2)>
1=1 =1

It is easy to conclude that hypothesis (H1) holds with F; = F» = 1, (H3) holds with
¢ €(0,In2), (HO1) holds with M; = My = G; = G2 = 1, and (HO2) holds with 6 = 2
and 7 = 3. For system (30), the matrix Q defined in Theorem 3.4 assumes the form

=[5 7]-[83]-14% 50 )= 7

Since Q is a non-singular M-matrix (the eigenvalues are 3+‘[ and 25 \f) by Theorem

3.4, the zero solution of (30) is globally exponentially stable In Figure 2, see the

numerical simulation of the solution of (30) with initial condition ¢ = 0 and Zo(j) =
(7cos( ), 7sin(j))T, j€[-9,0)z

{ (070) ) ] € (_007 _10]2

O Wi
N O
O Ol
W= O

Remark 10. In comparison with the results in the recent paper of Z. Dong et al.
[10], mainly with [10, Theorem 2], example (30) illustrates the improvements of our
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Figure 2. Solution (z1(m),z2(m))T of system (30) with initial condition ¢ = 0 and

), 7sin()T, €[~
mi ={ ot e,

Theorem 3.4. In fact, the main result in [10] can not be applied to the system (30)
because it has delay in the leakage terms (0;(m) = 2), unbounded distributed delays
and the activation function g1 (u) = go(u) = sin(u?), u € R, is not a Lipschitz function.

5. Conclusions

In this paper, we present criteria for global exponential stability of zero equilibrium for
classes of discrete-time, low-order and high-order, Hopfield neural network models with
unbounded delays and delay in the leakage term (Theorems 3.2 and 3.4). A general
stability criterion is first presented for a discrete-time delay system in general settings
which can be applied to other delay models than Hopfield models (Theorem 2.1).

The proof method based on non-singular M-matrix is easier to apply than the usual
Lyapunov method and the hypotheses are normally easy to verify. In comparison with
the literature, the obtained stability results for low-order models have less computa-
tional complexity and the obtained stability results for high-order models generalize
the previous results in [10] for the situation with unbounded delays and delay in leakage
terms.

In the next work, we expect to extend the results here established for impulsive
Hopfield, or Cohen-Grossberg, neural network models [11, 31].
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