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Abstract

The application of the computational modelling in engineering problems of polymer processing
has seen a remarkable growth in the past years, providing valuable computer-aided design tools to
the related industries. Besides the development of powerful hardware to overcome the computational
limitations, the development of proficient and accurate numerical methods has also significantly
contributed to the applicability of the computational modelling to once intractable engineering
problems. However, the ever-increasing complex polymer processing applications, comprising intricate
three-dimensional geometries, non-isothermal processes, and polymeric fluids with complex rheological

behaviour, clearly still raise the demand of numerical accuracy and computational efficiency.

The main objective of the present work is to improve the performance, either in terms of
numerical accuracy and computational efficiency, of computational modelling tools to solve complex
problems akin to polymer processing applications. In that regard, advanced numerical methods are
developed in the finite volume method context, capable of providing an error convergence under mesh
refinement higher than the classical first- and second-orders, therefore resulting in substantial accuracy
gains. Moreover, the implementation efficiency of the proposed numerical methods is also addressed
with algorithms that reduce the computational cost of the simulations, also taking advantage of modern

multi-core processor computers.

A comprehensive analysis and verification, both of the numerical developments and the
computational implementations, were exhaustively carried out with specific case studies to assess the
performance of the proposed methods and algorithms. The obtained results prove that the proposed
methods achieve the optimal high-order of convergence for the error and are capable of effectively
obtaining the same solution accuracy level given by lower-order ones with significantly coarser meshes.
Additionally, substantial gains in computational efficiency, both in terms of running time and memory
usage, are also achieved, since the proposed algorithms further enhance these improvements without

loss of numerical accuracy.
The achieved developments represent a significant advance towards more accurate and more

computationally efficient simulations of complex polymer processing applications.

Keywords: Computational modelling, high-performance simulations, numerical methods, polymer
processing, very high-order of convergence




Resumo

A aplicacdo da modelacao computacional em problemas de engenharia no processamento de
polimeros assistiu a um crescimento notavel nos ultimos anos, permitindo as industrias utilizar
ferramentas poderosas de concecdo assistida por computador. Além do desenvolvimento de
computadores potentes para superar as limitacdes computacionais, o desenvolvimento de métodos
numéricos proficientes e precisos também contribuiu significativamente para a aplicacdo da
modelacao computacional em problemas de engenharia outrora intrataveis. No entanto, problemas
cada vez mais complexos no processamento de polimeros devido as geometrias comumente
elaboradas, aos processos nao-isotérmicos e fluidos poliméricos com comportamento reoldgico
complexo, incrementam claramente a necessidade de maior precisdo numérica e eficiéncia
computacional.

O principal objetivo do presente trabalho prende-se com a melhoria do desempenho, em
termos de precisao numérica e eficiéncia computacional, das ferramentas computacionais empregues
na resolucao de problemas complexos na area do processamento de polimeros. Nesse sentido,
métodos numéricos avancados sao desenvolvidos no contexto do método dos volume finitos de forma
a obter uma convergéncia do erro com o refinamento de malha maior do que as classicas primeira
e segunda ordens, desta forma resultando em ganhos substanciais de precisdo. Para além disso,
uma implementacao eficiente dos métodos numéricos propostos é também desenvolvida, elaborando
algoritmos que reduzem o custo computacional das simulacdes e, ao mesmo tempo, tirem também
partido dos atuais processadores com capacidade de calculo paralelo.

Uma analise e verificacao aos desenvolvimentos numéricos e a implementacao computacional
foi exaustivamente levada a cabo com casos de estudo especificos para avaliar o desempenho dos
métodos e algoritmos propostos. Os resultados obtidos comprovam que os métodos propostos atingem
ordens de convergéncia elevadas e 6timas para o erro, sendo capazes de obter efetivamente, com
malhas significativamente mais grosseiras, 0 mesmo nivel de precisdo da solucado em comparacao
com os métodos de primeira e segunda ordens. Adicionalmente, ganhos substanciais em eficiéncia
computacional, quer em termos de tempo de execucao quer dos requisitos de memoria, também sao
alcancados, dado que os algoritmos propostos potenciam essas melhorias sem perda de precisao
numeérica.

Os desenvolvimentos conseguidos representam um avanco importante para simulacées mais
precisas e computacionalmente mais eficientes de aplicacdes complexas no processamento de
polimeros.

Palavras-chave: Modelacdo computacional, métodos numéricos, ordem de convergéncia elevada,
processamento de polimeros, simulacdes de alta performance
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CHAPTER

Introduction

1.1 Polymer processing

The polymer processing industry emerged in 1868 [1] and is nowadays an essential society
sector, delivering many everyday items indispensable for a variety of purposes. Polymeric materials,
which include rubbers and plastics, have also stimulated major technological advance in many
fields, for instance, health and transportation, among several others. These materials present
complex microscopic structures, leading to counter-intuitive physical properties, sometimes deviating
significantly from the expected behaviour, typical of other common materials. Consequently, the
manufacturing technologies of polymeric materials have evolved into complex thermo-mechanical
processes, and have been raising challenging problems for engineers, which require profound
knowledge and experience. The present section further explores the science and engineering behind
polymeric materials, some manufacturing technologies, and some current and emergent challenges.

1.1.1 Polymers

Polymers are long molecular chains consisting of repetitive subunit molecules, having
considerably lower molecular mass, referred to as monomers. The chemical process of aggregating
monomers together to form a polymer chain is referred to as polymerization, as exemplified in
Figure 1.1 for the case of the polystyrene, a polymer composed of styrene monomers. Polymers
obtained synthetically, based on oil or petroleum, are commonly referred to as plastics or rubbers. In
contrast, there is also a wide variety of polymers found in nature, usually denominated by

biopolymers, such as cellulose, chitosan, genetic material, and carbohydrates.

Polymers consisting of only one type of monomer are classified as homopolymers. Otherwise,
they are classified as copolymers, which in turn can be grouped according to the arrangement of the
monomers in the polymer chain [1] (random, alternating, block, and graft are the usual arrangements).
Polymers are also classified as unbranched, when consisting of a simple linear chain, or branched,
when comprising a primary chain with one or more secondary side chains [1]. Moreover, polymers can
also exhibit complex and intricate microscopic structures due to the arrangements of the chains, which
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n CH,= CH CH,— CH

n
Styrene (monomer) Polystyrene (polymer)

Figure 1.1: Polystyrene composed of styrene monomers (adapted from R.O. Ebewele, Polymer science and
technology, CRC press, 2000).

can be chemically bonded, forming cross-linked structures. In contrast, semi-crystalline structures form
when individual chains are folded and packed regularly in three-dimensional arrangements, known
as crystallites [1]. The microscopic arrangement of the chains, which are illustrated in Figure 1.2,
strongly determines the materials physical properties. In the solid-state, slightly cross-linked polymers
tend to form elastomers, also referred to as rubbers, whereas highly cross-linked polymers tend to
form thermoset plastics, which are irreversibly hardened. On the other side, semi-crystalline polymers
tend to form opaque materials, whereas amorphous polymers tend to be transparent. In both cases,
these polymers can be melted and solidified repeatedly, which justifies their group denomination as
thermoplastics. Molten thermoplastics also exhibit unique and, sometimes, counter-intuitive rheological
properties, such as a combination of viscous and elastic behaviours, referred to as viscoelasticity.
Indeed, the viscosity is usually associated with fluids, whereas the elasticity is typically associated
with solids. The complexity of polymers has enabled the development of materials with advantageous
physical properties, such as lightness and robustness, relevant for many technological fields, such as
the transportation industry, health, construction, packaging, among many others.

(a) Amorphous. (b) Semi-crystaline. (c) Slightly cross-linked. (d) Highly cross-linked.

Figure 1.2: Typical microscopic structures of polymers.

1.1.2 Extrusion process

Several manufacturing technologies are used in the polymer processing industry to process
thermoplastics, which mainly depend on the characteristics of the desired product, particularly on its
geometry. Standard manufacturing technologies include the extrusion (pushing the molten polymer
through a die), the injection moulding (injecting the molten polymer into a cavity), the extrusion
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blow moulding (inflating a molten polymer tube inside a mould to create a hollow part), the 3D
printing (depositing a molten polymer layer by layer to form the part), and the thermoforming
(using suction to force a heated polymer sheet into a mould). A comprehensive literature on these
manufacturing technologies and their application is found in M.G. McGrum et al., 1997 [2], D.M.
Bryce, 1997-1999 [3-6], T.A. Osswald et al., 2006 [8], Z. Tadmor et al., 2006 [9], S. Thomas et al.,
2009 [10], O.S. Carneiro et al., 2012 [11], and D.G. Baird et al., 2014 [12]. In the present work, a
particular focus is provided for the extrusion process, which has a relevant role in nowadays polymer
processing industry.

Constant cross-section items, such as tubing, sheets, films, and also structural components,
such as profiles for window frames, are usually manufactured by extrusion. An illustration of a
typical thermoplastic profile extrusion line is provided in Figure 1.3. The process is continuous
and consists of an extruder, which comprises a screw rotating inside a heated barrel, and is
gravity-fed with thermoplastic pellets from a top-mounted hopper, placed at the rear. The rotating
screw compresses and forces the raw polymeric material to move forward through the barrel, in
which several independently controlled heating units, mounted in sequence, gradually increase the
temperature necessary for the melting. The viscous dissipation is another important thermodynamic
phenomenon, responsible for generating the heat required to melt the polymer. However, it makes
more difficult the temperature control and increases the risk of overheating. The extrusion die
is mounted at the front of the barrel, and its cross-section corresponds to the desired product

cross-section, through which the molten polymeric material, subject to compression, is forced to flow.

Hopper

Polymer pellets

*>Barrel Heater Screw

Caterpillar haul-off

ko
-

Die Cooling/calibration

Cutting unit

Figure 1.3: Typical thermoplastic profile extrusion line (adapted from C. Rauwendaal, R. Gonzalez-Nunez, D.
Rodrigue, Polymer processing: extrusion, in Encyclopedia of polymer science and technology, John Wiley &
Sons, 2017).

After leaving the extrusion die, the still molten product is cooled and geometrically calibrated
to guarantee the desired shape on the solidified product. Pipes are usually cooled with chilled water
baths inside sealed chambers subject to a carefully controlled vacuum that avoids the molten polymer
from collapsing or deforming, before solidification. Other profiles, such as structural components, are
usually cooled in contact with metallic systems, having an internal chilled water system, which also
calibrates the product relevant dimensions, as illustrated in Figure 1.4. Subsequently, a caterpillar
haul-off, composed of puller rolls, imposes the desired linear production velocity to the extruded
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product. A typical extrusion line ends with a cutting unit, which cuts the profile into predefined lengths.

Calibrator

‘Water
channel
Profile

Figure 1.4: Example of a cooling/calibrator system for the thermoplastic profile extrusion (adapted from O.S.

Carneiro, J.M. Nébrega, Design of extrusion forming tools, Smithers Rapra, Shawbury, 2012).

1.1.3 Industrial challenges

Polymer processing industries are highly sophisticated with advanced, expensive, and
highly-automated manufacturing technologies. However, the complex behaviour of polymers and the
complex thermo-mechanical processes involved in these manufacturing technologies, raise
challenging engineering problems, even for experienced polymer engineers. Some of these challenges
in the case of the extrusion are described hereafter.

The flow balance of the molten polymeric material at the die openings is crucial to avoid that
more material flows through the thicker sections of the profile, when compared with the thinner
ones [13]. Therefore, an unbalanced flow does not allow to obtain the shape desired for the final
solidified product, as exemplified in Figure 1.5 for the case of a deck. The usual practice to ensure a
balanced flow consists in gradually adjusting the die geometry from the barrel to the openings, such that
the thinner sections of the profile are compensated with more material. However, due to the complex
behaviour of the molten polymeric material, the effect of these adjustments in the flow is difficult to
predict through pure analytic approaches mainly due to the large number of variables involved in the
process. On the other side, the common trial-and-error approach requires large amounts of resources,
is very time-consuming, and might limit the possibility to achieve optimal configurations. Indeed, the
die design is a challenging task, even for experienced polymer engineers, leading to increased costs.

Another challenge of great concern in the extrusion, which also applies other different
manufacturing technologies, is the cooling of the molten polymeric material after leaving the die [13].
The cooling rate strongly determines the structure of the polymeric material and, thus, affects the
physical properties of the final solidified product, such as density, optical and barrier properties,
coefficient of friction, and impact behaviour. In that regard, a high cooling rate is usually desired,
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(a) Extrusion die. (b) Defective profile.

Figure 1.5: Extrusion die for the production of deck and defective profile resulted from an unbalanced flow
(adapted from L. Ferras, Theoretical and numerical studies of slip flows, PhD Thesis, Universidade do Minho,
2012).

particularly in the case of sheets and films, avoiding large crystallites and, consequently, providing
smoothness and transparency. Moreover, fast cooling is also desired for increasing the production
and profitability of the process. On the other side, the average temperature on the profile cross-section
must fall below the solidification point of the polymeric material after the cooling stage. Unfortunately,
a high cooling rate might result in solidified borders and molten cores, especially in thicker sections,
which might induce subsequent remelting of the product due to heat conduction. Moreover, different
cooling rates result in internal residual stresses, which also lead to subsequent deformation of the final
solidified product. In that regard, a uniform cooling rate is desired across the profile cross-section,

which in general conflicts with a high cooling rate.

The previous challenge leads to an optimization problem, for which several parameters have
to be considered, as illustrated in Figure 1.6, namely, the extrusion conditions, cooling conditions,
profile geometry, system geometry, polymer properties, metal properties (in the case of structural
components), and the vacuum conditions (in the case of tubing and pipes), among others. In the
case of structural components, the optimization often consists in performing adjustments to the
cooling/calibrator system geometry, configuration, or cooling conditions. As in the previous case,
the optimization problem is commonly performed with trial-and-error approaches implying the same
drawbacks, which often leads to intractable challenges. Similar challenges arise in the case of the
injection moulding, where most of the residence time is dedicated to the cooling stage and, therefore,
optimizing the heat transfer under the same principles is of crucial importance.

In light of the drawbacks of trial-and-error approaches in the context of these industry challenges,
there is a deep concern for developing innovative and efficient alternative design approaches. In
that regard, the emerging field of computational modelling has received increasing attention from the
industry side to provide means of overcoming these challenges and effectively support design activities.
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Figure 1.6: Parameters affecting the optimization of the extrusion cooling stage (adapted from O.S. Carneiro,

J.M. Nébrega, Design of extrusion forming tools, Smithers Rapra, Shawbury, 2012).

1.2 Computational modelling

The computational modelling is a multidisciplinary field involving physics, mathematics, and
computer science, which has enabled overcoming ever-increasing complexity of engineering problems
in the last decades. The general methodology consists in using mathematical models to describe
the physical phenomena in engineering problems, which are then solved with the use of proficient
numerical methods and advanced computer algorithms. In that regard, the computational modelling
has become a comprehensive and self-contained scientific discipline, which nowadays is subject of
extensive research in many fields of natural sciences and engineering. The computational modelling
has known an expanding application in many research fields, as happens in the polymer processing
industry, which has been also taking advantage of this powerful tool to overcome the drawbacks of the
usual trial-and-error approaches [14-23]. The present section describes the general methodology of
computational modelling, whereas the subsequent sections provide relevant information concerning

the mathematical models and the numerical methods.

1.2.1 General methodology

The computational modelling has seen constant development from its inception. Since then,
innovative approaches have continuously emerged to address the needs and limitations of the industry
in solving their problems. The general methodology of the computational modelling is comprehensively
described in the book of M. Schéfer, 2006 [24]. Additionally, the books of R.R. Huilgol et al., 1997 [25],
R.G. Owens et al., 2002 [26], and M.J. Crochet et al., 2012 [27], for instance, provide a particular
focus on the computational modelling applied to fluid mechanics and rheology, as applied in polymer
processing applications. A schematic view of the general methodology is illustrated in Figure 1.7,
which is briefly described hereafter.
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Figure 1.7: The general methodology of the computational modelling for the solution of engineering problems

Discretization

(adapted from M. Schafer, Computational engineering: Introduction to numerical methods, Springer, Berlin,
2006).

The first step consists in defining the geometry and the mathematical models for the physical
phenomena involved in the problem of interest. For instance, constitutive equations derived from
rheological principles describe the phenomenological relationships between mechanical variables (and
eventually also thermal variables) of fluids in motion. On the other side, governing equations derived
from the solid or fluid mechanics theories model the heat and mass transfer according to the materials
physical properties. Boundary conditions are also required to impose the physically sound limits
of the problem unknowns, whereas interface conditions impose the interaction between different
materials or regions in contact. These mathematical models comprise several unknown physical
variables, necessary to quantitatively describe the physical phenomena, such as temperature, velocity,
stress, and pressure. Moreover, they were were initially derived from an analytic and experimental
process, where conservation Laws or principles were gradually developed and adapted in an attempt to
explain the experimental observations. However, the comprehensive literature available nowadays on
mathematical models, also under continuous evolution, allows engineers to adequately describe the
physical phenomena in a wide range of problems. Similarly, the physical properties of the materials
are usually determined based on experimentation, for which extensive documentation is also available
for most materials [76, 77].

The mathematical models are often complex, comprising systems of partial differential
equations intractable analytically when considering geometries with practical interest (otherwise, the
computational modelling methodology would be unnecessary). In that regard, proficient numerical
methods were developed to solve these mathematical models and provide an approximate solution to
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the associated unknown physical variables. The usual strategy consists in transforming the continuous
model into a discrete model, referred to as discretization, which can be solved using algebra techniques
and advanced computer algorithms. This discretization procedure is performed at two levels, firstly at
the level of the problem geometry, and secondly at the level of the mathematical models, as detailed
hereafter.

In the first part of the discretization, mesh generation techniques subdivide the geometry
into a contiguous mesh of discrete elements, usually consisting of triangles or quadrilaterals (in the
two-dimensional case), although any element type can be considered. Meshes are often classified as
structured or unstructured according to the spatial arrangement of the cells, as illustrated in Figure 1.8.
In structured meshes, the arrangement of the cells is regular, which often leads to more efficient
computer memory management and usage, due to the trivial connectivity between neighbour mesh
elements. Moreover, mesh generation algorithms for structured meshes are simple to implement
and computationally efficient, although they become cumbersome, or impossible, to adapt and apply
in complex geometries, as those arising in typical engineering problems. In contrast, unstructured
meshes have an irregular arrangement of the cells, which makes the mesh generation simpler to adapt
to complex geometries. However, more elaborated algorithms must be implemented, often leading
to more computationally expensive memory management and usage, and there is a wide range of
open-source software available for mesh generation purposes. Another advantage of unstructured
meshes is the greater ease of creating local refinements, often demanded to increase the accuracy of

the solution in critical (large gradient) regions.

The second part of the discretization concerns the partial differential equations in the
mathematical models and the associated physical variables defined for the whole problem geometry.
One common approach is to represent the physical variables in the continuous problem as piece-wise
numerical variables, usually associated to the cells or the vertices, or even both, depending on the
technique. These variables correspond to unknowns of the discrete model, which is derived from a
discretization method used to provide algebraic approximations to the partial differential equations in
each reference mesh element, usually the cells or the vertices. In that regard, a linearization process
is usually necessary in the case of non-linear models before the discretization method is applied. The
algebraic equations composing the discrete model can be understood as local representations of the
physical phenomena, being more meaningful or more abstract according to the discretization method.
In any case, each equation relates linearly a set of discrete variables in the vicinity of the reference
mesh element, which ultimately connects all the equations due to common discrete variables. There
are many discretization methods, where the choice depends on many factors, such as the partial
differential equations, the type and arrangement of the mesh elements, or the numerical properties of
the method. For instance, some discretization methods can take advantage of orthogonal structured
meshes, that is, when the cell vertices are aligned in orthogonal coordinates, leading to more
straightforward derivations and more computationally efficient simulations. Finally, regardless of the
discretization method, the discrete model usually consists of a large number of algebraic equations
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for the discrete variables, which are then assembled in a system of linear equations.
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Figure 1.8: Types of meshes for an annular domain.

The system of linear equations is solved with matrix algebra techniques, which provides an
approximate solution of the physical variables in the continuous problem in terms of numerical
variables. In practical problems, meshes consisting of thousands or even hundreds of millions of
elements are used to provide enough accuracy and, therefore, a large number of numerical variables
are computed in the discrete model. In that regard, the computational aspects become much more
relevant, and the implementation with advanced computer algorithms is crucial in the quest for
efficient simulations, whose results are obtained in a reasonable time frame. The approximate solution
is not intuitively understood by looking at such a large number of variables, consequently suitable
visualization software with post-processing capabilities is used to provide visual information and derive
other physical quantities. Finally, the data is interpreted in the context of the problem, providing means
of evaluating and addressing the shortcomings of the application, for instance, to improve the process

efficiency.

1.2.2 Validation and verification

The application of the computational modelling allows obtaining an approximate solution for
the problem, which is, therefore, prone to errors that should be investigated in the quest for a
reliable methodology. In that regard, the validation of the methodology inspects the quality of the
mathematical models in describing the physical phenomena, whereas the verification concerns the
quality of numerical methods in solving the mathematical models. Besides the modelling error, two
primary numerical sources are contributing to the error of the approximate solution, as illustrated
in Figure 1.9. The first error source is the discretization of the continuous model, which results
in a system of linear equations that approximates the partial differential equations locally in the
mesh elements. Therefore, assuming that the solution of the continuous model can be determined
analytically, and the solution of the system of linear equations is computed exactly, there would be still
a discretization error. In that case, the accuracy strongly depends on the mesh and the discretization

10



1.2. Computational modelling

method. On the other side, the solution of the system of linear equations cannot be computed exactly
due to the truncated representation of real numbers in computers, which is also a source of rounding
errors. Moreover, iterative matrix algebra techniques are often used to accelerate the computation
process, for which the solution is usually computed, satisfying a residual tolerance. Indeed, the total
numerical error is a combination of the discretization error and the computation error.

The common practice of verification consists in using specific technigues to assess the behaviour
of the numerical method, namely in terms of consistency, accuracy, convergence, robustness, and
stability. Analytical techniques are ideally employed to derive or estimate these properties, whereas
such approach becomes cumbersome, or even infeasible, for some numerical methods due to its
characteristics. In that regard, numerical benchmarks are usually employed, where several test
cases are manufactured with specific difficulties to check the capabilities of the numerical method.
Consistency, accuracy, convergence, robustness, and stability are then evaluated through some
kind of error inspection of the approximate solution under mesh refinement. After checking that
the numerical method is capable of solving the model appropriately, the validation phase usually
consists in comparing the approximate solution with experimental measurements. In that regard, the
mathematical models are questioned and revised accordingly, often choosing different constitutive
or governing equations or even determining the response of the physical properties under different

situations.

Solution of the
discrete model

Solution of the
system of linear
equations

Solution of the
continuous
model

Total numerical
error

Figure 1.9: The general methodology of the computational modelling for the solution of engineering problems
(adapted from M. Schafer, Computational engineering: Introduction to numerical methods, Springer, Berlin,
2006).
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1.2.3 Advantages and limitations

The computational modelling has become a fundamental instrument in many research fields,
which includes the polymer processing industry. Indeed, the benefits of using the computational
modelling approach to complement the common trial-and-error experimental based approaches are
remarkable. Firstly, several scenarios of system geometries, processing conditions, cooling conditions,
physical properties, among others, can be virtually investigated in the quest of an optimal processing
configuration and operation. Consequently, it reduces the amount of material, time, and money usually
required in trial-and-error experimental based approaches, whereas the use of nowadays powerful
computers allows finding more efficiently the optimal processing configuration. Another advantage
of the computational modelling approach is the possibility to assess virtually the physical variables
at any location, including those that are usually inaccessible through experimentation. Moreover, it
often gives a more comprehensive insight into the physical phenomena due to the simultaneous
assessment of several physical variables and derived quantities relevant to the problem. Despite these
benefits, experimental measurements are always required to validate both the mathematical models
and the computed results. In that regard, the development of experimental techniques is an ideal
and necessary complement for the practical applicability and utility of the computational modelling

approach in the industry.

1.3 Mathematical modelling

The physical phenomena involved in the polymer processing applications of interest are
mathematically modelled in the present section such that the computational modelling approach can
be applied, for which the extrusion process is taken as an example. In that regard, the mathematical
models derive from several theories, namely the rheology to provide the constitutive equations for the
constitutive modelling of polymeric fluids, and the fluid mechanics to provide the governing equations
for the heat and mass transfer modelling. A comprehensive description of the mathematical modelling
of polymeric fluid flows is found, for instance, in the books of R.B. Bird et al., 1987 [28], C.W. Macosko,
1994 [29], R.G. Larson, 1999 [30], and F.A. Morrison, 2011 [76], which is briefly described as
hereafter.

1.3.1 Constitutive modelling

The rheology is a well-established science for a wide range of materials, particularly polymeric
materials, dedicated to the study of deformation and fluid flow involving a viscous or viscoelastic
response to stress. Constitutive equations for polymeric fluids are often based in rheological principles
to describe the phenomenological relationships between mechanical variables (and eventually also
thermal variables) mathematically. Newton’s law of viscosity states that the stress of a fluid in motion
changes linearly with the strain rate, where the proportionality constant is referred to as dynamic or
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absolute viscosity. Many examples of these Newtonian fluids are present everywhere, such as water,
mineral oil, and gas. However, the complex nature of polymers makes the stress in polymeric fluid
flows exhibit a non-trivial response to the strain rate, usually significantly deviating from Newton’s
law of viscosity. In that regard, more complex constitutive equations for these non-Newtonian fluids
are needed, often derived from empirical relations within experimentation rather than based on
fundamental physical principles.

Several theories for the rheology of non-Newtonian fluids attempt to adequately describe the
non-trivial behaviour of polymeric fluids, providing constitutive models that gradually increase in
complexity. The most straightforward approach is the generalized Newtonian fluid, which consists in
replacing the absolute viscosity with an apparent or effective viscosity, which is a function of the second
invariant of the strain rate tensor. Empirical relations, such as the classical power-law, are then used
to quantitatively describe the non-linear response of the stress to the strain rate, for which experiments
are required to determine the characteristic parameters in the empirical constitutive relation for the
fluid. The generalized Newtonian fluid approach becomes convenient and straightforward, providing
valid results in a variety of applications, particularly those comprising slow processes, when comparing
the process characteristic time with the material relaxation time. Many non-Newtonian fluids exhibiting
different behaviours are appropriately modelled as generalized Newtonian fluids. For instance,
shear-thinning or shear-thickening fluids, where increasing stress leads to the decrease and increase
of the apparent viscosity, respectively. Another example is thixotropic and rheopecty fluids, showing
a time-dependent viscous change, where the duration of the applied stress decreases and increases
the apparent viscosity, respectively. However, since the strain rate history is not considered, the
generalized Newtonian fluid approach only reproduces a viscous response, also referred to as inelastic,
whereas polymeric fluids exhibit a combination of viscous and elastic responses. Consequently, the
generalized Newtonian fluid approach might inadequately describe the behaviour of these fluids in

polymer processing applications.

The constitutive modelling for viscoelastic responses consists in splitting the stress tensor into a
solvent contribution and a polymer solute contribution, also referred to as elastic or polymeric stress.
The solvent is assumed to have a Newtonian behaviour, whereas the polymer solute requires complex
partial differential equations that comprise several relaxation modes, due to the length distribution of
the polymer chains. From linear to non-linear viscoelastic fluids, several constitutive models attempt
to reproduce better the observed behaviour of complex polymeric fluids, which unfortunately comes
at the cost of increasing complexity. Examples of empirical relations for the constitutive modelling
of fluids are provided in Figure 1.10. For the sake of completeness, inviscid fluids are mentioned,
corresponding to those having a null viscosity and, consequently, no stress, and are of interest in other
contexts, such as aerospace applications.
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Figure 1.10: Classification and constitutive modelling of fluids.

1.3.2 Heat and mass transfer modelling

Besides the constitutive modelling of the polymeric fluids in polymer processing applications,
the extrusion process consists of two fundamental physical phenomena, namely the heat and mass
transfer. Governing equations for the heat and mass transfer are required, usually involving several
physical variables, namely the temperature, velocity, pressure, and stress, whereas the density is also
considered in compressible fluid flows. In that context, the computational fluid dynamics has emerged
as a branch of the computational modelling dedicated to the heat and mass transfer modelling in
fluid flow problems. For fluids with non-Newtonian behaviour, such as polymeric fluids, which require
complex constitutive equations derived from the rheology theory, this field is often referred to as the
computational rheology.

The compressibility effects during the extrusion process, for instance, considering the molten
polymeric material flowing through the die, can be neglected and, therefore, the density is a physical
property rather than a physical variable. Moreover, the extrusion process is continuous, and the
physical variables do not usually change over time and, therefore, a steady-state situation can be
considered. In that regard, the governing equations for the heat and mass transfer consist of a heat
equation, a momentum equation, and a continuity equation, which are illustrated in Figure 1.11 (T is

the temperature, u is the velocity, p is the pressure, T is the stress, I is the identity matrix, « is the
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thermal conductivity, p is the density, cp is the specific heat capacity, and u is the absolute viscosity).

( Governing equations )

I I
Heat equation Continuity equation
————————————————————— ( Momentum equation J Focosococoooooosoosos
V- (pcuT) +V - (—«kVT) = 0 V-u =0
Euler equation Navier-Stokes equation Cauchy equation
V-(ou®u) = -V - (pl) V-(ou @ u)—uV-Vu = =V-(pl) V-(ouu)=-V-(p)+V -7

Figure 1.11: Governing equations for steady-state incompressible flows.

The mass transfer applies only to fluids and requires two governing equations, one for the
conservation of mass and another for the balance of momentum of the fluid, also referred to as
continuity and momentum equations, respectively. The continuity equation imposes a null divergence
velocity, which guarantees conservation of mass in the system for incompressible fluid flows, whereas
the choice of the momentum equation mainly depends on the fluid. The Euler equation involves only the
velocity and the pressure to describes the balance of momentum in inviscid fluid flows and, therefore,
is not appropriate to polymer processing applications. On the other side, the Navier-Stokes equation
is usually used to describe the balance of momentum in Newtonian fluid flows, providing the absolute
viscosity of the fluid. For non-Newtonian fluid flows, the Cauchy equation has to be used instead,
which becomes more complicated since the contribution of the stress is required in the momentum
equation, obtained from the corresponding constitutive equations for the fluid. However, when the
constitutive modelling is provided with explicit empirical relations, as for generalized Newtonian fluids,
the contribution of the stress can be rewritten in terms of the effective viscosity, which becomes similar
to the Navier-Stokes equation.

From the mass transfer modelling viewpoint, explicit relations between stress and strain rate
lead to a model consisting of the Navier-Stokes equation and the continuity equation. On the other
side, implicit relations require the use of the Cauchy equation and, consequently, the stress has to
be determined from the constitutive equations that are part of the model. Moreover, the constitutive
modelling often consists of several equations, which in turn unfold into more equations since they are
usually written in the tensor form but are solved for each tensor component. For instance, assuming a
tridimensional problem, the momentum equation unfolds into three equations derived for each velocity
component, whereas the continuity equation is already in the scalar form. On the other hand, each
constitutive equation unfolds into six equations, assuming a symmetric stress tensor, or nine equations
otherwise. Therefore, the use of implicit constitutive models increases considerably the complexity
of the mass transfer modelling, which ultimately raises essential challenges from the numerical and

computational viewpoints.

15



1.3. Mathematical modelling

The heat transfer equation describes the energy transport in a solid or fluid material, which occurs
through convection and conduction, whereas radiation is usually neglected in polymer processing
applications, such as extrusion and injection moulding. The heat transfer by convection is associated
with the motion of mass and, therefore, applies to molten polymeric materials and also to moving
parts of the extrusion machine. The heat convection is proportional to the temperature and the
velocity, which are both physical variables of the problem, and also to the density and the specific
heat capacity, which are physical properties of the material. On the other side, the heat transfer
by conduction is associated with the random propagation of the microscopic motion of molecules or
atoms in favour of decreasing temperature gradients. In that case, the thermal conductivity of the
material measures the associated rate of heat transfer. Thus, the heat conduction applies not only
to molten polymeric materials and moving parts of the extrusion machine but also to all components,

such as the cooling/calibration system.

The heat transfer equation can only be solved after the solution of the balance of momentum
and continuity equations since the convective transport of energy depends on the velocity. However,
in practice, the opposite is also valid as the physical variables for the mass transfer, namely the
density and the viscosity or associated constitutive equations for the material, often depend on
the temperature. Indeed, changes in the physical state also occur during the extrusion process,
from the raw polymeric material melting inside the barrel to the final product solidification at the
cooling/calibration system. In that regard, large temperature variations throughout the process are
required, making the dependency of these physical properties on the temperature more relevant.
Additionally, the thermal viscous dissipation is another relevant phenomena in polymer processing
applications resulting from the typically high stress, which transforms mechanical energy into thermal
energy. In practical terms, the thermal aspects in the extrusion process are relevant for an appropriate
mathematical model. Therefore, the mathematical modelling for polymer processing applications
results in non-linear systems of partial differential equations, which cannot be solved for each equation
separately.

Boundary conditions complement the governing equations, constraining the physical phenomena
on the boundaries of the problem, such as the temperature, the conductive heat flux, the velocity,
among others. Indeed, several types of boundary conditions can be prescribed for the heat and
mass transfer, where few examples are illustrated in Figure 1.12, for the mathematical modelling of
a cooling/calibration system in the extrusion. Moreover, interface conditions are required to impose
the interaction between different regions in contact, for instance, between the molten polymeric
material and the cooling/calibrator system. In the case of the heat transfer, both the continuity of the
temperature and the conservation of the conductive heat flux are usually prescribed, providing valid
results in a variety of situations. However, this idealization of a perfect thermal is not appropriate
in many applications since realistic contacts are often composed of microscopic air pockets due to
the surface roughness, particularly in solids, as illustrated in Figure 1.13. In these imperfect thermal
contacts, a relevant interfacial thermal resistance arises, which hampers the heat exchange between
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the polymer melt and the metallic parts. In that case, temperature jumps are experimentally measured
on the interface, as in the case between the molten polymeric material and the cooling/calibration
system in the extrusion. Therefore, specific interface conditions are required to replicate this behaviour
appropriately. This whole range of issues in the extrusion process highlights the importance of properly
accounting for the thermal effects in the computational modelling of polymer processing applications.

Temperature
imposed
T Adiabatic

Temperature

imposed
P Perfect contact

or contact
resistance

Free convection and
radiation or adiabatic

Extrusion
direction

Figure 1.12: Boundary and interface conditions prescribed for the thermoplastic profile extrusion cooling stage
with a cooling/calibrator system (adapted from O.S. Carneiro, J.M. Nébrega, Design of extrusion forming tools,
Smithers Rapra, Shawbury, 2012).

‘Air pockets

Material B

Figure 1.13: Enlargement of the contact at the microscale between two materials.

1.4 Computational methods

In the multidisciplinary field of the computational modelling, the development of accurate and
efficient numerical methods has been a topic of extensive research. In that regard, uncountable spatial
discretization methods have emerged, where three commonly used classes of methods are relevant
to mention, namely the finite difference method, the finite element method, and the finite volume
method. Notice that time discretization methods for unsteady mathematical models are not in the
scope of the present work. In any case, as described in Section 1.2, the general strategy consists
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in transforming the partial differential equations into a system of algebraic equations, each relating a
set of local mesh variables, which is then solved with matrix algebra techniques. These methods are
briefly described hereafter, where a particular focus is given to the finite volume method, which is the
approach employed in the present work.

1.4.1 Discretization methods

The finite difference method is one of the simplest and oldest discretization technique, which
has been historically used in the context of computational fluid dynamics problems [31-33]. The
discretization technique in the finite difference method is based on a truncated Taylor series expansion
to approximate the derivatives in the partial differential equations in each cell of the mesh. A derivative
of a specific order, in a truncated Taylor series, is approximated as a difference between the derivatives
of previous order at the cell points, divided by the distance between the cell points. Similarly, the
derivatives in the partial differential equations are approximated in terms of discrete variables in the
vicinity of each cell. Then, all the equations are assembled in a system of linear equations, which
is solved with matrix algebra techniques. Although the derivation of the finite difference method is
straightforward, only orthogonal structured grids are handled since the alignment of the cell points in
each direction is required to derive the appropriate finite differences.

The finite element method is another popular discretization technique, which has been
predominantly used in structural problems for the analysis of stress and deformation in solids [34-38].
The discretization technique in the finite element method is based on a variational formulation of the
partial differential equation with an error functional to minimize, which provides an approximation of
the physical variables, as proved from the calculus of variations. The finite element method requires
basis or shape functions defined for reference elements (such as triangles and quadrilaterals), which
are then mapped onto the cells. Although the discrete variables are always defined at the vertices,
the choice of basis functions provides several derivations of the finite element method. Contrarily to
the classical finite difference method, the finite element method does not require a fixed simple mesh
structure and, therefore, is capable of handling complex geometries with relative ease, when compared
with the former. The linear algebraic equations derived from the method are then assembled in a
system of linear equations, which is solved with matrix algebra techniques. However, the derivation
of the finite element method requires significant knowledge of calculus of variations and, therefore, is

conceptually more complicated than the finite difference method.

The finite volume method is one of the most classical discretization techniques in computational
fluid dynamics and has been receiving significant attention since the eighties with the pioneering work of
Patankar on heat transfer and fluid flow problems [39]. In comparison with the finite difference method
and the finite element method, the extensive use of the finite volume method is recent, although its
foundations date back to the early 1970s, previously to the work of Patankar. Posteriorly, the method
seems to had been independently used to compute approximations of hyperbolic conservation law
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systems of compressible gas dynamics in the works of P.W. McDonald, 1971 [40], in the American
Society of Mechanical Engineers (ASME) and of R.W. MacCormack et al., 1972 [41], and A.W. Rizzi et
al., 1973 [42], in the American Institute of Aeronautics and Astronautics (AIAA). Moreover, the seminal
works of B.V. Leer, 1973-1979 [43-48], and the works of V.P. Kolgan, 1972-1975 [49-51], were also
remarkable in the early development of the finite volume method for hyperbolic conservation problems.
However, some authors claim that the main ideas and principles of the finite volume method are even
older and date back to the early 1960s. For instance, the work of S.K. Godunov, 1959 [52], and A.
Preissmann, 1961 [53], advocating a box scheme to solve the Saint-Venant equations in hydraulic
flow problems, can be regarded as one of the basic finite volume formulations. Additionally, the work
of R.S. Varga, 1962 [54], to solve self-adjoint elliptic equations using an integration approach to derive
finite difference approximations was standard practice in nuclear research at that time. The works
conducted by A.N. Tichnov et al., 1962 [55], and by A.A. Samarskii, 1965 [56], can also be considered
as precursors of the finite volume method, although the historical background from the USSR side is
scarce. Nevertheless, the method did not receive much attention during those three decades while the
finite element method was seeing a noticeable expansion for the physicists and engineers.

1.4.2 Finite volume method

The finite volume method is applied to the integral form of the partial differential equations,
usually having a divergence term of some physical variable. The divergence or Gauss'’s theorem is
fundamental in the finite volume method, allowing to convert the volume integral over some finite
control volume into a surface integral. For instance, consider some control volume denoted as V, with
surface denoted as S, and unit normal vector denoted as n, as illustrated in Figure 1.14. For the case
of the heat conduction, where the temperature is denoted as T', the governing equation is given as

V- (=kVT) = f, (1.1)

where « is the thermal conductivity and f is a heat source, corresponding to the rate of heat generation
per unit volume. The finite volume method requires the integral of Equation (1.1) over control volume

V, given as

/VV-(—KVT)dx:/Vfdx. (1.2)

Then, the divergence theorem is applied to the left-hand side, which transforms the volume integral of
the divergence term into the surface integral of the normal temperature derivative, given as

/—KVT-ndx:/fdx. (1.3)
N 14

In practice, the finite volume method consists in applying the same procedure considering the
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Normal
vector n

Surface S

Figure 1.14: Control volume for the finite volume method (adapted from M. Schafer, Computational engineering:

Introduction to numerical methods, Springer, Berlin, 2006).

cells of the mesh as the control volumes. For instance, consider a structured mesh with some inner
cell denoted as ¢ and faces denoted as n, ¢, s, and w, as illustrated in Figure 1.15. The volume of
the cell is denoted as |c|, whereas the areas of the faces are denoted as |n|, |e|, |s|, and |w]|. The
mid-point of the cell is denoted as P, the mid-points of the neighbour cells are noted as N, E, S, and
W, and the outward unit normal vectors denoted as ny, ng, ns, and nyw. The unknown temperature
is represented piece-wisely at the mid-points of the cells, where for the previous points are denoted as
Tp, TN, Tg, Ts, and Ty, which are unknowns of the discrete problem.

o QN [ o QN (]
Wo--w---—iqlf-——é—--oE Wo-—-iq-----e---oE
5 5
o S [ ®) ‘S [

O O O
(a) Inner cell. (b) Boundary cell.

Figure 1.15: Notations for the finite volume method in a structured orthogonal mesh (adapted from M. Schafer,

Computational engineering: Introduction to numerical methods, Springer, Berlin, 2006).
The division of the surface integral of Equation (1.3) into the different cell faces, gives

/—KVT-nNdx+/—KVT-nde+/—KVT-nsdx+/—KVT-anx:/fdx. (1.4)
n e N w c

Equation (1.4) constitutes a generic formulation of the finite volume method, where no approximation
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were introduced until this point. However, the surface integrals of the normal temperature derivative
on the faces and the volume integral of the source term in the cell have to be discretized to built the
equivalent system of linear algebraic equations. In that regard, there is an uncountable number of
numerical schemes that emerged within the finite volume method, having in common Equation (1.4)
for the problem discretization. A simple and straightforward numerical approximation of the surface
integrals in Equation (1.4) is given as

n-T
/—KVT-ndex ~ -k Py, (1.5)
" [Ny = Py
Te-Ti
/—KVT-nPdez —Kglel, (1.6)
e |Ex_Px|
Ts—T
/—KVT-npsdxz —k=—P g, (1.7)
$ |Sy—Py|
Tw—T,
/—KVT-nPwdxz—KMM (1.8)
w |Wx_Px|

which is equivalent to a finite difference approximating the normal derivative of the temperature based
on the associated discrete variables. In the case of a cell with a boundary face, as illustrated in
Figure 1.15, a different approximation is provided considering the boundary condition prescribed
on the associated boundary of the domain. Moreover, in the case of structured or unstructured
non-orthogonal meshes, as illustrated in Figure 1.16, such a simple scheme requires non-orthogonal
corrections to preserve the consistency of the surface integral approximations. A usual strategy consists
in fixing the finite difference between the cell mid-points with a correction based on the vertex points,
for which accurate and robust numerical techniques for interpolation of the solution at the vertices
are available [57]. On the other side, the volume integral of the source terms is straightforwardly
approximated with the value of the given function at the cell mid-point, denoted as fp.

7
LT
b

Figure 1.16: Mesh notations for the finite volume method with a structured non-orthogonal mesh (adapted from

M. Schafer, Computational engineering: Introduction to numerical methods, Springer, Berlin, 2006).

Finally, the discrete problem consists in rewritten Equation (1.4) with the numerical
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approximations of the surface and volume integrals, given as

In—-Tp Tg-Tp Is—Tp

T —Tp
—K |n| -« le| - k———
|Ny—Py| |Ex = Pyl |Sy—Py|

|s| = k————=1|w| = fplc|, (1.9)
|Wx_Px| fP

which translates into a linear algebraic relation between the discrete variables of the temperature at
the cell mid-points. The discretization procedure is repeated for each cell of the mesh, which provides
the same number of linear algebraic equations as the number of discrete variables. A system of linear
equations is then assembled from these algebraic equations, which is solved using matrix algebra

techniques.

In the previous example, the finite volume method has a straightforward physical interpretation
since the surface integrals on the control volume surface correspond to the conductive heat flux.
Indeed, this translates into the First Law of thermodynamics where the quantity of heat supplied to the
control volume has to be equal to the quantity of heat leaving the control volume plus or minus the
heat sources or sinks. For other governing equations, by providing the conservation of some quantity in
the integral form, the finite volume method leads to the same conservation principle in terms of fluxes
of some physical quantity. Indeed, the conservation of specific physical quantities, such as energy
and mass, is only mathematically translated when associated partial differential equations are written
in the integral form over some control volume. This conservation principle is not only satisfied at the
level of the continuous problem but also at the level of the discrete problem based on the balance
of the fluxes in the cell. Moreover, the conservation principle in the discrete form is also satisfied
regardless of the number or size of cells in the mesh. On the other side, the conservation principle,
which is intrinsically satisfied in the finite volume method, is not, however, necessarily verified in
the context of the finite difference method or the finite element methods. Another advantage of the
finite volume method is the capability to handle any type of mesh, which becomes of interest to work
with complex geometries, as often occurs in polymer processing applications. Additionally, the lower
abstraction level and higher physical meaning, makes the finite volume method easier to understand
and implement, and, thus, more appealing for engineers than the finite element method.

The accuracy of the discretization method depends upon the governing equation, problem
geometry, mesh generation, and flux approximation on the control volume surface. Significant
developments took place after the work of Patankar for structured meshes and comprehensive
literature exists with several classes of methods in the context of the finite volume method, summarized
to the following. The classical two-points flux finite volume method [58-61], also referred to as the FV4
method, extends the original Patankar method to unstructured meshes, but an orthogonality condition
is required to allow admissible diffusive fluxes. The diamond-cell finite volume method [62-64], was
introduced for unstructured non-orthogonal meshes (no orthogonality condition required) and is based
on local linear reconstructions to compute the gradients on each control volume face. The drawback of
the diamond-cell finite volume method is the lack of symmetry and the difficult and limited numerical
analysis. The discrete duality finite volume method [65-67], also referred to as the DDFV method,
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handles unstructured non-orthogonal and possibly non-conformal meshes and satisfies the div-grad
duality intrinsically at the discrete level. Contrarily to the previous methods, the DDFV finite volume
method requires unknowns at the vertices of the mesh as well as dual and diamond control volumes in
addition to the primal ones. On the other side, the DDFV method is symmetric and numerical analysis
is straightforward and general. More recently, to design efficient discretization schemes, several finite
volume methods have been proposed, such as the mixed-hybrid methods [68, 69] or the mimetic
methods [70, 71], among others.

In the case of fluid flow problem, specific numerical techniques are required to correctly solve the
div-grad duality between velocity and pressure arising from the balance of momentum and continuity
equations [72-75, 78-80]. In that regard, discretization methods are also classified as staggered,
when the discrete variables for the velocity and pressure are defined in different meshes (primal and
diamond meshes) [81-83], or as collocated, when both discrete variables are defined in the same
mesh [84-86]. Moreover, the discretization methods are also classified as coupled when the governing
equations are discretized and solved in the same system of linear equations, leading to a saddle point
problem, or as segregated when a projection method in the divergence-free space is used, such as
the classical SIMPLE, SIMPLEC, SIMPLER, and PISO methods [87-90].

1.4.3 Very high-order of convergence

The convergence order of the discretization method measures the rate at which the approximate
solution error decreases under mesh refinement, that is, the same as increasing the number of
unknowns. Classical discretization methods provide a second-order of convergence, whereas achieving
higher-orders of convergence usually requires more complex numerical techniques and more laborious
implementations. Very high-order accurate methods are herein defined as those having more than
the second-order of convergence for the obtained approximate solution error. Such class of methods
have historically emerged to capture, with higher accuracy and resolution than the classical ones,
shocks and discontinuities in fluid flow hyperbolic-dominated problems, such as the Euler equation for
compressible inviscid fluid flows or the shallow water equations. In that context, discretization methods
with third and fourth-orders of convergence have been a standard in aeronautic and nuclear research
to solve engineering problems with non-smooth solutions. Unfortunately, the computational modelling
software commonly used in the polymer processing industry still relies on classical discretization

methods with a first- or second-order of convergence.

The most prominent benefit of very high-order accurate methods is to obtain a higher accuracy
for the same mesh than low-order accurate methods, such as first- or second-orders, as illustrated in
Figure 1.17. Since the approximate solution error decreases faster when employing very high-order
accurate methods, this benefit is more pronounced as the accuracy requirements for the application
increases. In theory, low-order accurate methods are still capable of achieving the same levels of
accuracy increasing the mesh refinement, but with a much higher computational cost and limited
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in practice by the memory capabilities of computers. Consequently, the memory requirements
for demanding applications may exceed the available computer memory, for which very high-order
accurate methods are also a promising workaround. From the computational efficiency viewpoint,
very high-order accurate methods provide higher accuracy but, as a consequence of their increased
complexity, also require more execution time per iteration for the same mesh than low-order accurate
methods. In that regard, there is a non-trivial trade-off between accuracy and execution time, which is
usually in favour of very high-order accurate methods, as illustrated in Figure 1.17. That is, increasing
the convergence order to achieve a certain level of accuracy is usually preferable than refining the
mesh with low-order accurate methods, which typically lead to a higher execution time besides the
inevitable memory limitations. Notice that time discretization of unsteady problems with very high-order
of convergence is also possible, although the literature is more scarce than for the spatial discretization.
Nevertheless, these methods are also capable of providing more accurate approximate solutions for
long-time simulations, when compared with low-order accurate methods.
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Figure 1.17: Typical convergence curves for low- and very high-orders accurate methods.

In fluid flow hyperbolic-dominated problems, the essentially non-oscillatory method, or its
weighted variant, has been widely used to achieve the third- and fifth-orders of convergence [91-96].
The method avoids that spurious oscillations are captured due to the Gibbs phenomenon [97],
whereas other approaches have been recently developed, as the multi-dimensional optimal order
detection method [98-100]. On the other side, elliptic-dominated problems, as those concerning the
heat transfer in polymer processing applications, have not received the same attention within the
development of very high-order accurate methods.
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1.5 Objectives

The computational modelling of ever-increasing complex problems in engineering has only been
possible due to the capabilities of modern-day computers and high-performance platforms. Although
the hardware development has been crucial to overcome the computational limitations of once
intractable engineering problems, the development of proficient numerical methods has significantly
contributed to the applicability of the computational modelling. The application of the computational
modelling in engineering problems of polymer processing has seen remarkable growth in the past
years, providing industries with valuable tools of computer-aided design. Therefore, contributing to
the optimization and improvement of the manufacturing technologies and, consequently, also the
modernization, competitiveness, and cost reductions of polymer processing industries. However, the
complexity of polymer processing applications, generally magnified due to intricate three-dimensional
geometries, non-isothermal processes, and polymeric fluids with viscoelastic behaviour, clearly still
raise the concern for computational efficiency. Moreover, such a complex scenario that polymer
engineers seek to investigate will undoubtedly be more pronounced in the future. Unfortunately,
the maijority of the computational modelling software commonly used in the polymer processing
industry relies on classical numerical methods, which often fail to provide the desired performance
and reasonable calculations times in these complex applications. Besides the expensive commercial
software licenses, powerful high-performance computer platforms would, in theory, overcome the
problem, unfortunately at similarly high costs. Consequently, simplified mathematical models, coarse
meshes, or unfinished simulations are the common workarounds, which often succeed to deliver faster

results but fail to represent adequately the physical phenomena of interest.

1.5.1 General objectives

The main objective of the present work is to improve the performance, either in terms
of numerical accuracy and computational efficiency, of the computational modelling approach of
complex problems in polymer processing applications, such as the extrusion. More specifically, the
means to achieve the objective is to develop advanced computational methods that allow more
accurate, robust, stable, and efficient calculation processes than the classical ones. Moreover, the
implementation aspects of the proposed numerical methods are also targeted, developing algorithms
to reduce the computational cost of the simulations, also taking advantage of modern multi-core
processor computers. Exhaustive and comprehensive benchmarks dedicated to the verification of the
proposed computational methods should be carried out, to assess the performance improvement of

the computational modelling.

In the present work, the proposed computational methods are applied to the heat transfer
and the thermal aspects in polymer processing applications, which already covers a wide range of
challenges, such as the optimization of the cooling rate and temperature homogeneity in the extrusion
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cooling stage. Nevertheless, the extension of these developments to the computational modelling of the
mass transfer and the constitutive modelling, which is also subject of much concern, is straightforward
but requires exhaustive verification. Indeed, these mathematical models are mostly based on the same
type of partial differential operators, which can be discretized similarly, although usually demanding
more elaborated algorithms. In that regard, the present work provides a solid background and
a fundamental basis for the future application of the developed computational methods to other
mathematical models.

1.5.2 Specific objectives

In the present work, a finite volume method with very high-order of convergence will be developed
and verified with specific numerical and computational benchmarks to assess its performance. In
general terms, the method is based on polynomial reconstructions computed with the least-squares
method, which are used to determine approximations to the surface integrals arising in the generic
finite volume method formulation. In the case of the heat transfer, these surface integrals correspond
to the convective and conductive heat fluxes through the surfaces of the control volumes. The method
handles unstructured meshes with general elements, which is a desired characteristic to investigate
the complex geometries often arising in polymer processing applications. The method started to gain
attention with the works of T.J. Barth et al., 1990 and 1993 [101, 102], although some authors claim
that the main ideas and principles are even older. Instead of using finite differences to approximate
the surface integrals arising in the generic finite volume formulation, which is severely constrained to
the mesh structure, the method is based on polynomial reconstructions. The main idea consists in
approximating the discrete variables in the vicinity of a mesh element to a polynomial function, which is
computed solving a minimization problem with the least-squares method. Then, the approximation to
the surface integrals consists in evaluating the polynomial reconstruction or its derivatives at the points
derived from an appropriate quadrature rule. The method has no limitations concerning the mesh
structure or the type of mesh elements and requires no orthogonal corrections since the derivatives
of the polynomial reconstruction are straightforwardly evaluated. Moreover, the polynomial degree
determines the optimal convergence order of the method.

Recent works found in the literature have applied the same ideas in different contexts. For
instance, the works of C. Ollivier-Gooch et al., 2002 [103], and of S. Clain et al., 2013 and
2014 [104, 105], investigated the application of the method to the convection-diffusion equation. On
the other side, the works of C. Michalak et al., 2009 [106], and of R. Costa et al., 2017 [107, 108],
proposed an extension of the method to the Stokes and Navier-Stokes equations. However, these
works only concern two-dimensional polygonal domains, whereas the three-dimensional case, with
only simple curved geometries, was addressed in the work of A. Boularas et al., 2017 [109], which
was later improved in the work of R. Costa et al., 2018 [110]. Besides these essential advances,
much research remains to be done towards the application of the method to investigate realistic

engineering problems, particularly in polymer processing applications. In that regard, four specific
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topics of paramount concern were identified and established as objectives of the present work, as
described in the following subsections.

1.5.2.1 General boundary conditions on curved boundaries

The application of very high-order accurate methods to curved domains requires special attention
since the geometrical mismatch between the polygonal mesh and the curved boundaries often leads
to accuracy and convergence order deterioration. In that regard, the classical technique, either in
the finite volume method and finite element method, consists in using curved elements that follow
the curved boundary, as illustrated in Figure 1.18. Unfortunately, generating curved meshes requires
more elaborated and computationally expensive algorithms, whereas the discretization method often
demands complex non-linear transformations and quadrature rules on curved elements. Consequently,
the method often becomes cumbersome to apply, in particular in complex three-dimensional geometries.
The previous work of R. Costa et al., 2018 [110], proposed a simple and efficient technique that
handles arbitrary curved domains with polygonal meshes, therefore overcoming the drawbacks of
using curved meshes. However, the work only addresses the Dirichlet boundary condition, which is
far from the practical needs of polymer processing applications, as illustrated in Figure 1.12. In that
regard, the method will be extended in the present work to general boundary conditions, such as the
Neumann and Robin ones, proving a general procedure regardless of the boundary condition type.
Further discussion on this topic and literature review is provided in the subsequent chapters.

(a) Polygonal mesh. (b) Curved mesh.

Figure 1.18: Polygonal and curved meshes for a curved boundary.

1.5.2.2 Conjugate heat transfer problems with general interface conditions

Conjugate heat transfer problems often arise in polymer processing applications, namely when
two materials are in contact, such as the molten polymeric material and the metallic parts of
the machine. These problems require that interface conditions are prescribed on the interface to
impose the thermal interaction between the different regions. Moreover, in some polymer processing
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applications, imperfect thermal contacts arise due to the microscopic surface roughness of the
materials, for instance, in the extrusion, this happens between the molten polymeric material and the
cooling/calibrator system, as illustrated in Figure 1.13. The interfacial thermal resistance that arises
due to the microscopic air pockets results in temperature jumps, which requires more complex interface
conditions than perfect thermal contacts. These issues raise a difficulty, when one wants to preserve
the very high-order of convergence, mainly when the problem consists of arbitrary curved interfaces
discretized with polygonal meshes, as illustrated in Figure 1.19. In that case, the conservation of
conductive heat flux between any two neighbour cells, which is usually intrinsically satisfied in the finite
volume method, becomes a concern due to the geometrical mismatch between the polygonal mesh
and the curved interface. None of the previous works applies the very high-order accurate method to
solve conjugate heat transfer problems with general interface conditions on arbitrary curved interfaces,
which is also one of the aims of the present work, considering the developments in the previous topic.

Further discussion on this topic and literature review is provided in the subsequent chapters.

Figure 1.19: Polygonal mesh for a curved interface.

1.5.2.3 Thermal boundary layers in high-Péclet number problems

Boundary layers for the temperature distribution often arise in polymer processing applications
as the associated heat transfer problems have typically high Péclet numbers, such as the extrusion.
In that case, the convection transport of energy associated with the velocity of the molten polymeric
material predominates in the extrusion direction over the conductive transport. The complexity
increases in conjugate heat transfer problems, in which the contact between two materials with very
distinct physical properties result in thermal boundary layers in the vicinity of the interface. For
instance, the molten polymeric material in contact with the cooling/calibrator system, having the
former a significantly higher initial temperature and substantially lower thermal conductivity than the
latter. Moreover, the thermal boundary layer thickness is proportional to the Péclet number, although
it increases as the problem evolves due to the conduction in the opposite direction, as illustrated in
Figure 1.20.

The discretization of thermal boundary layer problems usually requires local mesh refinements
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Figure 1.20: Thermal boundary layer on a curved boundary and interface (the colour scale is merely

representative).

to capture the high-temperature variations with sufficient accuracy and without spurious oscillations.
Moreover, since the temperature variations in thermal boundary layers occur mainly in the perpendicular
direction to the boundary or interface, the common practice consists in using stretched meshes, as
illustrated in Figure 1.21. Although stretched meshes allow reducing the total number of cells
by increasing the mesh size in the tangential direction, very fine meshes are still required in the
perpendicular direction where the highest gradients occur. In that context, the very high-order accurate
method is capable of maintaining the accuracy of the approximate solution using coarser meshes in
both directions, which provides more efficient simulations. However, when associated with arbitrary
curved boundaries and interfaces, the problem raises the concern for the capability of the method
to preserve the very high-order of convergence with polygonal meshes. On one side, stretched
meshes increase the condition number associated to the least-squares matrices of the polynomial
reconstructions, consequently impacting on the stability of the method. On the other side, a significant
geometrical mismatch arises between the polygonal mesh and the curved boundary or interface, when
increasing the aspect ratio of the mesh. Nevertheless, the case of the classical techniques with
curved meshes would be even more difficult since inner mesh elements have also to be curved to
avoid intersections with the boundary mesh elements. In that regard, the developed very high-order
methods should also be verified in the present work with problems having strong thermal boundary
layers alongside arbitrary curved boundaries and interfaces, for which stretched meshes with high
aspect ratios will be considered. Further discussion on this topic and literature review is provided in

the subsequent chapters.

Figure 1.21: Coarse stretched polygonal mesh for a curved boundary and interface.

1.5.2.4 Three-dimensional domains and algorithm optimization

The three-dimensional case is often put aside as it requires very time-consuming simulations,
mainly when performing specific numerical benchmarks for the verification of the method. Indeed, the
efficiency of the method in the three-dimensional case is critical, whereas the implementation aspects
do not often receive much attention and, therefore, computational benchmarks are often avoided.
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Moreover, the application of the classical techniques relying on curved meshes to the three-dimensional
case with curved boundaries and interfaces becomes cumbersome and often intractable to apply in
complex geometries, as illustrated in Figure 1.22. On the other side, the application of the proposed
numerical technique with polyhedral meshes is straightforward, implying no additional challenges
in comparison to the two-dimensional case. Indeed, polymer processing applications often concern
complex three-dimensional geometries and, therefore, these developments are of crucial importance.
The work to be performed should also comprise the assessment of three-dimensional case studies
considering the developments in the previous topics, aiming at developing optimized algorithms to
drastically reduce the computational cost, both in terms of execution time and memory usage, without
accuracy deterioration. Further discussion on this topic and literature review is provided in the
subsequent chapters.

Figure 1.22: Three-dimensional polygonal mesh for a curved boundary.

1.6 Thesis structure

The remaining thesis is divided into five chapters, four of which are built based on already
published papers and manuscripts in preparation for publication, which resulted from the work

developed.

In Chapter 2, a simple and efficient numerical technique is proposed to allow handling general
boundary conditions on arbitrary curved boundaries with a very high-order accurate method. The
numerical technique is applied to solve the two-dimensional convection-diffusion equation, whereas
a specific numerical benchmark is provided to verify the method with different boundary conditions

prescribed on non-trivial curved boundaries.
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In Chapter 3, the very high-order accurate method is extended to two-dimensional conjugate heat
transfer problems, with general interface conditions on arbitrary curved interfaces. As in the previous
chapter, a specific numerical benchmark is provided to verify the method, where interface conditions
for both perfect and imperfect thermal contacts are considered on non-trivial curved interfaces.

In Chapter 4, the very high-order accurate method, which is now capable of handling general
boundary and interface condition on arbitrary curved domains, is put in place to investigate the
cooling stage of the thermoplastic sheet extrusion. The method is firstly assessed with a sanity-check
benchmark, whereas a performance comparison between the low- and high-orders of convergence is
then carried out in terms of the most relevant parameters for the application.

In Chapter 5, the implementation aspects of the very high-order accurate method are addressed,
providing optimized algorithms that substantially reduce the computational cost, both in terms of
execution time and memory usage, without accuracy deterioration. The method is exhaustively
verified in a numerical benchmark of three-dimensional conjugate heat transfer problems, consisting
of curved domains with non-trivial curved boundaries and interfaces. A computational benchmark is

also provided to assess the computational gains of the optimized algorithms.

The last chapter of the thesis is dedicated to draw the general conclusions of the work in
consideration of the proposed objectives, and also to outline the possibilities of future works.
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CHAPTER Very high-order accurate finite volume scheme for
the convection-diffusion equation with general

boundary conditions on arbitrary curved boundaries

Abstract: Obtaining very high-order accurate solutions in curved domains is a challenging task
as the accuracy of conventional discretization methods, usually developed for polygonal domains,
dramatically reduce without an appropriate treatment of boundary conditions. The classical techniques
to preserve the optimal convergence order are found in the context of finite element and finite volume
methods, which often rely on curved mesh elements to fit the associated curved boundary. Such
techniques demand sophisticated meshing algorithms, cumbersome quadrature rules for integration,
and complex non-linear transformations to map the curved mesh elements onto the reference
polygonal ones. In this regard, the Reconstruction for Off-site Data method provides very high-order
accurate polynomial reconstructions on arbitrary smooth curved boundaries, enabling the integration
of the governing equations in polygonal mesh elements and, therefore, avoiding the use of complex
integration quadrature rules or non-linear transformations. The method was initially introduced for
Dirichlet boundary conditions, and the present work proposes an extension for general boundary
conditions, which represents an important advance for real context applications. A generic framework
to compute polynomial reconstructions is also developed based on the least-squares method, which
handles general constraints and further improves the algorithm. The proposed methods are applied
to solve the convection-diffusion equation with a finite volume discretization in general unstructured
meshes. A comprehensive numerical benchmark is provided to verify and assess the accuracy,
convergence orders, robustness, and efficiency of the method. The results prove that the method is
capable of fulfilling boundary conditions appropriately on arbitrary smooth curved boundaries, and a
very high-order of convergence is effectively achieved.

Keywords: Very high-order accurate finite volume scheme, arbitrary smooth curved boundaries,
general boundary conditions, polynomial reconstructions, least-squares method, reconstruction for
off-site data method, convection-diffusion equation

This chapter was adapted from R. Costa, J.M. Ndbrega, S. Clain, G.J. Machado, and R. Loubere, Very high-order accurate
finite volume scheme for the convection-diffusion equation with general boundary conditions on arbitrary curved domains,
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2.1. Introduction

2.1 Introduction

The treatment of ever-increasing complexity problems in engineering has only been possible
due to the capabilities of modern-day computational methods and high-performance computers. In
what concerns to the numerical modelling, computational efficiency is usually determined based on
the computational effort necessary to obtain a certain level of solution accuracy, leading to a trade-off
between the convergence order of the method and the mesh characteristic size. In the absence of
shocks or irregularities, increasing the convergence order is more efficient concerning computational
resources than mesh refinement. However, obtaining very high-order accurate approximations is still
a challenging task, and many developments in that field are to be made.

The majority of the very high-order accurate methods (more than the second-order) are
specifically designed for polygonal (or polyhedral) domains and, usually, numerical difficulties in
obtaining the optimal convergence order arise when handling boundary conditions prescribed on
curved boundaries. For a short literature review on the topic, the reader is referred to the
introduction section in R. Costa et al., 2018 [1], which is summarized in the following. The classical
approach to handle boundary conditions on curved boundaries is based on the isoparametric element
method [2, 3], which requires, on one side, the introduction of curved mesh elements and, on the other
side, non-linear transformations to map the local curved mesh elements onto the reference polygonal
ones. An alternative approach, dedicated to the finite volume method, was initially proposed by C.
Ollivier-Gooch et al., 2002 [4]. The technique does not require non-linear transformations, but the main
shortcoming remains, in particular, the meshing algorithm to generate curved mesh elements fitting
curved boundaries in addition to the high-order accurate quadrature rules for numerical integration on
non-polygonal mesh elements. As a consequence, handling arbitrary two- or three-dimensional curved
elements turns out to be a cumbersome task, which results in significant computational costs [5-7].

R. Costa et al., 2018 [1], introduced a new approach in the finite volume context, the
reconstruction for offsite data method (shortened to ROD method), which is capable of handling
boundary conditions on arbitrary smooth curved boundaries with a very high-order of convergence. The
novelty of the method is to use only polygonal mesh elements, overcoming the mismatch between the
mesh boundary and the domain boundary. The method enforces the prescribed boundary conditions
using polynomial reconstructions in the vicinity of the boundary, which are computed based on the
constrained least-squares method. Moreover, the governing equations are integrated on polygonal
mesh elements and, consequently, the numerical heat fluxes are determined solely on the boundaries
of the polygonal cells. Therefore, no sophisticated meshing algorithms for curved mesh elements
are required, nor non-linear transformations, nor cumbersome quadrature rules for integration in the
curved elements. There are very few methods capable of handling curved domains with polygonal
meshes, and most of them are limited to the first- or second-order of convergence. Recently an
extension of the immersed boundary method to the fourth-order of convergence has been proposed in

the framework of the Fourier spectral method [8, 9], which is able of handling arbitrary smooth curved
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2.2. Mathematical formulation

domains.

The ROD method was initially developed only for the steady-state two-dimensional
convection-diffusion problem with Dirichlet boundary conditions. In the present work, essential
developments are introduced to the method, namely, the handling of Neumann and Robin boundary
conditions, which represents a fundamental advance for real context applications. Moreover, the
development of a generic framework to compute polynomial reconstructions based on the
least-squares method allows the handling of general constraints and improves the algorithm.

The remaining sections of the chapter are organized as follows. Section 2 presents the model,
the mesh, and the basic assumptions and notations. Section 3 introduces the generic framework
to compute polynomial reconstructions based on the least-squares method. Section 4 is dedicated
to the ROD method based on the previously introduced polynomial reconstructions and the Dirichlet,
Neumann, and Robin boundary conditions on curved boundaries are addressed. Section 5 presents
the very high-order accurate finite volume scheme based on the polynomial reconstructions and the
ROD method. Section 6 provides a comprehensive numerical benchmark test suite to verify and
assess the proposed method. The chapter is completed in Section 7 with the conclusions and some
perspectives for future work.

2.2 Mathematical formulation

The steady-state convection-diffusion problem is addressed in two dimensions and formulated
with the Cartesian coordinate system considering x := (x, y). Let £ be an open bounded domain of R?
with boundary I, partitioned into three non-overlapping and possibly empty subsets, I'°, I'N, and I'R,
suchthat " = ’'°UIr'NUTIR, The boundary and the interface are regular Jordan curves, that is, simple
and closed curves, and admit a known local parameterization. Vector r = (ny, ny) = (n,(x),n,(x))

stands for the outward unit normal vector to I” at point x on the boundary (see Figure 2.1).

Figure 2.1: Example of arbitrary curved domain with boundary subsets and outward unit normal vector.
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2.2. Mathematical formulation

2.2.1 Convection-diffusion model
The governing equation for temperature function ¢ := ¢(x) is given as
V-(up—«Vep)=f, inQ, (2.1)

where u = (uy,uy) = (ux(x),uy(x)) is the velocity vector function multiplied by the heat capacity
and density of the associated material, x := «(x) is the thermal conductivity function, and f := f(x)
is the heat source function (a negative value implies a heat sink). All functions are assumed to be
regular and bounded in the domain. To complete Equation (2.1), boundary subsets I'°, I'N, and I'R

are prescribed with the following boundary conditions:

e On boundary subset I'°, a Dirichlet boundary condition is prescribed, given as
¢=g° onrIP, (2.2)
where gP := gP(x) is a given regular function.
e On boundary subset I'N, a Neumann boundary condition is prescribed, given as
—kV¢-n=gN, onI™, (2.3)
where gN := gN(x) is a given regular function.
e On boundary subset I'R, a Robin boundary condition is prescribed, given as
aRp+BRVe-n=gR, onr¥k, (2.4)

where gR := gR(x), a® = aR(x), and AR := BR(x) are given regular functions. For instance,
if a®(x) := u(x)-n(x) and BR(x) := —«(x), then the Robin boundary condition represents a
total heat flux boundary condition. The Robin boundary condition can also be used to prescribe
mixed boundary conditions of Dirichlet and Neumann types.

2.2.2 Polygonal meshes

A general polygonal mesh denoted as M discretizes the subdomain € and consists of n
non-overlapping convex polygonal cells (triangles, quadrangles, etc.). Cells are denoted as ¢; with
i€Z=A{1,...,n}. Inner edges are denoted as e;j with j #iand i, j € 7 and correspond to the edges
shared between neighbour cells ¢; and ¢; and, therefore, e;; = ¢; N c;. Boundary edges are denoted
as e;p withi € ZF | F € {D,N,R}, and correspond to the edges of cells ¢; approximating boundary
subsets ' (for the sake of simplicity, each cell has at most one boundary edge). Subset ZF' ¢ T
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2.2. Mathematical formulation

gathers the indices and n’" is the number of the cells with a boundary edge approximating boundary

subset I'F'. The vertices of the boundary edges fall on the curves of the associated boundary subsets.

Table 2.1 introduces the geometric properties for the cells and edges and Figures 2.2 provides
a schematic representation. Notice that inner edge e;; is also denoted as ej; and, therefore, reference
and quadrature points are the same, that is, m;; = m; and 9ijr =4jir whereas outward unit normal

vectors are antisymmetric, that is, s;; = —s ;.

Table 2.1: Notation and geometric properties for the cells and edges.

Mesh elements  Notation Properties Definition Choice
ac; Boundary
lcil Area
Cells (o m; = (mi,x, m,-,y) Reference point (can be any point in ¢;) Centroid
9iq= (Giq.x> Gisgy) Quadrature points, g = 1,...,0 Gaussian
N; Indices of the adjacent cells and boundary subset
|eij| Length
m;; = (mji x,Mji Reference point (can be any point on ¢; ; Midpoint
Inner edges eij ij = (mij o mijy) point yp ij) p
' 4ij, = (9ij.rxqij,ry)  Quadrature points, r = 1,...,R Gaussian
Sij = (Sijx Sijy) Outward unit normal vector from cell ¢; to cell ¢;
leir| Length
mip = (miF x.mir,y) Reference point (can be any point on e;r) Midpoint
Boundary edges e;r
4:r., = (9iF.r.x-qiF,ry) Quadrature points, r =1,...,R Gaussian
siF = (SiF x. SiF,y) Outward unit normal vector from ¢;

Figure 2.2: Notation and geometric properties for the cells and edges.

In the scope of work, keywords physical and computational distinguish the real domain from

the discretized domain, respectively, and in this way, the following definitions are introduced:

e The computational domain, denoted as 2, gathers all the cells and stands for a representative
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approximation of physical domain £, given as

QA:UCi. (25)

ieT

e The computational boundary, denoted as I'x, gathers all the boundary edges and stands for a

representative approximation of physical boundary I", given as

FA = U EiF. (26)

ieZF ,Fe{D,NR}

e The computational boundary subset, denoted as 'Y, F € {D,N, R}, gathers all the boundary
edges associated to a boundary subset and stands for a representative approximation of physical
boundary subset I'F", given as

ry=|Jer. (2.7)

ieZ¥

Remark 1 The curved physical domain, €2, and corresponding polygonal approximation, €24, do not
fully overlap as only polygonal meshes are considered. For fine enough meshes, a mismatch of order
(’)(hz) is then expected between the physical and the computational boundaries, where A is the
characteristic mesh size. Such mismatch represents a potential accuracy deterioration for any more
than second-order accurate scheme.

2.3 Polynomial reconstructions

The least-squares method for the finite volume method [10-12] is a powerful tool to compute
local representations of the underlying solution from scattered pointwise or mean-values associated
to the cells. The underlying solution is assumed to be continuous and smooth enough in domain £.
Hence, no limiting procedure must be designed to avoid parasitical oscillations resulting from the Gibbs
phenomenon, such as slope limiting for piecewise linear functions [13-15], (weighted) essentially
non-oscillatory ((W)ENO) techniques [16-22], or advanced hierarchical limiting strategies [23, 24]
for quadratic or higher degree polynomials. The method consists in computing a local least-squares
approximation of function ¢(x) targeting some mesh elements, written in the general form as
o(x) = n'p(x), where 5 is a vector of coefficients and p(x) is a basis function vector. Although any
basis function vectors can be considered, polynomial basis functions present a high flexibility and are
easy to construct [1, 25, 27]. The local approximations are then used to compute accurate heat flux

approximations, and very high-order of convergence can be achieved under mesh refinement.

S.Clainetal., 2013 [25], proposed a polynomial reconstruction method based on a least-squares
method to design a very high-order accurate finite volume scheme for convection-diffusion problems.
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2.3. Polynomial reconstructions

The scheme uses several types of polynomial reconstructions to compute different kinds of physical
heat fluxes. In particular, the authors introduced a conservative polynomial reconstruction associated
with the boundary edges to handle the Dirichlet boundary condition. In that regard, the polynomial
is rewritten to enforce the prescribed Dirichlet boundary condition at the quadrature points on the
boundary edges. As such, the least-squares procedure corresponds to a simple and straightforward
unconstrained minimization problem, which can be solved with the normal equations method. In
the case of Neumann boundary conditions, no polynomial reconstructions are required as the
corresponding boundary heat fluxes at the edge quadrature points are assigned with the provided
Neumann boundary condition functions. Despite the effectiveness of the method to provide very
high-order of convergence under mesh refinement, the scheme was designed for polygonal domains,
which can be fully overlapped by polygonal meshes.

The method introduced by S. Clain et al., 2013 [25], was later extended by R. Costa et
al., 2018 [1], for curved domains with prescribed Dirichlet boundary conditions. As in the former,
the method adapts the polynomial reconstructions associated to the boundary edges to enforce the
boundary conditions at collocation points not belonging to the polygonal edges, successfully restoring
the optimal convergence. Since the mesh elements are assumed to be polygonal, Neumann and Robin
boundary conditions prescribed on curved boundaries cannot be assigned to the edge quadrature
points without accuracy loss. On the other side, the procedure adopted for the Dirichlet boundary
edges could be adapted to the cases of Neumann and Robin boundary conditions. That would
imply that polynomial representations are rewritten into a different form such that the Neumann or
Robin boundary conditions are enforced at the collocation points. Therefore, polynomial ¢(x) is
not written simply as ¢(x) = p'p,(x) but instead in some other way, which in practice turns out
to be cumbersome as the transformation yields very complex polynomial reconstruction expressions.
Contrarily, this work proposes a new framework for the polynomial reconstructions considering a
more sophisticated least-squares procedure. The new approach improves the versatility of the local
approximations without loss of accuracy or efficiency, and it can handle genuine general boundary

conditions, including the ones of Neumann and Robin types.

The main idea in the polynomial reconstruction method is to collect a stencil of cell mean-values
in the vicinity of targeted mesh elements, which are used to compute the coefficients of the polynomial
reconstructions in the least-squares sense. Collocation points are defined in the vicinity of the boundary
edges to fulfil the boundary conditions, and the associated data (extracted from the prescribed boundary
conditions functions) is used to constrain the least-squares procedure and compute coefficients vector
7n7. Notice that, as the boundary conditions are enforced in the least-squares procedure, polynomial
reconstructions are always written as ¢(x) = 'p,(x) and no cumbersome transformations are
needed. In this way, one of the following two types of polynomial reconstructions is used. An
unconstrained polynomial reconstruction is applied when only the data in the stencil is used to adjust
the polynomial reconstruction. A constrained polynomial reconstruction is applied when prescribed
boundary conditions or the cell mean-values conservation need to be exactly fulfilled. Both types of
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2.3. Polynomial reconstructions

polynomial reconstructions are obtained employing a weighted, possibly constrained, minimization
procedure in the least-squares sense.

2.3.1 Polynomial functions

Polynomial functions are considered to represent the local approximations of the underlying
solution. The local polynomial approximation of degree d > 0 can be written in a compacted form as

d d—a

g m) =q'p e —m)= > > napx—m)* (y—my)", (2.8)
a=0 =0

where vector p,(x) is a two-dimensional polynomial basis function vector of degree d (see some
examples in Table 2.2), and m = (mx, my) is a reference point used for conditioning purposes. Vector
n= [n(a’ﬁ)] gathers the polynomial coefficients associated to the monomial terms. For the sake

of simplicity and when it is explicit, the notation ¢(x) := ¢(x;n,m) is adopted to represent the

polynomial.
Table 2.2: Monomial terms in the polynomial basis function vector.
1 ox oy 22 oxy 2 83 2y o? ¥t By
px) v v
px v v v v Y
»px v v v v v Vv vV vV vV
mux) v v v v v v v v Vv Vv Vv vV vV VvV

2.3.2 Stencil and weights

To provide an approximation of underlying solution ¢(x), a mean-value approximations over
each cell ¢;, i € Cpy, is considered, given as

1
¢ = ol / ¢(x)dx. (2.9)

All the Nc mean-values are gathered in a vector @ = [¢i]iecM-

For a given mesh element of reference, a stencil S is a collection of s cell indices located in
its vicinity. A simple algorithm based on cells proximity can be implemented to collect S, but other
possibilities can also be considered to handle complex or particular situations. The goal of a stencil is
to use the associated data, ¢x, k € S, to compute vector i for the local polynomial reconstruction
¢(x). The number of cell indices in the stencil depends on the degree of the polynomial basis function
and, eventually, on the type of the polynomial reconstruction to be computed, as seen later. Generally
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2.3. Polynomial reconstructions

speaking, a polynomial reconstruction of degree d requires n = (d +1)(d +2)/2 coefficients and
thus a minimum of # cells has to be collected in stencil S. In accordance to the common practice,
a stencil of size s ~ 1.5n is chosen to exceed that minimum, giving some freedom to compute the
polynomial reconstruction, which decreases matrices condition numbers and, consequently, improving

the procedure robustness [4].

A positive weight, denoted as wy, is set for each cell index k € S in the stencil. All the weights
are gathered in vector w € R*. The weighting procedure is reported by T.J. Barth, 1992 [26], to
compute fluid dynamics solutions with unstructured meshes, with the purpose to reduce the influence
of data farther from the local reconstruction. Weights wy := w(dk;9,y) are set as the inverse of
distance to a power of y € R, given as

w(di;0,y) = (2.10)

(6dy)” +1

where 6 € Rg is a sensibility factor and d = |mj —m| is the Euclidean distance between cell reference
point my (the cell centroid) and polynomial reconstruction reference point m. The values of 6 and y

will be specified later.

2.3.3 Unconstrained polynomial reconstructions

For the unconstrained case, no constraint is applied and the optimal polynomial reconstruction
is solely sought in the approximated sense, for which a weighted cost functional from R” to R is

considered, given as

2
1
F(’]):Zwk[_ / so(x)dx—ask] . (2.11)
keS |Ck| Ck

The approximation procedure consists in seeking unique vector € R” that minimizes functional

F(n) in the least-squares sense, that is

7 = arg min[F(57)]. (2.12)
n

An overdetermined system of s linear equations to solve for n unknowns arises, which can
be written in the matrix form as WAnp = Wb. Matrix W € R™ is a diagonal matrix given as
W = diag(w) and vector b € R* is obtained from the mean-values in @ with index in S. Matrix

A € R™" is composed of entries ax;, k =1,...,s, 1 =1,...,n, given as
1 o B
a1 = [ (x=my)"(y—my)"dx, 213
' |Ck| Cr

where for each index [ a pair (a, 8), with @ € {0, ...,d} and B € {0,...,d — a}, is associated for a
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2.3. Polynomial reconstructions

polynomial reconstruction of degree d. Assuming a local indexation of stencil S = {1,2,...,s} and
assuming that vector g writesas p = [y 12 ... nn]T, the system of linear equations in matrix form
then writes as

w; 0 - Ofla, a2 - aa| |m w0 - 0 ¢
0 wy e 0 az’l a2,2 e aZ, ) 0 (00)) et 0 2
n| M - ‘ ' ¢ . (2.14)
L 0 0 s (Us_ _as,l asp - as,l’l_ _'7n_ | 0 0 o (I)s_ _¢s_
—— —
W A n w b

Finally, the solution of the unconstrained least-squares problem (2.12) provides vector i
that minimizes cost functional (2.11) and the associated unconstrained polynomial reconstruction is
denoted as ¢(x) = ﬁTpd(x—m). Several minimization procedures can be derived to determine the

least-squares solution. In this work, the normal equations method is applied.

Following this procedure, unconstrained polynomial reconstruction for each inner edge ¢;; is
computed and denoted as ¢;;(x) = n{ipd (x—m,-j). The reference point corresponds to the edge
midpoint, m := m;;, and the stencil, S = S,-j, gathers s cells in the vicinity of the edge. The solution
of the associated unconstrained least-squares problem (2.12) provides vector 'ﬁ,-j that minimizes

cost functional (2.11), and the associated unconstrained polynomial reconstruction is denoted as

Gij(xX) = iy (x —mij).

2.3.4 Constrained polynomial reconstructions

The constrained case arises when it is necessary to exactly fulfil local boundary conditions
or preserve the conservation of some physical quantity. In addition to the linear equations to be
approximated in the least-squares sense, p linear constraints with respect to vector 7, where 0 < p < n,
must be fulfilled. For this purpose, a constraint functional from R” to R? is introduced and denoted as
G(n), which will be defined later. Mimicking the unconstrained polynomial reconstruction case, the

same weighted cost functional from R to R is considered given as

1 2
F(n):Zwk[ﬁ / so(x)dx—qsk] . (2.15)

keS

The approximation procedure consists in seeking unique vector 77 € R” that minimizes functional
F(n) in the least-squares sense and, at the same time, exactly fulfils G(i) = 0, that is

7 =arg min[F(n)] subjectto G()=0. (2.16)
n
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The least-squares method yields an overdetermined system of s linear equations for n unknowns,
which again can be written in the matrix form as WAnp = Wh. Matrices W € R**® and A € R**",
and vector b € R* are given as for the unconstrained polynomial reconstruction (2.14). Moreover, the
solution is obtained applying the linear constraints in the matrix form Cn = d with p equations for n
unknowns. Matrix C € RP*" gathers the coefficients of the linear constraints, assumed to be full rank,
while vector d € R? is the associated right-hand side.

Finally, the solution of the constrained least-squares problem (2.16) provides vector
that minimizes cost functional (2.15) and exactly satisfies the linear constraints, and the associated
constrained polynomial reconstruction writes as @(x) = ﬁTp 4(x —m). Several minimization procedures
fulfilling linear constraints can be found in the literature, and this work considers the so-called linearly
constrained Lagrange Multipliers method. This topic is not elaborated, and more details are found in
the work of D.P. Bertsekas, 1982 [28].

2.3.4.1 Constrained polynomial reconstructions for cells

Constrained polynomial reconstruction for each cell ¢; is computed and denoted as ¢;(x) =
anpd(x —m;). The unknown polynomial coefficients vector is i := 5;, the reference point, m = m;, is
chosen to be the cell centroid, and stencil S = S; gathers s cells in the vicinity of the cell (excluding ¢;).
The corresponding mean-value, ¢; is an approximation of function ¢(x) over cell ¢;, and to enforce
the conservation of ¢; in polynomial ¢;(x), constraint functional G(n) = G;(n;) is given as

1
Gilm) = 7= [ eindx=o. 2.17)

Assuming that vector  writesas g =[n1 12 ... nn]T, linear constraint G;(1;) = 0, with constraint

functional (2.17), writes in matrix form as

T
[cl cy e cn] [m m ... nn] = [(/)i] ) (2.18)

with coefficients ¢;, [ = 1,...,n, given as
1
l Ci

where for each index [ a pair (@, 8), with @ € {0,...,d} and B € {0,...,d —a}, is associated for a

polynomial reconstruction of degree d.

The solution of the associated constrained least-squares problem (2.16) provides vector 7; that
minimizes cost functional (2.15) and exactly satisfies linear constraint (2.17), and the associated

constrained polynomial reconstruction writes as @;(x) = ﬁiTpd(x -m;).
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2.3.4.2 Constrained polynomial reconstructions for boundary edges

Constrained polynomial reconstruction for each boundary edge e;r on computational boundary
subset Ff, F € {D,N,R}, with prescribed Dirichlet, Neumann, or Robin boundary conditions, is
computed and denoted as ¢;p(x) = ande(x —m;r). The unknown polynomial coefficients vector is
n =1, the reference point, m := m;r, is chosen to be the edge midpoint, and stencil S := Sir
gathers s cells in the vicinity of the edge. Assume that p; = (piF.x. pir,y) is a point in the vicinity of
the edge with an associated outward unit normal vector v;p = (vl-p,x, Vl'F’y), to be assigned later.

Constraint functional G;r(n) = G(n,r) is defined according to the prescribed boundary
condition on physical boundary subset ', as follows:

e For edge e;p on computational boundary subset "2, Dirichlet boundary condition (2.2) is
enforced in polynomial ¢;p(x) with right-hand side defined as g;p = 8D(PiD) and constraint
functional G;r (n;r) = Gip(n;p) given as

G (1:p) = ¢ip(Pip) — &ips (2.20)

e For edge e;n on computational boundary subset I'N, Neumann boundary condition (2.3) is
enforced in polynomial ¢;n(x) with parameter defined as x;n == K(piN), right-hand side defined

as gin == g" (p;n), and constraint functional G;r (m;) = Gin(1,5) given as
Gin(min) = —kinVeiN(Pin) - ViN — &N (2.21)

e For edge e;r on computational boundary subset Ff, Robin boundary condition (2.4) is
enforced in polynomial ¢;r (x) with parameters defined as a;g = a/R(p,-R) and Bir = ,BR(pl-R),
righthand side defined as gir = g8(p;r), and constraint functional G;r(n;5) = Gir (;r)

given as
Gir(Mir) = @ir@iR(PR) + BRVOR(PiR) - ViR — &iR- (2.22)

Assuming that vector p writesas g =[n; 12 ... n”]T, linear constraint G;r (1, ) = 0 writes in

(2.23)

b

matrix form as
8iF

T
[cl Ccy - cn] [7]1 m ... nn] =
——

C n d

with coefficients ¢;, [ = 1, ..., n, for the Dirichlet, Neumann, and Robin cases given respectively as

c1 = (pipx—mipx)” (Pipy — miD,y)'B, (2.24)
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2.4. Reconstruction for off-site data

a (piN,x - miN,x)a'_1 (piN,y - miN,y)B

Cl = —KN N oot | VN (2.25)
B(pinx —miny)" (PiNy —MiNy)
¢ =ar(pirx —mirx)” (PiRy — miR,y)B
a (PiR,x - miR,x)a_l (piR,y - miR,y)ﬁ (2.26)
+Bir “ViRs

-1
B(piry —mirx)® (Piry — miR,y)ﬁ

where for each index [ a pair (a, ), with @ € {0,...,d} and B € {0,...,d — a}, is associated for a
polynomial reconstruction of degree d.

The solution of the associated constrained least-squares problem (2.16) provides vector 1,
that minimizes cost functional (2.15) and exactly satisfies linear constraints (2.20) to (2.22) for a
Dirichlet, Neumann, and Robin boundary conditions, respectively, and the associated constrained

polynomial reconstruction writes as @;r(x) = ﬁiTde(x —m;r).

Table 2.3 summarizes the required polynomial reconstructions associated with the cells, inner
edges, and boundary edges and the associated notation and constraint functional.

Table 2.3: Polynomial reconstructions associated with the cells, inner edges, and boundary edges.

Mesh elements ~ Subset Notation Constraint functional
Inner edges ejj C Qx ij(x)  None (unconstrained)
Cells i CQr  @i(x) Cell mean-value conservation, Equation (2.17)

e;p C Ff @ip(x)  Dirichlet boundary condition, Equation (2.20)

Boundary edges e;n € I'N  @;n(x)  Neumann boundary condition, Equation (2.21)

e;ir C TR Gir(x)  Robin boundary condition, Equation (2.22)

2.4 Reconstruction for off-site data

The discretization of regular curved boundaries by polygons yields second-order accurate
geometrical approximations [6]. Therefore, if no specific treatment is used to handle the boundary
conditions accurately, the scheme usually converges with a maximal second-order of convergence.
In this regard, developing techniques dedicated to boundary conditions which are prescribed on
curved boundaries is of paramount importance to achieve very high-order of convergence. The
classical technique is based on the isoparametric elements method [2, 3], but similar approaches
have been designed specifically for the finite volume method. For example, the seminal paper of C.
Ollivier-Gooch et al., 2002 [4], introduces a technique to handle smooth curved boundaries based on
the constrained least-squares reconstruction method for the boundary edges. The proposed method
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2.4. Reconstruction for off-site data

enforces the boundary conditions at the quadrature points of the boundaries edges, which are also
used to numerically compute the heat fluxes derived from the finite volume formulation [29-31]. In
that way, these quadratures and, at the same time, collocation points, have to match the curved
physical boundary in order to achieve very high-order of convergence and, therefore, curved cells
are required (see Figure 2.3 where g, and g, , are quadrature points and n;r is the associated
unit normal vectors on the curved cell fitting the curved physical boundary). Moreover, determining
the quadrature points and associated outward unit normal vectors for curved edges and cells fitting
arbitrary curved boundaries is not a trivial task [27, 29-31], which often demands the use of
complex and computational intensive meshing algorithms [6]. Contrary to the isoparametric elements
method, the technique proposed in C. Ollivier-Gooch et al., 2002 [4], does not require non-linear
transformations. Still, the principal shortcoming remains, namely, the meshing algorithm to generate
curved mesh elements fitting curved boundaries and, besides, the high-order accurate quadrature
rules for integration on the curved mesh elements. Hence, handling arbitrary two- or three-dimensional
curved physical boundaries with such techniques turns out to be a cumbersome task that may result

into high computational costs [5-7].

Figure 2.3: Representation of a curved physical boundary fitted with a curved cell.

To avoid the use of curved mesh elements, a new technique proposed by R. Costa et al.,
2018 [1], handles solely polygonal representative approximations of curved boundaries. For given
boundary edge e;r on computatational boundary subset Ff, the prescribed boundary condition is
evaluated at collocation point p;r with outward unit normal vector v;r. Then, a linear constraint is
defined at collocation point p, and is embedded in the least-squares method to compute polynomial
reconstruction ¢;r(x) associated to edge e;r. For the Dirichlet, Neumann, and Robin boundary edges,
constraint functional G;r (niF) is defined in Equations (2.20-2.22), respectively. Notice that only one
collocation point per boundary edge is required and no exact location for p;r was yet defined but,
as stated before, it is sought in the vicinity of the corresponding boundary edge. In the proposed
method, ¢;7,, r = 1,..., R, are the quadrature points on straight edge e;r with outward unit normal
vector s;r. Moreover, the key-point to handle curved boundaries with polygonal mesh elements is
to determine the appropriate constraints carefully, such that the polynomial reconstructions fulfil the
boundary conditions and provide a very high-order of convergence approximation of the underlying

solution. The following sections introduce several of such strategies.
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2.4. Reconstruction for off-site data

2.4.1 Naive method

A first and straightforward approach consists in constraining the least-squares method for the
boundary polynomial reconstructions with a collocation point and associated outward unit normal
vector on the computational boundary represented by edge e;r (see Figure 2.4). That is, collocation
point p,;r = m;r (the edge midpoint) and the associated outward unit normal vector v;r = s;F (the
edge vector) are used in Equations (2.20-2.22). The parameters are defined as k;p := «k(m;p),
a;r = aR(m;r), and Bir = BR(m;r) and the right-hand side is defined as g; := gf (m;r). Such
an approach provides a maximal second-order of convergence since collocation point m;r and
outward unit normal vector s; g only represent second-order approximations with respect to the curved
physical boundary. Therefore, this approach can achieve a very high-order of convergence only if the
computational boundaries exactly match the physical ones. In other words, only if the boundaries are
polygonal. Notice that collocation point m;r does not belong to the curved physical boundary, hence,
an extension of functions g% (x), F € {D,N,R}, in the vicinity of the edge is required to guarantee
that the associated boundary condition makes sense.

Least-squares constraint Least-squares constraint
®ip (m;p) =gip —kiN VN (M;N) - S;N=&iN

R W oS Wi 1

e

(a) Dirichlet boundary condition. (b) Neumann boundary condition.

Least-squares constraint
OiR@iR (M;R) + pir VR (M;R) - S;R = giR

R e W1
B @YM

(c) Robin boundary condition.

Figure 2.4: Representation of the collocation point and the least-squares constraint for the Naive method.

2.4.2 Reconstruction for off-site data method

The reconstruction for off-site data method (shortened to ROD method) was introduced by R.
Costa et al., 2018 [1], to restore the very high-order of convergence for Dirichlet boundary conditions
on curved domains. In the present work, the method is extended to general boundary conditions such

53



2.4. Reconstruction for off-site data

as the Neumann and Robin ones. The basic principle is based on an evaluation of the boundary
condition with collocation points on the physical boundary. At the same time, the heat flux computation
is carried out on the computational boundary. The term off-site data reminds the difference between
the data location (boundary condition on physical boundary I') and its use (flux computation on
computational boundary I'a). Therefore all computations are performed on the polygonal edges
but taking into account the information located on the physical boundary using, for that purpose,
the previously introduced constrained polynomial reconstructions for the boundary edges. The main
advantages of the ROD method are:

e Numerical integration of the heat fluxes and source terms are only carried out in the polygonal
computational domain and not in the curved physical domain.

No curved mesh element is required.

No geometrical transformation is required.

No quadrature point for integration on the curved physical boundary is needed.

The method is independent of the spatial dimension and the shape of the mesh elements.

To recover the optimal order of convergence and accuracy, the ROD method constrains the
least-squares methods with the boundary condition at the curved physical boundary instead of
the computational boundary, as in the Naive method (see Figure 2.5 where b;r; is a collocation
point and m;r is the associated unit normal vector on the curved physical boundary). That is,
collocation point p;r := b;r matching physical boundary 't and associated outward unit normal
vector v;r := n;r := n(b;r) to the physical boundary at the same collocation point are determined
and used in Equations (2.20-2.22) (see Figure 2.6). The parameters are defined as k;r = «k(b;r),
a;r = aR(b;r), and Bir := BR(b;r), and the righthand side is defined as gir := g¥(b;ir). In
practice, for the sake of simplicity, collocation point b;r can be the orthogonal projection of edge
midpoint m;r onto the associated physical boundary I'*. Notice that quadrature points qir, do
belong to the straight edge of the boundary element where all the heat fluxes are computed. This
last point definitively distinguishes the ROD method from the one proposed by C. Ollivier-Gooch et
al., 2002 [4], where, in the latter, the authors use the same points (quadrature points on the curved
edges) both for the boundary condition collocation and for the heat flux integration.

Figure 2.5: Representation of a curved physical boundary subset fitted with a polygonal cell.
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Least-squares constraint Least-squares constraint
¢ip (bip) =giD —kiNVein (biN) - niN=giN

E el iy

(a) Dirichlet boundary condition. (b) Neumann boundary condition.

Least-squares constraint
oirR@iR (biR) + PiR ViR (b;R) - NiR = giR

& ®

(c) Robin boundary condition.

Figure 2.6: Representation of the collocation point and the least-squares constraint for the ROD method.

2.4.3 Adaptive Reconstruction for off-site data method

For the ROD method, the entries of the linear constraints in Equations (2.20-2.22) explicitly
depend, by construction, on the physical boundary location via collocation points b,;r. An alternative
method, referred to as adaptive reconstruction for off-site data method (shortened to AROD method),
is introduced to handle boundary conditions on curved boundaries. Contrarily to the ROD method, in
the AROD method the physical boundary location is decoupled from the least-squares procedure.

Remark 2 One of the advantages of the AROD method over the ROD method lies in the treatment of
unsteady and time-dependent problems with moving or tracking boundaries/interfaces problems. In
these situations, the displacement of the physical boundary or interface can deteriorate the accuracy
of the previously computed polynomial reconstructions associated with the boundary edges and,
therefore, limit the convergence orders under mesh refinement. For instance, if the boundary is
parameterized by time, I'(¢), then collocation points b,‘F(ll), used in the ROD method to impose the
boundary conditions at time-step # = ¢!, do not necessarily represent the exact physical boundary at
time-step ¢ = 2. Therefore, if the ROD method is applied at time-step # = ¢! and if, hypothetically,
bir(1?) —bir(t') = O(h?), then the convergence order at time-step ¢ = ¢* is limited to a maximal
second-order of convergence. In fact, as the performed least-squares procedure depends on the
physical boundary, collocation points b; ¢ (tl) do not represent exactly the boundary condition at the
current time-step, unless this procedure is recomputed for the new collocation points, b,-p(tz). The
recomputation of the least-squares procedure is, therefore, required to recover the accuracy and the
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2.4. Reconstruction for off-site data

convergence order in the ROD method. On the other side, the AROD method can avoid this cost for

small perturbations of the physical boundary.

The three main ingredients are:

e A constrained polynomial reconstruction, ¢;r(x), for boundary edge e;r on computatational

boundary subset ", with linear constraints (2.20-2.22), depending on the type of the boundary

condition (Dirichlet, Neumann, or Robin).

A collocation point, b;7, on physical boundary subset I'*", where the fitting condition is

prescribed, and the associated outward unit normal vector, n;r (for the cases of Neumann

and Robin boundary conditions). the parameters in Equations (2.20-2.22) are defined as

kir = k(bir), ajr = a®(b;r), and Bir := BR(b;r), and the righthand side is defined as
= oF(P.

gir = &' (bir).

A real free-parameter, g, associated to edge midpoint m;r, where the least-squares constraint
is imposed, and the associated outward unit normal vector, s;z (for the cases of Neumann
and Robin boundary conditions). the parameters in Equations (2.20-2.22) are defined as
kir = k(mip), air = a®(m;r), and B;r := BR(m;r), and the righthand side is defined as

8iF = gF(miF)-

Term fitting condition refers to the condition imposed at collocation point b;r while, on the

other side, term least-squares constraint refers to the constraint imposed at edge midpoint m;r

(see Figure 2.7). Both conditions are of the same type as the boundary condition type associated

to the edge but, while the fitting condition takes the value of the boundary condition function, the

least-squares constraint takes the value of free-parameter g. The basic idea of AROD method is to

constrain the least-squares method with the least-squares constraint (which does not exactly fulfil the

boundary condition at the physical boundary) and then to compute free-parameter g to fulfil the fitting

condition.

For boundary edge e;r on computational boundary subset Ff, polynomial reconstruction

@ir(x) is computed solving least-squares problem (2.16) with constraint functional G;r (niF), which

is defined according to the prescribed boundary condition on physical boundary subset I'8, as follows:

e For edge e;p on computational boundary subset Ff, polynomial reconstruction ¢;p(x) is

enforced with ¢(m;p) = g and constraint functional G;r (1;r) := Gip(n;p) is given as

Gip(n;p) = ¢in(mip) — g, (2.27)

which corresponds to Equation (2.20) where collocation point p,, := m;p corresponds to the
edge midpoint, and the right-hand side is replaced by free-parameter g (see Figure 2.7(a)).
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Fitting condition Fitting condition
¢ip (bip) =giD —kiNVein (biN) - niN=giN

EESE RS

Least-squares constraint Least-squares constraint
@ip(m;p) =g —kiNVoiN (m;N) -SiN=8
(a) Dirichlet boundary condition. (b) Neumann boundary condition.
Fitting condition

oirR@iR (bir) + piR ViR (b;R) - NiR = &iR
W#%/

Least-squares constraint
oirR@iR (MiR) + iR ViR (M;R) - SiR =8

(c) Robin boundary condition.

Figure 2.7: Representation of the collocation point and the least-squares constraint for the AROD method.

e For edge e;n on computational boundary subset FE, polynomial reconstruction ¢;n(x) is
enforced with —x(m;n)V(m;N) - sin = g and constraint functional G;¢ (1) == Gin(1,x) is

given as
Gin(1in) = —kinVein(min) - sin — &, (2.28)

which corresponds to Equation (2.21) where collocation point p;y := m;N corresponds to the
edge midpoint, vector v;n = s;N corresponds to the edge outward unit normal vector, the
parameter is defined as ;N := k(m;N), and the right-hand side is replaced by free-parameter
g (see Figure 2.7(b)).

e For edge e;r on computational boundary subset Ff, polynomial reconstruction ¢;r(x)
is enforced with aR(mir)d(m;r) + BR(mMir)Vd(mir) - sik = g and constraint functional
Gir(n;r) = Gir(n,g) is given as

Gir(nir) = ir@ir(MiR) + BRVOR(MR) - SiR — &, (2.29)
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which corresponds to Equation (2.22) where collocation point p;y := m;n corresponds to the
edge midpoint, vector v;n = s;n corresponds to the edge outward unit normal vector, the
parameters are defined as a;n = aR(m;N) and Bin := BR(m;n), and the right-hand side is
replaced by free-parameter g (see Figure 2.7(c)).

Polynomial reconstruction coefficients in vector 7, are computed with the constrained

least-square procedure and, therefore, linearly depend on free-parameter g. Notice that, the

polynomial reconstruction procedure does not depend on the physical boundary but, instead, on the

edge midpoint. The fitting condition is introduced as an affine real valued functional Ep(g) depending

on parameter g, and is defined according to the prescribed boundary condition on physical boundary

subset '8, as follows:

e For edge e;p on computational boundary subset Ff, polynomial reconstruction ¢;p(x) is

enforced with Dirichlet boundary condition ¢(b;p) = gP(b:p), and functional l/S'\l-F(g) = EiD(g)
is given as

Bin(g) = ein(bip) - gip» (2.30)

which corresponds to Equation (2.20) where collocation point p,, := b;p matches the physical
boundary, and the right-hand side is defined as gip := gP(bip) (see Figure 2.7(a)).

For edge e;n on computational boundary subset FE, polynomial reconstruction ¢;n(x) is
enforced with Neumann boundary condition —«(bin)Vé(bin) - nin = g™ (b;n) and functional
Bir(g) := Bin(g) is given as

EN(g) = —kiNVein(biN) - 1N — &N, (2.31)

which corresponds to Equation (2.21) where collocation point p,y := b;n matches the physical
boundary, vector v;N := n;N is the associated outward unit normal vector, the parameter
is defined as N := «(b;N), and the righthand side is defined as gin := gN(bin) (see
Figure 2.7(b)).

For edge e;r on computational boundary subset Ff, polynomial reconstruction ¢;r(x) is
enforced with Robin boundary condition aR(b;r)¢(bir) + BR(BiR)Ve(biR) - nir = gR(bir)
and functional l?,-F(g) = ER(g) is given as

Bir(g) = air@ir(bir) + BrVOiR(BiR) -1k — giks (2.32)

which corresponds to Equation (2.22) where collocation point p;g := b;r matches the physical
boundary, vector v;r := n;r is the associated outward unit normal vector, the parameters
are defined as a;r = aR(b;r) and Bir = BR(b;r), and the right-hand side is defined as

gir := gR(bir) (see Figure 2.7(c)).

58



2.4. Reconstruction for off-site data

Functional gl-p(g) depends on free-parameter g since polynomial reconstruction ¢;g(x) also
depends on it. Notice that the least-squares procedure is constrained with Equations (2.27-2.29) and
does not involve directly functional Ep(g). In order to exactly fulfill the boundary condition, the optimal
parameter, denoted as g*, is sought such that the employed least-squares constraints (2.27-2.29)
and the fitting condition, given as Ep(g) =0, are fulfilled simultaneously. Due to the linearity of
functional E,-F(g) with respect to free-parameter g, the optimal parameter is determined as

g* —gy—¢ BiF(gO)

— , (2.33)
Bir(go+&)— Bir(go)

where go and & # 0 are arbitrary scalars. In other words, the free-parameter in the least-squares
constraint is freely adjusted such that lg’;p(g) = 0 and therefore @;r(b;r) = gir. Although it seems
that two constraints are being applied to the least-squares problems, in fact only one constraint is
genuinely active, whose right-hand side (the value of g) serves as an intermediate value to fulfil the
fitting condition. In practice, scalar go = g is chosen for robustness since parameter g* is relatively
close to g;r as only smooth solutions are computed. Moreover, scalar £ = 1 is chosen in this work
as only normalized solutions are computed but, for the general case, values of the same order of
magnitude as the solution are preferable for robustness purposes.

Contrarily to the previous methods, the polynomial reconstruction ¢;r(x) does not depend
on the physical boundary location. Hence, its coefficients are given by a matrix-vector product
between the mesh-based structural matrix and the vector of local values ¢y, k € S;r, and depends
on free-parameter g. Therefore, the structural matrix is evaluated only during the preprocessing
procedure, and the computational effort is reduced. Consequently, the evaluation of functional B\,-F(g)
is rather fast leading to an efficient computation of g*. More importantly, AROD method generates
a polynomial reconstruction @;x(x) which fulfils the prescribed boundary condition at the collocation
point on the physical boundary.

Remark 3 The AROD method has been designed for the situation where the physical boundary and its
associated collocation points evolve in time. In comparison with the ROD method, the AROD method
requires an additional step to compute parameter g*. For such situations, the ROD method requires to
compute the structural matrix again and solve the associated least-squares problem, while the AROD

method reuses the initially computed structural matrix.

2.4.4 Adaptive reconstruction for off-site data-XY method

The least-squares constraint and the fitting condition for the AROD method have different
collocation points, outward unit normal vectors, and parameters, nonetheless, both are of the same
type. The fitting conditions have to agree with the type of the prescribed boundary condition,
Dirichlet, Neumann, or Robin. Additionally, the collocation points and outward unit normal vectors are
determined from the curved physical boundary to ensure a very high-order of convergence. Remind
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that, there is no reason for least-squares constraints (2.27-2.29) to correspond to the prescribed
boundary condition. In that regard, a different approach, referred to as adaptive reconstruction for
off-site data-XY method (shortened to AROD-XY method), is introduced, where X refers to the fitting
condition type and Y refers to the least-squares constraint type. The Dirichlet, Neumann, and Robin
types are identified with D, N, or R, respectively.

The formulation of the AROD-XY method strictly follows the AROD method (see Section 2.4.3),
where the only change occurs for the least-squares constraint. Consequently, only this difference is
addressed. Table 2.4 summarizes the constraints and fitting conditions used for each of the derivations
considered from the AROD-XY method.

Table 2.4: Description of the constraints and fitting conditions used for AROD-XY methods.

Fitting condition Least-squares constraint
Method
Type Equation Type Equation
AROD-DN Dirichlet (2.30) Neu.mann Gio(n,p) = —g(m,-D)Vgo,-D(miD) .s]l-)D -g
AROD-DR Robin Gip(n;p) = @ (mip)eip(mp) + B°(mip)Veip(mip) -sip — &
AROD-ND Dirichlet  G; ~) = @i iN) —
Neurnann (2.31) , N(mix) ‘le(m N8 y
AROD-NR Robin Gin(n:n) = aNmn)ein(min) + BN (min)Voin(min) - sin — g
ARODRD 2.3 Dirichlet ~ Gir (17;r) = @ir(mir) — &
AROD-RN Neumann Gir(n,r) = —k(m)Veir(mMR) Sk — &

Remark 4 When the fitting condition is of Dirichlet or Neumann types, but the least-squares constraint
is of Robin type, as in the AROD-DR and AROD-NR methods, functions a?(x), BP(x), oV(x), and
,BN(x) are not prescribed from the model on that boundary subset, and, therefore, some definition is
required. In this work, functions % (x) := u(x) - n(x) and 8%(x) := —«(x) are chosen such that the

constrained Robin condition represents a total heat flux condition and has a physical meaning.

Remark 5 This approach can improve robustness to handle boundary conditions on curved boundaries,
when compared with the AROD method. On the other side, the AROD-XY method can handle situations
where the boundary condition type changes, for instance, from one time-step to another in a
time-dependent or unsteady problem, therefore avoiding to recompute the least-squares procedure.

Remark 6 In the proposed methods, polynomial reconstructions for each of the boundary edges are
enforced with the boundary conditions on a single collocation point, regardless of the convergence
order. In contrast, common practice employs multiple collocation points. Hence, each curved physical
boundary segment, delimited by the vertices of the boundary edges, is represented solely by one point,
which might not seem to be an accurate representation of the whole curved physical boundary to
provide a very high-order of convergence. Given that, it is legitimate to question the eventual impact of a
single collocation point per boundary polynomial reconstruction on the accuracy and robustness of the
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different strategies proposed in this work to handle curved boundaries with polygonal meshes. The first
attempt undertaken to devise the proposed method was formulated with multiple collocation points on
the curved boundary per boundary polynomial reconstruction. An exhaustive numerical verification was
performed varying the number of collocation points from one up to three - notice that a sixth-order of
convergence quadrature rule on curved or polygonal line segments requires a minimum of three points.
Regardless of the convergence order, the obtained results show no significant and consistent accuracy
or robustness improvements when increasing the number of collocation points. In contrast, a slight
accuracy and efficiency deterioration occurred in the majority of the tests, when considering multiple
collocation points, in particular for Neumann and Robin boundary conditions. Therefore, a single
collocation point seems to be sufficient to achieve the very high-order of convergence. These results
may be related to the overfitting and over-constraining of the boundary polynomial reconstructions,
which increase the least-squares matrices condition numbers and, consequently, negatively impact
the solution accuracy that is not counterbalanced by the additional information. On the other side,
remind that each boundary polynomial reconstruction is computed, not only with a single constraint to
enforce the boundary condition but also with the mean-values of the neighbour cells, which are fitted in
the least-squares sense. In turn, each mean-value is involved in the computation of several boundary
polynomial reconstructions since the associated cell is shared among many stencils. Moreover, it is
important to notice that, when higher polynomial degrees are considered, larger stencils of cells are
required for the computation. Hence, each boundary polynomial reconstruction intrinsically depends,
indeed, on several collocation points via other boundary polynomial reconstructions.

2.5 Finite volume discretization

The generic finite volume discretization derives from applying the divergence theorem to
Equation (2.1) over each cell ¢;, providing the integral equation

|| @e1o- 7o) sions = [ fas, 234

where d¢; stands for the cell boundary and s;(x) the associated outward unit normal vector. An
R-points Gaussian quadrature rule with weights &,, r = 1,..., R, is considered for the line integration,

which provides a residual expression of order 2R for Equation (2.34), given as

R
2 lei [Z & (Cijr + Dij)

_ el = O B2R |
j = filei O(hl ) (2.35)

where h; = max e |e;;| and f; stands for an approximation of order 2R of the mean-value of source
term function f(x) over cell ¢;. Notice that, if cell ¢; is not triangular, a splitting into sub-triangles
sharing the cell centroid as a common vertex is used, and the quadrature rule is then applied in each
sub-triangle, as described in A. Ern et al., 2009 [32]. Physical convective and conductive heat fluxes
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at quadrature point g; G denoted respectively as C;;, and D;; ., are given as

Cijr = (“ (qij,r) 'sij)¢(qij,r)’ (2.36)
Dijy = —K(q,.j,,)w(q,.j,,) Sij. (2.37)

Notice that heat fluxes are intrinsically conservative on the inner edges, that is C;; - +C;;, = 0 and
Dij,r + Dji,r =0.

2.5.1 Numerical heat fluxes

Given the polynomial reconstructions, the approximations to the physical heat fluxes are then
computed on the edges, as follows.

For inner edge ¢;;, numerical convective and conductive heat fluxes C;; - and D;; - at quadrature
points g, ., r = 1,..., R, are given as

+
Cijr ==Cjir = [u(qij,r) 'Sij] ‘;D\i(qij,r) + [u(qij,r) 'sij] ) (qij,r)a (2.38)

Dijr ==Djir = —K(ql-j,r)VCo‘ij (qi,-,r) Sijs (2.39)

where [a]* = max(0,a) and [a]” = min(0,a) for any scalar a € R. Notice that, for the convective
heat fluxes the adjacent cell-based constrained polynomial reconstructions are used while for the
conductive heat fluxes the edge-based unconstrained polynomial reconstruction is used.

For boundary edge e;r on computational boundary subset I'F, numerical convective and
conductive heat fluxes C;r, and D;r, at quadrature points qir, 7 =1,...,R, are given as

Cir,y = [u (ti,r) 'SiF]+@(QiF,r) + [u (‘IiF,r) ‘SiF]_@F (ti,r)’ (2.40)

Diry = —k(qir.,)VOir (qir,) - SiF- (2.41)

Notice that, for the convective heat fluxes the adjacent cell-based and edge-based constrained
polynomial reconstructions are used. In contrast, for the conductive heat fluxes, the edge-based
constrained polynomial reconstruction is used.

Notice that all the numerical heat fluxes are computed on the polygonal boundary edges of the
computational domain without any explicit reference to the physical domain. Similarly, the prescribed
boundary condition is taken into account via polynomial reconstructions @, and, therefore, no explicit
reference to the boundary condition does appear in the numerical scheme, which handles only two
situations, inner or boundary edges.

The constrained polynomial reconstructions associated to the boundary edges are computed
with the Naive (see Section 2.4.1), ROD (see Section 2.4.2), AROD (see Section 2.4.3), or AROD-XY
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(see Section 2.4.4) methods.

2.5.2 Residual operators

For any vector @ in R™C of cell mean-value approximations of function ¢(x), the residual
operator for each cell ¢;, defined as

R
Ri(®) = Z |eij|[ & (Cijor +Dij,r)] = filcil, (2.42)
jej\fi r=1

corresponds to the finite volume scheme (2.35) in residual form. Gathering all the residual operators,
a global affine operator @ — H(@®) is introduced. Vector @* € RNc | solution of the system of
linear equations H(@®) = 0, provides the cell mean-values approximations of the convection-diffusion
problem. A GMRES method, supplemented with a preconditioning matrix, is used to compute an
approximation of vector @*, similarly to the proposed methods in S. Clain et al., 2013 [25], and A.
Boularas et al., 2017 [27].

2.6 Numerical benchmark

The implementation of the proposed methods is verified, and their performance in terms of
accuracy and convergence orders are assessed, for which manufactured solutions are computed for
specific curved domains. The associated source term satisfies Equation (2.1) for given convective and
conductive coefficient functions. Notice that only smooth solutions of the steady-state two-dimensional
convection-diffusion equation are considered to achieve the optimal convergence order. To complete
Equation (2.1), Dirichlet, Neumann, or Robin boundary conditions are prescribed on the corresponding
boundary subsets, satisfying the associated manufactured solution. The method of verification consists
in assessing the order of the error convergence under mesh refinement, applying the different
techniques and methods proposed in this work to compute the approximate solution. Polygonal
structured and unstructured triangular meshes are considered.

The system of linear equations is solved in the condensed form with the GMRES method
where the number of degrees of freedom is DOF = n™ + nP corresponding to the approximate cell
mean-values of the temperature functions. For each cell ¢; in computational domain ©Q4, the error of

approximate cell mean-value ¢ is determined having the exact cell mean-value given as
— 1
¢i =1 | ¢x)dx. (2.43)
|ci| Ci

Then, the relative errors in the L!- and L®-norm, denoted as E; and Ex, respectively, are determined
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as
DOF
> 167 - 3l
By =—— : (2.44)
Z |eil
i=1
£ - B85, s

Consider two meshes for the same domain with different characteristic sizes, a number of
degrees of freedom of DOF; and DOF,, respectively, associated relative errors in the L!-norm
of E11 and Ej,, respectively, and associated relative errors in the L*™-norm of Es 1 and Eu2,
respectively. Then, the convergence orders for the relative errors in the L!- and L®-norms, denoted
as 01 and O, respectively, are given as

In(E/E
S (E11/E12) , (2.46)
In(DOF,/DOF>)
_ In(Ew,1/Eco) 2.47)
®  "|In(DOF,/DOF)| '

The Naive, ROD, AROD, and AROD-XY methods are tested and compared with polynomial
reconstructions of degree d for all the mesh elements, with d € {1,3,5} and tagged as P;. For the
ROD, AROD, and AROD-XY methods, a second possibility will be assessed and consists in considering
degree d + 1 solely for the boundary polynomial reconstructions enforced with a Neumann or Robin

boundary conditions. In contrast, degree d is considered for the others, and this case is tagged as
Py/Pys1.

The simulations are carried out considering the weighting function (2.10) with 6 = 5h and
v =2, where h is the characteristic size of the reference edge or cell.

Remark 7 For the presented geometries, all the boundary edges intersect the curved physical boundary
at only two points, corresponding to the edge vertices. However, this approach has no particular
limitation and the boundary edges might intersect at one or several points, or even have no intersection
with the physical boundary, provided that the mismatch is of order (’)(hz) (larger mismatches are not
in the scope of this work). The crucial point of the proposed methods is that the collocation points to
enforce the boundary conditions have to match the curved physical boundary, regardless of its shape
or intersections. Notice, however, that only smooth curved boundaries are handled in this benchmark,
and only the two intersection points corresponding to the vertices of the boundary edges are expected
for fine enough meshes.
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2.6.1 Annular domain test case

A simple annular geometry is first addressed, consisting of an internal, I'Y, and external, I'E,

circumferences centered at point (0,0) with radius r; = 0.5 and rg = 1, respectively (see Figure 2.8).

To perform the simulations, successive finer uniform Delaunay triangular are generated for
physical domains £ (see Figure 2.8). The vertices of the boundary edges coincide with the physical
boundaries and all the cells in both meshes are polygonal such that the maximum gap between the
physical and the computational boundaries has magnitude order O(hz), with & the characteristic

mesh size.

(a) Annular domain. (b) Uniform Delaunay triangular mesh.

Figure 2.8: Domain and coarse mesh for the annular domain test case.

The analytic solution for this test case (see Figure 2.9) in polar coordinates (r,#), with

r? = x>+ y? and 6 = arctan(y/x), is given as

o(r,0) = a(exp(R(r)) +exp(—R(r))+b)+1, in Q, (2.48)
Ry = 2= E+T) in Q, (2.49)
I'g — 11

where 2 = x? + y? such that R € [—1, 1], and coefficients a, b € R. Notice that, although the solution
is given in terms of r and 8, the problem is numerically solved in Cartesian coordinates. In order to
guarantee that ¢(x) € [1,2] in , coefficients a and b are devised as

1

“= 2 —exp(1)—exp(-1)’ (2.50)

b =—exp(l)—exp(—1). (2.51)
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The associated source term function is obtained after substituting manufactured solution (2.48) into
Equation (2.1) (see Figure 2.10).

1.0

1 Solution

Figure 2.9: Analytic solution for the annular domain test case.
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1 Source Term -1 0.5 0 0.5 1 Source Term

(a) Pure convective case. (b) Pure conductive case.

Figure 2.10: Source term for the annular domain test case.

Two cases are addressed consisting of a pure convective case with radial velocity function
u(r,0) = (cos(0),sin(#)) and a pure diffusion case with constant thermal conductivity function
k(r,0) = 1. For the former, internal boundary I'! is prescribed with a constant Dirichlet boundary
condition given as gP(r,0) = 1, x € I'", and therefore I'® = I'", whereas no boundary condition is
required for external boundary I'F due to the velocity direction. For the latter, internal boundary I'!
is prescribed with constant Dirichlet boundary condition function gD(x) =1, while external boundary
I'E is prescribed according to the following cases:

e Dirichlet-Dirichlet boundary conditions: a constant Dirichlet boundary condition with function

gP(r,6)=1, onrlE (2.52)
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e Dirichlet-Neumann boundary conditions: a constant Neumann boundary condition with function

gN(r,0) = 4a(exp(1) —exp(-1)), on I'E. (2.53)

e Dirichlet-Robin boundary conditions: a constant Robin boundary condition with functions

gR(r,0) = 1 +4a(exp(1) —exp(-1)), onIE, (2.54)
aR(r,0) =1, on I'E, (2.55)
BR(r.0) =1, on I'E. (2.56)

2.6.1.1 Pure convective case

The pure convective case is addressed, and simulations with successive finer uniform Delaunay
triangular meshes, polynomial degrees d = 1,3, 5, and the Naive and ROD methods are carried out.
In Figure 2.11 is shown the errors distribution obtained from the Naive and ROD methods with P,
d € {1,3,5}, polynomial reconstructions, for a uniform Delaunay triangular mesh with 736 cells. As
observed, both the Naive and ROD methods seem to provide comparable errors distribution when P
polynomial reconstructions are used. In fact, for the Naive method, the geometrical mismatch between
the boundary collocation points on the computational boundary and the physical boundary is of order
O(h?), which is the same order of magnitude as the error for P polynomial reconstructions. On the
contrary, when P53 and P5 polynomial reconstructions are used, the Naive method noticeably provides
a stalled error resulting from the treatment of the internal boundary. Notice that, as there is no diffusion
term in this case study and a radial velocity field is prescribed, the external boundary represents an
outflow condition and, therefore, no boundary condition and curved boundary treatment is applied
here. As predicted, the solution accuracy is restored for high-degree polynomial reconstructions when
the ROD method is used since the boundary condition is fulfilled correctly on the internal curved
boundary.

Table 2.5 reports the obtained errors and corresponding convergence orders. As observed, the
Naive method provides at most a second-order of convergence order for both error norms, regardless
of the polynomial degree considered. Such results are expected attending to the geometrical mismatch
of order (’)(hz) between the collocation points on the computational boundary and the physical
boundary. Contrarily, the ROD method effectively restores the optimal fourth- and sixth-order of
convergence for polynomial degrees d = 3, 5e, respectively, while no oscillations were obtained. The
results support the capability of the ROD method to overcome the second-order limitation expected for
those approaches without an appropriate treatment of curved boundaries. Notice that the hyperbolic
term is treated without any difficulty, no non-physical oscillations appear due to the upwind heat flux
used for the convective contribution, and the steady-state scheme is unconditionally stable with respect

to the characteristic mesh size.
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Figure 2.11: Relative errors distribution obtained from the pure convective case.
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Table 2.5: Relative errors and convergence orders obtained in the pure convective case.

DOF E; 0 Ew O E; 0O Eyw O E, 0 Ew O

Naive method with Py

736 3.65E-03 1.48E-02 — 2.72E-03 — 4.11E-03 2.78E-03 4.05E-03 -
2828 896E-04 2.09 5.25E-03 154 7.73E-04 1.87 1.15E-03 1.89 7.79E-04 1.89 1.15E-03 1.87
11500 2.35E-04 191 1.87E-03 1.47 194E-04 197 2.89E-04 1.97 195E-04 198 2.90E-04 1.97
45248 6.37E-05 1.90 6.47E-04 1.55 5.01E-05 1.98 7.49E-05 197 5.02E-05 1.98 7.49E-05 1.98
177 880 1.69E-05 1.94 221E-04 157 1.27E-05 2.00 1.91E-05 2.00 1.27E-05 2.00 1.91E-05 2.00

ROD method with P4

736 2.96E-03 — 1.19E-02 — 6.64E-05 — 2.12E-04 1.15E-05 — 4.04E-05 -
2828 7.66E-04 2.01 4.66E-03 1.39 7.19E-06 3.30 2.52E-05 3.17 4.34E-07 4.87 1.25E-06 5.17
11500 2.00E-04 1.92 1.73E-03 1.42 4.82E-07 3.85 1.95E-06 3.65 7.73E-09 5.74 2.36E-08 5.66
45248 543E-05 190 6.09E-04 152 3.65E-08 3.77 2.22E-07 3.18 1.71E-10 5.57 6.18E-10 5.32
177880 1.48E-05 1.90 2.02E-04 1.61 2.38E-09 3.99 1.33E-08 4.11 2.98E-12 591 141E-11 552

2.6.1.2 Pure conductive case

The pure conductive case is addressed, and simulations with successive finer uniform Delaunay
triangular meshes, polynomial degrees d = 1,3, 5, and the Naive and ROD methods are carried out.
The Dirichlet boundary conditions on both boundaries are firstly addressed and Table 2.6 reports
the errors and the corresponding convergence orders obtained from the Naive and ROD methods
with Py, d € {1,3,5}, polynomial reconstructions. Similarly to the pure convective case, the Naive
method provides at most a second-order of convergence for both error norms, regardless of the
polynomial degree. In contrast, the ROD method restores the optimal convergence orders with no
oscillations obtained. Once again, the results highlight the capability of the ROD method to overcome
the second-order limitation, in that case for the elliptic term.

The Neumann boundary condition is now prescribed for external boundary I'E and Table 2.7
reports the errors and the corresponding convergence orders obtained from the Naive method, ROD
method with Py, and Py /Pg41, d € {1,3,5}, polynomial reconstructions. Inexorably the Naive method
provides at most a second-order of convergence for both error norms, regardless of the polynomial
degree. On the other side, the ROD method with P;, d = 1,3, 5, polynomial reconstructions achieves
second-, third-, and fifth-order of convergence, respectively. In contrast, the second-, fourth-, and
sixth-order of convergence were achieved for the previous Dirichlet-Dirichlet boundary conditions case.
The scheme is slightly modified to overcome the problem considering (d + 1)-degree polynomial
reconstructions for the Neumann boundary edges while d-degree polynomial reconstructions are kept
for the remaining edges and cells. With that approach, a small performance penalty is accepted since
additional coefficients for the Pz, polynomial reconstructions, in comparison with the P; ones, have
to be computed in the associated least-squares procedure. In practice, this penalty is acceptable
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Table 2.6: Relative errors and convergence orders obtained in the pure conductive case with Dirichlet-Dirichlet

boundary conditions.

DOF Ey 0O Ew O E; 0O Ew O E, 0O Ew O

Naive method with Py

736 7.71E-03 1.40E-02 — 1.49E-03 — 3.84E-03 — 1.50E-03 3.90E-03 -
2828 231E-03 1.79 4.15E-03 1.80 4.06E-04 193 1.13E-03 1.82 4.06E-04 1.94 1.13E-03 1.84
11500 5.90E-04 1.95 1.11E-03 1.89 1.03E-04 196 2.87E-04 195 1.03E-04 196 2.87E-04 1.95
45248 1.50E-04 2.00 3.09E-04 1.86 2.63E-05 1.99 7.45E-05 197 2.63E-05 1.99 7.46E-05 1.97
177 880 3.54E-05 2.11 8.37E-05 191 6.65E-06 2.01 1.90E-05 2.00 6.65E-06 2.01 1.90E-05 2.00

ROD method with P4

736 7.52E-03 — 1.29E-02 — 3.03E-05 — 1.06E-04 — 3.92E-06 — 1.93E-05 -
2828 221E-03 1.82 3.73E-03 1.84 2.00E-06 4.04 1.24E-05 3.19 1.29E-07 5.07 9.48E-07 4.48
11500 5.68E-04 1.94 1.01E-03 1.86 2.55E-07 2.94 1.30E-06 3.21 1.16E-09 6.72 9.83E-09 6.51
45248 1.44E-04 2.00 2.64E-04 195 1.84E-08 3.84 8.70E-08 3.95 255E-11 557 274E-10 5.23
177 880 3.38E-05 2.12 7.35E-05 1.87 8.63E-10 4.47 5.53E-09 4.02 5.36E-13 5.64 6.55E—12 5.46

according to the relatively small number of P4, polynomial reconstructions, which are around 3-4%
of the total number of polynomial reconstructions for uniform Delaunay triangular meshes generated
for the annular domain. As seen in Table 2.7, applying the ROD method with P; /P41, d € {1,3,5},
polynomial reconstructions, the optimal convergence orders are restored. Notice that the IEEE 745
floating-point precision is attained with polynomial degree d = 5 for the last mesh and, therefore, it
does not make sense to calculate convergence order for this line.

Last, a Robin boundary condition is prescribed on external boundary I'E, and Table 2.8 reports
the errors and corresponding convergence orders obtained from the Naive and ROD methods with
P, and with Py /Py41, d € {1,3,5}, polynomial reconstructions. The results are consistent with the
conclusions previously drawn: the Naive method is limited to a second-order of convergence and the
ROD method with P4, d € {3,5}, polynomial reconstructions do not achieve the optimal convergence
orders. On the other side, the ROD method with P;/P;.1, d € {3,5}, polynomial reconstructions
seems to effectively increase the approximated solution accuracy and provides the expected fourth-

and sixth-order of convergence, respectively.

2.6.2 Rose-shaped domain test case

The convection-diffusion problem is now addressed in a complex shape the boundaries of which
cannot be parameterized by polynomial terms. For this purpose, a diffeomorphism is applied to the
annular domain resulting in a rose-shaped domain (see Figure 2.12) as follows. This consists in a
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Table 2.7: Relative errors and convergence orders obtained in the pure conductive case with Dirichlet-Neumann

boundary conditions.

DOF Ey 0O Ew O E; 0O Ew O E 0 Eyw O

Naive method with P,

736 5.85E-03 1.35E-02 — 2.15E-03 — 3.94E-03 — 2.24E-03 — 4.14E-03 -
2828 2.16E-03 1.48 4.12E-03 1.76 5.11E-04 2.14 1.12E-03 1.87 5.21E-04 2.16 1.12E-03 1.94
11500 4.46E-04 2.25 1.09E-03 1.89 1.35E-04 1.90 2.86E-04 195 1.37E-04 191 2.86E-04 1.95
45248 1.55E-04 1.54 3.10E-04 1.84 3.42E-05 2.00 7.44E-05 196 3.44E-05 2.01 7.44E-05 1.96
177 880 5.24E-05 1.58 1.03E-04 1.60 8.60E-06 2.02 1.90E-05 1.99 8.63E-06 2.02 1.90E-05 1.99

ROD method with P4

736 2.27E-03 — 9.39E-03 — 3.27E-05 — 1.15E-04 — 1.93E-05 — 3.65E-05 -
2828 1.02E-03 1.19 296E-03 1.71 1.06E-05 1.67 2.13E-05 2.50 3.86E-07 5.81 8.84E-07 5.53
11500 1.87E-04 2.42 8.03E-04 1.86 2.39E-06 2.13 4.02E-06 2.38 1.56E-08 4.58 2.86E-08 4.89
45248 7.99E-05 1.24 2.35E-04 1.80 3.22E-07 292 533E-07 295 5.12E-10 499 9.08E-10 5.04
177 880 3.33E-05 1.28 8.41E-05 1.50 3.68E-08 3.17 6.34E-08 3.11 1.64E-11 5.03 3.64E-11 4.70

ROD method with Py /P41

736 6.07E-03 — 1.07E-02 — 3.35E-05 1.06E-04 — 1.03E-05 — 2.04E-05 -
2828 2.14E-03 154 3.19E-03 1.80 2.44E-06 3.89 1.25E-05 3.18 3.38E-07 5.07 9.78E-07 4.51
11500 4.56E-04 2.21 9.21E-04 1.77 6.31E-07 193 1.33E-06 3.20 3.36E-09 6.57 9.97E-09 6.54
45248 157E-04 155 297E-04 1.65 5.01E-08 3.70 8.95E-08 3.94 6.93E-11 5.67 2.76E-10 5.24
177880 5.29E-05 1.59 1.15E-04 1.38 1.39E-09 5.24 551E-09 4.07 5.64E-12 — 6.30E-11 -

periodic transformation of its boundaries given in polar coordinates (r, 6) by

=8 X _ R cos(0)
t | = RO an) : (2.57)
y sin(6)
cos(0)

E. Y _ .
F . —RE(Q,FE,G,’E)

) (2.58)
y sin(0)

Functions Ry(0) := Ry(0;r, 1) and Rg(0) := Rg(0;rg, ag) represent the transformed rays of the
internal and external boundaries, respectively, having initial constant rays r1, 7g € R and coefficients
ar, ag € R, and are given respectively as

Ri(6;r,ap) = r[(l + L sin(aIQ)), (2.59)
20
Re(0;rg,ag) = rE(l + 2i0 sin(aEH)). (2.60)
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Table 2.8: Relative errors and convergence orders obtained in the pure conductive case with Dirichlet-Robin

boundary conditions.

DOF Ey 0O Eyw O E; 0O Ew O E 0 Ew O

Naive method with Py

736 6.44E-03 1.36E-02 — 1.85E-03 — 3.80E-03 — 1.90E-03 3.85E-03 -
2828 2.16E-03 162 4.12E-03 178 4.62E-04 2.06 1.12E-03 1.81 4.67E-04 2.08 1.12E-03 1.83
11500 4.89E-04 2.12 1.10E-03 1.89 1.20E-04 1.92 2.86E-04 195 1.21E-04 1.93 2.86E-04 1.95
45248 1.49E-04 1.74 3.09E-04 1.85 3.05E-05 2.00 7.45E-05 1.96 3.06E-05 2.00 7.45E-05 1.97
177 880 4.44E-05 1.77 9.17E-05 1.78 7.69E-06 2.01 1.90E-05 2.00 7.71E-06 2.01 1.90E-05 2.00

ROD method with P4

736 3.96E-03 — 9.97E-03 — 3.00E-05 1.10E-04 — 1.08E-05 — 2.24E-05 -
2828 1.44E-03 151 3.03E-03 1.77 6.87E-06 2.19 1.52E-05 2.94 2.19E-07 5.80 9.10E-07 4.76
11500 3.09E-04 2.19 8.14E-04 1.87 1.51E-06 2.16 2.59E-06 2.52 895E-09 4.56 1.75E-08 5.63
45248 1.02E-04 1.62 2.35E-04 1.81 198E-07 297 3.25E-07 3.03 295E-10 498 5.52E-10 5.05
177 880 3.25E-05 1.67 8.43E-05 1.50 2.25E-08 3.18 3.82E-08 3.13 9.84E-12 4.97 4.62E-11 3.62

ROD method with Py /P 441

736 5.44E-03 — 1.04E-02 — 3.03E-05 1.06E-04 — 8.15E-06 — 2.00E-05 -
2828 1.83E-03 1.62 3.08E-03 1.80 1.88E-06 4.13 1.24E-05 3.19 2.58E-07 5.13 9.67E-07 4.50
11500 4.09E-04 2.13 8.42E-04 1.85 4.30E-07 2.11 1.31E-06 3.20 2.54E-09 6.59 9.92E-09 6.53
45248 1.28E-04 1.70 2.47E-04 1.79 3.39E-08 3.71 8.74E-08 3.96 5.26E-11 566 2.76E-10 5.23
177880 3.91E-05 1.73 9.53E-05 1.39 5.55E-10 6.01 5.54E-09 4.03 1.73E-11 — 1.11E-10 -

The resulting geometry is designated rose-shaped domain because it resembles rose petals. In this
case study, initial rays r = 0.5 and rg = 1 and coefficients ar = 5 and ag = 8 are considered. Notice
that the annular geometry is recovered assigning a; = ag = 0. Outward unit normal vectors on the
internal and external boundaries, ny := n1(6) and ng := ng(0), respectively, are obtained applying
the chain rule and are given as

1 —Ri(6) cos(0) — 8y Ri(6) sin(6)

ni(6) = 5 5 : (2.61)
(Ri(0))” + (0gRi())” | —Ry(6) sin(6) + g Ri(6) cos(6)

ne(6) -1 —Rg(0)cos(8) — dgRg(0) sin(0) 262

" (Re(0)” + (B0Re(0))? | Re(0) sin(0) + 9, Re(0) cos(0) |

where 9y Ry(0) and 0y Rg(0) are the derivatives of Ry(6) and Rg(6), respectively, in order to variable
6.

The simulations are performed with successive finer uniform Delaunay triangular or uniform
structured quadrilateral meshes generated for physical domain 2 (see Figure 2.12). The vertices
of the boundary edges coincide with the physical boundaries and all the cells in both meshes are
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polygonal such that the maximum gap between the physical and the computational boundaries has

magnitude order O(hz), with A& the characteristic mesh size.

1.04

052 —

-0.52 —

-1.04
-1.04 -0.52 0 0.52 1.04

(a) Rose-shaped domain.

1.04 1.04
052~ 052 —
Yy 0 y 0
-0.52 -0.52 —
1.04 1.04 I
-1.04 -0.52 0 0.52 1.04 -1.04 -0.52 0 0.52 1.04
X X
(b) Uniform Delaunay triangular mesh. (c) Uniform structured quadrilateral mesh.

Figure 2.12: Domain and coarse meshes for the rose-shaped domain test case.

For this domain, the manufactured solution (see Figure 2.13) is expressed in terms of polar

coordinates (r, ) as

¢(r,0) = a(exp(R(r,0)) +exp(—R(r,0))+b)+ 1, in Q, (2.63)
_ 2r—(Re(0) +n) .
R(r,0) = Re@)-n in Q, (2.64)

where 2 = x> + y? such that R € [—1, 1], and coefficients a, b € R. Notice that, although the solution
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is given in terms of r and @, the problem is numerically solved using the Cartesian coordinates. In
order to guarantee that ¢(x) € [1,2] in Q, coefficients @ and b are devised as

a=1/(2—-exp(l)—exp(-1)), (2.65)

b =—exp(l)—exp(—1) (2.66)

The associated source term function is obtained after substituting manufactured solution (2.63) into
Equation (2.1) (see Figure 2.14).

1.04

052 —-

-0.52 —

-1.04

1.0
-1.04 -0.52 0 0.52 1.04 Solution

Figure 2.13: Analytic solution for the rose-shaped domain test case.

18.8

-1.04 -0.52 0 0.52 1.04 Source Term
X

Figure 2.14: Source term for the rose-shaped domain test case.

A convection-diffusion case is considered setting a constant thermal conductivity function
k(r,0) = 1 and a constant radial velocity field u(r,8) = (cos(6),sin(#)). Internal boundary I'! is
prescribed with a non-constant Dirichlet boundary condition, while external boundary I'E is prescribed
with one of the following cases:

e Dirichlet-Dirichlet boundary conditions: a constant Dirichlet boundary condition.
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e Dirichlet-Neumann boundary conditions: a non-constant Neumann boundary condition.

e Dirichlet-Robin boundary conditions: a non-constant Robin boundary condition with functions

aR(r,0) = (0 +n)O0-n)/n% onTIF, (2.67)

BR(r,0) =1-aR(0), on I'F. (2.68)

In the previous cases, the associated boundary conditions functions are determined from the analytic
solution resulting in cumbersome expressions, which are not provided for the sake of compactness.

2.6.2.1 Dirichlet-Dirichlet boundary conditions

The test case is firstly addressed with Dirichlet-Dirichlet boundary conditions, and simulations
with successive finer uniform Delaunay triangular meshes, polynomial degrees d = 1,3,5, and the
ROD and AROD methods with P, /P41 are carried out. Table 2.9 reports the errors and corresponding
convergence orders. As observed, the optimal convergence orders are obtained with this complex
geometry, and the ROD and AROD methods perform comparably in terms of accuracy.

The AROD-DN and AROD-DR methods are assessed considering the least-squares constraint,
applied to compute the polynomial reconstruction for the boundary edges, of Neumann and Robin
types, respectively. At the same time, the fitting condition remains of Dirichlet type. Only the boundary
edges associated with the external boundary are treated with the AROD-DN or AROD-DR methods. In
contrast, those associated with the internal boundary are treated with the AROD method. When the
AROD-DN and AROD-DR methods are used, no GMRES residual convergence was obtained with the
last two meshes and polynomial degree d = 5 for the applied stopping criteria. On the other side,
for the cases where residual convergence is achieved, the AROD-DN and AROD-DR methods provide
similar accuracy to the ROD and AROD methods.

To deeper investigate this issue, Table 2.10 reports the number of GMRES iterations in the
ROD, AROD, AROD-DN, and AROD-DR methods. A comparable number of GMRES iterations between
the ROD and AROD methods is always observed regardless of the polynomial degree and mesh used.
However, when the polynomial degree increases and the characteristic mesh size decreases, the
AROD-DN and AROD-DR methods provide a larger number of iterations. This behaviour is possibly due
to the gradient contribution in the least-squares constraint of Neumann or Robin type in the polynomial
reconstruction for each boundary edge, which is used to fulfil a fitting condition of Dirichlet type. Such
choice seems to increase the condition number of the system of linear equations, slowing down or
even destroying the residual convergence.
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Table 2.9: Relative errors and convergence orders obtained in the rose-shaped domain test case with

Dirichlet-Dirichlet boundary conditions.

d=1 d=3 d=5

DOF E, 0O Ew O E; 0O Eyw O E 0 Ew O

ROD method with P4

750 7.18E-03 — 1.31E-02 — 7.61E-05 — 4.95E-04 — 3.64E-05 — 3.00E-04 -
3144 1.85E-03 1.89 3.76E-03 1.75 5.03E-06 3.79 3.55E-05 3.68 9.28E-07 5.12 1.62E-05 4.07
12482 4.77E-04 197 1.15E-03 1.71 2.94E-07 4.12 3.46E-06 3.38 1.60E-08 5.89 4.04E-07 5.36
50102 1.15E-04 2.05 3.03E-04 1.92 2.05E-08 3.84 2.71E-07 3.66 2.85E-10 5.80 1.22E-08 5.03
199636 291E-05 1.99 8.68E-05 1.81 1.28E-09 4.01 1.88E-08 3.86 3.89E-12 6.21 1.75E-10 6.14

AROD method with Py

750 7.19E-03 — 1.32E-02 — 7.51E-05 — 4.94E-04 — 3.57E-05 — 3.00E-04 -
3144 1.85E-03 1.89 3.77E-03 1.75 5.02E-06 3.78 3.51E-05 3.69 9.20E-07 5.10 1.61E-05 4.09
12482 4.77E-04 197 1.16E-03 1.71 2.94E-07 4.12 3.46E-06 3.36 1.60E-08 5.87 4.04E-07 5.34
50102 1.15E-04 2.05 3.03E-04 1.93 2.05E-08 3.83 2.71E-07 3.66 2.85E-10 5.80 1.22E-08 5.04
199636 291E-05 1.99 8.68E-05 1.81 1.28E-09 4.00 1.88E-08 3.86 3.93E-12 6.20 1.75E-10 6.14

AROD-DN method with Py

750 6.58E-03 — 1.24E-02 — 6.97E-05 — 4.79E-04 — 3.48E-05 — 291E-04 -
3144 167E-03 192 3.49E-03 176 4.92E-06 3.70 3.29E-05 3.74 8.84E-07 5.13 1.52E-05 4.11
12482 4.31E-04 196 1.07E-03 1.72 2.81E-07 4.15 3.27E-06 3.35 1.67E-08 5.76 4.28E-07 5.18
50102 1.03E-04 2.06 2.71E-04 197 197E-08 3.82 2.57E-07 3.66 - - - -
199636 2.63E-05 1.98 7.74E-05 1.82 1.27E-09 3.97 1.91E-08 3.76 - - — -

AROD-DR method with P4

750 6.58E-03 — 1.24E-02 — 6.97E-05 — 4.79E-04 — 3.48E-05 — 291E-04 -
3144 167E-03 1.92 3.50E-03 1.76 4.92E-06 3.70 3.29E-05 3.74 8.84E-07 5.13 1.52E-05 4.11
12482 4.31E-04 196 1.07E-03 1.72 2.81E-07 4.15 3.27E-06 3.35 1.67E-08 5.76 4.28E-07 5.18
50102 1.03E-04 2.06 2.71E-04 197 197E-08 3.82 2.57E-07 3.66 - - — -
199636 2.63E-05 1.98 7.74E-05 1.82 1.27E-09 3.97 1.91E-08 3.76 - - - -

Table 2.10: Number of GMRES iterations obtained in the rose-shaped domain test case with Dirichlet-Dirichlet
boundary conditions.

d:l d=3 d:5

AROD AROD AROD AROD AROD AROD
DOF ROD AROD ROD AROD ROD AROD
-DN DR DN -DR -DN DR

750 80 40 80 80 80 80 120 120 120 80 280 240
3144 80 80 120 120 120 120 200 200 200 160 400 400
12482 120 120 200 200 200 200 440 440 440 320 1360 1440
50102 240 240 400 400 440 440 920 920 600 600 >20000 =>20000
199636 520 520 800 800 960 960 2240 2240 1200 1160 >20000 =>20000
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2.6.2.2 Dirichlet-Neumann boundary conditions

The same test case with Dirichlet-Neumann boundary conditions is addressed, and simulations
with successive finer uniform Delaunay triangular meshes, polynomial degrees d = 1, 3, 5, and the ROD
and AROD methods with P, /P, are carried out. Table 2.11 reports the errors and corresponding
convergence orders. As previously observed, the optimal convergence orders are obtained with this
complex geometry, and the ROD and AROD methods perform very comparably. Still, for the latter one,
no residual convergence was obtained with the last mesh and polynomial degree d = 5.

Similarly to the case with Dirichlet-Dirichlet boundary conditions, the assessment of the AROD-ND
and AROD-NR methods is performed considering the least-squares constraint, applied to compute the
polynomial reconstructions for the boundary edges, of Dirichlet and Robin types, respectively, while the
fitting condition is of Neumann type. Only the boundary edges associated with the external boundary
are treated with the AROD-ND or AROD-NR methods. In contrast, those associated with the internal
boundary are treated with the AROD method for a more rigorous analysis. As for the AROD method,
when the AROD-NR method is applied no residual convergence was obtained with the last mesh and
polynomial degree d =5 although, for the cases where residual convergence is achieved, similar
accuracy is obtained to the ROD and AROD methods. Moreover, the residual convergence is achieved
with all meshes and polynomial degrees when the AROD-ND method is used.

In Table 2.12, the number of GMRES iterations are reported. The results confirm that a different
number of iterations are required when the polynomial degree increases or the characteristic mesh
size decreases. Concerning the AROD-NR method, the number of GMRES iterations to achieve residual
convergence is comparable to the results obtained for the AROD method. The number of GMRES
iterations in the AROD-ND method are always comparable to the ROD method ones and smaller than
those for the AROD and AROD-NR methods. In conclusion, considering a least-squares constraint
of Dirichlet type instead of Neumann or Robin type seems to perform better and provides better
conditioning, even when the fitting and the boundary conditions are of Neumann type.

2.6.2.3 Dirichlet-Robin boundary conditions

The same test case with Dirichlet-Robin boundary conditions is addressed, and simulations with
successive finer uniform Delaunay triangular meshes, polynomial degrees d = 1,3, 5, and the ROD
and AROD methods with P; /P41 are carried out. Table 2.13 reports the errors and corresponding
convergence orders. The results are following the ones obtained in the previous Dirichlet-Dirichlet and
Dirichlet-Neumann boundary conditions cases, providing the optimal convergence order for the ROD

and AROD methods with comparable accuracy.

In Table 2.14, the number of GMRES iterations are reported. As observed before, when the
polynomial degree increases or the characteristic mesh size decreases, the AROD-RD method always
performs comparably to the ROD method. In contrast, the AROD-RN and AROD methods require more
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Table 2.11: Relative errors and convergence orders obtained in the rose-shaped domain test case with

Dirichlet-Neumann boundary conditions.

d=1 d=3 d=5

DOF E, 0O Ew O E; 0O Eyw O E, 0 Ew O

ROD method with Pd/PdH

750 3.33E-03 — 8.50E-03 — 9.41E-05 — 5.36E-04 — 7.51E-05 — 5.35E-04 -
3144 9.34E-04 1.77 2.72E-03 1.59 5.29E-06 4.02 3.66E-05 3.74 1.73E-06 5.27 1.63E-05 4.87
12482 2.31E-04 2.02 8.20E-04 1.74 3.83E-07 3.81 3.44E-06 3.43 2.58E-08 6.10 4.04E-07 5.36
50102 5.78E-05 2.00 2.28E-04 1.84 3.98E-08 3.26 2.72E-07 3.65 5.07E-10 5.66 1.22E-08 5.04
199 636 1.52E-05 1.93 8.29E-05 1.46 3.00E-09 3.74 1.88E-08 3.86 6.99E-12 6.20 1.75E-10 6.14

AROD method with Py /P41

750 3.30E-03 — 8.40E-03 9.38E-05 — b5.34E-04 — 7.57E-05 — 5.40E-04 -
3144 9.30E-04 1.77 2.71E-03 1.58 5.29E-06 4.01 3.65E-05 3.74 1.72E-06 5.28 1.62E-05 4.90
12482 2.31E-04 2.02 8.20E-04 1.73 3.82E-07 3.81 3.45E-06 3.42 2.59E-08 6.09 4.05E-07 5.35
50102 5.77E-05 2.00 2.27E-04 1.85 3.98E-08 3.25 2.72E-07 3.66 5.06E-10 5.66 1.22E-08 5.04
199636 1.52E-05 1.93 8.28E-05 1.46 3.01E-09 3.73 1.88E-08 3.86 - - — -

AROD-ND method with P; /P41

750 3.31E-03 — 8.40E-03 — 1.04E-04 — 5.83E-04 — 7.76E-05 — b5.37E-04 —
3144 934E-04 1.77 2.71E-03 158 5.83E-06 4.02 4.02E-05 3.73 1.74E-06 5.30 1.62E-05 4.89
12482 2.32E-04 2.02 8.20E-04 1.73 3.57E-07 4.05 3.44E-06 3.57 2.53E-08 6.13 4.05E-07 5.35
50102 5.80E-05 1.99 2.27E-04 1.85 2.45E-08 3.86 2.71E-07 3.66 5.20E-10 5.59 1.22E-08 5.04
199636 1.53E-05 1.93 8.29E-05 1.46 1.66E-09 3.89 1.88E-08 3.86 6.82E-12 6.27 1.75E-10 6.14

AROD-NR method with Py /Py

750 3.30E-03 — 8.40E-03 9.38E-05 — 5.34E-04 — 7.57E-05 — 5.40E-04 -
3144 9.30E-04 1.77 2.71E-03 1.58 5.29E-06 4.01 3.65E-05 3.74 1.72E-06 5.28 1.62E-05 4.90
12482 2.31E-04 2.02 8.20E-04 1.73 3.82E-07 3.81 3.45E-06 3.42 2.59E-08 6.09 4.05E-07 5.35
50102 5.77E-05 2.00 2.27E-04 1.85 3.98E-08 3.25 2.72E-07 3.66 5.06E-10 5.66 1.22E-08 5.04
199636 1.52E-05 1.93 8.28E-05 1.46 3.01E-09 3.73 1.88E-08 3.86 - - — -

Table 2.12: Number of GMRES iterations obtained in the rose-shaped domain test case with Dirichlet-Neumann
boundary conditions.

AROD AROD AROD AROD AROD AROD
DOF ROD AROD ROD AROD ROD AROD
ND  -NR -ND  -NR -ND -NR

750 80 80 80 80 120 80 120 80 160 200 200 200
3144 120 120 120 120 240 200 200 200 280 280 320 280
12482 240 240 240 240 360 360 400 360 720 920 640 920
50102 440 440 440 440 800 840 800 840 1480 4520 1240 4 640
199636 840 840 800 840 1880 1960 1800 1960 5600 >20000 3240 >20000
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GMRES iterations to achieve the same residual convergence.

To conclude the analysis, the ROD, AROD, and AROD-XY methods seem to provide comparable
accuracy. However, differences in terms of residual convergence are reported when the polynomial
degree increases or the characteristic mesh size decreases. For Dirichlet boundary conditions, the
GMRES method with the ROD and AROD methods perform better than the AROD-DN and AROD-DR
methods, which require, in general, a larger number of iterations to converge. For Neumann and
Robin boundary conditions, the ROD and AROD-ND/AROD-RD methods perform better than the AROD
and AROD-NR/AROD-RN methods, which also require, in general, more iterations to converge. Based
on these results, the ROD method provides globally the first or second best performance in terms
of residual convergence, regardless of the prescribed boundary condition. On the other side, the
AROD and AROD-XY methods provide better convergence when the least-squares constraint applied
to compute the polynomial reconstructions for the boundary edges is of Dirichlet type, regardless
of the type of the boundary condition. In other words, the ROD method for all the cases, and the
AROD, AROD-ND, and AROD-RD for the case of a Dirichlet, Neumann, and Robin boundary conditions,
respectively, perform better than the others.

2.6.2.4 Quadrilateral meshes

The same test case with Dirichlet-Dirichlet, Dirichlet-Neumann, and Dirichlet-Robin boundary
conditions is addressed with successive finer uniform structured quadrilateral meshes. Similarly, the
simulations are carried out with polynomial degrees d = 1,3,5 and the ROD method with Py /P41
polynomial reconstructions. The results for the remaining methods are not reported for the sake of
compactness, but similar conclusions are obtained, when compared to the ROD method.

The obtained errors and corresponding convergence orders are reported in Table 2.15. The
results support the capability of the method to provide the optimal convergence order with quadrilateral
meshes and without any evidence of spurious oscillatory behaviour.

2.6.2.5 Physical boundary heat fluxes

The benchmark section concludes with the analysis of the numerical convective and conductive
heat fluxes on the curved physical boundary. Since the numerical heat fluxes are solely computed on
the polygonal edges, this case study assesses the capability of the method to extrapolate/interpolate
accurate approximations to the physical quantities on the physical boundaries. For that purpose,
based on the approximated mean-values in vector @*, obtained from the previous test case with
Dirichlet-Dirichlet, Dirichlet-Neumann, and Dirichlet-Robin boundary conditions, polynomial
reconstructions are explicitly computed to evaluate the numerical heat fluxes at points falling on the
physical boundary. For the sake of simplicity, heat flux evaluations are performed at collocation points
b;r € I" where the polynomial reconstructions for boundary edges e;r on computational boundary
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Table 2.13: Number of GMRES iterations obtained in the rose-shaped domain test case with Dirichlet-Robin

boundary conditions.

d=1 d=3 d=5

DOF E, 0O Ew O E; 0O Eyw O E, 0 Ew O

ROD method with Pd/PdH

750 3.50E-03 — 8.55E-03 — 8.71E-05 — 4.95E-04 — 6.89E-05 — 4.86E-04 -
3144 9.64E-04 1.80 2.72E-03 1.60 5.00E-06 3.99 3.50E-05 3.70 1.60E-06 5.25 1.63E-05 4.74
12482 2.38E-04 2.03 8.21E-04 1.74 3.69E-07 3.78 3.44E-06 3.36 2.44E-08 6.07 4.04E-07 5.36
50102 5.87E-05 2.02 2.28E-04 1.84 3.68E-08 3.32 2.72E-07 3.66 4.67E-10 5.70 1.22E-08 5.04
199636 1.54E-05 1.94 8.15E-05 1.49 2.71E-09 3.77 1.88E-08 3.86 1.63E-11 4.85 1.75E-10 6.14

AROD method with Py /P41

750 3.47E-03 — 8.45E-03 — 8.65E-05 4.93E-04 — 6.93E-05 — 4091E-04 -
3144 9.60E-04 1.79 2.71E-03 1.59 5.00E-06 3.98 3.49E-05 3.69 1.59E-06 5.27 1.62E-05 4.76
12482 2.38E-04 2.02 8.21E-04 1.73 3.68E-07 3.78 3.45E-06 3.36 2.45E-08 6.06 4.05E-07 5.35
50102 5.86E-05 2.02 2.28E-04 1.85 3.67E-08 3.32 2.72E-07 3.66 4.65E-10 5.70 1.22E-08 5.04
199636 1.50E-05 1.97 8.13E-05 1.49 2.70E-09 3.77 1.88E-08 3.86 - - — -

AROD-RD method with Py /Pg41

750 3.47E-03 — 8.45E-03 — 9.48E-05 — 5.37E-04 — 7.08E-05 — 4.88E-04 —
3144 961E-04 1.79 2.71E-03 1.59 5.37E-06 4.01 3.83E-05 3.69 1.61E-06 5.28 1.61E-05 4.76
12482 2.38E-04 2.02 8.21E-04 1.73 3.45E-07 3.98 3.44E-06 3.50 2.41E-08 6.10 4.05E-07 5.35
50102 5.87E-05 2.02 2.28E-04 1.85 2.38E-08 3.85 2.71E-07 3.66 4.77E-10 5.64 1.22E-08 5.04
199636 1.51E-05 1.97 8.15E-05 1.49 1.58E-09 3.93 1.88E-08 3.86 6.31E-12 6.26 1.75E-10 6.14

AROD-RN method with Py /Py

750 3.47E-03 — 8.45E-03 — 8.64E-05 4.92E-04 — 6.93E-05 — 4.91E-04 -
3144 9.60E-04 1.79 2.71E-03 1.59 5.00E-06 3.98 3.49E-05 3.69 1.59E-06 5.27 1.62E-05 4.76
12482 2.38E-04 2.02 8.21E-04 1.73 3.68E-07 3.78 3.45E-06 3.36 2.45E-08 6.06 4.05E-07 5.35
50102 5.86E-05 2.02 2.28E-04 1.85 3.67E-08 3.32 2.72E-07 3.66 4.66E-10 5.70 1.22E-08 5.04
199636 1.50E-05 1.97 8.13E-05 1.49 2.70E-09 3.77 1.88E-08 3.86 - - — -

Table 2.14: Number of GMRES iterations obtained in the rose-shaped domain test case with Dirichlet-Robin
boundary conditions.

AROD AROD AROD AROD AROD AROD
DOF ROD AROD ROD AROD ROD AROD
-RD RN RD RN -RD -RN

750 80 80 80 80 80 80 120 80 160 200 160 200
3144 200 120 120 120 200 160 200 160 280 280 280 280
12482 200 200 240 200 320 360 360 360 1080 840 600 880
50102 440 400 440 400 680 800 760 800 1440 4320 1200 4 280
199636 840 960 960 960 1600 2040 1880 2040 4640 >20000 2840 >20000

80



2.6. Numerical benchmark

Table 2.15: Relative errors and convergence orders obtained in the rose-shaped domain test case with uniform

structured quadrilateral meshes.

DOF Ey 0O Ew O E; 0O Ew O E 0 Eyw O

Dirichlet-Dirichlet case

748 6.89E-03 1.19E-02 — 2.08E-04 7.85E-04 — 1.28E-04 — 7.96E-04 -
3128 1.71E-03 194 3.15E-03 1.85 1.77E-05 3.44 7.87E-05 3.22 5.03E-06 452 7.17E-05 3.36
12784 4.24E-04 1.99 7.97E-04 1.95 1.28E-06 3.74 5.41E-06 3.80 9.23E-08 5.68 1.28E-06 5.72
52224 1.04E-04 199 198E-04 198 8.18E-08 3.90 3.31E-07 3.97 1.33E-09 6.02 1.64E-08 6.19
209984 2.61E-05 1.99 496E-05 1.99 5.05E-09 4.00 2.10E-08 3.96 2.63E-11 5.64 2.66E-10 5.92

Dirichlet-Neumann case

748 2.27E-03 — 9.47E-03 — 4.79E-04 — 2.78E-03 — 2.70E-04 — 2.05E-03 -
3128 588E-04 1.89 247E-03 1.88 6.41E-05 2.81 2.73E-04 3.24 4.34E-05 2.56 1.59E-04 3.58
12784 151E-04 193 6.30E-04 1.94 4.76E-06 3.69 2.20E-05 3.58 1.28E-06 5.01 3.47E-06 5.43
52224 3.79E-05 1.96 1.56E-04 198 2.59E-07 4.14 1.91E-06 3.48 5.02E-09 7.87 4.19E-08 6.28
209984 9.41E-06 2.00 3.99E-05 196 1.77E-08 3.86 191E-07 3.31 3.43E-11 7.17 6.65E-10 5.95

Dirichlet-Robin case

748 2.36E-03 — 8.76E-03 — 4.33E-04 2.67E-03 — 2.62E-04 — 2.00E-03 -
3128 6.10E-04 1.89 2.31E-03 1.86 5.59E-05 2.86 2.64E-04 3.23 3.66E-05 2.75 1.47E-04 3.64
12784 1.56E-04 1.94 590E-04 194 4.15E-06 3.69 2.10E-05 3.60 1.07E-06 5.02 3.28E-06 5.41
52224 390E-05 197 1.48E-04 197 233E-07 4.09 1.88E-06 3.43 4.39E-09 7.81 4.03E-08 6.25
209984 9.61E-06 2.01 3.77E-05 197 1.68E-08 3.77 1.86E-07 3.32 3.54E-11 6.93 6.55E-10 5.92

subset I’ f are constrained. Vectors n;r are the associated outward unit normal vectors to the

physical boundary at point b; .

The exact physical convective and conductive heat fluxes at point b;f, denoted as C;r and D;F,

respectively, are given as

Cir = (u(bir) -nir)p(bir), (2.69)

Dir = —k(bir)V(bir) -n;r. (2.70)

The corresponding numerical convective and conductive heat fluxes at point b;r, denoted as C;r and
D, r, respectively, are given as

Cir = [u(bir) -nir]" @i(bir) + [w(bir) - nir]” gir (bir), (2.71)

Dir = —k(bir)Voir(bir) - nir. (2.72)

The L'-and L®-norm errors, denoted as E¥ and E¥,, for the numerical convective heat fluxes
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are determined as

1
EM)=~- ) Gr=Cl (2.73)
B ieTF Fe(DNR}

E(M) = max  |Cir — GiFl, (2.74)
ieZF Fe{D,NR}

and for the numerical conductive heat fluxes are determined as

1
Ei{(M) = A Z |Dir — DiF|, (2.75)
B .
ieZF ,Fe{D,NR}
Eox(M)=  max  |Dir—DjFl, (2.76)
ieZF , Fe{D,NR}

where Ng is the number of evaluation points on the physical boundary.

Convergence orders O and O for the L!- and L®-norm errors, respectively, between two
different meshes, M and M, with DOF; and DOF, degrees of freedom (equal to the number of
cells and DOF; # DOF>), respectively, are determined as in Equations (2.46) and (2.47). The ratio
of DOF is used instead of Ng to compute the convergence orders since the latter does not represent
the characteristic mesh size variation. Only the ROD method with P, or Py/P4.1, d € {1,3,5},
polynomial reconstructions is assessed, whereas the AROD and AROD-XY methods provide comparable
results.

Remark 8 For some cases, numerical convective heat flux C;r and/or numerical conductive heat
flux D;r at point b;r are exact and, therefore, are not taken into account to compute either E; or
E. In particular, such situations arise when polynomial reconstruction &;z, whose collocation point
is b;r, is used to compute the convective or the conductive heat flux when a Dirichlet or Neumann
boundary conditions are prescribed at that point, respectively. More specifically, it happens for:
Dirichlet-Dirichlet boundary conditions, where the evaluated convective heat fluxes are exact on the
internal boundary; Dirichlet-Neumann boundary conditions, where the evaluated convective heat fluxes
are exact on the internal boundary and the evaluated conductive heat fluxes are exact on the external
boundary; Dirichlet-Robin boundary conditions, where the evaluated convective heat fluxes are exact
on the internal boundary

Table 2.16 reports the errors and the corresponding convergence orders for the convective heat
fluxes evaluation with Dirichlet-Dirichlet, Dirichlet-Neumann, and Dirichlet-Robin boundary conditions
and uniform Delaunay triangular meshes. The results provide numerical evidence that the ROD
method recovers convective heat fluxes on the physical boundary and effectively achieves a second-,
fourth-, and sixth-order of convergence for polynomial degrees d = 1,3, 5, respectively, regardless the
prescribed boundary condition.

Table 2.17 reports the errors and the corresponding convergence orders for the conductive heat
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Table 2.16: Errors and convergence orders for the convective heat fluxes on the physical boundary obtained in

the rose-shaped domain test case.

d=1 d=3 d=5

DOF E, 0O Ew O E 0O Ew O E, O Ex O«

Dirichlet-Dirichlet boundary conditions

750 5.07E-02 — 9.90E-02 — 1.18E-03 — 4.66E-03 — 8.14E-04 — 3.96E-03 -
3144 133E-02 186 2.61E-02 1.86 8.18E-05 3.72 2.72E-04 3.97 1.56E-05 5.52 7.09E-05 5.61
12482 3.57E-03 1.91 8.34E-03 1.66 6.61E-06 3.65 3.39E-05 3.02 3.00E-07 5.73 2.14E-06 5.08
50102 9.07E-04 1.97 1.87E-03 2.15 4.12E-07 3.99 2.64E-06 3.68 4.67E-09 599 3.52E-08 5.91
199 636 2.26E-04 2.01 4.75E-04 1.98 2.80E-08 3.89 1.72E-07 3.95 8.38E-11 5.82 8.55E-10 5.38

Dirichlet-Neumann boundary conditions

750 2.53E-02 — 6.36E-02 — 1.57E-03 — 4.98E-03 — 9.17E-04 — 3.45E-03 -
3144 6.89E-03 1.82 1.80E-02 1.76 1.09E-04 3.72 4.46E-04 3.37 191E-05 5.41 8.47E-05 5.17
12482 196E-03 1.82 6.54E-03 1.47 8.28E-06 3.74 3.98E-05 3.50 3.31E-07 5.88 1.80E-06 5.59
50102 5.37E-04 1.86 1.47E-03 2.15 5.29E-07 3.96 2.45E-06 4.01 5.65E-09 5.86 3.33E-08 5.74
199636 1.42E-04 1.93 4.09E-04 1.85 3.71E-08 3.85 1.84E-07 3.75 1.27E-10 5.49 7.33E-10 5.52

Dirichlet-Robin boundary conditions

750 2.40E-02 — 6.09E-02 — 1.61E-03 — 5.05E-03 — 9.48E-04 — 3.55E-03 -
3144 6.58E-03 1.80 1.79E-02 1.71 1.11E-04 3.73 4.63E-04 3.34 1.97E-05 5.40 8.68E-05 5.18
12482 1.90E-03 1.80 6.46E-03 1.48 8.35E-06 3.75 3.97E-05 3.56 3.33E-07 5.92 1.78E-06 5.64
50102 5.30E-04 1.83 1.46E-03 2.14 5.44E-07 3.93 2.44E-06 4.02 5.85E-09 5.82 3.38E-08 5.71
199636 1.41E-04 192 4.08E-04 1.84 3.90E-08 3.81 1.83E-07 3.75 1.56E-10 5.25 8.26E-10 5.37

fluxes evaluation with Dirichlet-Dirichlet, Dirichlet-Neumann, and Dirichlet-Robin boundary conditions
and uniform Delaunay triangular meshes. First-, third-, and fifth-order of convergence are achieved
for polynomial degrees d = 1,3, 5, respectively, regardless of the prescribed boundary condition. As
expected, the convergence orders are one order lower than those obtained for the convective heat
fluxes since polynomial reconstructions gradients are computed explicitly to evaluate the conductive
heat fluxes.

This analysis shows that the ROD method provides accurate heat fluxes approximations on the
curved physical boundary, in consistency with the scheme convergence order. Hence, the method is
capable of computing physical quantities, such as mass flow and energy heat flux, with very high-order
accuracy performing numerical integration on the physical boundary.

2.7 Conclusions

A very high-order finite volume scheme for the steady-state two-dimensional convection-diffusion
problem with curved boundaries has been constructed based on a new framework to compute
polynomial reconstructions. The scheme is equipped with the ROD method to handle arbitrary smooth
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Table 2.17: Errors and convergence orders for the conductive heat fluxes on the physical boundary obtained in

the rose-shaped domain test case.

DOF Ey 0O Eyw O E; 0O Ew O E 0 Ew O

Dirichlet-Dirichlet boundary conditions

750 9.89E-02 — 2.63E-01 1.36E-02 — 7.48E-02 — 8.38E-03 5.36E-02 -
3144 361E-02 1.41 2.12E-01 0.30 197E-03 2.70 1.06E-02 2.73 4.88E-04 3.97 3.63E-03 3.76
12482 1.60E-02 1.18 9.47E-02 1.17 3.00E-04 2.73 2.35E-03 2.18 2.60E-05 4.25 2.71E-04 3.76
50102 7.19E-03 1.15 5.03E-02 091 3.85E-05 2.95 3.31E-04 2.82 9.77E-07 4.73 1.19E-05 4.50
199636 3.67E-03 0.97 2.90E-02 0.80 5.05E-06 2.94 3.90E-05 3.09 3.44E-08 4.84 4.15E-07 4.86

Dirichlet-Neumann boundary conditions

750 8.49E-02 — 2.88E-01 — 2.21E-02 — 7.67E-02 — 1.48E-02 — 5.20E-02 -
3144 3.70E-02 1.16 1.15E-01 1.29 3.81E-03 2.46 1.07E-02 2.75 1.13E-03 3.59 3.62E-03 3.72
12482 1.35E-02 1.46 5.86E-02 0.97 554E-04 2.80 2.35E-03 2.20 6.57E-05 4.13 2.71E-04 3.76
50102 6.16E-03 1.13 5.13E-02 0.19 7.20E-05 2.94 3.31E-04 2.82 2.52E-06 4.69 1.19E-05 4.50
199636 3.08E-03 1.00 2.67E-02 0.95 9.64E-06 291 3.90E-05 3.09 891E-08 4.83 4.16E-07 4.86

Dirichlet-Robin boundary conditions

750 3.23E-02 — 2.92E-01 7.63E-03 — 7.70E-02 — 5.11E-03 — 5.18E-02 -
3144 1.31E-02 1.26 1.15E-01 1.29 1.28E-03 2.49 1.07E-02 2.75 3.80E-04 3.62 3.62E-03 3.72
12482 4.70E-03 1.49 5.88E-02 098 1.86E-04 2.81 2.35E-03 2.20 2.19E-05 4.14 2.71E-04 3.76
50102 2.10E-03 1.16 5.13E-02 0.20 2.41E-05 294 3.31E-04 2.82 8.40E-07 4.69 1.19E-05 4.50
199636 1.04E-03 1.01 2.67E-02 0.95 3.22E-06 291 3.90E-05 3.09 2.97E-08 4.83 4.16E-07 4.86

curved boundaries prescribed with general boundary conditions, such as the Dirichlet, Neumann,
and Robin types. The method does not require curved elements to fit the boundary, nor complex
quadrature rules for integration, nor complex non-linear transformations, which represents a significant
achievement to the existing techniques in the finite volume context. The AROD method and its
derivations were also proposed aiming at evolving boundaries and interfaces in time or another kind of
iterative process. This approach avoids recomputing the least-squares procedure for small boundary
displacements, ultimately saving computational resources. A comprehensive numerical benchmark
test suit, using the method of manufactured solutions, verified the implementation and assessed the
performance of the proposed methods with simple and complex curved shaped domains.

Very high accurate convergence orders were achieved for the two-dimensional steady-state pure
convection, pure diffusion, and convection-diffusion problems, either with triangular and quadrilateral
meshes. To achieve the optimal convergence orders when Neumann and Robin boundary conditions
are prescribed, polynomial degree d + 1 is required for the associated boundary edges while polynomial
degree d can be used for the remaining polynomial reconstructions for the boundary and inner edges
and cells. Since polynomial degree d is required to treat Dirichlet boundary conditions, a performance
penalty is expected when treating Neumann and Robin boundary conditions. In practice, such penalty
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is relatively small as it only affects the polynomial reconstructions associated with the Neumann or
Robin boundary edges. For the three-dimensional case, such penalty would be negligible since the
ratio of the number of boundary faces by the number of inner faces and cells decreases, when
compared with the two-dimensional case. Both the ROD, AROD, and AROD-XY methods provide
comparable accuracy and the optimal convergence orders when handling boundary conditions on
curved boundaries, while no non-physical oscillations are obtained for smooth solutions. Using a
polynomial degree d for the Dirichlet boundary edges and cells, and polynomial degree d + 1 for the
Neumann and Robin boundary edges, a (d + 1)th-order of convergence is obtained. Although all the
methods provide comparable accuracy, a performance deterioration in terms of GMRES convergence
occurs in some situations, particularly when increasing the polynomial degree or refining the mesh.
To summarize, the ROD method, regardless of the boundary condition, and the AROD, AROD-ND, and
AROD-RD methods, for Dirichlet, Neumann, and Robin boundary conditions, respectively, provide the
best performance.

The plans within this research include to apply the proposed ROD, AROD, and AROD-XY
methods to complex system models, such as the Cauchy, Navier-Stokes, and Euler equations,
in three-dimensional geometries with structured and unstructured meshes. Additionally, unsteady
problems with time-evolving domains, such as piston, pulsating interfaces, and tracking interfaces
problems, will be investigated aiming towards complex physical and industrial applications. Further
verification of these complex problems and applications will be required.

The method has only been tested with regular solutions for the scalar linear convection-diffusion
equation. In contrast, there is no guarantee that the method is suitable for complex situations, such as
catching boundary layers or turbulent flows in the vicinity of curved boundaries or interfaces, preserving
the mass conservation in divergence-free flows or multiphase flows. Many questions remain open.
Nevertheless, meshing with curved elements introduces additional complexity and computational cost.
Hence, the possibility to avoid such kind of elements, at least, for simple situations, is a contribution to
alleviate the computational effort and to simplify the existing numerical schemes with straightforward
quadrature rules, more simple flux expressions, conventional algorithms for polygonal meshes, among
others.
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CHAPTER Very high-order accurate polygonal mesh finite
volume scheme for conjugate heat transfer problems

with curved interfaces and imperfect contacts

Abstract: The conjugate heat transfer problem is found in non-isothermal physical systems that
involve thermodynamic processes between materials that are thermally coupled through non-adiabatic
contacts. A very high-order accurate finite volume scheme in general polygonal meshes is proposed
to solve conjugate heat transfer problems with arbitrary curved interfaces and imperfect thermal
contacts. Besides the discontinuous physical properties, imperfect thermal contacts are challenging to
address since the obtained temperature is also discontinuous on the interface as a consequence of the
interfacial thermal resistance. Moreover, the arbitrary curved interfaces are discretized with polygonal
meshes to avoid the shortcomings of the common curved mesh approaches. Still, a specific treatment
is required to overcome the geometrical mismatch and adequately fulfil the prescribed interface
conditions. The proposed method is based on a partitioned formulation of the conjugate heat transfer
problem with the appropriate thermal coupling. A generic polynomial reconstruction method is used to
provide local approximations of the temperature complemented with the reconstruction for off-site data
method to fulfil the prescribed interface conditions properly. A comprehensive numerical benchmark
is provided to verify the proposed method and assess its capability in terms of accuracy, convergence
order, stability, and robustness. The results provide the optimal very high-order of convergence and
prove the capability of the proposed method to handle arbitrary curved interfaces and imperfect
thermal contacts. This contribution represents a significant step towards more efficient and versatile

numerical methods for complex conjugate heat transfer problems in engineering applications.

Keywords: Conjugate heat transfer problems, arbitrary curved interfaces, imperfect thermal contacts,
general polygonal meshes, reconstruction for offsite data method, very high-order accurate finite

volume scheme

This chapter was adapted from R. Costa, J.M. Nébrega, S. Clain, and G.J. Machado, Very high-order accurate polygonal
mesh finite volume scheme for conjugate heat transfer problems with curved interfaces and imperfect contacts, Comput.
Meth. Appl. Mech. Engrg. 357 (2019) 112560, DOI: https://doi.org/10.1016/j.cma.2019.07.029
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3.1. Introduction

3.1 Introduction

The conjugate heat transfer refers to non-isothermal physical systems that involve
thermodynamic processes between solids and fluids, consisting of materials with different physical
properties that are thermally coupled through non-adiabatic contacts. The problem of the conjugate
heat transfer consists in determining the temperature distribution in these multi-material domains
with specific thermodynamic laws applied for the heat transfer on the contacts. Many multiphysics
problems in fluid mechanics, solid mechanics, and electromagnetics involve multi-material domains
and physical quantities that depend on the temperature, such as thermomechanics, thermoelasticity,
electrothermomagnetics, and fluid-thermal-structure interaction [1-4]. Hence, the numerical solution
and analysis of conjugate heat transfer problems provide means of investigating and understating the
intricate thermodynamics in a wide range of complex applications, from the nuclear to aerospace

engineering.

3.1.1 Mathematical modelling of thermal contacts

Conjugate heat transfer problems are formulated as elliptic interface problems in partitioned
domains, where the subdomains correspond to the different materials, and the interfaces correspond
to the contacts. The model consists of second-order elliptic or parabolic partial differential equations
and, besides the usual boundary conditions on the boundaries, specific constraints for the temperature
and the conductive heat flux are prescribed on the interfaces and referred to as interface conditions.
Additionally, since the materials in contact have different physical properties, the model also consists
of a discontinuous thermal conductivity, heat capacity, and density on the interfaces. Additionally, a
discontinuous velocity or heat source is also possible. For these reasons, specialized methods with
the appropriate treatment for interface conditions and discontinuous physical properties are required

to solve conjugate heat transfer problems numerically.

The most straightforward and commonly applied constraints on the interfaces impose the
continuity of the temperature in addition to the conservation of the conductive heat flux. They are
referred to as the continuity interface conditions or the homogeneous jump interface conditions.
Although continuous temperature and conservative conductive heat flux are recovered on these perfect
thermal contacts, the temperature derivative normal to the interface is discontinuous due to the
conservation of the conductive heat flux and the adjacent materials with different thermal conductivity.
The produced finite jump is proportional to the ratio of the thermal conductivity such that the unit case
recovers the single-material domain problem with continuous temperature, conductive heat flux, and
temperature derivative normal to the interface. Additionally, suppose the contact has an interfacial
heat source (usually due to frictional sliding). In that case, an explicit finite jump is considered for the
conductive heat flux conservation on the interfaces and corresponds to the generated heat rate per
unit area (explicit finite jumps for the temperature can also be considered but are of little practical
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interest).

In contrast, for solids sliding relative to one another, an interfacial thermal resistance (also
referred to as Kapitza resistance) hampers the heat transfer between materials on the contacts due to
the roughness of their imperfect surfaces [, 6]. Although conservative conductive heat flux is recovered
on these imperfect thermal contacts, the temperature and its derivative normal to the interface are
discontinuous (other types of imperfect thermal contacts are found in Javili et al., 2014 [7]), for which
reason the continuity interface conditions are inappropriate. The produced finite jump is proportional
to the interfacial thermal resistance such that the null case recovers the continuity interface conditions.
More specifically, the applied constraints on the interfaces impose the conservation of conductive heat
flux given as a function of the interfacial thermal resistance and the implicit jump of the temperature

(provided no interfacial heat source). They are referred to as the imperfect interface conditions [8-10].

A wide range of emerging engineering applications concerns multi-material problems with
a significant interfacial thermal resistance on the contacts. For instance, cooling systems for
polymer processing, thermal rectifiers, high-performance thermoelectric materials, and carbon
nanotube-electrode-based materials. Nonetheless, although the conjugate heat transfer with imperfect
thermal contacts is a comprehensive problem, the majority of the numerical methods are only capable
of treating the continuity interface conditions for perfect thermal contacts. In contrast, very few are
capable of treating the former. Moreover, conjugate heat transfer problems with complex curved
interfaces are also underdeveloped, in particular for very high-order accurate methods since challenging
issues arise to preserve the optimal convergence orders. Therefore, there is an increasing need for
numerical methods that solve efficiently conjugate heat transfer problems with curved interfaces and
imperfect thermal contacts to provide accurate approximate solutions at a reduced computational cost
for a wide range of engineering applications. Moreover, other physical problems consisting of physical
quantities with implicit jumps on the interface, such as velocity, displacement, and potential, benefit

from the numerical developments in that context.

3.1.2 Numerical approaches for conjugate problems

There is a large body of published work concerning the development and application of numerical
methods attempting to solve efficiently conjugate heat transfer problems or other conjugate problems
with interface conditions for physical quantities such as velocity, displacement, and potential. In
general, the numerical approaches are divided into two generic categories, namely monolithic or
partitioned [11-23]. However, in multiphysics problems, some physical quantities are computed in a
monolithic approach, while a partitioned approach is applied to compute the others.

The monolithic approach (also referred to as the direct approach) consists in using a single
tailored method that combines the spatial discretization of the governing equations for all subdomains,
including boundary and interface conditions. It produces a single system of linear equations to solve.
For instance, a mixture representation of the physical properties is considered in the vicinity of the
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interface to provide a continuous and smooth transition from one subdomain to the other. Then,
a single governing equation with only boundary conditions for the heat transfer in all subdomains
is derived, and the spatial discretization is applied without any separation between materials [24].
However, interface conditions for imperfect thermal contacts require more elaborated techniques, as
the conditional volume averaging, which considers additional terms in the governing equation [24-26)].
Moreover, several limitations and challenges arise to overcome the usual first- and second-order of
convergence provided with the discretization schemes for the monolithic approach [24].

On the contrary, the partitioned approach (also referred to as the segregated approach) consists
in a differential partitioning method that decomposes the conjugate heat transfer problem into several
individual subproblems of heat transfer (one per subdomain). Moreover, interface conditions are
converted into boundary conditions on the interface for each subproblem. The thermal coupling
between the subproblems consists in providing the appropriate functions associated with the produced
boundary conditions for the data transfer such that the solution of the partitioned problem satisfies
the interface conditions and, therefore, corresponds to the solution of the conjugate heat transfer
problem. The traditionally applied partitioning method in the case of the continuity interface conditions,
referred to as the Dirichlet-Neumann method, prescribes a Dirichlet boundary condition to impose
the temperature and a Neumann boundary condition to impose the conductive heat flux. Therefore,
apart from the initially prescribed boundary conditions, a Dirichlet boundary value subproblem is
solved in one subdomain, and a Neumann boundary value subproblem is solved in the adjacent
one. The Dirichlet boundary condition is commonly prescribed in the subproblem with the lower
thermal conductivity and the Neumann boundary condition in the other subproblem [17], which usually
maximizes the stability of the Dirichlet-Neumann method.

Recently, for unsteady conjugate heat transfer problems, the Dirichlet-Robin or Robin-Robin
methods have been investigated as an alternative to the traditional Dirichlet-Neumann method. This
approach aims at enhancing the convergence of the partitioned approach but, unfortunately, the
optimal coefficients for the Robin boundary condition are not trivial to determine [18-23]. In
the case of imperfect interface conditions, the applied partitioning method, referred to as the
Neumann-Neumann method, produces two Neumann boundary value subproblems to be solved in

both adjacent subdomains.

In comparison with the monolithic approach, the partitioned approach has the advantage of
discretizing the subproblems separately. Therefore, different discretization schemes or time-steps
for unsteady problems can be applied depending on the physical properties of the materials [4]. In
addition to the internal variables associated with the discretized subproblems, boundary variables
to approximate the boundary condition functions are also usually necessary. However, a static
condensation can be applied to the system of linear equations, reducing the number of variables to
determine.

In the case of unsteady conjugate heat transfer problems, the partitioned approach is also
classified as strongly- or loosely-coupled (also called weakly-coupled). In the strongly-coupled case,
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considering equal time-steps for all subproblems, the method is equipped with an iterative algorithm
between each pair of consecutive time-stations intended to solve the subproblems sequentially until
some stopping criteria, usually a residual tolerance, is achieved. Roughly speaking, and apart from the
spatial discretization considered, the strongly-coupled case is equivalent to the monolithic approach in
terms of accuracy and temporal stability. However, in comparison with the monolithic approach, the
convergence of iterative algorithms can be very slow, in particular for cases with very distinct thermal
conductivity of the adjacent subdomains. In that case, large relaxation coefficients are required to
guarantee the stability and convergence of the solution, and coarser grid solvers are often employed to
obtain a good initial guess solution. On the other hand, in an attempting to simplify the algorithms and
improve computational efficiency, some authors prefer to perform only one subiteration, where the
data transfer between subdomains through the boundary conditions occurs only once within each time
iteration. The loosely-coupled case comes at the cost of severe degradation in accuracy and stability
and, therefore, a careful and often complex and cumbersome numerical analysis of implemented
algorithms is crucial to avoid loss in accuracy and convergence orders or even solutions that diverge
in time. Moreover, it is susceptible to the partitioning configuration, that is, in which subproblem the
Dirichlet or Neumann boundary conditions are prescribed. In that case, the ratio of thermal effusivities
(the ability of the material to transfer thermal energy with its surroundings) is usually used as a measure
of the thermal interaction strength. Then, the Dirichlet condition is prescribed in the subproblem with

the lower thermal effusivity and the Neumann condition in the other subproblem [12-14, 19].

3.1.3 Very high-order accurate methods

The ever-increasing use of computer simulations for more-than-ever complex multiphysics
models led to an emerging need of developing accurate, robust, stable, and efficient numerical
methods. In that regard, the case of the conjugate heat transfer is of paramount importance to deliver
reliable simulations of the thermal processes in engineering applications. Very high-order accurate
methods (here defined as more than the second-order of convergence) are unquestionably a useful
framework to increase the approximate solution accuracy and to achieve substantial computational
gains [27, 28]. Significant developments have been made in the last decades but, unfortunately,
obtaining very high-order accurate, robust and stable methods that outperform the efficiency, simplicity,
and versatility of traditional ones is still a challenging task [27, 28].

The literature concerning the spatial discretization of conjugate heat transfer problems is
extensive and uncountable methods are capable of treating the continuity interface conditions, for
instance, finite element methods, finite volume methods, finite difference methods, and Fourier-spectral
methods. However, the first- and second-orders of convergence are usually obtained under mesh
refinement, whereas few methods are capable to effectively achieve a very high-order of convergence,
for instance, the internal penalty discontinuous Galerkin method [29, 30], hybridizable discontinuous
Galerkin method [31-33] (also for the Stokes interface flow problem [34]), cut-cell discontinuous
Galerkin method [35, 36], weak Galerkin finite element method [37, 38], finite element method [39-45],
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finite difference method [46-50], finite cell method [51], among a few others. Contrarily to the case
of the continuity interface conditions, very few methods are capable of treating the imperfect
interface conditions, for instance, in the context of finite volume methods [52, 53] and finite element
methods [54]. Unfortunately, none of these methods can achieve a very high-order of convergence.

3.1.4 Curved boundaries and interfaces treatment

Solving conjugate heat transfer problems consisting of curved domains discretized with polygonal
meshes might drastically reduce the convergence order of very high-order accurate methods if the
appropriate treatment of the boundary and interface conditions is not provided. Indeed, the geometrical
mismatch between the curved boundaries or interfaces and the associated polygonal approximation,
with magnitude order O(hz), with £ the characteristic mesh size, might result in the second-order
of convergence at most. Indeed, treating curved domains usually requires more elaborated methods
than polygonal domains to preserve the optimal convergence orders. The three-dimensional case, in
addition to the generic boundary and interface conditions prescribed on arbitrary curved boundaries
and interfaces, usually represent an increased challenge. Therefore, avoid numerical limitations and
additional computational costs is of crucial importance to efficiently treat conjugate heat transfer
problems in curved domains.

The standard approach to handle curved domains is to avoid the geometrical mismatch using
curved mesh elements that follow the curved boundaries and interfaces (inner mesh elements might
also be curved for robustness purposes), as the classic isoparametric elements method [55, 56].
However, the use of curved meshes comes at the cost of cumbersome and computationally intensive
generation algorithms [27, 28, 57, 58] and complex non-linear transformations for the finite element
basis functions. Additionally, very high-order accurate quadrature rules are also necessary for the
curved mesh elements, which are very intricate to obtain in the general case and, in particular, for
arbitrary curved three-dimensional geometries [59-63].

As these difficulties are the primary outcome of the use of curved meshes, a few methods
capable of treating curved boundaries and interfaces with polygonal meshes have recently emerged,
as the reconstruction for off-site data (ROD) method proposed in Costa et al.,, 2018 [64, 65].
The method is based on polynomial reconstructions of a certain degree to provide finite volume
and finite differences discretizations, for instance, with very high-order of convergence solely using
polygonal meshes generated for arbitrary curved domains. The method is also capable of treating the
fundamental Dirichlet and Neumann boundary conditions prescribed on arbitrary curved boundaries.
However, the case of the interface conditions prescribed on arbitrary curved interfaces has not been
addressed yet. Besides overcoming the drawbacks associated with the use of curved meshes, the
ROD method is a very versatile technique, easy to implement, and suitable to solve, with very few
limitations, complex problems in two- and three-dimensional arbitrary curved domains.

93



3.2. Mathematical formulation

3.1.5 Novelties of the work

In the present work, a very high-order accurate finite volume method is proposed to solve the
steady-state conjugate heat transfer problem in two dimensions. The novelties of the work correspond
to the main challenges to preserve the optimal convergence order of the method in this context. Firstly,
provide the appropriate partitioning method for the imperfect interface conditions, where the continuity
interface conditions are also considered to complement the method. Secondly, provide the proper
treatment for arbitrary curved interfaces with the sole use of polygonal meshes and without the main
limitations of the common approaches with curved meshes.

In general terms, the proposed method is based on the partitioned approach converting
the conjugate heat transfer problem into individual heat transfer subproblems for the subdomains.
The Dirichlet-Neumann and Neumann-Neumann methods are considered to provide the partitioned
problem model. The appropriate thermal coupling between the subproblems consists in providing the
proper boundary condition functions such that the solution of the partitioned problem satisfies the
interface conditions and, therefore, corresponds to the solution of the conjugate heat transfer problem.
Then, the produced Dirichlet and Neumann boundary value subproblems are discretized in terms of
internal and boundary variables with a finite volume method using solely general polygonal meshes.
For curved domains, the ROD method is applied to provide the appropriate treatment of the boundary
and interface conditions prescribed on the arbitrary curved boundaries and interfaces. Finally, a static
condensation of the produced system of linear equations is derived from eliminating the boundary
variables, which allows solving the problem only in terms of internal variables.

3.1.6 Organization of the chapter

The remaining sections of the chapter are organized as follows. Section 2 presents the
conjugate problem model, the partitioned problem model resulting from the partitioning method,
and the thermal coupling between subproblems. Section 3 introduces the polygonal meshes, the
polynomial reconstruction method, and the least-squares method. Section 4 prescribes the polynomial
reconstructions for the proposed method and the application of the ROD method. Section 5 is
dedicated to the generic finite volume discretization, the very high-order accurate scheme, the implicit
system of linear equations in terms of affine residual operators, and the associated static condensation.
Section 6 provides a comprehensive numerical benchmark based on manufactured solutions for the
conjugate heat transfer problem to verify the proposed method. The chapter is completed in Section 7

with the conclusions and some perspectives for future work.
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3.2 Mathematical formulation

The steady-state conjugate heat transfer problem is addressed in two dimensions and formulated
with the Cartesian coordinate system considering x := (x, y). For the sake of simplicity and without loss
of generality, only two subdomains are considered and treated, but the problem is easily formulated
in the case of multiple subdomains.

3.2.1 Curved domain

Let Q denote an open bounded arbitrary curved domain in R2 with boundary I'°, partitioned into
two non-overlapping subdomains, Q5, S € {A,B}, sharing interface I'!, as illustrated in Figures 3.1.
The boundary and the interface are regular Jordan curves, that is, simple and closed curves, and
admit a known local parameterization. Boundary I'P is partitioned into two non-overlapping subsets
(where one of the two can be the empty set as in the case of two concentric subdomains), denoting as
I'®S the boundary of subdomain @5, such that I'® = I'PA U T'PB  Interface I'! is partitioned into
two non-overlapping subsets (where again, one of them can be the empty set), denoted as I'C and
X, suchthat ' =rcurk.

For each subdomain Q9, let IS denote the respective boundary, consisting of boundaries and
interface subsets of domain Q, namely I'S = ISyt = Sy r€urk. Moreover, for any point
x on boundary IS, vector S = nS(x) := (nf;(x), ng(x)) stands for the unit normal vector outward

to subdomain Q5 (see Figure 3.1). Notice that if x € I'!, therefore, n(x) = —nB(x).

Figure 3.1: Example of arbitrary curved domain with subdomains, boundary subsets, interface subsets, and

outward unit normal vectors.

3.2.2 Conjugate problem model

The conjugate heat transfer problem consists in seeking temperature function ¢S(x) in
subdomain Q5 with governing partial differential equation given as

v. (uS¢S—KSV¢S) = 5, in 05, (3.1)
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where u® := uS(x) := (uf(x), u“yg(x)) is the velocity vector function multiplied by the heat capacity and
density of the associated material, k5 := «5(x) is the thermal conductivity function, and £S5 := £5(x)
is the heat source function (a negative value implies a heat sink) defined in subdomain Q5. Al
functions are assumed regular and bounded in the associated subdomains.

Notice that, in the case of discontinuous temperature, velocity, thermal conductivity, and heat
source on the interface, associated functions ¢5(x), u3(x), x5(x), and £5(x) are continuous (also
regular and bounded) in the associated subdomains. The term discontinuous refers to the physical
quantity (temperature, velocity, thermal conductivity, and heat source) defined in the entire domain.
In contrast, the associated functions are defined only in the associated subdomains. Therefore, if a
given physical quantity is discontinuous, associated functions defined in each of the subdomains are
continuous but do not correspond on the interface.

No mass transfer from one subdomain to the other is considered since in conjugate heat
transfer problems it is not physical to have a convective transport through the interface. Therefore,
functions u®(x) are always given tangent to interface I'l, that is, u®(x) - n5(x) = 0.

Remark 9 The term regular is used to indicate that the function belongs to spaces CX*!, with k > d,
when polynomial reconstruction of degree d is used to achieve a (d + 1)-order accurate scheme. In
other words, the function is continuous and has, at least, continuous first £ + 1 derivatives.

The model problem is complemented with the Dirichlet boundary condition on boundary subsets
>3, given as

¢S =g™5, onrIPs, (3.2)

where gD’S = gD’S(x) are given regular and bounded functions. Although Neumann and Robin
boundary conditions can also be prescribed in conjugate heat transfer problems, they are not
elaborated in the present work for the sake of simplicity (more details concerning this topic are found
in Costa et al., 2018 [65]).

Additionally, the model problem also requires interface conditions and two cases are considered,
as follows:

e The continuity interface conditions (or homogeneous jump interface conditions [54]) on interface
subset I'C, given as

o™ = ¢®, (3.3)

on I'C,
—kAVgr n? — kBB 0B =, (3.4)

which imposes the continuity of the temperature and the conservation of the conductive heat
flux on the associated interface subset. Notice that, for adjacent materials with different thermal
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conductivity, the temperature derivative normal to the interface is necessarily discontinuous in
order to conserve the conductive heat flux.

e The imperfect interface conditions (or Robin type jump or Kapitza interface conditions [54]) on

interface subset I'X, given as

— KAVt = hX (¢ - 9B, (3.5)
( ) on FK,

—kAVgA it — kBB . nB =, (3.6)

where 1¥ := hX(x) = 1/r¥(x) is a given interfacial thermal conductance function (its inverse
is called interfacial thermal resistance coefficient or Kapitza coefficient), which imposes the
conservation of the conductive heat flux on the associated interface subset given as function
of the unknown finite jump of the temperature. These interface conditions represent a
lowly-conductive imperfect interface also known as Kapitza interface [5, 7]. Notice that the
temperature is discontinuous on the associated interface subset, where the exceptional case
with functions ¢ (x) = ¢B(x) results in the adiabatic condition (no conductive heat flux). As
for the continuity interface condition, the temperature derivative normal to the interface is
discontinuous for adjacent materials with different thermal conductivity.

Remark 10 Asaddressed in Clain etal., 2013 [66], the continuity interface conditions can be recovered
assigning a high interfacial thermal conductance function for the imperfect interface conditions. In
fact, if hX(x) — oo then (—kA(x)V¢?(x) - n?(x))/h%(x) — 0 and, therefore, ¢*(x) — ¢B(x).
In practice, the authors verified that excessively high interfacial thermal conductance functions are
required to recover the continuity of the temperature, resulting in a substantially increased condition
number of the system of linear equations, which deteriorates the efficiency of the method. Notice that,
for very high-order accurate schemes this issue is critical and, therefore, the efficiency of the code is
significantly deteriorated and, for that reason, such approach is not considered in the present work.

3.2.3 Polygonal meshes

A general polygonal mesh denoted as M?® discretizes each subdomain ©2° and consists of
nS non-overlapping convex polygonal cells (triangles, quadrangles, etc.). Cells are denoted as c¢; with
ieI? ={1,...,n™} for cells belonging to mesh M4 and i € ZB = {n® + 1,...,n™ + nB} for cells

belonging to mesh M® and, therefore, the index of each cell is unique.

Inner edges are denoted as ¢;; with j #i and i, € 73 and correspond to the edges shared
between neighbor cells ¢; and ¢; belonging to mesh M3 and, therefore, ejj = ¢;Ncj. Boundary
edges are denoted as e;r with i € ZFS and correspond to the edges of cells ¢; belonging to mesh
M and approximating boundary subsets 'S (for the sake of simplicity, each cell has at most one
boundary edge). Subset ZF*5 ¢ Z5 gathers the indices and n*>S is the number of the cells belonging
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to mesh M3 with a boundary edge approximating boundary subset "5,

The vertices of the boundary edges fall on the curves of the associated boundary subsets and,
in particular, on boundary subsets " are common to both meshes (conformal meshes on the
interface). In that case, for each boundary edge e;c corresponding to an edge of cell ¢;, with i € ZGA
and belonging to mesh M4, there is a counterpart boundary edge Jfjc corresponding to an edge of
cell ¢j, with j € Z&B and belonging to mesh M?B, such that edges fic and fjc share the same
vertices and are geometrically equivalent (same shape and location).

Table 3.1 introduces the geometric properties for the cells and edges and Figures 3.2 provides
a schematic representation. Notice that inner edge e;; is also denoted as ej; and, therefore, reference
and quadrature points are the same, thatis, m;; =m;; and q;; . = q; ., whereas outward unit normal
vectors are antisymmetric, that is, s;; = —s ;. Similarly, for counterpart boundary edges e;r and e;r,
antisymmetric outward unit normal vectors are assigned, that is, s;r = =5 .

Table 3.1: Notation and geometric properties for the cells and edges.

Mesh elements  Notation Properties Definition Choice
Jc; Boundary
c; Area
¢i C Q‘Z i . . .
Cells Se{AB) m; = (m;x,my) Reference point (can be any point in ¢;) Centroid
€A,
qig= (qi,q,x, qi,q,y) Quadrature points, g = 1,...,0 Gaussian
N; Indices of the adjacent cells and boundary subset
leij Length
Inner edges ejj € Q) m;j = (m,-j’x,m,-j,y) Reference point (can be any point on e;;) Midpoint
Se{A B} Gijr = (q[j,r,x, Qij,r,y) Quadrature points, r = 1,...,R Gaussian
Sij = (Sij,x0 Sij,y) Outward unit normal vector from cell ¢; to cell ¢;
e; Length
€iFCF£’S |lF| ( ) Ref t( b int ) Midooint
mip = (Mg x,m; eference point (can be any point on e; idpoin
Boundary edges F € {D,C,K} a e Ty P P " P
4ir.r = (qiF,r.x-qiF,ry) Quadrature points, r = 1,...,R Gaussian
S e{A B} ’ .
SiF = (SiF x SiF,y) Outward unit normal vector from ¢;

The computational subdomains correspond to the cells in meshes M5 discretizing physical
subdomains Q3, denoted as Qi. For the computational subdomains, the computational boundaries
correspond to the edges in meshes M discretizing physical boundaries 'S, denoted as FAS. For the
computational boundaries, the computational boundary subsets correspond to the edges in meshes
M discretizing physical boundary subsets 'S, denoted as Ff’s. The computational subdomains,
boundaries, and boundary subsets are, therefore, respectively given as

2= e (3.7)

ieZS
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(a) Boundary. (b) Interface.

Figure 3.2: Notation and geometric properties for the cells and edges.

rs= U eir, (3.8)
ieZFS Fe{D,CK}

= er. (3.9
i€LF>S

Since meshes M3 are composed of polygonal cells, computational subdomains Qi do not
fully overlap associated curved physical subdomains Q5. For fine enough meshes, a geometrical
mismatch with magnitude order O(hz) is then expected between the physical and the computational
boundaries, where h is the characteristic mesh size. Such geometrical mismatch leads to a potential
accuracy deterioration and a maximal second-order of convergence for the method if the appropriate
treatment is not provided.

3.3 Problem partitioning

The conjugate heat transfer problem is solved with a partitioning method applied to the problem
model, which results in heat transfer subproblems governed by the convection-diffusion equation with
only boundary conditions, denoted as subproblem PS in subdomain Q5. The DirichletNeumann
and Neumann-Neumann methods are used as the partitioning methods, and Dirichlet and Neumann
boundary conditions replace the prescribed interface conditions on each interface subset. Hence, the
partitioned approach to solve the conjugate heat transfer problem produces a partitioned problem
model that consists of Dirichlet and Neumann boundary value subproblems in the subdomains. Then,
each subproblem is discretized separately with no explicit reference or direct dependency on the
subproblem in the adjacent subdomain.

3.3.1 Partitioned problem model

The boundary of each subdomain comprises, not only boundary subsets "2, but also interface
subsets '€ and I'* of domain Q (the interface of the entire domain is part of the boundaries of the
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subdomains). For notation convenience, I'f>S, F ¢ {D,C, K}, denotes the subsets of the partitioned
boundaries of subdomains Q% such that I'S = I'>S U rSSurks (see Figure 3.3). Notice that
boundary subsets 'S5 and 'S of subdomains Q5 correspond to interface subsets I'C and I'X of
domain Q, that is, I'A = ICB = C and %A = 'KB = 'K From now on, the term boundaries

refer to subdomain boundaries 'S rather than to only domain boundary I'°, unless otherwise stated.

Subproblem PA | | Subproblem PB

Figure 3.3: Example of subproblems in arbitrary curved subdomains with boundary subsets and outward unit

normal vectors.

In the case of the continuity interface conditions, the Dirichlet-Neumann method results in
a Dirichlet boundary condition prescribed in subproblem P and a Neumann boundary condition
prescribed in subproblem PB. Similarly, in the case of the imperfect interface conditions, the
Neumann-Neumann method results in Neumann boundary conditions prescribed in both subproblems,
P* and PB.

Subproblem P* consists in seeking temperature function #*(x) in subdomain QA with

governing partial differential equation and boundary conditions given as

v. (uA¢A - KAV¢A) = FA in Q7 (3.10)
pa, J0" =% on P4, (3.11)
¢t = g%, on I'CA, (3.12)
—kAVPA nA = A on '™, (3.13)

where g&A == gCA(x) and g%A := g¥A(x) are unknown regular and bounded functions on
boundary subsets I'“A and I'®A, respectively. On the other side, subproblem PB consists in
seeking temperature function qu(x) in subdomain QB with governing partial differential equation and
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boundary conditions given as

v. (uB¢B —KBV¢B) = B in QP (3.14)
pp . 00 =8"", on I'P%, (3.15)
—kBVgB 1P = g8, on I'CB, (3.16)
—kBVgB . nB = KB on '8, (3.17)

where g©B := gCB(x) and g%B := ¢%B(x) are unknown regular and bounded functions on boundary
subsets I'®B and I'®B respectively. The condition g% (x) + g%B(x) = 0 holds on interface subset
rx,

Notice that, Dirichlet boundary condition (3.2) prescribed on boundary subsets 7" correspond
to Dirichlet boundary conditions (3.11) and (3.15) in subproblems P* and PB, respectively. The
continuity interface conditions (3.3) and (3.4) prescribed on interface subset I"C are replaced with
Dirichlet boundary condition (3.12) in subproblem P2 and Neumann boundary condition (3.16) in
subproblem PB, and the associated boundary condition values are given with unknown functions
g%A(x) and g©B(x), respectively. The imperfect interface conditions (3.5) and (3.6) prescribed
on interface subset I'* are replaced with Neumann boundary conditions (3.13) and (3.17) in
subproblems PA and PB, respectively, and the associated boundary condition values are given with
unknown functions g%4(x) and g®B(x), respectively.

3.3.2 Thermal coupling

The partitioning of the conjugate heat transfer problem with the Dirichlet-Neumann and
Neumann-Neumann methods results in subproblems with only boundary conditions prescribed on
the boundary subsets of the associated subdomains. However, the produced Dirichlet and Neumann
boundary conditions in Equations (3.12) and (3.13) and (3.16) and (3.17), resulting from the
continuity and imperfect interface conditions, brings to the problem additional unknown functions
gF3(x), F € {C,K}, to provide the boundary condition values on the associated boundary subsets.

The strategy to guarantee the appropriate thermal coupling between the subproblems is to
provide boundary condition functions g©5(x) such that the solution of the partitioned problem satisfies
the interface conditions and, therefore, corresponds to the solution of the conjugate heat transfer
problem. Therefore, Equations (3.12) and (3.16) recover the continuity interface conditions (3.3)
and (3.4) while Equations (3.13) and (3.17) recover the imperfect interface conditions (3.5) and (3.6).
This is achieved assigning boundary condition functions g©>3(x) given as

gCA = ¢B, on I'A, (3.18)

gOB = AVt -nB, onICB, (3.19)
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gFA = hK(¢A - ¢B), on I'KA, (3.20)
gl = hK(¢B - ¢A), on "B, (3.21)

where the symmetry g%A(x) = —g®B(x) is noticed.

Although it seems that the partitioned problem model is transformed into the conjugate model
problem, which is partitioned in the first place, notice that functions gF’S(x) are unknowns of the
former and do not exist in the latter. Indeed, these functions serve as transmission conditions on the
interface and, therefore, subproblems are discretized separately with no explicit reference or direct
dependence on the subproblem in the adjacent subdomain. In turn, an additional numerical treatment
is required to determine unknown boundary condition functions gf>5(x) since temperature functions

¢35 (x) are also unknown.

Remark 11 Boundary condition function gC’A(x) requires the solution of subproblem P2, boundary
condition function g©2(x) requires the solution of subproblem P4, and boundary condition functions
g%5(x) require the solution of both subproblems, which seems to imply that one subproblem can only
be solved after solution of the other. Indeed, a naive strategy consists in using an iterative algorithm to
solve the subproblems consecutively [8], until the solution of both have converged, assigning boundary
condition functions g©>%(x) based on the solution of the subproblems in the previous iteration. On
the other side, since the partitioned model problem is linear, boundary condition functions g5 (x)
can be determined in the same system together with temperature functions ng (x), which avoids the
drawbacks of iterative algorithms.

Remark 12 The Dirichlet-Neumann method applied for the continuity interface conditions yields two
asymmetric subproblems with different types of boundary conditions on boundary subsets 'G5 of
subdomains Q5. Namely, a Dirichlet boundary condition is prescribed on boundary subset "G4
in subproblem P4 and a Neumann boundary condition is prescribed on boundary subset "5 in
subproblem PB. However, Neumann boundary condition can be prescribed in the former, and a
Dirichlet boundary condition can be prescribed in latter, which is equivalent in terms of the thermal
coupling for the partitioned problem. On the other side, the boundary conditions configuration can be
an issue in terms of accuracy and robustness of the discretized subproblems. Therefore, although the
first configuration is selected to present the proposed method, both are addressed in the numerical
benchmark provided in this work to investigate the accuracy and robustness implications depending

on the thermal conductivity assigned for the adjacent subdomains.

3.4 Polynomial reconstructions

The treatment of partitioned problem consists in computing polynomial reconstructions to
provide local approximations of the temperature functions in the associated computational subdomains.
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Additionally, they also provide approximations of the boundary condition functions resulting from the
partitioning method on the associated computational boundary subsets. Unconstrained polynomial
reconstructions are computed associated with each inner edge, whereas constrained polynomial
reconstructions for cell mean-value conservation are computed associated with each cell. Additionally,
constrained polynomial reconstructions for the boundary conditions fulfilment are computed associated
with each boundary edge and, in the case of arbitrary curved boundaries, the ROD method is applied
to preserve the accuracy of the polynomial reconstructions. These unconstrained and constrained
polynomial reconstructions and the application of the ROD method are detailed hereafter.

3.4.1 Polynomial reconstruction method

Temperature functions are represented in terms of approximate and piecewise cell mean-values
in the associated computational subdomain. That is, for cell ¢; in computational subdomain Q5
associated cell mean-value, denoted as ¢;, is defined as

|
i ~ m/cﬁs(x)dx, (3.22)

and vector @5 € R” gathers the cell mean-values in computational subdomain Qi. Notice that,
although the numerical approximations are given in computational subdomains Qi, the associated
temperature functions are defined in physical subdomains Q3, which do not entirely overlap for curved
domains.

The polynomial reconstruction method consists in fitting through a minimization procedure
a polynomial function of degree d to a certain number of cell mean-values of the temperature
function [67-69]. For regular functions, the polynomial reconstruction method provides local
approximations with an error with magnitude order (’)(hd“), where & is the mesh characteristic
size, therefore, convergence order d + 1 is expected under mesh refinement [63-66, 70-72]. A
generalization of the method is introduced in Costa et al., 2018 [65], and enables to compute local
approximations that, besides approximating the cell mean-values, are also capable of fulfilling specific

conditions associated with the problem.

Consider a polynomial function of degree d denoted as ¢(x) and written in a compacted form
as

d

d-a
() = -pax—m)= > > nap(x—m)" (y—my)", (3.23)
a=0 B=0

where p,(x) is a basis function vector including all two-dimensional monomials up to degree d,
m= (mx, my) is a reference point in order to reduce condition numbers, and vector n € R" gathers
the polynomial coefficients, with n = (d + 1)(d +2)/2.
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The polynomial reconstruction method requires seeking, through a minimization procedure,
polynomial coefficients vector 5 that provides the best approximation of polynomial function ¢(x)
to the cell mean-values in the vicinity of the reference point and the same subdomain. The
method provides either unconstrained or constrained polynomial reconstructions depending on the
minimization procedure performed to compute polynomial coefficients vector 5. An unconstrained
polynomial reconstruction corresponds to the best approximation to the cell mean-values. On the
other side, a constrained polynomial reconstruction corresponds to the best approximation to the cell
mean-values given that specific conditions are fulfilled (called constraints).

For each subproblem, unconstrained and constrained polynomial reconstructions are computed,
which allow obtaining local continuous and differentiable functions that approximate the associated
temperature functions. The polynomial reconstructions for each subproblem are only computed with
the cell mean-values associated with the same subproblem.

3.4.2 Least-squares method

The linear least-squares method is the standard minimization procedure performed to provide
the polynomial reconstructions. The method consists in minimizing the sum of the squared residuals,
where the residuals are the difference between the cell mean-values of the polynomial function and
the cell mean-values of the associated temperature function. For that purpose, consider weighted cost
functional from R” to R, denoted as F(n), given as

2

1

Fp)= ) wx [ﬁ / p(x)dx - m] : (3.24)
keS Ckl J e

where, for the sake of simplicity without loss of accuracy, the integrals are evaluated numerically using

quadrature rules of the same order as the polynomial degree.

In weighted cost functional (3.24), S is a stencil gathering the indices of s cells in the vicinity
of the reference point such that the associated mean-values are considered in the approximation.
For polynomial degree d, there are n polynomial coefficients to determine and, therefore, s > n is
required such that the number of mean-values to approximate is, at least, the same as the number
of polynomial coefficients to determine. The case of s = n corresponds to the exact fitting of the
polynomial function to the mean-values. In contrast, the common practice consists in considering
s = 1.5n to exceed sufficiently the number of polynomial coefficients, which provides robustness and
stability to the polynomial reconstruction in the general case.

Moreover, in weighted cost functional (3.24), wy, k € S, are positive weights aiming to give a
relative importance to the mean-values according to the Euclidean distance between associated cell
reference point m; and polynomial reconstruction reference point m, given as dj = |mj; —m)|, as
applied in Barth, 1993 [68]. The weights are defined as wy := w(dy), k € S, with function w(dy)
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given as

1

w(dy) = m,

(3.25)
where 6, 0" € R are given parameters and vector w € R gathers the weights associated with the cells

with an index in the stencil.

Polynomial reconstructions for the subproblems are computed based on stencils that gather
indices of cells solely in the associated computational subdomain. That is, a polynomial reconstruction
for subproblem PS5 approximates temperature function ¢(x) and, therefore, only mean-values
associated with cells in computational subdomain Q5 are considered for the minimization procedure.
Therefore, each index k in stencil S corresponds to cell ¢ in computational subdomain Q*Z and,
therefore, S ¢ Z5. This procedure is necessary to avoid approximating functions or derivatives with
discontinuities on the interface, which are not correctly approximated with polynomial reconstructions
without deterioration of the convergence order of the method. Moreover, the consistency of the
polynomial reconstruction method is maintained since functions represented with polynomial terms

are exactly fitted with polynomial reconstructions with the same degree.

For unconstrained polynomial reconstructions, the minimization procedure consists in seeking
unique vector 7 € R” that minimizes weighted cost functional F(1) in the least-squares sense, that
is, 77 = arg min,, F'(17), and the optimal polynomial reconstruction is written as ¢(x) =77 p 4(x —m).
The normal equations method [73] is used to derive the unconstrained least-squares method and
perform the associated minimization procedure in the present work.

For constrained polynomial reconstructions, in addition to minimizing functional F(1) in the
least-squares sense, a linear constraint derived from specific conditions associated with the problem is
exactly fulfilled. Consider a linear constraint functional from R” to R, denoted as G(n), gathering the
linear constraints in the residual form. The minimization procedure consists in seeking unigue vector
77 € R" that minimizes weighted cost functional F (1) in the least-squares sense and exactly fulfills
equation G(n7) = 0, that is, 77 = arg min,, F(n) subject to G(57) = 0, and the optimal polynomial
reconstruction is written as @(x) =77 -p,(x —m). The so-called linearly constrained Lagrange
multipliers method [74] is used to derive the constrained least-squares method and perform the

associated minimization procedure in the present work.

3.4.3 Unconstrained polynomial reconstructions

For each inner edge ¢;; in computational subdomain Q3. an unconstrained polynomial
reconstruction is assigned and denoted as ¢;;(x) = n;j -pd(x—m,j). Vector i = n,; gathers
the polynomial coefficients and reference point m = m;; corresponds to the edge midpoint. For
the minimization procedure, weighted cost functional F(n) is denoted as F;; (nij) where stencil
S = §;; gathers the indices of s cells in the vicinity of the reference point (belonging to computational
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subdomain Qi) and vector w = w;; gathers the weights associated with each cell in the stencil.

Following the polynomial reconstruction method, vector ﬁij € R" minimizes weighted cost
functional F(nl-j), and the optimal unconstrained polynomial reconstruction is written as ¢;;(x) =

;iij “Palx—mj).

3.4.4 Constrained polynomial reconstructions for cells

For each cell ¢; in computational subdomain Q9 a constrained polynomial reconstruction is
assigned and denoted as ¢;(x) = 1, - p,(x —m;). Vector i := 1, gathers the polynomial coefficients
and reference point m := m; corresponds to the cell centroid. For the minimization procedure,
weighted cost functional F (1) is denoted as F; (1],-) where stencil S := §; gathers the indices of s cells
in the vicinity of the reference point (belonging to computational subdomain Qi) and vector w = w;
gathers the weights associated with each cell in the stencil.

The polynomial reconstruction is constrained such that it recovers the cell mean-value of
temperature function ¢S(x). That is, the integral of the polynomial reconstruction in cell ¢; (divided
by the area of the same cell) equals cell mean-value ¢; and, therefore, constraint functional
G(n) := G;(n;) is given as

1
Gi(m) = 1 / gi(x)dx - ;. (3.26)

Following the polynomial reconstruction method, vector i; € R” minimizes weighted cost
functional F(m;) subject to equation G;(m;) =0, and the optimal constrained polynomial

reconstruction is written as @;(x) = 7; - p,(x —m;).

3.4.5 Constrained polynomial reconstructions for boundary edges

For each boundary edge e;r on computational boundary subset Ff’s of computational
subdomain Qz, a constrained polynomial reconstruction is assigned and denoted as ¢;p(x) =
n;p-Ps(x —m;p). Vector g := 0, gathers the polynomial coefficients and reference point m := m;r
corresponds to the edge midpoint. For the minimization procedure, weighted cost functional F(1)
is denoted as F;p (niF) where stencil S := S;r gathers the indices of s cells in the vicinity of the
reference point (belonging to computational subdomain Qi) and vector w = w;F gathers the weights
associated with each cell in the stencil.

Moreover, p;r = (piF,x,pl-p’y) is a collocation point in the vicinity of the reference point,
ViF = (V,‘F’x, V,‘F,y) is a unit vector, and g;r is the point-value of the prescribed boundary condition
function. The polynomial reconstruction is constrained such that it recovers the point-value of
the prescribed boundary condition function at collocation point p;r. That is, the determination of
the prescribed boundary condition with polynomial reconstruction at collocation point p;r equals
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pointvalue g;r and, therefore, prototype constraint functional G(n) := G;F (n,-F) is given as

Gir(n;r) = 0ir(PiF) — 8irs (3.27)

in the case of a prescribed Dirichlet boundary condition and is given as

Gir(nip) =~k 0ir)Vir(pip) - ViF — &ir, (3.28)

in the case of a prescribed Neumann boundary condition.

Following the polynomial reconstruction method, vector 77, € R" minimizes weighted cost
functional F(1,r) subject to equation G;r(n;r) =0, and the optimal constrained polynomial

reconstruction is written as @;r(x) = ;5 - py(x —m;p).

Notice that the same constrained least-squares method is always used to perform the
minimization procedure and compute the constrained polynomial reconstructions associated with the
boundary edges. In contrast, only the prototype constraint functional is given following the prescribed
boundary condition type.

3.4.6 Reconstruction for off-site data method

The ROD method provides constrained polynomial reconstructions associated with the boundary
edges such that the prescribed boundary conditions are exactly fulfilled on the associated curved
physical boundaries. Therefore, the ROD method is capable of handling the geometrical mismatch
between the straight computational and curved physical boundaries to preserve the convergence order
and, thus, avoids the difficulties associated with the approaches with curved meshes. Moreover, the
ROD method does not depend on the prescribed boundary condition type, and the full parameterization
of the boundary is not required, which makes this method simple, versatile and general for the treatment

of curved physical boundaries.

The ROD method consists in providing the appropriate linear constraints to the polynomial
reconstructions associated with the boundary edges assigning collocation points and unit vectors on the
curved physical boundaries. Therefore, the applied constrained least-squares method to perform the
minimization procedure provides polynomial reconstructions that exactly fulfil the associated boundary

conditions on the curved physical boundaries.

Polynomial reconstruction {; z(x) associated with boundary edge e; on computational boundary
subset Ff’s requires collocation point p;r and unit vector v;r for the constraint functional given in
Equation (3.27) or (3.28). To properly define the linear constraint for the minimization procedure, the
ROD method consists in assigning collocation point p, := b;r and unit vector v;r = n;r = n3(b;r)
belonging to curved physical boundary subset I'**S (see Figure 3.4). Moreover, pointvalues 8iF
of the prescribed boundary condition function in Equations (3.27) and (3.28) are also defined at
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collocation point b; . In the present study, collocation point b;r is obtained from the projection of edge
midpoint m;r onto the associated physical boundary subset and vector n;r corresponds to the unit
vector normal to the same physical boundary subset at point b;r. However, different choices can be
considered, whereas the only limitation is that the collocation point and unit vector are obtained from
the curved physical boundary. Notice that, for counterpart boundary edges ¢;r and e;r discretizing
physical boundary subsets "> and I''>B, F € {C, K}, respectively, collocation points coincide and

outward unit vectors are symmetric, that is, b;r = b;r and n;r = —n;r.

ti,l mir q;r>

Figure 3.4: Representation of a curved physical boundary fitted with a polygonal cell.

Remark 13 The common practice to fulfil the prescribed boundary conditions without a specific
treatment of curved physical boundaries is to assign collocation points and unit vectors from the
computational boundary subset. For instance, the collocation points correspond to edge midpoints
and the unit vectors correspond to edge normal vectors, that is, p;r := m;r and v;r = s;r. Therefore,
such practice provides a maximal second-order of convergence in the case of curved physical
boundaries since the geometrical mismatch between the computational and the physical boundaries
has magnitude order (’)(hz), with & the characteristic mesh size. However, the optimal convergence
order is preserved when the computational and physical boundaries exactly match, that is, only in the

case polygonal domains.

3.4.6.1 Boundary edges on Dirichlet computational boundary subset

For boundary edge e;p on computational boundary subset Ff’s, associated polynomial
reconstruction ¢;p(x) exactly fulfills Dirichlet boundary condition (3.11) or (3.15) in subproblems
P2 and PB, respectively. Therefore, prototype constraint functional (3.27) is considered for the
minimization procedure with collocation point p;r = b;p and pointvalue g;r = gip = gD’S(bl-D) of
boundary condition function gP(x) (see Figure 3.5).

3.4.6.2 Boundary edges on continuity computational boundary subset

For boundary edge e;c on computational boundary subset FAC’A, associated polynomial
reconstruction ¢;c(x) exactly fulfills Dirichlet boundary condition (3.12) in subproblem PA. Therefore,
prototype constraint functional (3.27) is considered for the minimization procedure with collocation
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Pointvalue: g;p = g° (b;p)
Constraint: @;p (b;p) = giD

T

Figure 3.5: Representation of the collocation point and the least-squares constraint for the ROD method on

[

Subproblem PS

Dirichlet computational boundary subsets.

point b;r := b;c and pointvalue g;r := gic ~ g (bic) approximating boundary condition function
g2 (x) (see Figure 3.6).

For boundary edge e;jc on computational boundary subset FAC’B, associated polynomial
reconstruction ¢;c(x) exactly fulfills Neumann boundary condition (3.16) in subproblem PB. Therefore,
prototype constraint functional (3.28) is considered for the minimization procedure with collocation point
b;r =bjc, unit normal vector nr := n;c, and pointvalue g;r := gjc ~ g8 (b,c) approximating
boundary condition function g&B(x) (see Figure 3.6).

Pointvalue: g;c = @; (bic)

Constraint: ;¢ (b;c) = gic

S

&

@

o]

o

o

I @ e @
(,) @

\ bjc [

m

2,

E @

o)

0

o

S

o]

>

wn

Pointvalue: g;c = kA (bjc) Voic (bjC) "njc

Constraint: —«xB (bjc) Vojc (bjc) -njc = gjc

Figure 3.6: Representation of the collocation point and the least-squares constraint for the ROD method on

continuity computational boundary subset.
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3.4.6.3 Boundary edges on Kapitza computational boundary subset

For boundary edge e;x on computational boundary subset I E’A, associated polynomial
reconstruction ¢;k (x) exactly fulfills Neumann boundary condition (3.13) in subproblem PA. Therefore,
prototype constraint functional (3.28) is considered for the minimization procedure with collocation
pointb;r = b;k, unit normal vector n;r := n;k, and pointvalue g;r := gix ~ g% (b;x) approximating
boundary condition function gK’A(x) (see Figure 3.7).

For boundary edge ejx on computational boundary subset Ff’B, associated polynomial
reconstruction ¢;x(x) exactly fulfills Neumann condition (3.17) in subproblem PB.  Therefore,
prototype constraint functional (3.28) is considered for the minimization procedure with collocation point
b;r = bk, unit normal vector nr = n,x, and pointvalue g;r = gjx ~ g%B(b,x) approximating
boundary condition function g%B(x) (see Figure 3.7).

Pointvalue: g;x = h® (bix) (@i (bix) — @) (bik))

Constraint: —* (b;x) Vik (bik) - mik = 8iK
Y
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Point-value: gjK = hK (ij) ((EJ (ij) - @i (ij))

Constraint: —«B (b;x) V@K (bjk) -njk = gjk

Figure 3.7: Representation of the collocation point and the least-squares constraint for the ROD method on
Kapitza computational boundary subset.

Table 3.2 summarizes the required polynomial reconstructions for the partitioned problem

treatment associated with the cells, inner edges, and boundary edges and the associated notation,
subproblem, and constraint functional.

3.5 Finite volume discretization

A finite volume method is used to discretize the Dirichlet and Neumann boundary value
subproblems in curved physical domains with the use of general polygonal meshes. The very
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Table 3.2: Polynomial reconstructions associated with the cells, inner edges, and boundary edges.

Mesh elements  Subset Notation Subproblem Constraint functional
ej; C Q3 _
Inner edges SU (A %} @ij(x) pS None (unconstrained)
€4,
¢ C Qi — S . .
Cells Sc{AB) i(x) P Cell mean-value conservation, Equation (3.26)
€A,
e;p C I—f’s —~ S .. . .
Se(AB) pipx) P Dirichlet boundary condition, Equation (3.27)
€A,
eic C FAC’A Dic(x) PA Dirichlet boundary condition, Equation (3.27)
Bound d - "y .
oundary ecges ejc C I“AC’B @jc(x) pB Neumann boundary condition, Equation (3.28)
ek C Ff’A oik(x) PA Neumann boundary condition, Equation (3.28)
ejk C FE’B @K(x) pB Neumann boundary condition, Equation (3.28)

high-order accurate scheme is then derived based on the unconstrained and constrained polynomial
reconstructions computed for the subproblems and, for those associated with the boundary edges,
the ROD method is applied to properly fulfil the boundary conditions prescribed on the curved physical
boundaries.

3.5.1 Finite volume method

The generic discretization of subproblems P with the finite volume method consists in applying
the divergence theorem to the integral form of Equations (3.10) and (3.14) over each cell ¢; in
associated computational subdomain Q3 given as

| (w66 vesw) siwne = [ 1w (3.29

where d¢; stands for the cell boundary and s;(x) is the associated outward unit normal vector.

An R-points quadrature rule with weights ., r = 1, ..., R, is used to approximate the integrals
on the straight edges and an Q-points quadrature rule with weights &,, ¢ =1,...,Q, is used to
approximate the integrals in the polygonal cells. Gaussian quadrature rules are considered with weights
that provide the approximate mean-values of the functions to evaluate. Given that, Equation (3.29) is
rewritten in the discrete form in terms of numerical integrals, given as

— fileil = O(h}), (3.30)

R
D el [ & (Cijr + Dijr)
r=1

JEN;

1/2

where h; = |¢;|"/~ and « is the convergence order of the quadrature rule. Moreover, f; stands for the
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approximate cell mean-value of source term function £*(x) over cell ¢;, given as

Mo

fi= ) Ef? (qi,q), (3.31)

r=1
and C;;, and D;; , stand for the physical convective and conductive heat fluxes, respectively, at the
quadrature points of edge ¢;;, given as

Cijr = (us(qij,r) 'sij)¢s (qij,r)’ (3.32)

Dijr = (a1, )V () -sis- (3.33)

Notice that, for inner edge e;; (the same as ej;), the conservation of the convective and
conductive heat fluxes is intrinsically preserved within the finite volume method, that is, C;;, = —=Cj;
and D;j, = —Dj;,, since the associated quadrature points coincide and the associated unit normal

vectors are symmetric, that is, g;; . = ¢;; » and s;j = —s;.

Remark 14 To approximate the integrals in the polygonal cells, only Gaussian quadrature rules in
triangular elements are necessary, even for meshes consisting of general polygonal cells. In the
case of a cell with more than three sides, the polygon is split into triangles sharing the cell centroid
as a common vertex, and the quadrature rules in triangular elements are applied in each triangular
section. Then, the approximate cell mean-value corresponds to the summation of the mean-values in
all sections weighted with the respective areas [75]. In that way, the approximate cell mean-values of
the associated source term functions in general polygonal cells are determined without the need for
specific quadrature rules for general polygons.

3.5.2 Very high-order accurate scheme

After the generic finite volume discretization of the subproblems, the very high-order accurate
scheme consists in providing numerical approximations to physical convective and conductive heat
fluxes C;;, and D;; -, respectively. The numerical convective and conductive heat fluxes are denoted
as C;j» and D;; ,, respectively, and are determined based on the computed unconstrained and
constrained polynomial reconstructions for the associated subproblem (see Table 3.2).

3.5.2.1 Inner edges

For each inner edge e;; in computational subdomain Q3 numerical convective and conductive

heat fluxes C;;,- and D;; -, respectively, at quadrature points Gijr 7= 1,..., R, are given as

+ —
Cijr = [us (qij,r) 'Sij] @i (qij,r) + [us (qij,r) 'Sij] ®j (qij,r)a (3.34)
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Dyjy =~k (q,. j,,)va,- ’ (q,. j) i), (3.35)

where [a]" = max(0,a) and [a]™ = min(0, a) for any scalar a € R. Only polynomial reconstructions
computed for the subproblem associated with the inner edge are used to determine the numerical
approximations of the physical heat fluxes. For the numerical convective heat fluxes, the constrained
polynomial reconstructions associated with the adjacent cells are used while for the numerical
conductive heat fluxes the unconstrained polynomial reconstructions associated with the inner edges
are used.

3.5.2.2 Boundary edges

For each boundary edge ¢;r on computational boundary subset Ff’s, numerical convective
and conductive heat fluxes C;r, and D;r,, respectively, at quadrature points 4, T =1,...,R, are

given as
Cirr = ["S(‘IiF,r) ‘SiF]+@(QiF,r) + [”S(‘IiF,r) ‘SiF]_@F (ti,r)’ (3.36)
Dirr = —K* (@i, )VGir (@iF,) - SiF- (3.37)

As previously, only polynomial reconstructions computed for the subproblem associated with the
boundary edge are used to determined the numerical approximations of the physical heat fluxes. For
the numerical convective heat fluxes, the constrained polynomial reconstructions associated with the
adjacent cells are used while for the numerical conductive heat fluxes the constrained polynomial
reconstructions associated with the boundary edges are used.

Notice that, for counterpart boundary edges e;r and e;r on computational boundary subsets

FA
FA

and conductive heat fluxes that are not necessarily conservative, that is, Cjr, +Cjr, # 0 and

and Ff’B, F € {C,K}, respectively, Equations (3.36) and (3.37) provide numerical convective

Dir, +Djr, # 0 in the general case. Indeed, due to the geometrical mismatch between
the computational and physical boundaries, nothing imposes that the numerical heat fluxes are
conservative on the boundary edges. Moreover, although the counterpart boundary edges coincide
geometrically, the associated numerical heat fluxes concern different subproblems with solutions that
do not correspond (that is, no condition is imposed) on the computational boundaries. On the contrary,
the conservation of the conductive heat fluxes is fulfilled on the physical boundaries following the ROD
method to provide the appropriate linear constraints to compute the associated constrained polynomial
reconstructions.

Notice that, the prescribed boundary conditions are taken into account to compute the
constrained polynomial reconstructions associated to the boundary edges and, therefore, no explicit
reference appears in the discretization scheme, which handles only two situations, inner or boundary
edges.
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Remark 15 A particular attention to the velocity, thermal conductivity, and source term is required
in the case of non-convex curved physical boundaries. In Equations (3.36) and (3.37), the
numerical convective and conductive heat fluxes are determined evaluating functions u®(x) and
K5 (x), respectively, at the quadrature points of the boundary edges in the associated computational
physical boundary. In the case of concave curved physical boundaries, the associated computational
physical boundary is composed of boundary edges necessarily located outside the physical domain
and, therefore, functions 5 (x) and «3(x) do not have a physical meaning at the edge quadrature
points. Similarly, in Equation (3.31), the approximate cell mean-values of the source term functions
are determined evaluating functions fS(x) at the quadrature points of the cells in the associated
computational subdomain. In the case of concave curved physical boundaries, the cells adjacent to
the boundary edges cover the geometrical mismatch between the physical and the computational
domains. Therefore, some of their quadrature points are eventually located outside the physical
domain (with low-order accurate quadrature rules this situation does not necessarily happen), where
functions £5(x) do not have a physical meaning. To overcome this issue, representative extensions of
functions 5 (x), k5(x), and £5(x) are necessary at the quadrature points of the boundary edges and
cells located outside the physical domain. In the case of given functions, the provided expression is
used to extrapolate the values at the quadrature points and, even not having a physical meaning, the
technique preserves the accuracy and the convergence order of the proposed method. In the case of
functions that are variables of the problem (for instance, the velocity) approximate cell mean-values

are used to compute a local reconstruction and to extrapolate the values at the quadrature points.

Remark 16 Consider counterpart boundary edges e;r and e;r on computational boundary subsets

F.A
FA

impose the conservation of the conductive heat flux on the interface and the convective heat flux

and Ff’B, F € {C,K}, respectively. The prescribed continuity and imperfect interface conditions

through the interface is null. Therefore, the numerical conductive heat fluxes at the quadrature points
of one boundary edge are determined and the same values are assigned to those associated with
the counterpart boundary edge, that is, Dir,, = —Djr, = —k*(¢;r) V@i (¢ir,) - Sir. Moreover,
since there is no convective heat flux through the interface, numerical convective heat fluxes at
the quadrature points of both boundary edges are assigned to null, that is, Cir, = Cjr, = 0.
Notice that this discretization scheme does not require polynomial reconstruction @ ir(x) computed
for subproblem PB where the Neumann boundary conditions (3.16) and (3.17) are prescribed to
conserve the conductive heat flux. Prescribing symmetric numerical conductive heat fluxes, that is,
Djr,r = —Dir,, seems to intrinsically satisfy the conservation condition, at least, on the computational
boundaries. However, for curved physical domains, physical boundary subsets I'f>S and associated
computational boundary subsets Ff’s do not fully overlap, and the geometrical mismatch implies a
deterioration of the convergence order of the method with this discretization scheme. Similarly, normal
velocity u3 (x) - n® (x) vanishes on the curved physical boundaries, but the numerical convective heat
fluxes are not generally null on the associated computational boundaries. Hence, this discretization
scheme only provides the optimal convergence order of the method in the case of polygonal domains.
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3.5.3 Thermal coupling

Boundary condition functions g&*(x) and g©B(x) assigned for the thermal coupling are
given in terms of temperature functions ¢*(x) and ¢B(x). Therefore, associated pointvalues at
the collocation points need to be determined as approximations of associated boundary condition
functions, and the method consists in using the same polynomial reconstructions used to determine
the numerical approximations of the physical heat fluxes.

3.5.3.1 Boundary edges on continuity computational boundary subset

Consider counterpart boundary edges e;c and e;c on computational boundary subsets FE’A
and FAC’B, respectively. Therefore, cell ¢; belongs to computational subdomain _Qg and cell ¢; belongs
to computational subdomain Q% .

From the Dirichlet-Neumann method, the thermal coupling between subproblems to recover
the continuity interface conditions consists in assigning functions g&4(x) := ¢B(x) and g“B(x) :=
—kA(x)VpA(x) - nB(x). Therefore, pointvalues gic and gjc are determined with the evaluation of
polynomial reconstructions {;(x) and @;c(x) at collocation points p;c = p;c with associated unit
normal vectors v,c = —vc belonging to the associated physical boundary subsets, given as

gic = 9;(Pic), (3.38)

gjc = _KA(ch)V[/;iC (ch) “VjC. (3.39)

Polynomial reconstruction @;c(x) for subproblem P4 is constrained with boundary variable gic
determined with Equation (3.38) from constrained polynomial reconstruction (,?j(x) for subproblem
PB. In turn, polynomial reconstruction @jc(x) for subproblem PB is constrained with boundary
variable g;c determined with Equation (3.39) from constrained polynomial reconstruction pic(x)
for subproblem P2, Therefore, the data of subproblem PB is used to approximate the prescribed
Dirichlet boundary condition function in subproblem P2, In contrast, the data of the latter is used to
approximate the prescribed Neumann boundary condition function in subproblem PB.

Remark 17 Alternatively, boundary variable g;c can be determined using the constrained polynomial
reconstruction for the cell meanvalue conservation in subproblem P34, gven as
gjc = —KA(ij)V@(pjc) vjc. In numerical experiments, although constrained polynomial
reconstructions for the cell mean-value conservation are appropriate to determine an approximation
of Dirichlet boundary condition functions, an accuracy deterioration is obtained in the case of
Neumann boundary condition functions. Therefore, the optimal convergence order of the method is
not preserved.
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3.5.3.2 Boundary edges on Kapitza computational boundary subset

Consider counterpart boundary edges e;x and ejx on computational boundary subsets Ff’A
and Ff’B, respectively. Therefore, cell ¢; belongs to computational subdomain Q‘A* and cell ¢; belongs
to computational subdomain Q% .

From the Neumann-Neumann method, the thermal coupling between subproblems to recover
the imperfect interface conditions consists in assigning functions g% (x) == h¥(x)(¢*(x) — B (x))
and g%B(x) := h¥(x)(¢B(x) — ¢ (x)). Therefore, boundary variables g;x and g;k are determined
with the evaluation of the polynomial reconstructions @;(x) and ¢; (x) at collocation points p;x = p ;x
belonging to the associated physical boundary subsets, given as

gik = i) (@iPix) — & (Pix))» (3.40)
gk = H(pixc) (& (i) - @) ) (3.41)

where the symmetry g;x = —g;x is noticed.

Polynomial reconstructions @ik (x) and @;k(x) for subproblems PA and PB, respectively, are
constrained with boundary variables g;x and g;k, respectively, determined with Equations (3.40)
and (3.41) from constrained polynomial reconstructions @;(x) and @;(x). Therefore, the data from
subproblems P and PB is used to approximate the prescribed Neumann boundary condition functions
in both subproblems.

3.5.4 Residual operators

The cell mean-values of temperature functions ¢°(x) are gathered in vectors @5 € R™ and
the pointvalues of boundary condition functions g**5(x) are gathered in vectors ¥ € R”F’S, that
is, @5 = [¢;];c7s and WIS = [g;r];czr.s. The equations derived from proposed method, that is, the
discretization of the subproblems and the numerical treatment of the thermal coupling, are rewritten
in terms of affine residual operators, as follows:

e Foreach cell ¢; in computational subdomain 2%, Equation (3.30) derived from the discretization
of the subproblems is rewritten with the numerical heat fluxes as R; = 0 with residual given as

r=

R
R = Z |€ij|[ {r(cz’j,r +Dij,r)} - filcil, (3.42)
JEN; 1

where the cell mean-values in vector @° and the point-values in vectors ¥*+° are necessary to
compute the associated polynomial reconstructions. The residuals defined in Equation (3.42)
for cells ¢; in computational subdomain Qi with only inner faces are gathered in the vector form

with affine residual operator R (&%) from R” to R ~"*=1*=7"* The residuals defined in
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Equation (3.42) for boundary cells ¢; in computational subdomain Qi with a boundary edge
e;r on computational boundary subset Ff’s are gathered in the vector form with affine residual

F.S nF,S

operator RS (@5, ¥F5) from R+ to R

For each boundary edge e;c on computational boundary subset FAC’A and counterpart boundary
edge e;c on computational boundary subset FAC’B, Equation (3.38) and (3.39) derived from the
numerical treatment of the thermal coupling are rewritten as R, = 0 and G;c = 0, respectively,
with residuals given as

Gic = 9 (pic) — gic» (3.43)
Gjc = (pic)Véic(pic) -vic - gic. (3.4

where the cell mean-values in vectors @® are necessary to compute the associated polynomial
reconstructions in the former case while the cell mean-values in vectors @ and the point-values
in vector PS4 are necessary to compute the associated polynomial reconstructions in the latter
case. The residuals defined in Equation (3.43) for boundary edge ¢;c on computational boundary
subset I’ E’A are gathered in the vector form with affine residual operator QC’A('PC’A, diB)

from R""“+1" to R"™". The residuals defined in Equation (3.44) for counterpart boundary
edge e;c on computational boundary subset I E’B are gathered in the vector form with affine

. C,B A C,A C,B
residual operator QC’B('I’C’B,QSA, 'PC’A) from R0+ o R

For each boundary edge e;x on computational boundary subset Ff’A and counterpart boundary
edge ek on computational boundary subset Ff’B, Equations (3.40) and (3.41) derived from the
numerical treatment of the thermal coupling is rewritten as R;g = 0 and Gk = 0, respectively,
with residuals given as

Gik = K (2i(pix) — 21(Pix)) — 8k (3.45)
gjk = hK(ij) (@ (PjK) —@(PjK)) — &jK> (3.46)

where the cell mean-values in vectors @* and @B are necessary to compute the associated
polynomial reconstructions in both cases. The residuals defined in Equation (3.45) for boundary
edge e;x on computational boundary subset Ff’A are gathered in the vector form with affine
residual operator QKA(Y’K’A, DA, diB) from R 40" 40 R7Y - The residuals defined
in Equation (3.46) for counterpart boundary edge e;jx on computational boundary subset
r fB are gathered in the vector form with affine residual operator QK’B(Y’KB, DA, (DB) from

RnKB+nA+nB to RnK’B
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3.5. Finite volume discretization

3.5.5 Implicit formulation

The cell mean-values of temperature functions ¢ (x) in vectors &3 are unknown and correspond
to the internal variables for the proposed method while the point-values of boundary condition functions
g%5(x) and g%5(x) in vectors PCS and YRS, respectively, are also unknown but correspond to the
boundary variables for the proposed method. Notice that boundary conditions functions gD’S(x) are
given and, therefore, vectors ¥ gather, in fact, only known point-values. Therefore, the number
of degrees of freedom to determine is DOF = n® + nB + nSA + nCB + KA £ KB The internal
and boundary variables for the proposed method are gathered in global vector @ € RPOF | given as
@ = (D4, BB, pCA OB wKA KB T

The implicit system of linear equations for the solution of the partitioned problem is formed
gathering affine residual operators (3.42) and (3.46) in vector form in global affine residual operator
H (D) from RPOT to RPOF given as

RA (dsA)
RDA ( A, .I,D,A)
RCA ( A, .PC,A)
RKA ( A, .PK,A)

R?(#P)

RDB ( P, q/D,B)

H(D) = , (3.47)

RCB ( oA, .I,C,B)

RKB ( P, .PK,B)

GCA (YJC,A’ ¢B)
GCB (TC,B, DA, q/C,A)
GKA (Y/K,A’ A, (pB)
GKB (Y,K,B’ DA, (DB)

The solution of the implicit system of linear equations given as H(@®) = 0 provides vector
@* € RPOF that corresponds to the approximate solution of the conjugate heat transfer problem
in terms of internal and boundary variables. In that case, the internal variables correspond to
the approximate cell mean-values of temperature functions ¢S(x) in the cells of the mesh and
the boundary variables correspond to the approximate point-values of boundary condition functions
gF’S(x), F € {C,K}, at the boundary collocation points. An iterative free-matrix algorithm, such as
the GMRES method, supplemented with a preconditioning matrix, is used to solve the system of linear
equations, as proposed in Clain et al., 2013 [66], and Bouralas et al., 2017 [63]. The free-matrix
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3.5. Finite volume discretization

approach avoids to explicitly assemble and store the matrix of the coefficients derived from the residual

operators, which requires algorithms that are not elaborated in the present work.

Remark 18 An alternative solution method consists in an iterative algorithm that solves apart and
successively subproblems P for the internal variables, such that the solution of systems of linear
equations RS(¢S, pes Y’K’S) = 0 with the residual given as

RS (®5)
DS (S wD.S
HS (@5, 905, WkS ) = R (3.48)

’ ’ RCS ((ps .I,C,S)

RK,S (¢S Y’K’S)

provides a sequence of vectors @5* € R™ that converge to the solution of the conjugate heat transfer
problem. This also requires that, between two consecutive iterations, boundary variables in vectors
®CS* ¢ R™™ and @KS* ¢ R™ are determined from the previous intermediate internal variables
in vectors @5* using the associated residual operators (no system of linear equations is solved to
determine the boundary variables from given internal variables). This method often converges slower
than the direct solution method elaborated previously, where the speed of convergence is closely
related with the quality of the initial guess solution (and, for that reason, initial coarse solvers are
usually applied) and the strength of the thermal interaction between subproblems.

3.5.6 Static condensation

Since the numerical treatment of the thermal coupling with Equations (3.38) and (3.41) is
independent for each boundary variable of the same subproblem, explicit expressions for vectors ¥ 7S
as functions of only vectors @° are possible to derive, such that

gC,A(q,C,A’ 4,3) _o, (3.49)
GCB (q,C,B’ oy .I,c,A) _0, (3.50)
GRA (q/K,A’ oy ¢B) _o. (3.51)
KB (TK,B, oy ¢B) 0 (3.52)

In that way, there are affine functions G~ ’S(tbA, qﬁB) from R +"" to R"" that provide vectors

wES explicitly, given as

pCA _ g/,C,A(¢B), (3.53)
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pCB _ G/CB (¢A, qu), (3.54)
PEA = KA (91, @), (3.55)
pKB _ grKB (de, ij)’ (3.56)

with the particular case of operator Q”C’A(diB) from R™ to R"C’A, which does not depend on vector

@ by construction.

The global residual operator (3.47) is statically condensed and given in terms of only vectors
@S eliminating the rows associated with vectors WS Therefore, consider that the internal variables
for both subproblems are gathered in vector @’ € R”A+"B, given as @’ = (¢A, diB), whereas no
boundary variables are considered. Therefore, the number of degrees of freedom to determine is
DOF = n® +nB +nCA.

The condensed system of linear equations for the solution of the partitioned problem is formed
rewriting affine residual operators H° (tbs, pC.S pKS ) as affine residual operators 1S (¢A, diB)

from R™*+° to R"S, given as
HrA (¢A, ¢B) _ HA(d;A, g/,C,A(¢B), GrKA (¢A, ¢B))’ (3.57)
HI,B (¢A, ¢B) — f]_[B (¢B’ g/,C,B (¢A, ¢B), g/,K,B (¢A’ ¢B) ), (358)

and, therefore, the statically condensed global affine residual operator H’(®’) from RPOF to RPOF
is given as

A ( P ¢B)

H (') = ser{onat)|

(3.59)

Given that, the solution of the statically condensed system of linear equations given as
H'(D') = 0 provides vector @"* € RPOF that corresponds to the approximate solution of the
conjugate heat transfer problem in terms of internal variables. The static condensation method allows
reducing the size of the system of linear equations to n* + n®. Contrarily to other static condensation
methods, no additional problem is previously solved in terms of the boundary variables to provide the
boundary data for the subproblems.

3.6 Numerical benchmark

The verification of the proposed method is based on the assessment of its numerical performance
in terms of accuracy, convergence order, stability, and robustness to solve conjugate heat transfer
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problems in arbitrary two-dimensional curved domains. For that purpose, specific analytic solutions
provided with temperature functions ¢S(x) are obtained in associated physical subdomains Q5 such
that the prescribed continuity and imperfect interface conditions are fulfilled on interface subsets
I'C and I'K, respectively. Moreover, functions gP5(x) are obtained from the analytic solutions
to prescribe the Dirichlet boundary conditions on physical boundary subsets I'™S. Following the
method of manufactured solutions [76-79], source term functions fS(x) are determined to satisfy
Equation (3.1) in associated physical subdomains ©° given the analytic solution, the velocity vector
functions uS(x), and the thermal conductivity functions KS(x). Notice that only smooth solutions and
source terms of the steady-state three-dimensional conjugate heat transfer problem are considered
in the present work. The method of verification consists in running simulations with successive finer
polygonal meshes generated for the curved domains. The approximate solutions computed from
the proposed method are compared with the analytic solutions and, therefore, the accuracy and
convergence orders under mesh refinement are determined, as follows.

The system of linear equations is solved in the condensed form with the GMRES method
where the number of degrees of freedom is DOF = n™ + n® corresponding to the approximate cell
mean-values of the temperature functions. For each cell ¢; in computational subdomain Q3 the error
of approximate cell mean-value qu.‘ is determined having the exact cell mean-value given as

— 1
b= / ¢° (x)dx. (3.60)
Then, the relative errors in the L!- and L®-norm, denoted as E; and Ex, respectively, are determined
as
DOF _
> 165 =3l
i=1
E| = o7 , (3.61)
> el
i=1
E. = max|¢; - 6. (3.62)

Consider two meshes for the same domain with different characteristic sizes, a number of
degrees of freedom of DOF, and DOF,, respectively, associated relative errors in the L!-norm
of Ey1 and Ej,, respectively, and associated relative errors in the L™-norm of E. 1 and Eu2,
respectively. Then, the convergence orders for the relative errors in the L!- and L®-norms, denoted

as 01 and O, respectively, are given as

In(E11/E12)

ln(D0F1 /DOFQ) ’ (363)
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In (Eoo,l /Eoo’z)

O =2
In(DOF, /DOF,)

) (3.64)

Remark 19 Contrarily to the common practice in elliptic problems, the relative errors are not measured
in the typical L2-norm but rather in the L'- and L®-norms. Firstly, the measured relative errors in
the L¥-norm, with 1 < k < oo, are within lower and upper limits corresponding to the relative errors
measured in the L'- and L®-norms, respectively. On the other side, the combination of these two
norms provides a better perception of the obtained relative error distribution in the computational
domain. Indeed, the presence of localized suspicious errors cannot be concluded from the L'-norm,
whereas the evenness of the relative error distribution cannot be deduced from the L*-norm. On
the other hand, having both norms, large ratios between the L'- and L®-norms indicate that a small
number of cells have considerably larger errors than most of the remaining. For these reasons, the
combined use of the L'- and L®-norms is preferred to provide a better numerical assessment of the
proposed method than the typical L2-norm.

Variations of the proposed method, introducing some conventional and naive techniques, are
considered to illustrate the full benefit of the undertaken development to solve conjugate heat transfer
problems in curved domains. The only differences are as follows:

e Method 1. the method for polygonal domains in Remark 13 is used to determine the
collocation points and the unit vectors in the linear constraints of the minimization procedure
for the constrained polynomial reconstructions associated only with the boundary edges on
computational boundary subsets Ff’s, F € {C,K}, discretizing the interface.

e Method 2: the discretization scheme for polygonal domains in Remark 16 is used to determine
the numerical convective and conductive heat fluxes associated only with the boundary edges
on computational boundary subsets Ff’s, F € {C,K}, discretizing the interface.

The proposed method is referred to as Method 3, for which the preliminary tests showed that accuracy
and convergence orders improve with slight modifications. Therefore, in addition to the previous
methods, the following modification to Method 3 is also considered:

e Method 4: degree d + 1 is considered for the polynomial reconstructions associated only with
the boundary edges on computational boundary subsets FAC’A, FE’A, and Ff’B, discretizing
the interface (with a Neumann boundary condition prescribed).

e Method 5: degree d + 1 is considered for the polynomial reconstructions associated only
with boundary edges on computational boundary subsets Ff’s, F € {C,K}, discretizing the
interface (with either a Dirichlet or a Neumann boundary conditions prescribed).

In Methods 4 and 5, the accuracy is enhanced at the cost of a small efficiency penalty due to the

additional coefficients for the polynomial reconstructions of degree d + 1 instead of d. In practice, this
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penalty is small due to the relative number of polynomial reconstructions associated to the boundary
edges, which are less than 5% of the total number of polynomial reconstructions computed in the test

cases presented in this benchmark study.

In the case of the continuity interface conditions, the partitioning method prescribes either
a Dirichlet boundary condition in one subproblem and a Neumann boundary condition in the
other, resulting in two possible partitioning configurations (see Remark 12). These two partitioning

configurations are referred to as configurations DN and ND and are defined as follows:

e Configuration DN: a Neumann boundary condition is prescribed on physical interface subset
I'CA in subproblem PA and a Dirichlet boundary condition is prescribed on physical interface

subset "B in subproblem PE.

e Configuration ND: a Dirichlet boundary condition is prescribed on physical interface subset

'S~ in subproblem P2 and a Neumann boundary condition is prescribed on physical interface

FC’B

subset in subproblem PB.

Specific test cases are addressed with both partitioning configurations, and the obtained approximate
solutions are compared in terms of accuracy and convergence orders, establishing their behaviour
according to the physical properties of the problem.

The weighting function to perform the minimization procedure in the polynomial reconstruction
method is considered with parameters 6 = 2 and o = 5h, where A is the characteristic size of the
reference mesh element (face or cell). The optimal parameters are chosen to provide stability and
robustness to the least-squares method.

3.6.1 Circular interface with the continuity interface conditions test case

An annular domain £ is considered consisting of an external and internal physical boundaries,
I'PA and I'PB | respectively, corresponding to circumferences centered at point (0,0) and with radius
rg = 1 and r; = 0.5, respectively (see Figure 3.8). Physical subdomains Q4 and QB correspond to
the outer and inner layers separated with physical interface I"C that corresponds to a circumference
centered at point (0,0) and with radius ry = 0.75.

To perform the simulations, successive finer uniform Delaunay triangular meshes are generated
for physical subdomains Q2 and QB, where the vertices of the boundary edges coincide with the
physical boundaries or interfaces (see Figure 3.8). Notice that all the cells in both meshes are polygonal
and the maximum gap between the physical and the computational boundaries has magnitude order
O(h?), with h the characteristic mesh size.

The analytic solutions for the test case in polar coordinates (r,6), with 7> = x> + y? and
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(a) Annular domain. (b) Uniform Delaunay triangular mesh.

Figure 3.8: Domain and associated coarse mesh for the circular interface with the continuity interface conditions

test case.

0 = arctan(y/x), are given as
¢5(r,0) = (aS In(r)+ bs) cos (nse), in Q5 (3.65)

where n5 € R are given parameters and a’,b5 € R are parameters to determine. Notice that,
although the analytic solutions are provided in polar coordinates, the problem is numerically solved
in Cartesian coordinates. Dirichlet boundary conditions are prescribed on both physical boundaries,
where for external physical boundary I'®A the associated boundary condition function is periodic
and given as g2 (r = rg, 0) = cos(n6), while for internal physical boundary I'>B the associated
boundary condition function is constant and given as gD’B(r =r, 60) = 0. On the physical interface,
the continuity interface conditions are prescribed and parameters a®, a®, b*, and b® in the analytic
solutions are determined such that the Dirichlet boundary conditions and the continuity interface
conditions are simultaneously satisfied. Constant thermal conductivity functions x*(x) and xB(x) are
addressed, for which the parameters are determined as

A B

a’=-—ck", (3.66)

aP = —cih, (3.67)

pA = c(KA 1n(i) + kB 1n(rM)), (3.68)
™

BB = cx™ In(ry), (3.69)
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c= ! . (3.70)

KAln(i) + B ln(m)
™ g

On the other side, the velocities in both physical subdomains are circular and given in polar coordinates

as
uS(r,0) = w3rh, in Q3 (3.71)

with given parameters w® € R. Vectors # and 0 are the orthogonal unit vectors in the directions of
increasing r and 6, respectively. Notice that, with the above velocities, no convection occurs through
the physical boundaries and interface.

The associated source term functions are obtained after substituting analytic solutions (3.65)
into Equation (3.1), given in polar coordinates as

(5 (%) cos(1%0) (a¥ In(r) + b5)

3(r,0)=

. —nSstin(nSH)(asln(r)+bs), in Q5. (3.72)

’

Two cases are addressed, namely a low thermal conductivity ratio case with constant thermal
conductivity functions x*(x) = 2 and xB(x) = 1 and a high thermal conductivity ratio case with
constant thermal conductivity functions k*(x) = 100 and xB(x) = 1. In both cases, the parameters
in the analytic solutions are n®* = n® = 4 and the velocity functions in each subdomain have opposite
directions with parameters w® = 1 and w® = —1, as shown in Figures 3.9. The resulting analytic
solutions for the low and high thermal conductivity ratio cases are shown in Figures 3.10 and the
associated source terms are shown in Figures 3.11. Notice that, although the analytic solutions are
continuous on the physical interface, the corresponding normal derivatives and source terms are

discontinuous due to the discontinuous thermal conductivity functions in each physical subdomain.
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Figure 3.9: Velocities for the circular interface with the continuity interface conditions test case.
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(a) Low thermal conductivity ratio case. (b) High thermal conductivity ratio case.

Figure 3.10: Analytic solutions for the circular interface with the continuity interface conditions test case.
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(a) Low thermal conductivity ratio case. (b) High thermal conductivity ratio case.

Figure 3.11: Source terms for the circular interface with the continuity interface conditions test case.

3.6.1.1 Low thermal conductivity ratio case

The low thermal conductivity ratio case is addressed, and simulations with successive finer
uniform Delaunay triangular meshes, polynomial degrees d = 1, 3,5, configurations ND, and Methods
1 to 5 are carried out. The measured relative errors and convergence orders are reported in Table 3.3
and the relative error distribution is shown in Figures 3.12 to 3.16 for a mesh consisting of 18 258
cells. Notice that configuration ND prescribes the Dirichlet boundary condition in subproblem PA (with
the highest thermal conductivity), while the Neumann boundary condition is prescribed in subproblem
PB (with the lowest thermal conductivity).

e The results from Method 1 confirm that the method for polygonal domains provides a
second-order of convergence regardless of the polynomial degree, although more accurate
results (with ratios up to 25) are obtained with polynomial degrees d = 3, 5 than with polynomial
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Table 3.3: Relative errors and convergence orders obtained in the circular interface with the continuity interface

conditions test case with a low thermal conductivity ratio and uniform Delaunay triangular meshes.

d=1 d=3 d=5

DOF E, 0O Eyw O E; 0O Eyw O E 0 Ew O

Method 1

1052 3.51E-03 1.03E-02 — 1.47E-04 — 4.80E-04 1.65E-04 — 6.31E-04 -
4484 850E-04 196 3.15E-03 1.64 3.66E-05 1.92 1.56E-04 1.55 3.69E-05 2.06 1.82E-04 1.72
18258 2.32E-04 1.85 9.09E-04 1.77 9.67E-06 190 4.27E-05 1.85 9.49E-06 193 4.77E-05 1.90
73834 5.79E-05 1.99 2.70E-04 1.74 2.39E-06 2.00 1.16E-05 1.87 2.37E-06 198 1.21E-05 1.96
292928 1.54E-05 1.92 7.79E-05 1.80 5.95E-07 2.02 2.98E-06 1.97 5.93E-07 2.01 3.05E-06 2.00

Method 2

1052 3.65E-03 — 1.07E-02 — 1.98E-04 7.40E-04 — 1.94E-04 — 6.75E-04 —
4484 8.65E-04 199 3.22E-03 1.65 4.77E-05 1.96 1.64E-04 2.08 4.84E-05 192 1.69E-04 1091
18258 2.37E-04 1.85 9.20E-04 1.79 1.24E-05 191 4.38E-05 1.88 1.25E-05 1.93 4.41E-05 191
73834 583E-05 2.00 2.75E-04 173 3.12E-06 1.98 1.11E-05 1.96 3.12E-06 1.98 1.11E-05 1.97
292928 1.55E-05 1.92 7.90E-05 1.81 7.80E-07 2.01 2.80E-06 2.00 7.80E-07 2.01 2.80E-06 2.00

Method 3

1052 3.65E-03 — 1.07E-02 — 7.75E-05 — 4.06E-04 — 3.85E-05 — 191E-04 -
4484 8.65E-04 199 3.22E-03 1.65 9.27E-06 2.93 4.03E-05 3.19 4.26E-07 6.21 2.44E-06 6.02
18258 2.37E-04 1.85 9.20E-04 1.79 1.44E-06 2.65 6.17E-06 2.67 1.53E-08 4.74 7.68E-08 4.93
73834 5.83E-05 2.00 2.75E-04 1.73 1.55E-07 3.19 6.82E-07 3.15 3.37E-10 5.47 1.86E-09 5.33
292928 1.55E-05 1.92 7.90E-05 1.81 1.97E-08 299 7.89E-08 3.13 1.15E-11 490 5.22E-11 5.18

Method 4

1052 3.66E-03 — 1.08E-02 — 5.79E-05 — 2.70E-04 — 2.08E-05 — 1.16E-04 -
4484 871E-04 198 3.26E-03 1.65 3.48E-06 3.88 2.12E-05 3.50 3.29E-07 5.72 1.96E-06 5.63
18 258 2.38E-04 1.85 9.24E-04 1.80 4.80E-07 2.82 2.65E-06 2.96 8.46E-09 522 4.18E-08 5.48
73834 5.88E-05 2.00 2.78E-04 1.72 4.86E-08 3.28 2.72E-07 3.26 1.90E-10 5.43 9.69E-10 5.39
292928 1.56E-05 1.92 7.95E-05 182 6.52E-09 292 3.15E-08 3.13 6.07E-12 5.00 4.75E-11 4.37

Method 5

1052 3.36E-03 — 9.96E-03 — 6.89E-05 — 2.46E-04 — 2.19E-05 — 1.18E-04 -
4484 8.45E-04 190 3.03E-03 1.64 3.82E-06 3.99 2.06E-05 3.42 2.62E-07 6.11 1.82E-06 5.75
18 258 2.28E-04 1.86 8.93E-04 1.74 2.70E-07 3.78 1.43E-06 3.80 3.53E-09 6.13 2.47E-08 6.13
73834 580E-05 196 2.63E-04 1.75 1.47E-08 4.16 9.72E-08 3.85 4.37E-11 6.29 4.82E-10 5.63
292928 1.55E-05 191 7.62E-05 1.80 9.61E-10 3.96 8.72E-09 3.50 4.29E-12 — 298E-11 -
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degree d = 1. Observing the relative error distribution shown in Figures 3.12, for a uniform
Delaunay triangular mesh with 18 258 cells, the accuracy is noticeably deteriorated in the
vicinity of the physical interface with polynomial degrees d = 3,5 in contrast to polynomial
degree d = 1. Moreover, for the same polynomial degrees, smaller errors are observed in
the vicinity of the external and internal physical boundaries, which is the expected behaviour

since the prescribed Dirichlet boundary conditions are correctly fulfilled with the use of the ROD
method.
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(a) Polynomial degree d = 1. (b) Polynomial degree d = 3.
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(c) Polynomial degree d = 5.

Figure 3.12: Relative error distribution obtained in the circular interface with the continuity interface conditions

test case with a high thermal conductivity ratio, method 1, and configuration ND.

e In Method 2, no improvements in terms of accuracy or convergence orders are observed

in comparison to Method 1, which is also confirmed from the observation of the relative
error distribution shown in Figure 3.13, for a uniform Delaunay triangular mesh with 18 258
cells. A discretization scheme with symmetric numerical conductive heat fluxes associated
with the boundary edges preserves the conservation of the conductive heat flux on the straight

computational boundaries rather than on the curved physical boundaries, corresponding to the
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physical interfaces. Although the temperature continuity is fulfilled on the physical boundaries
with the use of the ROD method, the geometrical mismatch results in a relative error with
the same magnitude order as the expected gap for the conservation of the conductive heat
flux. Moreover, the approximate solution accuracy obtained with Method 2 is worse than with
Method 1. Indeed, it seems worst to fulfil the temperature continuity on the curved physical
boundaries and the conductive heat flux conservation on the straight computational boundaries,
rather than fulfilling both conditions on the straight computational boundaries.
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Figure 3.13: Relative error distribution obtained in the circular interface with the continuity interface conditions
test case with a high thermal conductivity ratio, method 2, and configuration ND.

e The second-order of convergence observed in Methods 1 and 2 with polynomial degrees
d = 3,5 is overcame in Method 3 and the results prove that the ROD method succeeds in
adequately fulfilling the prescribed boundary conditions on the physical boundaries with the use
of polygonal meshes. Besides the use of the ROD method, the proposed discretization scheme
for curved domains is also needed to compute the numerical convective and conductive heat
fluxes on the boundary edges, avoiding the issues observed in Method 2. However, although a
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very high-order of convergence is provided, the optimal fourth- and sixth-orders of convergence
with polynomial degrees d = 3,5, respectively, are not achieved. Moreover, the observation
of the relative error distribution shown in Figure 3.14, for a uniform Delaunay triangular mesh
with 18 258 cells, reveals that the accuracy deteriorates in the vicinity of the physical interface,

which limits the convergence order of the proposed method to the sub-optimal.
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Figure 3.14: Relative error distribution obtained in the circular interface with the continuity interface conditions
test case with a high thermal conductivity ratio, method 3, and configuration ND.

e In Method 4, the accuracy of the approximate solution is improved, when compared with
Method 3, but the convergence remains limited to the third- and fifth-orders with polynomial
degrees d = 3,5, respectively. Moreover, the relative error distribution shown in Figure 3.15, for
a uniform Delaunay triangular mesh with 18 258 cells, reveals, once again, that the accuracy
deteriorates in the vicinity of the physical interface, becoming more evident for higher polynomial

degrees.

e In Method 5, the optimal fourth- and sixth-orders of convergence are effectively achieved with
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Figure 3.15: Relative error distribution obtained in the circular interface with the continuity interface conditions
test case with a high thermal conductivity ratio, method 4, and configuration ND.

polynomial degrees d = 3, 5, respectively, both in terms of the L!- and L*-norms. No localized
accuracy deterioration is observed in the relative error distribution shown in Figure 3.16,
for a uniform Delaunay triangular mesh with 18 258 cells, which is more reasonable and
uniform than with the previous methods. Notice that, with polynomial degree d = 5, the
convergence order for the last mesh is not provided since the measured relative errors in the L!-
and L®-norms correspond to the maximum numerical precision in the simulations (machine
precision multiplied by condition numbers).

3.6.1.2 High thermal conductivity ratio case

The high thermal conductivity ratio case is addressed, and simulations with successive finer
uniform Delaunay triangular meshes, polynomial degrees d = 1,3, 5, configurations DN and ND, and

Method 5 are carried out. The measured relative errors and convergence orders are reported in
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Figure 3.16: Relative error distribution obtained in the circular interface with the continuity interface conditions

test case with a high thermal conductivity ratio, method 5, and configuration ND.

Table 3.4 and the relative error distribution is shown in Figures 3.17 and 3.18, for a uniform Delaunay
triangular mesh with 18 258 cells. Notice that configuration DN prescribes the Neumann boundary
condition in subproblem pA (with the highest thermal conductivity). In contrast, the Dirichlet boundary

condition is prescribed in subproblem P®B (with the lowest thermal conductivity) and configuration ND
prescribes the opposite situation.

The optimal convergence orders are effectively achieved with polynomial degrees d = 1,3, 5,
both in terms of the L'- and L®-norms, with both partitioning configurations. However, configuration
ND provides approximate solutions that are slightly more accurate than configuration DN, both in
terms of the L!- and L®-norms. For configuration ND, the magnitude of the relative errors in both
subdomains is comparable in the vicinity of the physical interface with polynomial degrees d = 3,5. On
the other side, for configuration DN, subdomain QB conatains larger errors, both in terms of the L!-
and L®-norms, than subdomain Q*, which is in accordance with the results reported in Table 3.4.
Although the optimal convergence orders are effectively achieved with both partitioning configurations,
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the results confirm that small variations in terms of accuracy are obtained. The results in Costa et
al., 2018 [65], for the treatment of convection-diffusion problems with curved physical boundaries,
support one possible explanation for this behaviour. The authors reported that, for the same analytic
solution, prescribing Neumann boundary conditions in the problem usually leads to larger errors, both
in terms of the L!- and L®-norms, than with Dirichlet boundary conditions prescribed on the same
physical boundary. Consequently, it suggests that prescribing the Neumann boundary condition in
the subproblem with the smoothest analytic solution and the Dirichlet boundary condition in the other
provides better accuracy. Indeed, the Neumann boundary condition prescribed in subproblem PB
and the Dirichlet boundary condition prescribed in subproblem P? corresponds to configuration ND.
However, many factors and interactions exist in these simulations and, therefore, different situations

can lead to other behaviours.

Table 3.4: Relative errors and convergence orders obtained in the circular interface with the continuity interface

conditions test case with a high thermal conductivity ratio and uniform Delaunay triangular meshes.

d=1 d=3 d=5

DOF E, 0 Eyw O E; 0O Ew O E, 0 Ew O

Configuration DN

1052 6.09E-03 — 2.45E-02 3.00E-04 1.86E-03 5.91E-05 — 3.67E-04 -
4484 156E-03 1.88 6.98E-03 1.73 1.60E-05 4.04 8.34E-05 4.29 7.36E-07 6.05 3.60E-06 6.38
18258 4.22E-04 186 1.83E-03 190 9.78E-07 3.98 5.67E-06 3.83 1.37E-08 5.68 1.01E-07 5.09
73834 1.03E-04 2.02 508E-04 1.84 585E-08 4.03 7.45E-07 291 1.81E-10 6.19 1.86E-09 5.72
292928 292E-05 1.83 1.43E-04 1.84 3.11E-09 426 2.37E-08 5.01 7.58E-12 — 9.30E-11 -

Configuration ND

1052 3.61E-03 — 1.03E-02 — 1.15E-04 — 4.24E-04 — 4.08E-05 — 2.18E-04 -
4484 8.75E-04 195 3.42E-03 1.52 9.89E-06 3.38 4.18E-05 3.20 6.74E-07 5.66 3.81E-06 5.58
18 258 2.35E-04 1.87 9.83E-04 1.77 5.35E-07 4.16 2.54E-06 3.99 9.99E-09 6.00 7.18E-08 5.66
73834 590E-05 198 294E-04 173 3.50E-08 390 2.74E-07 3.18 1.56E-10 5.95 1.06E-09 6.03
292928 1.64E-05 1.85 1.00E-04 156 2.12E-09 4.07 1.28E-08 4.44 4.10E-12 — 2.61E-11 —

3.6.2 Rose-shaped interface with the continuity interface conditions test case

In this test case, the conjugate heat transfer problem is addressed with a complex curved
physical interface prescribed with the continuity interface conditions. An annular domain Q is

I'PA and P:B

considered consisting of an external and internal physical boundaries, , respectively,
corresponding to circumferences centered at point (0,0) and with radius rg = 1 and r; = 0.5,
respectively (see Figure 3.19). Physical subdomains 2 and QB correspond to the outer and inner
layers separated with physical interface I'C that corresponds to the diffeomorphic transformation
applied to a circumference centered at point (0,0) and with radius ry = 0.75. The diffeomorphic

transformation consists in a periodic mapping from the circumference to the produced curve, given in
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Figure 3.17: Relative error distribution obtained in the circular interface with the continuity interface conditions
test case with a high thermal conductivity ratio and configuration DN.

polar coordinates as

r T rm(1 + By cos(agb

0 6 6
where function 7'(6) is a parameterization in terms of 6 with parameters ry, @y, Bs € R and
corresponds to the varying ray of the produced curve. Because it resembles rose petals, the produced

curve is referred to as the rose-shaped interface. Notice that the circular interface is recovered for
parameter ay = 0.

Unit normal vector function on the physical interface, denoted as n := n*(9) (notice that
n® = —n?), from physical subdomain Q4 to physical subdomain 2B, is obtained applying the chain
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Figure 3.18: Relative error distribution obtained in the circular interface with the continuity interface conditions
test case with a high thermal conductivity ratio and configuration ND.

rule to function 7(@) and is given in polar coordinates as

1 cos(f) sin(0) T(9)

n’(6) =
\/(T(Q))2+(69T(9))2 sin(6) —cos(6)|[9sT(6)

& 5. onrS @74

where dgT(6) = rv(—ag By sin(ag)). Vectors X and y are the orthogonal unit vectors in the directions
of increasing x and y, respectively.

The global mapping from domain £2 with the rose-shaped interface to an annular domain with a
circular interface, denoted ', is provided with vector function T o(r, 8) given in polar coordinates as

D(r.6) )
TQ_>Q'(7", 9) = N D(r, 9) = d1 (9)1‘ + dz(@)l’ + d3(9), in .Q, (375)
0

135



3.6. Numerical benchmark

where the result is provided in polar coordinates. Functions d;(6), d»(6), and d3(8) are sought such
that the annular domain with a circular interface is recovered, that is, D(r,0) = r;, D(rg,0) = rg,
and D(T'(0),60) = rv, and are determined as

d1(0) = —cBycos(ayh), (3.76)

dr(0) = 1+ c(r; + rg) By cos(ayh), (3.77)

d3(0) = —cPerirg cos(agh), (3.78)
1

= . 3.79
€ = =% Bo cos(@s®))(rvi =15 + Bo cos(@®)) 579

To perform the simulations, successive finer uniform Delaunay triangular or uniform structured
quadrilateral meshes are generated for physical subdomains Q4 and QB (see Figure 3.19). As for
the previous test case, the vertices of the boundary edges coincide with the physical boundaries and
interface and all the cells in both meshes are polygonal such that the maximum gap between the
physical and the computational boundaries and interface has magnitude order (’)(hz), with & the
characteristic mesh size.

The analytic solutions for this test case are given in polar coordinates as
¢5(r,0) = a’ + b5 In(D(r,0)), in Q5, (3.80)

where a%,b% € R are parameters to determine. Notice that, although the analytic solutions are
provided in polar coordinates, the problem is numerically solved in Cartesian coordinates. Dirichlet
boundary conditions are prescribed on both external and internal boundaries, ' and '8, with
constant boundary condition functions given as gPA(r = r1,0) = 1 and gPB(r = rg) = 0, respectively.
On the interface, the continuity interface conditions are prescribed and parameters a®, a®, »*, and
bB are determined such that the Dirichlet boundary conditions and the continuity interface conditions
are simultaneously satisfied. Constant thermal conductivity functions x(x) and «B(x) are addressed,
for which the parameters are determined as

a® = —c«k®, (3.81)
a® = —ckh, (3.82)
A A 1 B
b = C(K ln(—) + K ln(m)), (3.83)
™
bB = cx™In(ry), (3.84)
oo ! (3.85)

KA ln(ﬂ) + kBIn(rvrg)
™
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(b) Uniform Denaulay triangular meshes. (c) Uniform structured quadrilateral mesh.

Figure 3.19: Domain and associated coarse meshes for the rose-shaped interface with the continuity interface
conditions test case.

The velocities for both subdomains are circular on the internal and external physical boundaries and
follows the rose-shaped curve on the physical interface, given in polar coordinates as
S (r=70)0eT(0)

uS(r, 9) =w'r W"-’_é . in QS, (386)

A

where parameters w®,wB € R and ry = rg for physical subdomains Q4 and ro = ry for physical

subdomain QB. Notice that no convection occurs through the boundaries or the interface.

The associated source term functions are obtained substituting analytic solutions (3.80) into
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Equation (3.1), resulting in lengthy and complex expressions, which are not provided for the sake of

compactness.

As previously, two cases are addressed, namely a low thermal conductivity ratio case with
constant thermal conductivity functions x(x) = 2 and «B(x) = 1 and a high thermal conductivity
ratio case with constant thermal conductivity functions x*(x) = 100 and «B(x) = 1. In both cases,
the velocities in each physical subdomain have opposite directions assigning parameters w™ = 1 and
wB = —1, as shown in Figures 3.20. Parameters ay = 8 and 8y = 0.04 are considered resulting
in a diffeomorphic transformation. The resulting analytic solutions for the low and the high thermal
conductivity ratio cases are shown in Figures 3.21 and the associated source terms are shown in
Figures 3.22. As for the previous test case, neither the derivatives normal to the physical interface
of the analytic solutions nor the source terms are continuous on the physical interface, although the

conservation of the conductive heat flux is preserved.
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Figure 3.20: Velocities for the rose-shaped interface with the continuity interface conditions test case.
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Figure 3.21: Analytic solutions for the rose-shaped interface with the continuity interface conditions test case.
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Figure 3.22: Source terms for the rose-shaped interface with the continuity interface conditions test case.

3.6.2.1 Low thermal conductivity ratio case

The low thermal conductivity ratio case is addressed, and simulations with successive finer
uniform Delaunay triangular meshes, polynomial degrees d = 1,3, 5, configurations DN and ND, and
Method 5 are carried out. The measured relative errors and convergence orders are reported in
Table 3.5 and the relative error distribution is shown in Figures 3.23 and 3.24, for a uniform Delaunay
triangular mesh with 18 124 cells. Notice that configuration DN prescribes the Neumann boundary
condition in subproblem pA (with the highest thermal conductivity). In contrast, the Dirichlet boundary
condition is prescribed in subproblem P®B (with the lowest thermal conductivity) and configuration ND
prescribes the opposite situation.

The optimal second-, fourth-, and sixth-orders of convergence are effectively achieved with
polynomial degrees d = 1,3,5, respectively, both in terms of the L!- and L®-norms. At the same
time, an essentially non-oscillatory behaviour is observed, which supports that the proposed method
is capable of handling complex curved physical interfaces with polygonal meshes. Both partitioning
configurations provide comparable accuracy and convergence orders, both in terms of the L!- and
L*-norms. However, the relative error distribution reveals that larger errors in the vicinity of the
physical interface are obtained with configuration ND and polynomial degrees d = 3,5 than with

configuration DN. However, the observed differences are not significant in terms of error magnitude.

The same test case is addressed with successive finer uniform structured quadrilateral meshes
to verify whether the proposed method can handle other types of polygonal meshes. For that purpose,
simulations with the same polynomial degrees, partitioning configurations, and method are carried
out. The measured relative errors and convergence orders are reported in Table 3.6.

The optimal second-, fourth-, and sixth-orders of convergence are effectively achieved with
polynomial degrees d = 1,3,5, respectively, both in terms of the L'- and L®-norms. The results

support that the proposed method is not confined to Delaunay triangular meshes and, therefore,
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Table 3.5: Relative errors and convergence orders obtained in the rose-shaped interface with the continuity

interface conditions test case with a low thermal conductivity ratio and uniform Delaunay triangular meshes.

DOF Ey 0O Ew O E; 0O Ew O E, 0O Ew O

Configuration DN

1132 1.42E-03 5.74E-03 1.03E-04 — b5.32E-04 5.71E-05 — 2.39E-04 -
4548 3.56E-04 199 1.55E-03 1.88 5.63E-06 4.19 3.76E-05 3.81 8.29E-07 6.09 6.96E-06 5.08
18124 8.79E-05 2.02 3.67E-04 2.09 3.35E-07 4.08 2.69E-06 3.81 8.88E-09 6.56 1.03E-07 6.10
71844 236E-05 191 1.07E-04 179 1.82E-08 4.23 1.89E-07 3.86 1.05E-10 6.44 2.09E-09 5.66
289954 5.76E-06 2.02 2.62E-05 2.02 1.11E-09 4.00 1.43E-08 3.71 6.04E-12 — 6.67E-11 -

Configuration ND

1132 1.45E-03 — 5.54E-03 1.05E-04 — 6.76E-04 — 5.31E-05 — 2.38E-04 -
4548 352E-04 2.03 1.47E-03 190 7.48E-06 3.79 3.74E-05 4.16 8.01E-07 6.03 6.99E-06 5.07
18124 8.87E-05 1.99 3.36E-04 2.14 3.23E-07 4.55 2.66E-06 3.82 9.24E-09 6.45 1.97E-07 5.17
71844 234E-05 193 9.62E-05 1.82 2.09E-08 397 1.87E-07 3.85 1.11E-10 6.43 2.09E-09 6.60
289954 5.66E-06 2.04 2.55E-05 191 1.33E-09 395 1.42E-08 3.69 4.28E-12 — 7.04E-11 -

structured or unstructured general polygonal meshes can be used without convergence order
deterioration. As in the case of uniform Delaunay triangular meshes, both partitioning configurations
provide comparable accuracy and the optimal convergence orders, both in terms of the L!- and
L-norms.

Table 3.6: Relative errors and convergence orders obtained in the rose-shaped interface with the continuity

interface conditions test case with a low thermal conductivity ratio and uniform structured quadrilateral meshes.

DOF E, 0 Ew O E; 0O Ew O E, 0O Ew O

Configuration DN

1120 1.41E-03 — 4.76E-03 — 1.62E-04 — 7.48E-04 — 1.76E-04 — 1.03E-03 -
4800 3.44E-04 194 1.17E-03 192 1.09E-05 3.71 6.32E-05 3.40 3.64E-06 5.33 1.89E-05 5.50
19840 8.54E-05 1.96 2.89E-04 197 7.17E-07 3.84 3.54E-06 4.06 3.51E-08 6.54 3.18E-07 5.75
80640 2.13E-05 198 7.15E-05 199 4.78E-08 3.86 2.24E-07 3.94 7.26E-10 5.53 5.35E-09 5.83
325120 5.31E-06 1.99 1.78E-05 199 561E-09 3.07 2.06E-08 3.42 1.02E-11 6.11 8.44E-11 5.95

Configuration ND

1120 1.41E-03 — 3.77E-03 2.49E-04 — 1.39E-03 — 1.75E-04 — 7.30E-04 -
4800 3.46E-04 193 1.02E-03 1.80 1.49E-05 3.87 1.34E-04 3.21 3.28E-06 5.47 2.01E-05 4.94
19840 8.59E-05 1.96 2.59E-04 193 9.05E-07 3.95 7.94E-06 3.98 3.93E-08 6.24 3.20E-07 5.84
80640 2.14E-05 198 6.53E-05 1.97 6.23E-08 3.82 4.21E-07 4.19 7.76E-10 5.60 7.18E-09 5.41
325120 5.34E-06 1.99 1.64E-05 198 6.28E-09 3.29 2.25E-08 4.20 1.20E-11 5.98 1.17E-10 5.90
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Figure 3.23: Relative error distribution obtained in the rose-shaped interface with the continuity interface
conditions test case with a low thermal conductivity ratio and configuration DN.

3.6.2.2 High thermal conductivity ratio case

The high thermal conductivity ratio case is addressed, and simulations with successive finer
uniform Delaunay triangular meshes, polynomial degrees d = 1, 3,5, configurations DN and ND, and
Method 5 are carried out. The measured relative errors and convergence orders are reported in
Table 3.7 and the relative error distribution is shown in Figures 3.25 and 3.26, for a uniform Delaunay
triangular mesh with 18 124 cells. Notice that configuration DN prescribes the Neumann boundary
condition in subproblem PA (with the highest thermal conductivity). In contrast, the Dirichlet boundary

condition is prescribed in subproblem PB (with the lowest thermal conductivity) and configuration ND
prescribes the opposite situation.

As for the previous case, the proposed method achieves the optimal convergence orders
effectively with polynomial degrees d = 1,3, 5, both in terms of the L!- and L®-norms. The results

further support the capability of the proposed method to handle arbitrary curved physical interfaces
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Figure 3.24: Relative error distribution obtained in the rose-shaped interface with the continuity interface
conditions test case with a low thermal conductivity ratio and configuration ND.

prescribed with the continuity interface conditions and provide very high-order of convergence, even
for large jumps of the thermal conductivity functions on the interface. Configuration DN provides
a slightly better accuracy with polynomial degrees d = 3,5 than configuration ND. Additionally,
the relative error distribution reveals that larger errors are obtained in the vicinity of the physical
interface with configuration ND and polynomial degrees d = 3,5 than with configuration DN. From the
previous explanation, better accuracy is obtained prescribing the Neumann boundary condition in the
subproblem with the smoothest analytic solution, which in this case corresponds to subproblem PA,
Indeed, configuration DN prescribes the Neumann boundary condition in subproblem PA, which has
a smoother analytic solution than subproblem PB. On the contrary, configuration ND provides worst
accuracy than configuration DN since the Neumann boundary condition is prescribed in subproblem
PB. The results from this extreme case, where the analytic solution of subproblem PA is much
smoother than the analytic solution of subproblem PB, further reinforces the assumed explanation

and, therefore, approximate solution accuracy benefits from imposing the boundary conditions in the
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subproblems according to the associated analytic solutions regularity. However, there is a trade-off
between several parameters and conclusions should be drawn carefully for each situation.

Table 3.7: Relative errors and convergence orders obtained in the rose-shaped interface with the continuity

interface conditions test case with a high thermal conductivity ratio and uniform Delaunay triangular meshes.

d=1 d=3 d=5

DOF Ei 0 Ew O E; 0O Eyw O E, 0 Ew O

Configuration DN

1132 9.00E-04 7.29E-03 — 4.74E-05 — 5.92E-04 2.26E-05 3.02E-04 -
4548 2.28E-04 197 1.98E-03 1.88 4.06E-06 3.53 5.02E-05 3.55 3.12E-07 6.16 9.34E-06 5.00
18124 5.50E-05 2.06 4.44E-04 2.16 1.76E-07 4.54 3.60E-06 3.81 4.74E-09 6.06 1.38E-07 6.09
71844 151E-05 1.88 1.29E-04 179 1.28E-08 3.81 2.53E-07 3.85 6.66E-11 6.19 2.82E-09 5.65
289954 3.62E-06 2.05 3.42E-05 1.90 8.18E-10 3.94 1.92E-08 3.70 1.22E-11 — 1.41E-10 -

Configuration ND

1132 7.44E-04 — 6.96E-03 — 9.37E-05 — 1.47E-03 — 2.48E-05 — 3.06E-04 -
4548 1.86E-04 2.00 1.87E-03 1.89 6.83E-06 3.77 6.42E-05 4.50 5.11E-07 5.58 9.40E-06 5.01
18124 4.56E-05 2.03 4.23E-04 2.15 2.96E-07 4.54 4.10E-06 3.98 7.62E-09 6.08 4.14E-07 4.52
71844 1.20E-05 1.94 1.28E-04 173 1.96E-08 3.94 2.77E-07 3.92 1.04E-10 6.24 2.81E-09 7.25
289954 2.79E-06 2.09 3.41E-05 1.90 1.25E-09 3.95 1.92E-08 3.83 1.71E-12 — 7.60E-11 -

The same test case is addressed with successive finer uniform structured quadrilateral meshes
and the simulations are performed with the same polynomial degrees, partitioning configurations, and
method, as previously. The measured relative errors and convergence orders are reported in Table 3.8.

The optimal second-, fourth-, and sixth-orders of convergence are effectively achieved with
polynomial degrees d = 1,3, 5, respectively, both in terms of the L!- and L*®-norms, and the results
confirm once again that the proposed method is capable of handling different types of polygonal
meshes preserving the optimal convergence orders. The obtained behaviour concerning configurations
DN and ND follows the one obtained with uniform Delaunay triangular meshes. That is, configuration
DN provides more accurate approximate solutions with polynomial degrees d = 3, 5 than configuration
ND, both in terms of the L'- and L®-norms, although the differences are not significant.

3.6.3 Circular interface with the imperfect interface conditions test case

The test case introduced in Section 3.6.1 is addressed prescribing the imperfect interface
conditions instead of the continuity interface conditions and, therefore, the middle circumference is
denoted as physical interface I'X. For the same analytic solutions, given in Equation (3.65), parameters
a®, aB, b*, and bB are determined such that the Dirichlet boundary conditions and the imperfect
interface conditions are simultaneously satisfied. Constant thermal conductivity functions «*(x) and

kB(x) and constant interfacial thermal conductance function A¥(x), for which the parameters are
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Figure 3.25: Relative error distribution obtained in the rose-shaped interface with the continuity interface
conditions test case with a high thermal conductivity ratio and configuration DN.

determined as

a® = —ch®«Bry, (3.87)
a® = —ch®«?ry, (3.88)
bt = c(hKrM(KA 1n(i) + kP ln(rM)) s B), (3.89)
™
BB = ch®kAryIn(r), (3.90)
oo 1 _ (3.91)
hX v (KA ln(i) +«B ln(m)) — kAkB
™ g

The low thermal conductivity ratio case with constant thermal conductivity functions x(x) = 2
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Figure 3.26: Relative error distribution obtained in the rose-shaped interface with the continuity interface
conditions test case with a high thermal conductivity ratio and configuration ND.

and «B(x) = 1 and the high thermal conductivity ratio case with constant thermal conductivity functions
k(x) = 100 and xB(x) = 1 are addressed. Both cases are also addressed with interfacial thermal
conductance functions A¥(x) = 100, A¥(x) = 1, and A¥(x) = 0.01, where the higher thermal
conductance recovers a nearly perfect thermal contact, whereas the lower thermal conductance
recovers a nearly adiabatic thermal contact. The imperfect interface conditions imply a discontinuous
temperature on the physical interface and the produced finite jump is inversely proportional to the
associated interfacial thermal conductance function. The heat transfer between physical subdomains
increases with increasing interfacial thermal conductance resulting in a stronger thermal coupling
and, therefore, smaller temperature jump. For the low thermal conductivity ratio case, maximum
temperature jumps on the physical interface for interfacial thermal conductance functions 2% (x) = 100,
h¥(x) = 1, and 7¥(x) = 0.01 are approximately 0.024, 0.71, and 1.00, respectively, while, for the
high thermal conductivity ratio case, the maximum temperature jumps are approximately 0.032, 0.77,
and 1.00, respectively. Notice that, as the interfacial thermal conductance function increases, the
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Table 3.8: Relative errors and convergence orders obtained in the rose-shaped interface with the continuity

interface conditions test case with a high thermal conductivity ratio and uniform structured quadrilateral meshes.

DOF Ey 0O Ew O E; 0O Ew O E, 0O Ew O

Configuration DN

1120 9.26E-04 — 4.43E-03 9.12E-05 — 7.72E-04 1.39E-04 — 7.62E-04 -
4800 2.32E-04 190 1.18E-03 1.82 6.06E-06 3.73 5.60E-05 3.60 1.64E-06 6.10 2.01E-05 5.00
19840 5.84E-05 1.94 3.00E-04 1.93 4.29E-07 3.73 3.81E-06 3.79 2.93E-08 5.68 4.30E-07 5.42
80640 1.46E-05 197 7.54E-05 197 3.63E-08 3.52 2.68E-07 3.78 495E-10 5.82 7.21E-09 5.83
325120 3.69E-06 1.98 1.88E-05 1.99 3.81E-09 3.23 2.61E-08 3.34 8.30E-12 5.86 1.14E-10 5.96

Configuration ND

1120 8.80E-04 — 4.76E-03 — 2.60E-04 — 2.29E-03 — 1.61E-04 — 9.35E-04 -
4800 2.25E-04 1.87 1.32E-03 1.77 1.58E-05 3.86 1.89E-04 3.43 3.30E-06 5.34 3.58E-05 4.49
19840 5.67E-05 1.94 3.35E-04 193 8.49E-07 4.12 1.09E-05 4.03 3.74E-08 6.31 4.31E-07 6.23
80640 1.42E-05 1.97 8.46E-05 196 5.38E-08 3.94 5.94E-07 4.15 551E-10 6.02 7.20E-09 5.84
325120 3.55E-06 1.99 2.13E-05 198 4.52E-09 3.55 3.06E-08 4.25 1.01E-11 5.73 1.74E-10 5.35

imperfect interface conditions approximate the continuity interface conditions. The resulting analytic
solutions for the low and the high thermal conductivity ratio cases are shown in Figures 3.27 and the

associated source terms are shown in Figures 3.28.

Simulations with successive finer uniform Delaunay triangular meshes, polynomial degrees
d=1,3,5, and Method 5 are carried out. The measured relative errors and convergence orders are
reported in Table 3.9. Notice that only Neumann boundary conditions are prescribed on the interface
in both subproblems.

For all the cases, the optimal second-, fourth-, and sixth-orders of convergence are effectively
achieved with polynomial degrees d = 1,3, 5, respectively, both in terms of the L!- and L®-norms,
similarly to the circular interface with the continuity interface conditions test case. Additionally,
essentially non-oscillatory behaviour is observed and, for the same approximate solution, the measured
relative errors in the L*-norm are, roughly speaking, at most a few tens times larger than those
measured in the L!-norm. The relatively low ratios indicate that no suspicious and critical errors are
obtained in the vicinity of the interface and that the relative error distribution is relatively even in both
physical subdomains.

The results support the capability of the proposed method to handle imperfect interface
conditions, low and high thermal conductivity ratios, and low and high interfacial thermal conductance
functions, and provide very high-order of convergence. Moreover, the proposed method captures
the discontinuous temperature on the interface, preserving the essentially non-oscillatory behaviour
without difficulties and the optimal convergence orders are achieved.

146



3.6. Numerical benchmark

1.0 1.0
0.9 : 0.9
0.8 . 0.8
0.7 : 7\ 0.7
0.6 y Lt 0.6
0.5 0.5
0.4 B g 0.4
e 0.3 ) ) L 0.3
~i 0.2 q : 0.2
~ 0.1 0.1
0.0 0.0
-0.1 -0.1
-0.2 -0.2
-0.3 -0.3
-0.4 -0.4
-0.5 -0.5
-0.6 -0.6
-0.7 -0.7
-0.8 -0.8
-0.9 -0.9
-1.0 -1.0
Solution Solution
(a) Low thermal conductivity ratio, interfacial (b) High thermal conductivity ratio, interfacial
thermal conductance function A% (x) = 100. thermal conductance function 2% (x) = 100.
1.0 1.0
0.9 0.9
0.8 0.8
0.7 0.7
0.6 0.6
0.5 0.5
0.4 0.4
0.3 0.3
0.2 0.2
0.1 0.1
0.0 0.0
-0.1 -0.1
-0.2 -0.2
-0.3 -0.3
-0.4 -0.4
-0.5 -0.5
-0.6 -0.6
-0.7 -0.7
-0.8 -0.8
-0.9 -0.9
-1.0 -1.0
Solution Solution
(c) Low thermal conductivity ratio, interfacial (d) High thermal conductivity ratio, interfacial
thermal conductance function 2% (x) = 1. thermal conductance function A% (x) = 1.
1.0 1.0
0.9 : 0.9
y 0.8 - R 0.8
0.7 : e 0.7
: 0.6 . y 0.6
05 ' 0.5
o | 0.4 RREE 0.4
b 0.3 4 n 0.3
E O 0.2 B : ; i 0.2
] 0.1 | = 0.1
0.0 0.0
-0.1 -0.1
-0.2 -0.2
-0.3 -0.3
-0.4 -0.4
-0.5 -0.5
-0.6 -0.6
-0.7 -0.7
-0.8 -0.8
-0.9 -0.9
-1.0 -1.0
Solution Solution

(e) Low thermal conductivity ratio, interfacial

thermal conductance function A% (x) = 0.01.

(f) High thermal conductivity ratio, interfacial

thermal conductance function A¥(x) = 0.01.

Figure 3.27: Analytic solutions for the circular interface with the imperfect interface conditions test case.
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Figure 3.28: Source terms for the circular interface with the imperfect interface conditions test case.
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Table 3.9: Relative errors and convergence orders obtained in the circular interface with the imperfect interface

conditions test case with uniform Delaunay triangular meshes.

DOF Ey 0 Ex O E; 0O Ew O E; 0O Ex O

Low thermal conductivity ratio, #%(x) = 100

1052 3.51E-03 — 8.33E-03 — 9.86E-05 — 5.45E-04 — 2.50E-05 — 1.54E-04 -
4484 931E-04 1.83 2.74E-03 1.53 4.25E-06 4.34 2.14E-05 4.46 291E-07 6.14 1.79E-06 6.15
18258 2.46E-04 1.89 8.10E-04 1.74 3.28E-07 3.65 1.58E-06 3.71 4.02E-09 6.10 3.01E-08 5.82
73834 6.32E-05 195 2.58E-04 1.64 193E-08 4.05 1.36E-07 3.51 4.84E-11 6.33 4.25E-10 6.10
292928 1.70E-05 1.90 6.73E-05 1.95 1.09E-09 4.18 8.95E-09 3.95 5.79E-12 — 8.65E-11 -

High thermal conductivity ratio, A% (x) = 100

1052 4.27E-03 — 1.29E-02 — 2.44E-04 — 1.45E-03 — 5.21E-05 — 3.18E-04 -
4484 123E-03 1.72 4.09E-03 158 1.37E-05 3.97 6.49E-05 4.29 7.26E-07 5.89 3.85E-06 6.09
18258 3.11E-04 1.96 9.80E-04 2.04 7.73E-07 4.09 3.88E-06 4.01 1.18E-08 5.87 8.10E-08 5.50
73834 797E-05 1.95 293E-04 173 4.87E-08 3.96 4.31E-07 3.14 1.68E-10 6.08 1.45E-09 5.76
292928 2.26E-05 1.83 997E-05 156 241E-09 4.36 1.69E-08 471 6.13E-12 — 6.08E-11 -

Low thermal conductivity ratio, A%(x) = 1

1052 3.12E-03 — 8.87E-03 — 8.51E-05 — 3.24E-04 — 1.97E-05 — 6.93E-05 -
4484 8.12E-04 1.86 3.07E-03 1.47 5.61E-06 3.75 2.82E-05 3.37 3.07E-07 5.74 1.54E-06 5.26
18258 2.19E-04 1.86 9.04E-04 1.74 3.23E-07 4.06 1.82E-06 3.90 4.58E-09 5.99 4.38E-08 5.07
73834 547E-05 199 2.71E-04 173 1.83E-08 4.11 1.88E-07 3.26 5.90E-11 6.23 4.92E-10 6.42
292928 1.50E-05 1.88 8.87E-05 1.62 1.03E-09 4.18 8.57E-09 4.48 8.27E-12 — 1.27E-10 -

High thermal conductivity ratio, A¥(x) = 1

1052 3.45E-03 — 1.03E-02 — 1.13E-04 — 4.08E-04 — 2.50E-05 — 9.82E-05 -
4484 897E-04 186 3.42E-03 1.52 7.49E-06 3.74 4.06E-05 3.18 3.98E-07 5.71 2.19E-06 5.25
18258 2.41E-04 1.87 9.83E-04 1.77 4.11E-07 4.14 2.47E-06 3.99 6.20E-09 593 5.79E-08 5.18
73834 6.01E-05 1.99 2.94E-04 173 2.34E-08 4.10 2.51E-07 3.27 8.30E-11 6.17 7.09E-10 6.30
292928 1.66E-05 1.87 1.00E-04 1.56 1.25E-09 4.26 9.29E-09 4.79 7.71E-12 — 6.35E-11 —

Low thermal conductivity ratio, #X(x) = 0.01

1052 2.79E-03 — 1.03E-02 — 6.94E-05 — 4.14E-04 — 1.48E-05 — 9.88E-05 -
4484 731E-04 1.85 3.39E-03 1.53 5.85E-06 3.41 4.08E-05 3.20 2.86E-07 5.44 2.21E-06 5.24
18258 1.98E-04 1.86 9.82E-04 1.77 2.79E-07 4.33 2.47E-06 3.99 4.21E-09 6.01 5.83E-08 5.18
73834 4.86E-05 2.01 294E-04 173 1.53E-08 4.16 2.53E-07 3.26 5.63E-11 6.18 7.08E-10 6.31
292928 1.35E-05 1.85 1.01E-04 1.55 7.94E-10 4.30 9.30E-09 4.79 9.53E-12 — 1.33E-10 -

High thermal conductivity ratio, 2% (x) = 0.01

1052 2.80E-03 — 1.03E-02 — 6.98E-05 — 4.12E-04 — 1.47E-05 — 9.89E-05 —
4484 7.34E-04 1.85 3.42E-03 152 5.86E-06 3.42 4.09E-05 3.19 2.86E-07 5.43 2.21E-06 5.25
18258 1.99E-04 1.86 9.85E-04 1.78 2.81E-07 4.33 2.49E-06 3.99 4.22E-09 6.01 5.82E-08 5.18
73834 487E-05 2.01 295E-04 173 1.54E-08 4.16 2.53E-07 3.27 5.66E-11 6.17 7.12E-10 6.30
292928 1.36E-05 1.85 1.01E-04 156 7.94E-10 4.30 9.30E-09 4.79 8.01E-12 — 6.17E-11 -

149



3.6. Numerical benchmark

3.6.4 Rose-shaped interface with the imperfect interface conditions test case

As previously, the test case introduced in Section 3.6.2 is addressed prescribing the imperfect
interface conditions instead of the continuity interface conditions and, therefore, the middle
circumference is denoted as physical interface I'®. For the same analytic solutions, given in
Equation (3.80), parameters a”, a®, b*, and b® are determined such that the Dirichlet boundary

conditions and the imperfect interface conditions are simultaneously satisfied.

Contrarily to the circular interface test cases, the diffeomorphic transformation results in analytic
solutions with a constant value on the physical interface, when applied to logarithm analytic solutions
invariant by rotation. The same behaviour is observed replacing the continuity interface conditions
with the imperfect interface condition, with the difference that a constant discontinuity is produced on
the physical interface. Moreover, the diffeomorphic transformation preserves the conservation of the
conductive heat flux on the physical interface. However, non-constant values are obtained contrarily to
the analytic solutions. Therefore, the imperfect interface conditions impose that a constant temperature
discontinuity and a constant interfacial thermal conductance function have to provide a non-constant
conductive heat flux on the physical interface, which is not possible with Equation (3.5). Non-constant
thermal conductivity functions are considered to remedy the issue in the physical subdomains such
that the conductive heat flux on the physical interface is constant.

Thermal conductivity functions considered in each physical subdomain are given in polar
coordinates as «x3(r,0) = 55 F,(#) with parameters s5 € R* and conduction factor function F,(6) is

given in polar coordinates as

—h® (AT (6),0)— ¢B(T(6),0))
VAT (6),6)-nA(6)

F(0) = , (3.92)
and is shown in Figures 3.29. Notice that the thermal conductivity ratio x(8)/«B(8) = s*/sB is
constant on the physical interface. Moreover, the variations of thermal conductivity functions KA(G)
and KB(H) in the associated physical subdomains are, in fact, small since the variations in function
F,(0) are also small.

Constant thermal conductivity functions x*(x) and xB(x) and constant interfacial thermal
conductance function hK(x) are addressed, for which the parameters are determined as

a® = —ch®sBry, (3.93)

a® = —ch®shry, (3.94)

pA = c(hKrM(sAln(ﬂ) 4 5B ln(rM)) _sA B), (3.95)
™

BB = ch®sAryIn(r), (3.96)
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Figure 3.29: Function F,(0) for the rose-shaped interface with the imperfect interface conditions test case.

c= ! . (3.97)

h¥rv (sA ln(i) + 5B ln(m)) —sAgB
™ TE

The low thermal conductivity ratio case, with s8 =2 and sB = 1, and the high thermal

conductivity ratio case, with s =100 and sB = 1, are addressed for interfacial thermal conductance
functions A% (x) = 100, A¥(x) = 1, and h¥(x) = 0.01. An almost perfect thermal contact and a nearly
adiabatic thermal contact are recovered for interfacial thermal conductance functions 2% (x) = 100
and #X(x) = 0.01, respectively. Discontinuous temperatures on the physical interface are produced
with the same maximum jumps as for the test case in Section 3.6.3. The resulting analytic solutions
for the low and the high thermal conductivity ratio cases are shown in Figures 3.30 and the associated
source terms are shown in Figures 3.31.

Simulations with successive finer uniform Delaunay triangular meshes, polynomial degrees
d=1,3,5, and Method 5 are carried out. The measured relative errors and convergence orders are
reported in Table 3.10. Notice that only Neumann boundary conditions are prescribed on the interface
in both subproblems.

For all the cases, the optimal second-, fourth-, and sixth-orders of convergence are effectively
achieved with polynomial degrees d = 1,3, 5, respectively, both in terms of the L!- and L®-norms, as
for the circular interface with the continuity interface conditions test case. An essentially non-oscillatory
behaviour is observed, and the ratios between the measured relative errors in the L*°-norm and in the
L'-norm for the same approximate solution are, roughly speaking, at most a few tens. These ratios
indicate that the relative error distribution is relatively even in both physical subdomains.

The results follow the previous test cases and support, once again, the capability of the
proposed method to handle several situations of the conjugate heat transfer problem with imperfect
interface conditions prescribed on complex curved physical interfaces and provide very high-order of
convergence.

The same test case is addressed with successive finer uniform structured quadrilateral meshes
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Figure 3.30: Analytic solutions for the rose-shaped interface with the imperfect interface conditions test case.
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Figure 3.31: Source terms for the rose-shaped interface with the imperfect interface conditions test case.
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Table 3.10: Relative errors and convergence orders obtained in the rose-shaped interface with the imperfect

interface conditions test case with uniform Delaunay triangular meshes.

DOF E; 0 Ex O E; 0O Ew O E; 0O Ex O

Low thermal conductivity ratio, 7% (x) = 100

1132 1.37E-03 — 5.53E-03 9.15E-05 — 4.88E-04 — 5.13E-05 — 2.31E-04 -
4548 3.34E-04 2.03 1.46E-03 191 6.23E-06 3.86 3.66E-05 3.73 7.68E-07 6.04 6.84E-06 5.06
18124 8.39E-05 2.00 3.38E-04 2.12 2.70E-07 4.54 2.60E-06 3.82 8.29E-09 6.55 1.46E-07 5.56
71844 223E-05 193 9.42E-05 1.85 1.70E-08 4.01 1.83E-07 3.85 8.87E-11 6.59 2.04E-09 6.20
289954 5.40E-06 2.03 2.49E-05 191 1.17E-09 3.83 1.39E-08 3.70 1.04E-11 — 9.13E-11 -

High thermal conductivity ratio, A% (x) = 100

1132 7.29E-04 — 6.82E-03 — 8.74E-05 — 1.26E-03 — 2.32E-05 — 2.96E-04 -
4548 1.82E-04 2.00 1.82E-03 190 6.49E-06 3.74 5.76E-05 4.43 4.68E-07 5.61 9.11E-06 5.01
18124 4.43E-05 2.04 4.10E-04 2.15 2.77E-07 4.57 3.74E-06 3.95 7.05E-09 6.07 2.17E-07 5.40
71844 1.17E-05 1.93 1.24E-04 173 1.85E-08 3.93 2.44E-07 396 9.76E-11 6.22 2.73E-09 6.36
289954 2.74E-06 2.08 3.30E-05 1.90 1.20E-09 3.92 1.85E-08 3.69 1.09E-11 — 1.28E-10 -

Low thermal conductivity ratio, A%(x) = 1

1132 4.18E-04 — 1.69E-03 — 2.79E-05 — 1.35E-04 — 1.54E-05 — 7.88E-05 -
4548 1.04E-04 2.00 4.60E-04 1.87 2.05E-06 3.75 1.11E-05 3.59 2.83E-07 5.75 1.99E-06 5.29
18124 2.52E-05 2.05 1.04E-04 2.15 8.27E-08 4.65 7.81E-07 3.84 2.67E-09 6.74 3.01E-08 6.07
71844 6.73E-06 1.92 3.12E-05 1.75 5.57E-09 3.92 548E-08 3.86 2.81E-11 6.61 6.10E-10 5.66
289954 1.65E-06 2.02 7.78E-06 1.99 3.96E-10 3.79 4.16E-09 3.69 7.92E-12 — 9.97E-11 -

High thermal conductivity ratio, A¥(x) = 1

1132 2.72E-04 — 1.81E-03 — 1.41E-05 — 1.48E-04 — 6.37E-06 — 7.85E-05 -
4548 6.83E-05 199 4.94E-04 1.87 157E-06 3.15 1.20E-05 3.61 1.45E-07 5.44 2.15E-06 5.17
18124 1.54E-05 2.15 1.11E-04 2.15 4.63E-08 5.10 8.43E-07 3.85 1.46E-09 6.65 3.25E-08 6.06
71844 4.19E-06 1.89 3.29E-05 1.77 4.16E-09 3.50 5.91E-08 3.86 1.90E-11 6.31 6.60E-10 5.66
289954 1.03E-06 2.02 8.30E-06 1.97 3.27E-10 3.65 4.50E-09 3.69 9.75E-12 — 1.31E-10 -

Low thermal conductivity ratio, #%(x) = 0.01

1132 2.51E-05 — 1.48E-04 — 4.73E-07 — 2.67E-06 — 2.24E-07 — 1.27E-06 -
4548 5.11E-06 2.29 2.06E-05 2.84 3.24E-08 3.85 1.57E-07 4.07 4.61E-09 5.59 2.77E-08 5.50
18124 1.09E-06 2.24 4.44E-06 222 1.27E-09 4.68 1.10E-08 3.84 3.95E-11 6.88 4.52E-10 5.95
71844 2.62E-07 2.06 1.02E-06 2.13 8.57E-11 3.92 7.70E-10 3.86 2.84E-12 3.82 4.78E-11 3.26
289954 7.12E-08 1.87 2.58E-07 198 6.29E-12 3.75 5.85E-11 3.69 7.59E-12 — 1.30E-10 -

High thermal conductivity ratio, #X(x) = 0.01

1132 4.19E-06 — 2.39E-05 — 1.91E-07 — 2.46E-06 — 9.31E-08 — 1.27E-06 —
4548 1.04E-06 2.01 6.60E-06 1.85 2.05E-08 3.21 1.57E-07 3.95 257E-09 5.16 2.78E-08 5.50
18124 2.27E-07 2.20 1.49E-06 2.16 7.35E-10 4.82 1.10E-08 3.85 2.25E-11 6.85 4.53E-10 5.95
71844 7.83E-08 1.55 530E-07 150 5.46E-11 3.78 7.70E-10 3.86 2.39E-12 3.26 3.67E-11 3.65
289954 2.35E-08 1.73 1.73E-07 161 5.13E-12 3.39 585E-11 3.69 6.37E-12 — 1.06E-10 -
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considering the same polynomial degrees and Method 5, as previously. The measured relative errors

and convergence orders are reported in Table 3.11.

The behaviour of the proposed method with uniform structured quadrilateral meshes is similar
to the previous situation with uniform Delaunay triangular meshes in terms of convergence order.
Therefore, the optimal second-, fourth-, and sixth-orders of convergence are effectively achieved with
polynomial degrees d = 1,3, 5, respectively, both in terms of the L!- and L*®-norms, and the results
support the capability and versatility of the proposed method to provide very high-order of convergence
with general polygonal meshes.

3.7 Conclusions

Avery high-order accurate finite volume scheme is proposed to solve two-dimensional steady-state
conjugate heat transfer problems in arbritrary curved domains with the continuity and imperfect interface
conditions prescribed on arbitrary curved interfaces. The problem also consists of discontinuous velocity,
thermal conductivity, source term, and temperature.

A partitioning method is applied to the conjugate heat transfer problem resulting in a partitioned
problem that consists of Dirichlet and Neumann boundary value subproblems in the physical
subdomains. The Dirichlet-Neumann and Neumann-Neumann methods are applied to the continuity
and imperfect interface conditions, respectively. The thermal coupling between the subproblems
consists in providing the appropriate functions associated with the produced boundary conditions
such that the solution of the partitioned problem satisfies the interface conditions and, therefore,
corresponds to the solution of the conjugate heat transfer problem. The polynomial reconstruction
method is used to provide accurate local approximations of the unknown temperature functions in
general polygonal meshes. Specifically constrained polynomial reconstructions associated with the
boundary edges are computed to fulfil the prescribed boundary conditions in the subproblems, and
the ROD method is used to provide the appropriate linear constraints for the associated minimization
procedure in the least-squares sense. A finite volume method is used to discretize the subproblems,
and the very high-order accurate scheme consists in determining the numerical convective and
conductive heat fluxes on the straight edges evaluating the computed polynomial reconstructions for
the subproblems. The system of linear equations for the partitioned problem is given in terms of affine
residual operators, and a static condensation method is used to provide the approximate solution in
terms of only internal variables.

A comprehensive numerical benchmark is provided and comprises test cases for conjugate
heat transfer problems with the continuity and imperfect interface conditions prescribed on circular
and rose-shaped interfaces. Several thermal conductivity functions for the physical subdomains and
interfacial thermal conductance functions for the physical interface are considered to assess the
capability of the proposed method in terms of accuracy, convergence order, stability, and robustness.
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Table 3.11: Relative errors and convergence orders obtained in the rose-shaped interface with the imperfect

interface conditions test case with uniform structured quadrilateral meshes.

DOF E; 0 Ex O E; 0O Ew O E; 0O Ex O

Low thermal conductivity ratio, ik (x) = 100

1120 1.36E-03 — 3.75E-03 2.28E-04 — 1.29E-03 — 1.81E-04 1.09E-03 -
4800 3.35E-04 193 9.32E-04 191 1.52E-05 3.72 1.30E-04 3.15 3.06E-06 5.60 1.69E-05 5.73
19840 8.31E-05 1.96 2.38E-04 1.92 8.84E-07 4.01 7.38E-06 4.05 3.54E-08 6.29 3.12E-07 5.62
80640 2.07E-05 1.98 6.02E-05 1.96 b5.68E-08 3.92 3.57E-07 4.32 7.42E-10 5.51 6.66E-09 5.48
325120 5.17E-06 1.99 1.52E-05 198 5.87E-09 3.26 2.13E-08 4.04 1.10E-11 6.05 9.29E-11 6.13

High thermal conductivity ratio, A% (x) = 100

1120 2.78E-04 — 1.40E-03 — 2.40E-04 — 2.03E-03 — 1.58E-04 — 7.87E-04 -
4800 6.90E-05 191 3.41E-04 194 147E-05 3.84 1.71E-04 3.40 3.11E-06 5.40 2.88E-05 4.54
19840 1.72E-05 1.96 8.43E-05 1.97 7.99E-07 4.10 9.60E-06 4.06 3.67E-08 6.26 4.17E-07 5.97
80640 4.29E-06 1.98 2.09E-05 1.99 5.05E-08 3.94 5.20E-07 4.16 5.16E-10 6.08 6.98E-09 5.84
325120 1.06E-06 2.00 5.21E-06 2.00 4.32E-09 353 2.71E-08 4.24 9.68E-12 570 1.31E-10 5.70

Low thermal conductivity ratio, A%(x) = 1

1120 4.05E-04 — 1.38E-03 6.15E-05 — 2.36E-04 — 7.14E-05 — 3.22E-04 -
4800 1.00E-04 192 3.36E-04 194 3.42E-06 3.97 1.31E-05 3.97 1.08E-06 5.76 4.88E-06 5.76
19840 2.48E-05 1.97 8.21E-05 1.98 2.26E-07 3.83 1.04E-06 3.58 1.72E-08 5.83 9.39E-08 5.57
80640 6.17E-06 1.98 2.04E-05 199 1.76E-08 3.64 1.15E-07 3.13 2.45E-10 6.06 1.56E-09 5.84
325120 1.54E-06 1.99 5.10E-06 199 1.79E-09 3.28 9.95E-09 3.52 4.13E-12 5.86 3.40E-11 5.49

High thermal conductivity ratio, A¥(x) = 1

1120 2.16E-04 — 1.20E-03 — 4.33E-05 — 2.47E-04 — 6.30E-05 — 3.37E-04 -
4800 5.82E-05 1.80 3.52E-04 1.69 2.17E-06 4.11 1.58E-05 3.78 6.17E-07 6.36 4.73E-06 5.86
19840 2.09E-05 1.44 1.72E-04 1.01 1.40E-07 3.87 1.27E-06 3.55 1.42E-08 5.31 1.02E-07 5.41
80640 9.34E-06 1.15 8.19E-05 1.06 1.31E-08 3.38 1.32E-07 3.23 1.46E-10 6.53 1.69E-09 5.84
325120 4.12E-06 1.17 2.50E-05 1.70 1.36E-09 3.25 1.11E-08 3.56 3.55E-12 5.33 3.76E-11 5.46

Low thermal conductivity ratio, #%(x) = 0.01

1120 9.43E-06 — 2.23E-05 — 1.26E-06 — 4.92E-06 — 1.22E-06 — 5.05E-06 -
4800 2.31E-06 193 5.27E-06 198 7.43E-08 3.89 3.03E-07 3.83 1.72E-08 5.85 7.48E-08 5.79
19840 5.73E-07 1.97 1.48E-06 1.79 4.09E-09 4.09 2.32E-08 3.62 3.09E-10 5.66 1.34E-09 5.67
80640 1.40E-07 2.01 3.87E-07 192 3.04E-10 3.71 2.22E-09 3.34 3.88E-12 6.24 2.24E-11 584
325120 3.46E-08 2.00 1.49E-07 1.37 2.72E-11 3.46 1.67E-10 3.71 7.78E-13 — 1.12E-11 -

High thermal conductivity ratio, #X(x) = 0.01

1120 3.89E-06 — 2.09E-05 — 9.04E-07 — 4.93E-06 — 9.97E-07 — 5.06E-06 —
4800 9.67E-07 191 5.15E-06 192 451E-08 4.12 3.04E-07 3.83 7.96E-09 6.64 7.47E-08 5.79
19840 2.52E-07 1.89 1.27E-06 197 2.29E-09 4.20 2.32E-08 3.63 2.13E-10 5.10 1.34E-09 5.66
80640 6.36E-08 1.96 3.02E-07 2.05 1.99E-10 3.48 222E-09 3.35 2.05E-12 6.62 2.21E-11 5.86
325120 2.60E-08 1.28 1.13E-07 1.40 195E-11 3.34 1.64E-10 3.74 1.06E-12 — 8.66E-12 -
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Analytic solutions are provided, satisfying the prescribed boundary, and interface conditions and
the associated source terms are determined following the method of manufactured solutions. The
proposed method, in addition to some alternative methods, to prove the need for specific treatment
of curved domains, and different partitioning configurations, in the case of the continuity interface
conditions, are addressed. The method of verification consists in determining the relative errors and
the convergence orders in different norms obtained from the approximate solutions in successive
finer meshes. Firstly, the results obtained from the alternative methods prove that, indeed, a specific
treatment of the curved domains is necessary to preserve the optimal convergence orders of the
method. On the other side, the proposed method achieves very high-order of convergence without
non-physical oscillations in all the cases considered, even for discontinuous temperature on the
physical interface. The optimal convergence orders are achieved when the constrained polynomial
reconstructions associated with the boundary edges discretizing the physical interface have degree
d + 1 while the remaining have degree d. Concerning the partitioning configurations in the case of
the continuity interface conditions, the results indicate that prescribing the Neumann condition in the
subproblem with the smoothest solution provides more accurate approximate solutions. However,
both partitioning configurations achieve the optimal convergence orders, and the differences in terms
of accuracy only become significant when the thermal conductivity ratio increases. Therefore, based
on the results, there is no particular reason for much concern about the partitioning configuration
used.

The proposed method proved to be notorious in terms of its capability to solve conjugate heat
transfer problems with intricate and complex phenomena on curved physical interfaces and provide
very high-order of convergence. The proposed method is also very versatile and promising for further
application in three-dimensional unsteady conjugate heat transfer problems and multiphysics problems
in fluid mechanics, solid mechanics, and electromagnetics, aiming towards complex engineering
applications. Moreover, non-smooth physical interfaces comprising geometrical singularities, such
as sharp-edges, cusps, and tips, can be encountered in engineering applications and can result in
numerical challenges that need to be addressed to properly preserve the accuracy, convergence order,
stability, and robustness of the proposed method. Verification and validation in these scenarios will be
required.
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CHAPTER

Thermoplastic sheet extrusion cooling stage
simulation with a very high-order accurate finite

volume scheme

Abstract: Manufacturing technologies in the polymer processing industry demand rigorous control
of the involved physical variables to ensure that the produced parts meet the required specifications.
The numerical modelling is nowadays an indispensable tool for the engineering design of such
manufacturing technologies and the understanding of the complex physical phenomena acting in the
process. In the present work, a numerical approach is proposed to investigate the complex heat
exchanges in the thermoplastic sheet extrusion cooling stage, which requires solving a conjugate heat
transfer problem between a thermoplastic sheet and a metallic roll. The discretization method is based
on a finite volume method capable of providing a very high-order of convergence to achieve the required
accuracy of the approximate solution with the lowest possible computational cost. A code verification
benchmark based on manufactured solutions proves that the discretization method provides the
optimal convergence orders and an improved trade-off between accuracy and computational cost is
achieved with higher-orders of convergence. The capabilities of the proposed numerical approach
are assessed by running several simulations for the sheet extrusion cooling stage and comparing
the performance according to the convergence order of the discretization method and the aspect
ratio of the mesh. The results prove that higher-orders of convergence are computationally more
cost-effective than the classical second-order of convergence, and higher aspect ratios allow to improve
the calculation efficiency further.

Keywords: Polymer processing applications, Thermoplastic sheet extrusion, Conjugate heat transfer
problems, Very high-order accurate finite volume scheme, Method of manufactured solutions, High
aspect ratio meshes

This chapter was adapted from R. Costa, J.M. Nobrega, S. Clain, and G.J. Machado, Thermoplastic sheet extrusion cooling
stage simulation with a very high-order accurate finite volume scheme, in preparation for Int. J. Heat Mass Tran. (2020)
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4.1. Introduction

4.1 Introduction

The ever-increasing complex manufacturing technologies in nowadays polymer processing
industry, such as extrusion and injection moulding, demand strict control of many physical variables
throughout the manufacturing process to ensure that the products meet the required specifications.
Important thermodynamic phenomena, such as changes of physical state and heat transfer, occur
in these manufacturing technologies and, therefore, the temperature distribution has a relevant
importance in the process, among the other physical variables involved. For instance, a strictly
controlled melting of the raw polymeric material is essential to avoid an excessively high temperature
that might cause degradation and a permanent change of the chemical composition and the physical
properties. On the other side, the cooling of the molten polymer is not less critical since the
microstructure, and the physical properties of the final solidified product are mainly determined during
this stage. Therefore, rigorous control of the temperature throughout the entire process in these

manufacturing technologies is demanded to ensure the required quality of the products.

Constant cross-section plastic items, such as tubing, pipes, sheets, films, and also structural
components, are usually manufactured by extrusion, which has a prominent presence in nowadays
polymer processing industry. An illustration of a typical thermoplastic sheet extrusion line is provided
in Figure 4.1. The process is continuous and consists of an extrusion machine composed of a screw
rotating inside a heated barrel and gravity-fed with raw polymeric material from a top-mounted hopper
placed in the rear [1-3]. The rotating screw compresses and forces the molten polymer forward
through the barrel and several independently controlled heating units mounted in sequence gradually
increase the temperature necessary for the melting. The viscous dissipation is another important
thermodynamic phenomenon occurring inside the barrel, and the generated heat turns out more
difficult to control the temperature and increases the risk of overheating. A die is mounted in the
front of the barrel with openings corresponding to the desired product cross-section, through which
the molten polymer, subjected to compression loads, is forced to flow. After leaving the die, the
molten polymer is cooled and calibrated with specific cooling and calibration systems that ensure the
required shape of the final solidified product with high precision. Finally, a caterpillar haul-off system is
composed of puller rolls to provide continuous tension to the extruded profile, and a standard extrusion
line ends with treating, cutting, winding, and storing equipment if needed.

The cooling stage in extrusion is crucial to ensure that the profile meets the required
specifications, not only in terms of shape but also in terms of physical properties. Tubing and pipes
are usually cooled with chilled water baths inside sealed chambers subject to a carefully controlled
vacuum that avoids the molten polymer from collapsing or deforming. On the other side, a stack
of rotating metallic chilled rolls (also called calenders) is usually employed for sheets and films to
avoid the drying difficulties associated with hydrophilic materials, which would be wet in water baths.
Moreover, sheets and films are subject to a longitudinal stretch between the die opening and the rolls,
such that thickness and width can be adjusted from controlling the rolls rotation speed [4]. Rolls are
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Figure 4.1: Typical thermoplastic sheet extrusion line (adapted from C. Rauwendaal, R. Gonzalez-Nunez, D.
Rodrigue, Polymer processing: extrusion, in Encyclopedia of polymer science and technology, John Wiley & Sons
(2017)).

typically hollowed, with water or oil circulating internally, being the temperature of each roll in the stack
controlled separately to achieve the desired cooling rate gradually. Moreover, the surface of the rolls is
usually highly polished to provide smoothness to the sheet and maximize the heat exchange with the
roll. However, intentionally textured rolls are also employed to produce textured sheets. Contrarily to
flat sheets and films, tubular films are extruded from a cylindrical die, which makes it impossible to
use a stack of chilled rolls and, therefore, are usually cooled with only refrigerated air. Indeed, thinner
profiles are more easily cooled (notice that sheets are usually considered having a thickness above
0.25 mm [5]). A more detailed representation of the thermoplastic sheet extrusion cooling stage, in a
single chilled roll, is provided in Figure 4.2.

Although the cooling stage always aims at the solidification of the extruded sheet, the cooling
rate has a significant influence on the physical properties of the final solidified product. The cooling
rate strongly determines crystal growth and, consequently, the size of the crystallites present in the
final solidified product, which affects the density, optical and barrier properties, coefficient of friction,
impact behaviour, and other physical properties [5, 6]. A high cooling rate avoids larger crystallites and
is usually desired to increase the surface smoothness and transparency of the sheet [4]. Moreover,
it allows a higher extrusion speed increasing the productivity of the process and also avoids that
insufficiently cooled sheets remain stuck to the roll and have release problems [7]. However, a
high cooling rate creates higher internal residual stresses due to the drastic temperature difference
between the colder sheet surface (in contact with the roll) and the hotter sheet surface (in contact
with the surrounding air). Internal residual stresses are responsible for the shrinkage of the final
solidified product and might lead to the separation between layers in multilayered sheets. In practical
terms, the industry seeks to maximize the cooling rate that ensures an average temperature below
the solidification point to prevent subsequent melting and, simultaneously, a sufficiently uniform
temperature distribution to minimize internal residual stresses [8, 9]. Therefore, the cooling rate
is usually the limiting factor of the sheet extrusion and great attention to these generally conflicting
objectives is demanded, when aiming to optimize both the productivity and the quality of the
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Figure 4.2: Schematic representation of the thermoplastic sheet extrusion cooling stage (the arrows represent

the movement of the polymer sheet and the chilled roll).

process [8].

Several parameters are determinant for the cooling rate, namely the roll geometry (the rotation
speed, diameter, angles (points) of contact, and thickness), the cooling conditions (the temperature
and flow rate of the water inside the roll, the surrounding air temperature, and the natural or forced
convection effects), the extrusion conditions (the speed, temperature, and thickness of the extruded
sheet), and the metal and polymer physical properties (thermal conductivity, density, and specific heat
capacity) [8]. The roll rotation speed, diameter, and angles of contact determine the effective time and
length of contact (also called residence time) with the extruded sheet. On the other side, the thickness
has a low influence since the thermal conductivity of the steel is significantly higher than the one of
the polymer, meaning that heat is rapidly diffused. In that regard, the numerical simulation can be a
valuable approach to investigate the complex heat exchanges of the process and perform optimized
engineering design. The numerical approach enables an efficient determination of the influence
and the relative importance of the several physical parameters involved in the cooling stage, which
would be cumbersome, time-consuming, and expensive using the conventional fully experimental
trial-and-error approaches. Moreover, the temperature of the sheet surface in contact with the roll is
not fully accessible through experimental measurements, whereas the numerical approach does not
have such limitations. A literature review retrieves some works regarding the application of numerical
approaches in the optimization of the thermoplastic sheet extrusion [5, 10-12], however, substantial

and comprehensive developments in the cooling stage do not exist up to the authors’ knowledge.
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The simulation of the thermoplastic sheet extrusion cooling stage consists in a non-isothermal
process between materials with different physical properties and thermally coupled through a
non-adiabatic contact, called conjugate heat transfer problem. Heat transfer governing equations
are used to model the thermodynamics in each material, and the thermal coupling on the interface
is achieved prescribing specific interface conditions. A generally adopted approach is to consider
a perfect thermal contact between materials, for which the continuity of the temperature and the
conservation of the normal conductive heat flux is prescribed. Perfect thermal contacts do not account
for the effects of the surface roughness on the heat transfer through the interface and, therefore,
are often used as convenient idealizations that provide valid results in a large variety of situations.
On the contrary, the assumption of a perfect thermal contact is realistic in the case of the polymer
sheet in contact with the roll as the former is still molten (and has no surface roughness) and the
latter is intentionally highly polished. Moreover, the importance of the interface between thermally
coupled materials is more pronounced as the problem scale decreases since the relative interface
area, with resptect to the material volume, usually grows. Therefore, the effects of the conjugate heat
transfer in the thermoplastic sheet extrusion cooling stage have a significant influence on the complex
thermodynamics of the process.

The literature concerning discretization methods for conjugate heat transfer problems is vast
and diverse, including spectral methods, finite difference methods, finite element methods, and
finite volume methods, among others. Finite volume methods are a popular class of methods and
particularly interesting in the context of thermodynamic problems due to the intrinsic conservation
properties. The convergence order of the discretization method measures the rate at which the error
of the computed approximate solution decreases under mesh refinement. Classical discretization
methods provide at most a second-order of convergence, whereas very high-order of convergence
methods are scarce due to the increased complexity and laborious implementation. However, a very
high-order of convergence has shown to be a promising approach to solve complex problems and
obtain approximate solutions with higher accuracy at a reduced computational cost. For instance, R.
Costa et al., 2019 [13], proposed a very high-order accurate finite volume scheme capable of handling
several types of thermal contacts, general boundary conditions, discontinuous coefficients, complex
and curved geometries, and general polygonal meshes. Comprehensive numerical benchmarks prove
that the proposed discretization method is very versatile, effectively achieves up to the sixth-order of
convergence, and is more cost-effective in terms of accuracy than the classical second-order accurate
methods.

The purpose of the present work is to develop a reliable and efficient numerical approach to
investigate the complex heat exchanges involved in the thermoplastic sheet extrusion cooling stage.
For that purpose, a steady-state two-dimensional conjugate heat transfer model with the appropriate
boundary and interface conditions is proposed and solved with a very high-order accurate finite volume
scheme to provide reliable approximate solutions and efficient simulations. The developed numerical
approach is suitable for further parametric investigations aiming at assessing the influence of the
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physical parameters involved in the thermoplastic sheet extrusion cooling stage on the cooling rate.
Parametric investigations often require a large number of simulations and, therefore, the computational
efficiency of each simulation is of crucial importance since it might severely impact the feasibility of
the approach. In that regard, the very high-order of convergence is particularly interesting to reduce

the computational cost without loss of accuracy.

The remaining sections of the chapter are organized as follows. Section 2 presents the conjugate
heat transfer model, Section 3 recalls the very high-order accurate finite volume scheme, and Section
4 verifies the code and the discretization method in terms of accuracy and convergence order. Section
5 addresses the case study of the thermoplastic sheet extrusion cooling stage and the chapter is
completed in Section 6 with the conclusions and some perspectives for future work.

4.2 Mathematical formulation

The thermoplastic sheet extrusion cooling stage consists in a non-isothermal and steady-state
physical system involving materials with different physical properties and thermally coupled through
a non-adiabatic contact. Therefore, a steady-state two-dimensional conjugate heat transfer model
is considered for the problem comprising the sheet and the roll, whereas the heat transfer from
the system to the surroundings (air and water) is taken into account with the appropriate boundary
conditions.

Consider that the roll, the sheet, the water, the air, the inlet, and the outlet are identified with R,
S, W, A, I, and O, respectively. The domain for the problem, denoted as €2, is partitioned into the
subdomain corresponding to the roll, denoted as 2R, and the subdomain corresponding to the sheet,
denoted as Q5 (see Figure 4.3). The boundaries of subdomain QR are denoted as I'®W and I'®A
and correspond to the surfaces of the roll in contact with water and air, respectively. The boundaries of
subdomain Q3 are denoted as I'St, SO, and I'SA and correspond to the inlet of the cooling stage,
to the outlet of the cooling stage, and to the surfaces of the sheet in contact with air, respectively.
The interface between subdomains QR and QS is denoted as I'®S or 'SR and corresponds to
the contact between the roll and the sheet. Notice that although heat is exchanged with the water
and the air, I'®WY, I'RA and 'SA are boundaries of the problem. Such an assumption provides
valid results prescribing the appropriate boundary conditions that take into account the effects of the
natural and forced heat convection. Moreover, for any point x on boundaries I'®W, RA SISO
and 'S4 vector functions n®Y := nRV(x), nRA = nRA(x), 5! = n5(x), n5° = n3O(x), and
nSA = nS’A(x), respectively, provide the unit normal vectors outward to the associated subdomain,
QR or Q5. Similarly, for any point x on interface I'®S (or I'SR), vector functions n®S := n®3(x) and
n>R := nSR(x) provide the unit normal vectors outward to subdomains @R and Q5 respectively.
Notice that n®S(x) = —nSR(x) for any point x on interface I'®S,

Consider functions TR := TR(x) and 75 := TS(x) standing for the temperature in subdomains
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Figure 4.3: Domain, boundaries, and interface for the thermoplastic sheet extrusion cooling stage.

OR and 05, respectively. The conjugate heat transfer problem consists in seeking unknown
temperature functions TR(x) and 75(x) in subdomains QR and QS, respectively, with governing
partial differential equations given as

V- (pRcllfuRTR - KRVTR) =0, in Q& (4.1)
V- (P euSTS - SVrS) =0, in @, (4.2)

where, in subdomain Q7 coefficients p”, ¢}, and k" are the density, the specific heat capacity, and
the thermal conductivity, respectively, where P stands both for the roll (P = R) and the sheet (P = S).
Moreover, vector function u” = u”(x) provide the velocity vectors in subdomain 2F, P € {R,S}.

The model is complemented with Dirichlet and Neumann boundary conditions, as follows. A
constant Dirichlet boundary condition is prescribed on boundary subset I'S, to impose a uniform
temperature on the inlet of the domain. A homogeneous Neumann boundary condition is prescribed
on boundary subset 'S0, to impose a vanishing temperature normal derivative on the outlet of the
domain. A Neumann boundary condition as a function of the temperature is prescribed on boundary
subset I'®W  to impose forced heat convection on the inner roll surface in contact with water. Similarly,
Neumann boundary conditions as a function of the temperature are prescribed on boundaries I'®4

and 'S4 to impose natural heat convection on the external surface of the roll and the sheet in contact
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with air. The case study boundary conditions are given as

5 =T", on ', (4.3)
—k5vTS 050 =, on I'S©, (4.4)
_ RYTR . pRW _ hR’W(TR - TQ), on IRV, (4.5)
_(RYTR . pRA = hRA(TR _Tv ) on I'*A, (4.6)
_(SVTS - pSA = pSA (TS - T;j), on I'SA, (4.7)

where T! is the temperature of the sheet immediately after leaving the die, To‘;" and TQ are the
temperature of the water and the air, respectively, and A"V, ERA and #SA are the heat transfer
coefficients between the roll and the water, between the roll and the air, and between the sheet and
the air, respectively.

The model is also complemented with the continuity interface conditions (also called
homogeneous jump interface conditions) on interface I'®S to impose the continuity of the
temperature and the conservation of the normal conductive heat flux, given as

R = T8, on I'®S, (4.8)

—kRYTR . RS _ (SyrS. SR = 0, on RS, (4.9)

Notice that the continuity interface conditions assume a perfect thermal contact between the surfaces
of the roll and the sheet, which is appropriate for the problem since both surfaces move at the same
speed an the roughness effects are negligible (other interface conditions should be imposed in the
case of imperfect thermal contacts).

4.3 Numerical discretization

To solve the conjugate heat transfer problem, general polygonal meshes MR and MS are
generated for subdomains QR and QS, respectively, and consist of n® and nS cells, respectively.
Cells are denoted as ¢; with index i € {1,.. ., nR +ns}, whereas edges between cell ¢; and another
cell ¢; with index j € {1,.. ., nR+n5}\ {i} are denoted as e;; (in the case of a boundary edge, index
J is replaced with F). Moreover, for edge ¢;;, |e,-j| is the associated length, s;; is the associated unit
normal vector outward to cell ¢;, and Gijy T = 1,..., R are the associated quadrature points for an
R-points quadrature rule.

The discretization of the conjugate heat transfer problem follows the proposed method in R.
Costa et al., 2019 [13], which is shortly recalled herein. A partitioning method decomposes the
conjugate heat transfer problem into individual subproblems of heat transfer in each subdomain and
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converts the interface conditions into boundary conditions. On the interface, a Dirichlet boundary
condition imposes the temperature in one subproblem, and a Neumann boundary condition imposes
the normal conductive heat flux in the other. The thermal coupling between the subproblems
consists in providing the appropriate temperature and normal conductive heat flux determined from
the solution in the adjacent subdomain. Given that, the solution of the partitioned problem satisfies
the interface conditions and, therefore, corresponds to the solution of the conjugate heat transfer
problem. Moreover, since each subproblem consists in a governing equation with only boundary
conditions, the discretization is performed separately in each subdomain with the cost of an additional,

but straightforward and efficient, numerical treatment for the thermal coupling.

The finite volume method is considered for the discretization of the subproblems and consists
in applying the divergence theorem to the integral form of Equations (4.1) and (4.2) in each cell ¢; of
mesh MPF, given as

/ (chgj’uPTP - KPVTP) 5;(x)dx = 0, (4.10)
aci

for P € {R,S}, where d¢; stands for the cell boundary and s;(x) is the associated outward unit normal
vector. Consider index set N gathering indices j € {1,...,nR +n5} U {F}\ {i} such that edge
e;j belongs to cell ¢;. Then, Equation (4.10) is rewritten in the discrete form in terms of numerical
integrals determined with an R-points quadrature rule with weights ., r = 1,..., R, given as

R
> Ieul[ 4 (Cijr + Dijr) | = O(RY), (4.11)
r=1

JEN;

12

where h; = |¢;| /7, a is the convergence order of the quadrature rule, and C;; and D;;, stand for

the exact convective and conductive heat fluxes, respectively, at quadrature point qijr of edge ¢;;,

given as
Cijr = (PPCPI,JuP (qij,}’) -slj)TP(q,-j,,), (4.12)
Dijr = -«"vr” (qij,r) “Sij- (4.13)

The numerical approximations to exact convective and conductive heat fluxes C;; - and D;;,
respectively, are computed with the very high-order finite volume scheme proposed in R. Costa et al.,
2019 [13]. The scheme consists in determining the values and gradients of temperature function
T"(x) in Equations (4.12) and (4.13) from local polynomial reconstructions of degree d. An optimal
(d + 1)th-order of convergence is expected using a polynomial degree d and, therefore, the scheme
is capable of achieving both the classical second-order of convergence (for degree d = 1) and a very

high-order of convergence (for degrees d > 1).

For each cell ¢; of mesh MP, consider T; as the cell mean-value of temperature function
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TP(x), given as T; = (1/|Ci|)/ci TP (x)dx, where |c;| is the cell area. Then, for a given mesh element,
the polynomial reconstruction method consists in approximating, in the least-squares sense, the cell
mean-values in the vicinity to a polynomial function with coefficients to determine. Moreover, for
the mesh elements on the boundaries, the polynomial reconstruction method takes into account the
prescribed boundary conditions considering specific linear constraints in the associated least-squares
method. For each inner edge e;;, boundary edge e;r, and cell ¢;, the associated polynomial
reconstructions are denoted as T,-J-(x), ﬁF(x), and T,-(x), respectively.

Consider the convention [a]™ = max(a,0) and [a]~ = min(a, 0) as an upwind indicator. Then,
the numerical convective and conductive heat fluxes are given as follows:

e Foreachinneredge ¢;; of mesh M¥, numerical convective and conductive heat fluxes, denoted

as Cj,r and D;; -, respectively, at quadrature points Gijr 7 = 1,..., R, are given as

+ ~ -~
Ciir = |0 e (ais, )i | Tilaiss) + | cfu (aiss) 5| Ti(air) @14

Dy, = —«"VT; (qij,r) ‘S8ij- (4.15)

e For each boundary edge e;r of mesh M¥, numerical convective and conductive heat fluxes,
denoted as Cir, and D;r,, respectively, at quadrature points qdiry 7= 1,..., R, are given as

Ciry = [PPC;)uP (ti,r) 'siF]+j:i(ti,r) + [PPC;)“P(‘L'FJ) 'SiF]_TiF (ti,r)’ (4.16)

Diry = —k"VTir (qir,) sip- (4.17)

Replacing exact convective and conductive heat fluxes C;r, and D;f, in Equation (4.11) with
corresponding numerical approximations C;r, and D;r,, respectively, an explicit system of linear
equations is assembled with one equation per cell. The variables to determine in the system of linear
equations correspond to approximations of the cell mean-values of temperature function 77 (x) in
mesh MP, P € {R,S}. Therefore, the associated number of degrees of freedom to determine is
DOF = nR +n3. The system of linear equations derived from the discretization method is solved with
a preconditioned version of the GMRES method, and the stopping criterion corresponds to a residual
tolerance.

4.4 Code verification

The proposed discretization method to solve conjugate heat transfer problems is implemented
in an in-house library written in Fortran, and verification of the code is performed in terms of accuracy,
convergence order, stability, robustness, and execution time. The method of verification is based

on manufactured solutions and consists in addressing a specific case of the conjugate heat transfer
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problem having an analytic solution that satisfies the governing equations and the prescribed boundary
and interface conditions. Simulations with successive finer meshes generated for the domain are
carried out, and the computed approximate solutions are compared with the analytic solution providing
the accuracy and the convergence orders under mesh refinement of the proposed discretization
method.

The solution of the system of linear equations derived from the discretization method provides
approximations of the cell mean-value of temperature functions 77 (x) in meshes M”, P € {R,S}.
Consider that for each cell ¢; of mesh M?, the associated approximate cell mean-values is denoted
as T and the associated exact cell mean-value is denoted T; and given as

i:ﬁ / TP (x)dx. (4.18)

Then, the errors in the L- and L=-norm, denoted as E; and E, respectively, are determined as

DOF .
2|r =T
i=1
E| = o , (4.19)
Z |cil
i=1
Ew = max|T;" =T} (4.20)
1=

Consider two consecutively finer meshes with number of degrees of freedom DOF; and DOF; and
the computed approximate solutions provide errors £y and Ej 2, respectively, in the L'-norm and
errors Ew 1 and E 2, respectively, in the L*-norm. Then, the convergence orders for the errors in

the L'- and L*®-norms, denoted as O; and O, respectively, are given as

In(Ey1/E12)
| = , (4.21)
ln(DOF1 /DOFQ)
| n(Ew1/Ex2) 4.22)
® "|In(DOF,/DOF)| '

The proposed discretization method is applied to the conjugate heat transfer problem considering
polynomial degrees d = 1,3 to verify whether the expected optimal second- and fourth-orders of
convergence are effectively achieved. Besides the errors and convergence orders, the execution time
of the simulations is also reported, denoted as Ts, in seconds.

The addressed test case consists of an annular section centred at the origin with an amplitude
of @ = 7 /4 replicating the thermal contact between the roll and the sheet (see Figure 4.4). The inner
layer of the geometry represents a roll section with a thickness of R = 3 mm, and corresponds to
subdomain QR. In contrast, the outer layer represents a sheet section with a thickness of S =2mm,
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and corresponds to subdomain 3. The internal boundary of the domain has a radius of 7y = 97 mm,
the external boundary has a radius of rg = 102 mm, and the interface separating the roll and the

sheet has a radius of rpg = 100 mm.

Figure 4.4: Geometry for the annular section test case.

The same angular speed of wR = wS = 0.1 rad/s is considered for both the roll and the
sheet and, therefore, there is no discontinuity in the corresponding linear velocity provided with vector
functions #R(x) and u5(x). The physical properties for the roll and the sheet are assumed those
corresponding to the steel and the polystyrene, respectively, as follows:

e Roll: thermal conductivity of «® = 30 W/(m-K), density of pR = 7700 kg/m?3, and specific heat
capacity of ¢y = 500 J/(K-kg).

e Sheet: thermal conductivity of x> = 0.2 W/(m-K), density of p° = 900 kg/m?, and specific
heat capacity of cs = 1300 J/(K-kg).

The analytic solutions assigned to this test case (see Figure 4.5) are expressed in polar
coordinates (r, 8), with radius 7> = x> + y? and polar angle 6 = arctan(y/x), given as

¢F(r)=a’ In(r)+b", in QF, (4.23)

for P € {R,S}, with parameters aR®, bR, aS,bS € R. Notice that, although the analytic solutions are
provided in polar coordinates, the problem is numerically solved in Cartesian coordinates. Contrarily
to the general case in the method of manufactured solutions, no artificial source terms are required in

the governing equations with these analytic solutions.

I 170.0

105.0

I 40.0

Temperature [°C]

Figure 4.5: Analytic solution for the annular section test case.
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On the boundaries of each subdomain, specific boundary conditions are assigned to satisfy the
corresponding analytic solutions, as follows:

e A Dirichlet boundary condition is prescribed on the left boundaries of both subdomains,
corresponding to points with an angle of § = —n/8, given as

TP = aPlog(r)+b*, on6=-n/8. (4.24)

e A Homogeneous Neumann boundary condition is prescribed on the right boundaries of both
subdomains, corresponding to points with an angle of 6 = /8, given as

—«PvT? -0 =0, on6#=n/8, (4.25)

where vector functions n” := nf(x) provide the unit normal vectors outward to associated
subdomain Q7.

e A Neumann boundary condition as a function of the temperature is prescribed on the internal
boundary of subdomain QR, corresponding to points with a radius of » = ry, given as

i RVTR . 4R = pRW (TR TV ) onr=n, (4.26)
assuming a water temperature of 7. = 30 °C.

e A Neumann boundary condition as a function of the temperature is prescribed on the external
boundary of subdomain Q3, corresponding to points with a radius of » = rg, given as

i SVTS .S = hS’A(TS - ng), onr=rg (4.27)

assuming an air temperature of TQ =20 °C.

The prescribed Neumann boundary conditions as a function of the temperature take into account
the effects of the forced and natural convection due to the water and air circulation. A specific
temperature is assumed on the internal and external boundaries such that the associated heat
transfer coefficients are determined, and the prescribed Neumann boundary conditions satisfy
the analytic solutions. The temperature of the internal and external boundaries are assumed of
TRV =40 °C and 754 = 170 °C, respectively, for which the associated heat transfer coefficients
are determined as ARY = kRaR /1 (TRV —TY) W/(K-m?) and h5A = —«5a5 [rg(TSA - T2)
W/(K-m?2), respectively.

On the interface, the continuity interface conditions are prescribed and parameters a®, a5, bR,
and b3 in the analytic solutions are determined such that the boundary conditions and the continuity
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interface conditions are simultaneously satisfied, and are determined as

a® = ¢S (TKW - TS’A), (4.28)
oS = —CKR(TR’W - TS’A), (4.29)
PR = C(TR’WKR ln(%) — TRV (S In(ryg) + TSA(S ln(n)), (4.30)
bS = —C(TS’AKS ln(%) —TSARn(ry) + TRV R ln(rE)), (4.31)
oo 1 _ (4.32)

KRIH(M) + &S ln(i)
g ™

Successively finer uniform structured quadrilateral meshes (with no curved elements) with
aspect ratios of AR = 1,2,5,10,20 are generated for each subdomain. The aspect ratio refers to
the outer cells in the subdomain corresponding to the sheet, whereas the size of the remaining
cells is adapted accordingly to obtain a structured mesh. Having meshes with unitary aspect ratio,
successively finer meshes with higher aspect ratios are generated merging cells proportionally in the
angular direction (see Figures 4.6 to 4.10). For each aspect ratio, four successively finer meshes
are generated with the coarsest denoted as M1, the coarsest medium as M2, the finest medium as
M3, and the finest as M4, having the number of cells presented in Table 4.1. Higher aspect ratios
are a promising approach to reduce the computational effort of the simulations when the solution
varies mostly in one specific direction or tangentially to a boundary or interface (as in the case of
boundary layers). Indeed, the analytic solutions assigned to this test case are invariant in the angular
direction, and similar behaviour is expected in the thermoplastic sheet extrusion cooling stage as a
limit situation for increasing extrusion speeds. Therefore, comparing the results between meshes with
different aspect ratios, the influence of the aspect ratio on the discretization method is assessed in
terms of accuracy, convergence order, and execution time.

Table 4.1: Number of cells in the structured quadrilateral meshes for the annular section test case.

Mesh AR=1 AR=2 AR=5 AR=10 AR=20

M1 10x200 10x100 10x40 10x20 10x10
M2 20x400 20x200 20x80 20x40 20x20
M3 40x 800 40x400 40x160 40x80 40x40
M4 80x1600 80x800 80x320 80x160 80x80

The errors and convergence orders are reported in Table 4.2. As observed, the second-
and fourth-orders of convergence are effectively achieved, applying the discretization method with
polynomial degrees d = 1,3, respectively. The convergence orders follow the results obtained in
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Figure 4.10: Coarsest quadrilateral mesh with AR = 20 for the annular section test case.

previous numerical benchmarks, and the discretization method converges optimally, both in terms of
the L'-and L*=-norms. Moreover, the ratio between the errors in the L>®-and L!-norms obtained from
the same simulation has, in general, a magnitude order in the tens. Such a ratio typically indicates the
absence of spurious solutions, and the error distribution is relatively uniform in the domain.

The optimal converge orders are always achieved regardless of the mesh. However, accuracy
deterioration with increasing aspect ratio is observed, both in terms of the L!- and L®-norms, being
more pronounced in the case of the fourth-order of convergence. Notice that the assigned analytic
solutions to this test case are invariant in the angular direction and, therefore, the same accuracy
would be expected in an ideal situation. However, the discretization method relies on local polynomial

reconstructions approximating the cell mean-values in the vicinity, which are computed from the

178



4.4, Code verification

Table 4.2: Errors, convergence orders, and execution time obtained in the annular section test case.

Second-order of convergence

Fourth-order of convergence

Mesh E, 0O Esw Os Ts|s] E, 0 Eo Oy Ts [s]
AR=1

M1 8.60E-03 — 5.68E-02 - 0.10 8.64E-07 — 1.41E-05 — 0.10
M2  2.08E-03 2.05 1.25E-02 2.19 1.49 5.62E-08 3.94 8.47E-07 4.06 2.45
M3 7.86E-04 1.40 469E-03 1.41 4856 5.11E-09 3.46 4.90E-08 4.11 112.56
M4 1.37E-04 2.52 1.09E-03 2.10 662.59 5.97E-10 3.10 5.78E-09 3.08 1295.09
AR =2

M1 1.58E-02 — 1.60E-01 — 0.03 5.35E-06 — 1.87E-04 — 0.03
M2  293E-03 2.44 4.01E-02 2.00 0.23 2.13E-07 4.65 6.71E-06 4.80 0.40
M3 5.60E-04 2.39 1.02E-02 1.98 3.36 2.20E-08 3.27 3.72E-07 4.17 13.68
M4 1.18E-04 2.25 2.61E-03 1.96 129.07 3.30E-09 2.74 3.76E-08 3.31  306.09
AR=5

M1 7.06E-02 — 1.01E+00 — <0.01 2.64E-04 — 6.36E-03 — 0.01
M2 1.62E-02 2.13 2.54E-01 1.99 0.02 4.78E-06 5.79 1.51E-04 5.40 0.03
M3  3.70E-03 2.13 6.28E-02 2.01 0.50 1.97E-07 4.61 8.77E-06 4.11 1.13
M4 7.96E-04 2.22 155E-02 2.01 2795 1.49E-08 3.72 4.97E-07 4.14 61.59
AR =10

M1 2.78E-01 — 4.20E+00 — <0.01 5.57E-03 — 1.14E-01 — <0.01
M2  4.05E-02 2.78 1.05E+00 2.00 0.02 1.28E-04 5.44 2.51E-03 5.50 0.02
M3  7.07E-03 2.52 2.50E-01 2.07 0.18 4.43E-06 4.86 1.51E-04 4.06 0.26
M4  2.46E-03 1.52 5.93E-02 2.07 476 158E-07 4.81 8.69E-06 4.12 11.55
AR =20

M1 1.56E+00 — 1.85E+01 — <0.01 1.34E-01 — 1.96E+00 — <0.01
M2  2.07E-01 291 4.38E+00 2.08 0.01 2.34E-03 5.84 3.98E-02 5.63 0.01
M3 3.86E-02 2.42 1.01E+00 2.12 0.06 9.37E-05 4.64 2.42E-03 4.04 0.07
M4  6.54E-03 2.56 2.32E-01 2.12 1.42 391E-06 4.58 1.41E-04 4.10 1.81

least-squares method. In turn, the reconstruction matrices in the least-squares method are mainly

geometric and, therefore, the associated condition numbers strongly depend on the structure of the
mesh. Indeed, the work of A. Jalali et al., 2013 [14], verified that the condition numbers of the
reconstruction matrices increase with increasing aspect ratio of the mesh and is asymptotically larger

for higher convergence orders. As a consequence, the discretization method suffers from deterioration

in terms of accuracy and stability.
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The number of GMRES iterations for the previous simulations is reported in Table 4.3. As
observed, the number of GMRES iterations and the execution time generally increase with increasing
convergence order of the discretization method. In fact, although polynomial reconstructions with
higher polynomial degrees provide more accuracy, denser coefficients matrices also results from the
larger stencils required for the least-squares method, having higher condition numbers. Consequently,
more GMRES iterations are needed to achieve the same residual tolerance, which, in turn, increase
the execution time of the simulations. On the other side, the number of GMRES iterations and the
execution time also increase with increasing aspect ratio of the mesh, comparing meshes with the
same number of cells. Moreover, such behaviour is observed comparing the results for the same
polynomial degree. Therefore, the higher condition number of the coefficients matrices is, again, a
possible explanation for such behaviour, but, in that case, due to the high disparity in the propagation
of information along each dimension.

Table 4.3: Number of GMRES iterations obtained in the annular section test.

Second-order of convergence Fourth-order of convergence

Mesh AR=1 AR=2 AR=5 AR=10 AR=20 AR=1 AR=2 AR=5 AR=10 AR=20

M1 179 88 39 31 21 188 97 64 48 43
M2 441 218 88 77 56 493 245 123 90 74
M3 3415 464 257 184 168 6024 1481 353 225 172
M4 10452 4626 2476 871 477 16971 8498 4377 1513 468

The execution time of the simulations are also reported in Table 4.2, whereas Figures 4.11
and 4.12 provides a plot of the errors in the L'- and L®-norms as a function of the execution
time. Regardless of the aspect ratio of the mesh, the fourth-order of convergence always performs
more efficiently than the second-order of convergence and provides the same level of accuracy in
significantly less execution time. Therefore, the results support that higher-orders of convergence
provide more efficient trade-offs between accuracy and execution time. For instance, considering
AR =1, to achieve an error of E; = 107® °C in the L!-norm, the second- and fourth-orders of
convergence require a execution time of approximately s = 100,000 s and 7s = 0.1 s, respectively.
The second-order of convergence does not achieve such accuracy within the meshes considered for
this test case and, therefore, the indicated execution time is a prediction from the extrapolation of
the obtained error convergence. In any case, the second-order of convergence requires one day of
simulation in comparison with the minimal execution time, below one second, taken by the fourth-order
of convergence.

Higher aspect ratios deteriorate the accuracy of the approximate solutions for the reasons already
presented. However, they also reduce the number of degrees of freedom to determine and, ultimately,
the execution time. Given that, there is a trade-off between accuracy and execution time, which
depends on the aspect ratio of the mesh. From the results obtained, the trade-off seems to deteriorate
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Figure 4.11: L'-norm errors and execution time obtained in the annular section test case.
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Figure 4.12: L*-norm errors and execution time obtained in the annular section test case.

with increasing aspect ratio of the mesh, both in the second- and fourth-orders of convergence.
However, a more pronounced deterioration is observed in the latter. Nonetheless, meshes with higher
aspect ratios can still further improve the efficiency of the fourth-order of convergence depending on
the application requirements in what concerns accuracy.

For instance, with the finest mesh with AR = 1, the second- and fourth-orders of convergence
provide an error in the L!-norm of approximately E; = 107* °C and E; = 10~ °C, respectively.
Assuming that an error of E; = 10~* °C is required for a specific application, the fourth-order of
convergence might be considered excessively accurate and with no practical benefits, when compared
with the second-order of convergence, since latter requires half of the execution time. The standard
approach consists in reducing the number of degrees of freedom to obtain the same accuracy, which
usually provides a more efficient simulation given the better trade-off between accuracy and execution
time of higher-orders of convergence. In that case, with the coarsest mesh and maintaining the aspect
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ratio, the fourth-order of convergence provides an error of E; = 107° °C, which is still significantly
below the required accuracy for the application. Notice that, besides providing a significantly more
accurate approximate solution, the associated execution time of 7s = 0.1 s is already drastically lower
than the execution time of approximately Ts = 663 s for the second-order of convergence, meaning
that improvement with a magnitude in the thousands is already obtained.

Further reduction in the number of cells maintaining the aspect ratio is not possible since a
minimum number of 5 cells in the radial direction in each subdomain is required to compute the
polynomial reconstructions. Therefore, the number of cells can only be reduced if the aspect ratio
of the mesh increases. In that case, for the fourth-order of convergence, an error of approximately
E; = 107* °C is obtained with the coarsest mesh with AR = 5, with an associated execution time
of roughly Ts = 0.01 s. Therefore, an astonishing improvement with a magnitude in the tens of
thousands is obtained, when compared with the second-order of convergence to achieve the same
accuracy. Although in both cases of the fourth-order of convergence the execution time is imperceptible
(Ts = 0.1 sand Ts = 0.01 s for the coarsest mesh with AR =1 and AR =5, respectively), there is a
factor of at least 10, which can be relevant in intensive parametric investigations where thousands of
simulations are carried out.

4.5 Case study

The thermoplastic sheet extrusion cooling stage is addressed solving numerically the model
introduced in Section 4.2 with the discretization method introduced in Section 4.3. The dimensions
of and the physical properties for the roll and the sheet are the following (see Figure 4.13). The
roll has an external radius of R = 50 mm, a thickness of & = 3 mm, and is made of steel with
thermal conductivity of «® = 30 W/(m-K), density of pR = 7700 kg/m?3, and specific heat capacity of
cg =500 J/(K-kg). The thermoplastic sheet has a thickness of #5 = 2 mm and is made of polystyrene
with thermal conductivity of k5 = 0.2 W/(m-K), density of o5 = 900 kg/m?, and specific heat capacity
of cIS, = 1300 J/(K-kg). Moreover, a distance of d' = 40 mm is considered from the inlet of the
cooling stage to the roll. Moreover, the effective angle of contact between the roll and the sheet is
approximately @ =~ 0.8 rad, which results in a contact length of around 130 mm. After leaving the roll,
a distance of approximately d© = 34 mm until the outlet of the cooling stage is considered, such that
the variations of the temperature in the longitudinal direction of the sheet are negligible. The roll and
the sheet have the same angular speed of wR = w® = 0.2 rad/s (the equivalent extrusion speed is
0.6 m/min) and, therefore, there is no discontinuity in the corresponding linear velocity provided with
vector functions u®(x) and u3(x). To account for the effects of forced and natural heat convection,
heat transfer coefficients of ARWY = 10 W/(K-m?) between the roll and the water, AR = 6 W/(K-m?)
between the roll and the air, and A5* = 4 W/(K-m?) between the sheet and the air are considered.
The temperature of the sheet on the inlet of the cooling stage is 7! = 180 °C, the temperature of the
water is TV = 30 °C, and the temperature of the air is 72 = 20 °C.

182



4.5. Case study

Figure 4.13: Geometry notation for the thermoplastic sheet extrusion cooling stage.

Successively finer structured quadrilateral meshes (with no curved elements) with aspect ratios
of AR = 1,2,5,10 are generated for each subdomain of the geometry (see Figures 4.14 to 4.17). The
aspect ratio refers to the outer cells in the subdomain corresponding to the sheet, whereas the size of
the remaining cells is adapted accordingly to obtain a structured mesh. For each aspect ratio, three
successively finer meshes are generated with the coarsest denoted as M1, the medium as M2, and
the finest as M3, having the number of cells presented in Table 4.4. Regardless of the aspect ratio,
the coarsest, medium, and finest meshes have the same number of cells in the radial direction.

Table 4.4: Number of cells in the structured quadrilateral meshes for the thermoplastic sheet extrusion cooling

stage.

Mesh AR=1 AR=2 AR=5 AR=10

M1 8122 4248 1859 960
M2 32488 16992 7436 3840
M3 129952 67968 29744 15360

Local mesh refinement is required at the initial contact point between the roll and sheet to
provide sufficient resolution of the high temperature gradients arising in the vicinity and to avoid
subsequent numerical instabilities and spurious solutions. Notice that Neumann boundary conditions
as a function of the temperature are imposed immediately before the initial contact point, whereas
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Figure 4.14: Detail of the coarsest structured quadrilateral mesh with AR = 1 for the thermoplastic sheet

extrusion cooling stage.

Figure 4.15: Detail of the coarsest structured quadrilateral mesh with AR = 2 for the thermoplastic sheet

extrusion cooling stage.

Figure 4.16: Detail of the coarsest structured quadrilateral mesh with AR = 5 for the thermoplastic sheet

extrusion cooling stage.

Figure 4.17: Detail of the coarsest structured quadrilateral mesh with AR = 10 for the thermoplastic sheet

extrusion cooling stage.

the continuity interface conditions take place immediately after. Therefore, the initial contact point
becomes a numerical singularity, although it does not represent an issue for the discretization method
since boundary and interface conditions are not satisfied at the vertices of the mesh (or the corners
of the geometry). However, such a situation does not allow a smooth temperature transition from the
sheet to the roll and, therefore, the former has a substantially higher temperature than the latter. The
same applies to the conductive heat flux since the natural heat convection implies different values
on the boundaries of the roll and the sheet, although the conservation is imposed from the initial
contact point forward. Notice that higher extrusion speeds result in higher temperature gradients and,
therefore, the local mesh refinement should be applied accordingly.
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The proposed numerical approach is verified assessing the accuracy and execution time provided
with the second- and fourth-orders of convergence for the discretization method and meshes with the
different aspect ratios. Since there is no exact solution for the thermoplastic sheet extrusion cooling
stage, an approximate reference solution is computed considering the discretization method with a
sixth-order of convergence and the finest mesh (M3) with AR = 1 (see Figure 4.18). From an industrial
perspective, the thermoplastic sheet extrusion cooling stage has to ensure an average temperature
below the solidification point and, simultaneously, a sufficiently uniform temperature distribution, to
minimize the level of thermal residual stresses. Then, the optimization of the process seeks to satisfy
these two conditions maximizing the cooling rate to increase productivity and achieve the desired
physical properties of the sheet. In that regard, the verification of the proposed numerical approach
consists in assessing the temperature distribution on boundary subset 7'S:©, which is assumed as
the outlet of the cooling stage (see Figure 4.3). Since the outcome of the simulations consists of
approximate cell mean-values, an interpolation method based on polynomial reconstructions is used to
determine the temperature profile on boundary subset I"S:C. The polynomial degree of the interpolation
is set according to the convergence order of the discretization method to avoid accuracy deterioration,
such that linear and cubic interpolations are used in the case of the second- and fourth-orders of
convergence, respectively. The same interpolation procedure is used to provide a profile of the radial
conductive heat flux on boundary subset "5 (in the normal direction the conductive heat flux given
the prescribed homogeneous Neumann boundary condition). Since the conductive heat flux is a
quantity derived from the temperature gradient, it also provides a measure of the level of the thermal
residual stresses along with the thickness.

The obtained temperature and conductive heat flux profiles are provided in Figures 4.19 to 4.22
(r corresponds to the position along the width of the sheet starting from the inner corner). As observed,
regardless of the aspect ratio of the mesh, both the temperature and the conductive heat flux converges
asymptotically to the reference profiles as successively finer meshes are used. Moreover, the profiles
obtained with the fourth-order of convergence are noticeably closer to the reference profiles when
gather to those obtained with the second-order of convergence and the differences are difficult to
perceive for lower aspect ratios. Therefore, these results strongly support that a discretization method
with a higher-order of convergence does provide significantly more accurate approximate solutions for
the same mesh. Increasing the aspect ratio of the mesh does indeed deteriorate the approximate
solution accuracy, as expected from the results obtained in the code verification benchmark. It is
particularly noticeable in the case of the second-order of convergence. Indeed, since the fourth-order of
convergence provides significantly more accurate approximate solutions, beyond the requirements of
the application, the visual perception of the accuracy deterioration when the aspect ratio of the mesh
increases is less evident. Therefore, contrary to the second-order of convergence, higher-orders of
convergence have the capability of reducing the computational effort using meshes with higher aspect

ratios without perceived accuracy deterioration.

The average and standard deviation associated with the previous temperature and conductive
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Figure 4.18: Reference solution for the thermoplastic sheet extrusion cooling stage.

heat flux profiles are determined, and the corresponding errors are provided, having the values

obtained from the reference profiles, as follows. In exact terms, the average and standard deviation of
—E

the temperature on boundary subset I"'S°, denoted as 7 and 0'}5, respectively, are given as

=E 1 S
- |1"S,O| FS,OT (r)dx, (4.33)
1 E\2 i
E _ S Ea
i /F S’O(T x)-T ) dx) , (4.34)

where |I“S’O| stands for the length of the boundary subset, the same as the sheet thickness. Similarly,
the average and standard deviation of the conductive heat flux on boundary subset I'S?, denoted as

—E . .
F and O-E, respectively, are given as

|
- |]"S,O| 5.0

(—KSVTS(x) - ts’o)dx, (4.35)
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Figure 4.19: Temperature and conductive heat flux profiles with meshes with AR =1 for the thermoplastic

sheet extrusion cooling stage.
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Figure 4.20: Temperature and conductive heat flux profiles with meshes with AR = 2 for the thermoplastic

sheet extrusion cooling stage.

where

OF

tS’O

1/2

- ﬁ / (—KSVTS(x)~tS’O—fE)2dx : (4.36)
> 'S0

stands for the tangential vector on boundary subset I"5-0.

Consider edges e;r on boundary subset I'SO with length le;r|, tangent vector ¢, and

quadrature points g,z,, r = 1,..., R, for a Gaussian quadrature rule with weights &, where R is

the number of quadrature points required to obtain the same convergence order as the discretization

method. For each edge, a polynomial reconstruction, denoted as T,-F(x), is computed and corresponds

to the best approximation in the least-squares sense of the cell mean-values in the vicinity provided

in the approximate solution.

Given that, the approximate average and standard deviation of the
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Figure 4.21: Temperature and conductive heat flux profiles with meshes with AR =5 for the thermoplastic

sheet extrusion cooling stage.
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Figure 4.22: Temperature and conductive heat flux profiles with meshes with AR = 10 for the thermoplastic

sheet extrusion cooling stage.

temperature on boundary subset I"'S:?, denoted as T and o, respectively, are given as

_ 1 Ry~
T:m Z leir| ZfrTiF(‘IiF,r)’

eiFEFS’O r=1

] R _ 32
or = m Z |eiF| Zgr(TiF(ti,r)_T)

e,‘FEFS’O r=1

(4.37)

12
(4.38)

Similarly, the approximate average and standard deviation of the conductive heat flux on boundary

subset 'S0, denoted as F and o, respectively, are given as

R
f:% 2 lerl| & (<5 Tirlgir,) i) | (4.39)

eipel 50 r=1
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12

1 R ~ —\2
7r=| 759y > |eiF|[Z§r(—KSVTiF(ql~F,r) -t~ F) (4.40)

CiF e[‘S,O r=1

In particular, for the reference solution, the reference average and standard deviation of the temperature
are denoted as T~ and O'T*, respectively, whereas for the conductive heat flux are denoted as F and
o-;, respectively. Then, for each simulation, the errors of the average and standard deviation of the
temperature, denoted as E7 and E,, respectively, and of the conductive heat flux, denoted as E+
and E,,., respectively, are given as

E-=T-T, (4.41)
Eg, = o7 — 07, (4.42)
Er=F-F, (4.43)
E;. =0Fr—0p, (4.44)

(4.45)

Then, the relative errors with respect to the reference average and standard deviation are also provided,

in percentage, denoted as Rz, R, Ry, and R, respectively, and given as

EF
Ry = —x 100, (4.46)
T
E
Ry = —= x 100, (4.47)
r
EF
Ry = == x 100, (4.48)
F
E
Ry = —£ % 100. (4.49)
OF

To determine the errors, the reference values obtained for the average and standard deviation
of the temperature and conductive heat flux are T =151.911727 °C, 0'; = 0.503300 °C,
F = -88.893056 W/mz, and o-; = 366.387595 W/mz. Then, the errors, relative errors, and
execution time are reported in Table 4.5 for meshes with AR = 1. As observed, the fourth-order of
convergence provides significantly more accurate results in terms of average and standard deviation
of both the temperature and the conductive heat flux than the second-order of convergence. In
general, the errors convergence under mesh refinement, which is in accordance with the behavior
observed for the profiles in Figures 4.19 to 4.22. Both the second- and fourth-orders of convergence
provide relative errors of the average and standard deviation of the temperature below 10%, even
with the coarsest mesh, although the latter is significantly more accurate. However, the second-order
of convergence provides relative errors of approximately 20% and 14% for the average and standard
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deviation, respectively, of the conductive heat flux with the coarsest mesh. On the other side,
the fourth-order of convergence provides corresponding relative errors of approximately 3% and 6%,
which are already below the limit of 10%. The second-order of convergence achieves such accuracy
with the medium mesh, taking approximately 111 s for the simulation, whereas the fourth-order of
convergence takes only 10 s with the coarsest mesh. Therefore, for the same accuracy level, the
fourth-order of convergence allows a significant computational gain with a ratio of improvement of
around 11. Although the second-order of convergence takes only a few minutes, which is feasible for
a single simulation, such computational gain would have a significant impact in intensive parametric
investigations where thousands of simulations are required. Moreover, notice that the computational
gain is more pronounced as more accurate results are required for the thermoplastic sheet extrusion

cooling stage.

The errors, relative errors, and execution time are reported in Tables 4.6 to 4.8 for meshes with
AR =2,5,10, respectively. In general, increasing the aspect ratio of the mesh does deteriorate the
accuracy of the average and standard deviation of both the temperature and the conductive heat flux,
which follows the conclusions drawn in the code verification benchmark. However, as in the case of
meshes with AR = 1, the fourth-order of convergence is capable of still providing relative errors below
10%, contrarily to the second-order of convergence. For instance, to provide a relative error of both
the average and the standard deviation of the conductive heat flux below 10%, the second-order of
convergence requires the finest mesh with AR = 10. On the other side, the coarsest mesh is sufficient
for the fourth-order of convergence, taking approximately 0.05 s in comparison with around 14 s in
the case of the second-order of convergence. Once again, a significant computational gain is achieved
with a noticeable ratio of approximately 280. Moreover, even if there is some level of accuracy
deterioration, increasing the aspect ratio of the mesh for the fourth-order of convergence does reduce
the computational cost when the provided error still falls below the accuracy requirements for the
application. Notice that these results follow the conclusions drawn in the code verification benchmark.
Therefore, generating meshes with a higher aspect ratio for the fourth-order of convergence is a useful
strategy to improve further the computational efficiency of the proposed numerical approach for the

thermoplastic sheet extrusion cooling stage.

Although the accuracy of the average and standard deviation of the temperature does not
seem critical, regardless of the convergence order or the aspect ratio of the mesh, the fourth-order
of convergence is still capable of providing significantly more accurate results. Therefore, it turns out
more reliable and safe to carry out the simulations for the thermoplastic sheet extrusion cooling stage
with a higher-order of convergence. However, higher extrusion speeds and non-linear conjugate heat
transfer models with temperature-dependent physical properties, such as the thermal conductivity,
might deteriorate the approximate solution accuracy and, in that scenario, the benefits of using
higher-orders of convergence to predict the average and standard deviation of the temperature are

more evident. Nevertheless, these scenarios require further developments and investigations.
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Table 4.5: Errors, relative errors, and execution time obtained with meshes with AR = 1 for the thermoplastic

sheet extrusion cooling stage.

Mesh Ef [°C] Rp[%]  Eop [°Cl Rep [%] Eg [W/m?| Rg[%] Eg. [W/m?] Rop [%] Ts [s]

Second-order of convergence

M1 —-2.60E-02  0.017 -3.56E-03 0.708 -1.76E+01 19.778 -4.967E+01  13.555 5.68
M2  -1.29E-02 0.009 -8.04E-03 1.598 -3.12E+00 3.506 -1.744E+01 4760  111.13
M3  -547E-03 0.004 -3.78E-03 0.751 6.24E-01 0.702 —8.546E+00 2.332 3105.59

Fourth-order of convergence

M1 7.13E-03  0.005 1.24E-03 0.245  2.42E+00 2724  2.319E+01 6.331 10.41
M2 2.46E-03 0.002 -2.59E-05 0.005  4.51E-01 0.507 9.639E+00 2.631 159.46
M3 7.38E-04 <0.001  2.10E-05 0.004  3.81E-02 0.043 -6.911E-03 0.002 4061.44

Table 4.6: Errors, relative errors, and execution time obtained with meshes with AR = 2 for the thermoplastic

sheet extrusion cooling stage.

Mesh E7[°C] Ry[%]  Eop [°Cl Rop [%] Eg [W/m?] Rg[%] Esp [W/m?| Ry, [%] T [s]

Second-order of convergence

M1 ~ -8.66E-02 0.057 -5.38E-02 10.684 -2.49E+01 28.051 -6.311E+01 17.225 0.65
M2  -1.66E-02 0.011 -6.61E-04 0.131 -1.15E+01 12957 -1.421E+01 3.879 1570
M3  -274E-03 0.002 1.27E-03 0.252 -3.65E+00 4.108 —6.553E+00 1.788 410.86

Fourth-order of convergence

M1 1.26E-02  0.008  1.05E-03 0.209 2.64E+00 2971 2.289E+01 6.247 1.11
M2 2.33E-03 0.002 1.13E-04 0.023 4.38E-01  0.492 9.820E+00 2.680 21.44
M3 1.63E-03  0.001 -3.11E-05 0.006  3.46E-02 0.039 —4.185E-03 0.001 712.68

4.6 Conclusions

A numerical approach is proposed and verified to investigate the thermodynamics in the
thermoplastic sheet extrusion cooling stage. The approach consists in solving a steady-state
two-dimensional conjugate heat transfer problem with the appropriate boundary and interface
conditions between a polymeric sheet and a metallic roll. The problem is discretized with a finite
volume method capable of providing a very high-order of convergence, which improves the accuracy
of the approximate solutions and reduce the computational cost of the simulations. The degree of the
polynomial reconstructions in the discretization method determines the convergence order, such that
for a degree d an optimal (d + 1)th-order of convergence is expected.

A code verification benchmark based on manufactured solutions is provided to assess the
accuracy, convergence orders, and execution time of the discretization method according to the
aspect ratio of the mesh. The results obtained prove that for polynomial degrees d = 1, 3 the optimal
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Table 4.7: Errors, relative errors, and execution time obtained with meshes with AR = 5 for the thermoplastic

sheet extrusion cooling stage.

Mesh E7[°C] Ry[%]  Es, [°C] Roy [%] Ez [W/m?| Rz[%] Esp [W/m?| Rep [%] Tsl[s]

Second-order of convergence

M1  -1.55E-01 0.102 -9.74E-02 19.360 —-3.97E+01 44.622 -7.029E+01 19.184 0.12
M2  -5.44E-02 0.036 -2.12E-02 4210 -6.42E4+00 7.228 —-3.882E+01 10.595 1.76
M3  -1.30E-02 0.009 -8.58E-04 0.171 4.79E4+00  5.394 —2.046E+01 5583 55.54

Fourth-order of convergence

M1 2.17E-02  0.014  1.46E-03 0.289 3.32E+00  3.738 2.256E+01 6.157 0.10
M2 7.50E-03  0.005 -1.11E-04 0.022 9.43E-01 1.061 9.577E+400 2614 2091
M3 2.28E-03  0.002 -1.98E-04 0.039 5.43E-02  0.061 1.440E-02 0.004 93.80

Table 4.8: Errors, relative errors, and execution time obtained with meshes with AR = 10 for the thermoplastic

sheet extrusion cooling stage.

Mesh E7[°C] Ry[%]  Eg; [°Cl Rop [%] Eg [W/m?| Rg([%] Egp [W/m?| Rop [%] Ts[s]

Second-order of convergence

M1  -172E-01 0.113 -5.19E-02 10.303 -6.41E+01 72.134 -2.547E+01 6.951 0.04
M2  -6.29E-02 0.041 -3.26E-02 6.483 -7.34E+00 8.257 -4.301E+01 11.738 0.44
M3  -1.03E-02 0.007 -7.55E-03 1.500  8.04E+00 9.045 —-2.634E+01 7.190 14.21

Fourth-order of convergence

M1 434E-02 0.029 4.40E-03 0.873  2.58E+00  2.898 2.289E+01 6.247 0.05
M2 3.12E-02  0.021 -3.53E-04 0.070 1.53E+00 1.719 9.326E+00 2.545 0.83
M3 1.24E-02  0.008 -5.35E-04 0.106 1.55E-01 0.174 -3.497E-02 0.010 19.54

second- and fourth-orders of convergence are effectively achieved. Moreover, the latter provides
significantly more accurate approximate solutions with the same mesh. Furthermore, the fourth-order
of convergence provides approximate solutions with the same accuracy as the second-order of
convergence but with significantly coarser meshes, which turns out to be computationally more
efficient. Therefore, the better trade-off between accuracy and computational cost of higher-orders of
convergence allows improving the efficiency of the proposed numerical approach. On the other side,
accuracy deterioration is observed when increasing the aspect ratio of the mesh in both convergence
orders since the reconstruction matrices have higher condition numbers. However, when the accuracy
provided with meshes with unitary aspect ratio falls below the application requirements, increasing the
aspect ratio is a valid strategy to improve the efficiency with the fourth-order of convergence further.

Several simulations for the thermoplastic sheet extrusion cooling stage are carried out to assess
the capabilities of the proposed numerical approach according to the convergence order of the
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discretization method and the aspect ratio of the mesh. The profile, average, and standard deviation
of both the temperature and the conductive heat flux on the outlet of the cooling stage are used
for verification purposes. Moreover, the errors associated with the average and standard deviation
are determined, and the execution time is reported for each simulation. The results support that,
for the same mesh, the fourth-order of convergence provides a significantly more accurate average
and standard deviation of both the temperature and the conductive heat flux than the second-order
of convergence. Moreover, the fourth-order of convergence provides the same accuracy as the
second-order of convergence with coarser meshes, which turns out to be computationally more
efficient. Additionally, meshes with higher aspect ratios allow to improve further the efficiency of the
proposed numerical approach with the fourth-order of convergence and provide the same accuracy
as the second-order of convergence. Using a discretization method with higher-orders of convergence
and meshes with higher aspect ratios, the proposed numerical approach is an efficient computational
tool to investigate the heat exchanges in the thermoplastic sheet extrusion cooling stage.

Further developments might comprise polymeric materials having temperature-dependent
physical properties considering non-linear conjugate heat transfer models and parametric investigations
on the thermoplastic sheet extrusion cooling stage, aiming at the optimization of the process. In any
case, an increased computational effort is required, for which the proposed numerical approach will
be a valuable tool.
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CHAPTER Efficient very high-order accurate polyhedral mesh
finite volume scheme for 3D conjugate heat transfer

problems in curved domains

Abstract: The conjugate heat transfer problem is found in many engineering applications consisting
of non-isothermal solids and fluids in contact with different physical properties. The discretization
method of these problems must guarantee that the interface conditions are properly satisfied, which
becomes challenging to obtain a very high-order of convergence. The three-dimensional case with
arbitrary curved domains is particularly challenging to treat as the standard approaches to preserve
the optimal converge order become cumbersome with the use of curved meshes and non-linear
transformations. Moreover, the implementation of discretization methods with very high-order of
convergence is critical for the three-dimensional case as the computational cost of conventional
algorithms often grows exponentially with the problem dimension. A very high-order accurate finite
volume scheme in general polyhedral meshes is proposed to solve three-dimensional conjugate heat
transfer problems in arbitrary curved domains. The use of polyhedral mesh elements overcomes the
shortcomings of the standard curved mesh approaches, preserves the accuracy and the convergence
order, is more simple to implement, and is computationally efficient. Moreover, the implementation
of the proposed method is addressed and optimized to provide the same approximate solution at a
reduced computational cost. A comprehensive numerical benchmark addressing several situations
of the conjugate heat transfer problem is provided and verifies that the optimal convergence order is
effectively achieved. A computational benchmark proves that substantial performance improvements
are obtained from the proposed optimization, which represents a significant advance towards less
demanding and more efficient numerical simulations.

Keywords: Conjugate heat transfer problems, Arbitrary curved three-dimensional domains, Polyhedral
unstructured meshes, Polynomial reconstruction method, Very high-order accurate finite volume
scheme, Implicit and explicit formulation

This chapter was adapted from R. Costa, J.M. Noébrega, S. Clain, and G.J. Machado, Efficient very high-order accurate
polyhedral mesh finite volume scheme for 3D conjugate heat transfer problems in curved domains, in preparation for J.
Comput. Phys. (2020)
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5.1 Introduction

The conjugate heat transfer is found in many engineering problems. It corresponds to the
heat transfer in solid-solid, solid-fluid, and fluid-fluid interfaces between non-isothermal materials
with different physical properties. The conjugate model consists in solving the convective and
conductive transport of thermal energy in each material domain subjected to interface conditions. For
perfect thermal contacts, these interface conditions impose the continuity of the temperature and
the conservation of the heat flux, whereas other interface conditions are used for imperfect thermal
contacts. Comprehensive literature is found concerning numerical methods to solve conjugate heat
transfer problems and, in general, discretization methods with first- and second-orders of convergence
are easily accessible and practical to implement. However, obtaining very high-order of convergence
(here defined as more than the second-order of convergence) becomes a challenging task since the
interface conditions have to be properly satisfied within the same error magnitude usually requires
more elaborated methods.

The three-dimensional case with arbitrary curved domains is particularly challenging to treat
since the conventional discretization methods do not handle the geometrical mismatch properly
between the mesh and the boundaries and interfaces, providing a second-order of convergence at
most. In that regard, several approaches arise to preserve the optimal convergence order. The
most common is the isoparametric elements in the finite element method that consists in using
curved mesh elements to follow the curved boundaries and interfaces, but also require non-linear
transformations for the finite element basis and quadrature rules for the integration in the curved mesh
elements [1, 2]. Unfortunately, generating curved meshes for arbitrary domains require cumbersome
and computationally intensive algorithms [3-6], the non-linear transformations are complex to perform,
and the quadrature rules are difficult to obtain [7-11], which becomes even more challenging in the
three-dimensional case.

The development of approaches that only rely on polygonal or polyhedral mesh elements is
a recent topic of increasing interest to avoid the drawbacks of methods such as the isoparametric
elements. Many techniques have been developed, namely within the immersed boundary method,
and a comprehensive literature review on the topic is found in Fernandez-Fidalgo et al., 2020 [12]. In
the framework of the finite volume discretization, the reconstruction for off-site data (ROD) method is
a recent approach proposed in Costa et al., 2018 [13, 14], and is capable of preserving the optimal
convergence order using polygonal meshes in arbitrary curved domains. The method consists in
computing polynomial reconstructions from the least-squares method constrained with specific linear
equations to fulfil the prescribed boundary conditions at collocation points on the associated curved

boundaries.

The method was successfully applied to solve conjugate heat transfer problems in
two-dimensional domains with perfect and imperfect thermal contacts [15] but the three-dimensional
case has not been addressed yet. Moreover, the literature concerning the three-dimensional
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conjugate heat transfer problems case is very scarce, where no method is known to provide a very
high-order convergence regardless of the geometry of the domain. Indeed, the three-dimensional case
represents an increased challenge in what concerns the implementation of the methods and the need
for powerful computational resources for the simulations. Nevertheless, realistic problems in
engineering not always can be reduced to two-dimensions, making it imperative to extend and verify
such approaches in three-dimensional geometries carefully for practical use. Moreover, the
implementation of the methods is also a critical point in the three-dimensional case given the
exponential growth of the computational cost with the increasing dimension of the problem. Therefore,
careful optimization of the algorithm is of crucial importance to obtain substantial computational gains
in terms of execution time and memory usage, also demanding less powerful computational

resources and lower energy expenditure.

The novelties of the present work are split into a numerical part and computational part. The
numerical part consists in the extension to the three-dimensional case of the very high-order accurate
finite volume method to solve the steady-state conjugate heat transfer problem in arbitrary curved
domains. Moreover, the Robin boundary condition is used as a general approach to prescribing the
fundamental Dirichlet and Neumann boundary conditions assigning the appropriate coefficients. The
computational part consists in addressing the implementation of the proposed method in terms of
computational efficiency and provide performance improvements that reduce the execution time and
the memory usage of the simulations. The optimization consists in deriving equations for the several
steps of the implicit formulation of the proposed method that provide the same result at a reduced
computational cost. Moreover, an explicit formulation of the proposed method providing a coefficients
matrix and right-hand side vector is obtained from the optimization.

The remaining sections of the chapter are organized as follows. Section 2 presents the conjugate
problem model and the equivalent partitioned problem model with the appropriate thermal coupling.
Section 3 is dedicated to the finite volume discretization of the partitioned problem model and the
numerical treatment of the thermal coupling. Section 4 provides an optimization of the implementation
of the proposed method. Section 5 and Section 6 are dedicated to a comprehensive numerical and
computational benchmark, respectively. The chapter is completed in Section 7 with the conclusions

and some perspectives for future work.

5.2 Mathematical formulation

The steady-state conjugate heat transfer problem is addressed in three dimensions and
formulated with the Cartesian coordinate system considering x := (x, y, z). For the sake of simplicity
and without loss of generality, a partition with only two subdomains is considered and treated. Still,
the problem is easily extended for the case of multiple subdomains.
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5.2.1 Conjugate problem model

Let Q denote an open bounded arbitrary curved domain in R3 with boundary I'R, partitioned
into two non-overlapping subdomains, Q5 Se {A,B}, sharing a common interface, denoted as
I'C. The boundary and the interface are regular and closed surfaces and admit a regular local
parameterization. Boundary I'R is partitioned into two non-overlapping subsets (where one of the two
can be the empty set as in the case of two concentric subdomains), denoting as I"'®S the boundary of
subdomain Q5 such that I'R = IT'RA U TRB For each subdomain @5, let IS denote the respective
boundary, consisting of boundaries and interface subsets of domain Q, namely I'S = I'RS U €,
Moreover, for any point x on boundary I'S, vector n’ := n5(x) = (n;f(x), n“yg(x),nf(x)) stands for

the unit outward normal vector to subdomain 5. Notice that if x € I"C, therefore, n(x) = —nB(x).

The conjugate heat transfer problem consists in seeking temperature function ng(x) in
subdomain Q3 with governing partial differential equation given as

v. (uS¢S—KSV¢S) - 5 in Q5 (5.1)

where u® = uS(x) = (uﬁ(x), u(x), uf(x)) is the velocity vector function multiplied by the heat
capacity and density of the associated material, k5 := «5(x) is the thermal conductivity function, and
5 == £5(x) is the heat source function (a negative value implies a heat sink) defined in subdomain
Q5. All given and unknown functions are assumed to be regular and bounded in the associated
subdomains, although the velocity, thermal conductivity, and heat source can be discontinuous on the
interface. Moreover, function u®(x) is tangent to interface I'C, that is, #5(x)-nS(x) = 0, such that

there is no mass transfer from one subdomain to the other.

Remark 20 The term regular is used to indicate that the function belongs to spaces C¥*!, with k > d,
when polynomial reconstruction of degree d is used to achieve a (d + 1)-order accurate scheme. In

other words, the function is continuous and has, at least, continuous first £ + 1 derivatives.

The model problem is complemented with Robin boundary conditions on boundary subsets
I'RS given as

a®S ¢S +/3R’S(—KSV¢S -ns) =g®S  on IR, (5.2)

where a®S = aR5(x), RS = BRS(x), and gRS := gR5(x) are given regular and bounded
coefficient functions. Notice that, the Robin boundary condition provides a general approach to
prescribe the Dirichlet boundary condition setting coefficient functions &®S(x) # 0 and gR5(x) = 0
and the Neumann boundary condition assigning coefficient functions &®5(x) = 0 and gR®5(x) # 0.
Moreover, having a general approach to prescribe boundary conditions, a unique numerical treatment
is provided simplifying both the proposed method and the algorithm.
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The model problem is also complemented with the continuity interface conditions (or
homogeneous jump interface conditions) on interface subset I'C, given as

o™ = ¢®, (5.3)

on FC,
— KAV n? — kBB . nB =, (5.4)

which imposes the continuity of the temperature and the conservation of the conductive heat flux.
Notice that, for adjacent materials with different thermal conductivities, the normal derivative of the
temperature on the interface can be discontinuous due to the conservation of the conductive heat flux.

5.2.2 Partitioned problem model

Following the approach in Costa et al., 2019 [15], the procedure to solve the conjugate heat
transfer problem consists in a partitioning method (called the Dirichlet-Neumann method) that replaces
the interface conditions with Dirichlet and Neumann boundary conditions on the interface. Then, a
subproblem in each subdomain is formulated with only boundary conditions, and the thermal coupling
between subproblems consists in providing the appropriate values to the boundary conditions such
that the heat transfer is recovered.

The boundaries of subdomains Q% correspond to some partition of the boundary of domain Q
and the interface I'C. Therefore, for notation convenience, I'>S, F € {R,C}, denotes the subsets
of the partitioned boundaries of subdomains Q5 such that I'S = I'®S U TGS, In that way, boundary
subset I'CS of subdomains Q° correspond to interface subset I'C of domain Q and, therefore,
[CA _ rCB _ pC

Subproblem P consists in seeking temperature function ¢S(x) in subdomain Q5 with governing
partial differential equation and boundary conditions given as

V. (uS¢S _ KSv¢S) = f9, in Q5, (5.5)
pS:
RS < o1 0

where oS = aFS(x), pFS == BFS(x), and gFS = gF5(x) are regular and bounded functions
on boundary subset 'S, On boundary subsets I'®S, functions a®5 = a®5(x), RS = RS (x),
and gRS := g®5(x) are prescribed from the conjugate problem model. On boundary subsets 'S,
functions a5 := oGS (x), &S = BS5(x), and &5 = gS5(x) were not prescribe and, therefore,
are unknown in the partitioned problem model.

To recover the appropriate thermal coupling between the subproblems and following the
approach in Costa et. al, 2019 [15], the continuity interface conditions (5.3) and (5.4) prescribed
on interface subset I"C are replaced with a Dirichlet boundary condition for subproblem PA and a
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Neumann boundary condition for subproblem PB. However, since a Robin boundary condition is
prescribed on the entire boundary of the subdomains for a general approach, coefficient functions on
boundary subset I"®* are assigned as a“*(x) = 1 and S*(x) = 0 and on boundary subset "B
are assigned as a“B(x) = 0 and BB(x) = 1. On the other hand, associated boundary condition

functions g&A(x) and g&B(x) are given as

gt = ¢, on I'CA, (5.7)

¢CB = _AV4A 1B, on 1B, (5.8)

which depend on temperature functions ¢B(x) and ¢™(x), respectively. Since the temperature
functions are also unknown, a numerical treatment to determine the unknown boundary condition
functions for the thermal coupling is required.

The benefit of the partitioning approach is that each subproblem consists in seeking temperature
function ¢°(x) in subdomain Q3 with only boundary conditions. Therefore, each subproblem is
discretized separately, whereas, boundary condition functions g&A(x) and gB(x) on the interface
are considered for the data transfer and require a specific treatment to recover the appropriate thermal
coupling. Boundary condition functions g©(x) and g©B(x) are assigned such that the solution of
the partitioned problem satisfies the continuity interface conditions and, therefore, corresponds to the
solution of the conjugate heat transfer problem.

Remark 21 The Dirichlet-Neumann method applied for the continuity interface conditions yields
two asymmetric subproblems with a Dirichlet boundary condition on boundary subset I'¢4 and a

'8 The opposite situation, a Neumann boundary

Neumann boundary condition on boundary subset
condition on boundary subset "4 and a Dirichlet boundary condition on boundary subset I"¢8, is
equally possible and equivalent in terms of thermal coupling but may have accuracy and robustness
implications. Although both partitioning configurations are addressed in the numerical benchmark,

only the former is used for the method presentation.

5.3 Finite volume discretization

The domain of the conjugate heat transfer problem is discretized with polyhedral meshes,
conformal on the interface, although the boundary value subproblems in the partitioned problem
model are discretized separately. The finite volume method is used for the generic discretization
of the subproblems, where an extension of the method proposed in Costa et al., 2019 [15], to
three-dimensional domains and Robin boundary conditions was developed to provide a very high-order

of convergence.
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5.3.1 Polyhedral mesh

A general polyhedral mesh denoted as M discretizes each subdomain 25 and consists of n¥
non-overlapping convex polyhedral cells (tetrahedra, prisms, hexahedra, etc.). Cells are denoted as c;
with i € ZA = {1,...,n™} for cells belonging to mesh M* andi € ZB = {n® +1,...,n™ + nB} for

cells belonging to mesh M and, therefore, the index of each cell is unique.

Inner faces are denoted as f;;, i,j € 75, and correspond to the common faces between two
adjacent cells ¢; and ¢;, j # i, belonging to mesh M and, therefore, Jij = ¢iNcj. Boundary faces
are denoted as fir, i € IS and correspond to the faces of cells ¢; belonging to mesh M that
approximate boundary subsets I'**S (for the sake of simplicity, each cell has at most one boundary
face). Subset ZF>S ¢ 7 gathers the indices and nf>S is the number of the cells belonging to mesh
M with a boundary face approximating boundary subset 'S

The vertices of the boundary faces fall on the surfaces of the associated boundary subsets
and, in particular, on boundary subsets "5 are common to both meshes (conformal meshes on the
interface). In that case, for each boundary face fic corresponding to a face of cell ¢;, with i € ASH
and belonging to mesh M?, there is a counterpart boundary face fjc corresponding to a face of cell
cj, with j € ZSB and belonging to mesh M, such that faces fic and fjc share the same vertices
and are geometrically equivalent (same shape and location).

Table 5.1 introduces the geometric properties for the cells and faces and Figure 5.1 provides a
schematic representation. Notice that inner face f;; is also denoted as f;; and, therefore, reference
and quadrature points are the same, that is, m;; = m; and Gijr =4jir whereas outward unit normal
vectors are antisymmetric, that is, s;; = —s ;. Similarly, for counterpart boundary faces f;c and fjc,
symmetric outward unit normal vectors are assigned, that is, s;c = —sc.

Table 5.1: Notation and geometric properties for the cells and faces.

Mesh elements Notation Properties Definition Choice
ac; Boundary
o Volume
¢ C QY i . . .
Cells S {AB) m; = (m,;x,m[!y,mi,z) Reference point (can be any point in ¢;) Centroid
€4,
4i.q = (g0 gy Dig.2) Quadrature points, g = 1,...,Q Gaussian
N; Indices of the adjacent cells and boundary subset
| fijl Area
| . fij c Qi m;j = (mgj x,mij y,mij ;) Reference point (can be any point on f;;) Centroid
nner faces
S e {A B} 4= (qij,r,x, Qij,r,y» qij,r,z) Quadrature points, r = 1,...,R Gaussian
Si; = (Sijx0 Sifiys Sijiz) Outward unit normal vector from cell ¢; to cell ¢;
; Area
fir C I,AF,S | fir - . A
mip = (mip x, MiF,y, MiF.z) Reference point (can be any point on f;r) Centroid
Boundary faces F € {R,C}
Se{AB} qir.r = (4iF.r.x» QiF r.y-9iF,r,;) Quadrature points, r = 1,...,R Gaussian
€ {A, ’
SiF = (SiF,x» SiF,y» SiF.z) Outward unit normal vector from c;

201



5.3. Finite volume discretization

°qij 2

-mij em;

- °qij 4
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Figure 5.1: Notation and geometric properties for the cells and faces.

The term computational is used to distinguish the physical subdomains, boundaries, and
boundary subsets, denoted as Q5, I'S, and I'*>S, respectively, from the corresponding discretized
subdomains, boundaries, and boundary subsets, denoted as Q5 Fg, and Ff’s, respectively,
composed of the associated mesh elements. Since meshes M are composed of polyhedral cells,
computational subdomains Qg do not fully overlap associated curved physical subdomains Q5. For
fine enough meshes, a geometrical mismatch with magnitude order O(hz) is then expected between
the physical and the computational boundaries, where /4 is the characteristic mesh size. Such a
geometrical mismatch leads to an accuracy deterioration and provides, at most, a second-order of
convergence for the method if the appropriate treatment is not used.

5.3.2 Generic scheme

The generic discretization of subproblems P® with the finite volume method consists in applying
the divergence theorem to the integral form of Equation (5.5) in each cell ¢; in associated computational
subdomain 7, given as

| (w660 veso) siwae = [ s (59

where d¢; stands for the cell boundary and s;(x) is the associated outward unit normal vector.

A R-points quadrature rule with weights £, r = 1,..., R, is used to approximate the integrals
on the polygonal faces and a Q-points quadrature rule with weights &,, ¢ = 1,...,0, is used
to approximate the integrals in the polyhedral cells. Gaussian quadrature rules are considered
with weights that provide the approximate mean-values of the functions to evaluate. Given that,
Equation (5.9) is rewritten in the discrete form in terms of numerical integrals, given as

R
Z ] [ & (Cijir + Dijir) | = filcil = O(h), (5.10)
r=1

JEN;

where h; = |C,'|1/3

and «a is the convergence order of the quadrature rule. Moreover, f; stands for the
approximate mean-value of source term function fS(x) in cell ¢; and Cj;, and D;;, stand for the

physical convective and conductive heat fluxes, respectively, at the quadrature points of face f;;, given
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as

Cijr = (% (aisr) -507) 8% (a1, (5.11)

Dijr ==k (g17, ) V0 (41,) 51 (5.12)

Notice that, for inner faces f;; = fj;, the conservation of the convective and conductive
heat fluxes is intrinsically preserved within the finite volume method, that is, C;;, = —Cj;, and
D;;, = =Dj;,, since the associated quadrature points coincide and the associated unit normal
vectors are symmetric, that is, g;; . = q;; » and s;j = —s;.

5.3.3 Polynomial reconstructions

Temperature functions are approximated with piecewise cell mean-values in the associated
computational subdomain, such that for cell ¢; in computational subdomain Q“Z, the associated cell
mean-value is denoted as ¢; and defined as

1
¢izm/¢s(x)dx, (5.13)

and vector @5 € R gathers the values for computational subdomain Q“Z.
A polynomial function of degree d, denoted as ¢(x), is written in a compacted form as

5.

y=0

d

QU
]

d B
ex)=n-p,(x—m)= Z Napy(x —my)* (y —my)ﬁ(z -my)?, (5.14)

a=0 B=

o

where p,(x) is a basis vector including all three-dimensional monomials up to degree d, m =
(mx,my,mz) is a reference point, and vector € R" gathers the polynomial coefficients, with
n=(d+1)(d+2)d+3)]6.

The polynomial reconstruction method requires seeking, through a minimization procedure,
polynomial coefficients vector 5 that provides the best approximation of polynomial function ¢(x)
to the cell mean-values in the vicinity of a given mesh element (cell or face) and belonging to the
same subdomain. The linear least-squares method is the standard minimization procedure and
consists in minimizing the sum of the squared residuals that correspond to the difference between the
cell mean-values of the polynomial function and the cell mean-values of the associated temperature
function. For that purpose, consider the prototype weighted cost functional from R” to R, denoted as
F(n), given as

2
F(n):Zwk[ﬁ/(p(x)dx_(ﬁk] . (5.15)

keS Ck
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Without loss of accuracy, the integrals are evaluated numerically using quadrature rules of the same
order as the polynomial degree. S is a stencil gathering the indices of s cells in the vicinity of the
reference point (s ~ 3.5n for the sake of robustness and stability), and wg, k € S, are positive weights
given as wy = w(dy) = 1/((0‘a’k)‘S + 1) , where 8,0 € R are given parameters and dj = |my —m|.
Vector w € R® gathers the weights associated with the cells with an index in the stencil.

For unconstrained polynomial reconstructions, the minimization procedure consists in seeking
unique vector 7 € R" that minimizes functional F(n) in the least-squares sense, that is, =
arg min, F(n). The optimal polynomial reconstruction is then written as ox)=n-p,(x —m). The
normal equations method [16] is used to derive the unconstrained least-squares method and perform
the associated minimization procedure in the present work.

For constrained polynomial reconstructions, functional F (1) is minimized in the least-squares
sense under a linear constraint to exactly fulfill. Denoting a linear constraint functional from R” to R as
G(n), the minimization procedure consists in seeking unique vector 77 € R” that minimizes functional
F(n) in the least-squares sense under constraint equation G(n) = 0, that is, 77 = arg min, F(1)
subject to G(17) = 0. The optimal polynomial reconstruction is written as @(x) =7 - p(x —m). The
so-called linearly constrained Lagrange multipliers method [17] is used to derive the constrained

least-squares method and perform the associated minimization procedure in the present work.

Unconstrained polynomial reconstructions are associated with the inner faces, whereas
constrained polynomial reconstructions are associated with the boundary faces and the cells, as

follows:

e Unconstrained polynomial reconstructions ¢;;(x) = 1;; -pq(x—m;;) are computed for each
inner face f;; in computational subdomain Qi. For the minimization procedure, the parameters

are assigned as i := 1;j, M = mj, S =8, and w = w;;.

e Constrained polynomial reconstructions @;(x) =7, - p ;(x —m;) are computed for each cell ¢;
in computational subdomain Qg. For the minimization procedure, the parameters are assigned
asn:=mn;,, m:=m;, S =S5, and w = w;, and the linear constraint consists in preserving
mean-value ¢; in cell ¢;. Therefore, constraint functional G(17) := G;(n;) is given as

1
Gi(n;) = E/‘Pi(x)dx_ﬁbi- (5.16)

e Constrained polynomial reconstructions @;r(x) = ;5 - p,(x —m;F) are assigned for each
boundary face f;r on computational boundary subset Qi’s. For the minimization procedure,
the parameters are assigned as .= n;p, m == m;r, S '= Sir, and w = w;r, and the linear
constraint consists in fulfilling the prescribed boundary condition function with point-value g;r

at given collocation point p;r = (piF,x. PiF,y PiF,z) With unit vector vip = (ViF,x, ViF,y, ViF,z)-
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Therefore, constraint functional G(n) = G;r (1,F) is given as

Gir(mir) = i) ir(pir) +ﬁF’S(PiF)(—KS(PiF)VSOiF(PiF) . ViF) —gir. (5.17)

The ROD method is used to avoid the deterioration of the accuracy and convergence order of the
method and consists in defining collocation pointp;  := b;r and unitvectorv;r :=n;r = nS(bip)
belonging to associated curved physical boundary subset I"%>S. Collocation point b,z derived
from the projection of face centroid m;r onto the associated physical boundary subset.

5.3.4 Very high-order accurate scheme

The very high-order accurate scheme consists in providing numerical approximations to physical
convective and conductive heat fluxes C;; and D;; ,, respectively, from the values and gradients of
the polynomial reconstructions. Consider the convention [a]* = max(a,0) and [a]~ = min(a,0) as

an upwind indicator. The numerical convective and conductive heat fluxes are given as follows:

e For each inner face f;; in computational subdomain Q3 numerical convective and conductive
heat fluxes, denoted as Cij,, and D;;,, respectively, at quadrature points Gijpr T = 1,...,R,

are given as
S * S T~
Cijr = [u (qij,r) 'Sij] Pi (qij,r) + [u (Qij,r) 'Sij] @ (q,-j,r), (5.18)
Dijr = _KS(qij,r)V(;Eij (qij,r) “Sij- (5.19)

e For each boundary face f;r on computational boundary subset Ff’s, numerical convective and
conductive heat fluxes, denoted as Cir, and D;r ,, respectively, at quadrature points qirr
r=1,...,R, are given as

Cir,y = [us(ti,r) 'siF]+@(QiF,r) + [us(ti,r) 'SiF]_@F (ti,r)’ (5.20)

Diry = —K5 (@i, ) VGir (@ir,) - SiF- (5.21)

Notice that only polynomial reconstructions computed for the subproblem associated with the
inner or boundary faces are used to determine the numerical approximations of the physical heat fluxes.
Moreover, the prescribed boundary conditions are taken into account to compute the constrained
polynomial reconstructions associated with the boundary faces, and no explicit reference appears in
the discretization scheme, which handles only two situations, inner or boundary faces.
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5.3.5 Boundary variables

In Equation (5.17), pointvalue g;r stands for the value at collocation point p;r of the Robin
boundary condition function to fulfill, which is determined as follows:

e For each boundary face fir on computational boundary subset RS pointvalue 8iF ‘= &R IS
given as gir = %5 (p;r) and is explicitly determined from boundary condition function g®5(x).

e For each boundary face fjc on computational boundary subset FAC’A, point-value g;r = gic is
given as gic = gC’A (Pic) and can not be explicitly determined since boundary condition function
gC’A(x) is implicitly defined in Equation (5.7). Therefore, point-value g;c is implicitly determined
with the evaluation of polynomial reconstruction g?j(x), associated to the counterpart boundary
face fjc on computational boundary subset I'SB  at collocation point p;c, given as

gic = @j(pic)- (5.22)

Notice that a“A(x) = 1 and BSA(x) = 0 and the linear constraint for the minimization
procedure corresponds to the Dirichlet boundary condition.

e For each boundary face f;c on computational boundary subset If’B, pointvalue g;r == gjc is
givenas gjc = gCB (pjc) and can not be explicitly determined since boundary condition function
gC’B(x) is implicitly defined in Equation (5.8). Therefore, point-value g c is implicitly determined
with the evaluation of polynomial reconstruction ;c(x), associated to the counterpart boundary
face fic on computational boundary subset 'S4 at collocation point pc with associated unit
normal vector vc, given as

gic = —k*(p,c) Véic(pic) vic (5.23)
Notice that a®B(x) = 0 and SSB(x) = 1 and the linear constraint for the minimization
procedure corresponds to the Neumann boundary condition.
5.3.6 Residual operators

The cell mean-values of temperature functions ¢°(x) are gathered in vectors @5 € R™ and
the point-values of boundary condition functions g©5(x) are gathered in vectors ¥>5 € R”F’S, that
is, @5 = [¢;];czs and WFS = [g;r];c7r.s. The equations derived from proposed method, that is, the
discretization of the subproblems and the numerical treatment of the thermal coupling, are rewritten
in terms of the residual of affine operators, as follows:

e Foreach cell ¢; in computational subdomain 2%, Equation (5.10) derived from the discretization
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of the subproblems is rewritten with the numerical heat fluxes as R; = 0 with residual given as

R
Ri= Z|ﬁj|[2§r(cij,r+pij,r)] - fileil. (5.24)

JjEN; r=1

The residuals defined in Equation (5.24) for cells ¢; in computational subdomain Qi with only
inner faces are gathered in the vector form with affine residual operator R (@) from R™ to
R -1 =1 The residuals defined in Equation (5.24) for cells ¢; in computational subdomain
Qi with a boundary face f;z on computational boundary subset FAF’S are gathered in the

vector form with affine residual operator RES (455, phs ) from R+ o R

For each boundary face f;c on computational boundary subset If’A and counterpart boundary
face fjc on computational boundary subset FAC’B, Equations (5.22) and (5.23) derived from the
numerical treatment of the thermal coupling are rewritten as G;c = 0 and G;c = 0, respectively,
with residuals given as

Gic = ¢;(pic) - sic, (5.25)
gjc = —KA(ij)Vg/D\,'C (ij) “Vjc—§&jcC- (5.26)

The residuals defined in Equation (5.25) for boundary face fic on computational boundary
subset I AC’A are gathered in the vector form with affine residual operator QC’A(‘PC’A, ¢B)
from R 41" to R"“* The residuals defined in Equation (5.26) for counterpart boundary face
Jfjc on computational boundary subset FAC’B are gathered in the vector form with affine residual

C,B A C,A C,B
operator QC’B('I’C’B, A, Y’C’A) from R0+ 4o R

5.3.7 Implicit formulation

The cell mean-value of temperature functions ¢ (x) in vectors @3 are unknown and correspond

to the internal variables for the proposed method while the point-values of boundary condition functions

gC’S(x) in vectors <5 are also unknown but correspond to the boundary variables for the proposed

method. On the other side, boundary conditions functions gR’S(x) are given and, therefore, vectors

YRS only gather provided pointvalues. Therefore, the number of degrees of freedom to determine

is DOF = n® +nB + n®A + n°B. The internal and boundary variables for the proposed method are
gathered in global vector @ € RPOF given as @ = [@*, @B, PCA, ‘PC’B]T.

The implicit system of linear equations for the solution of the partitioned problem is formed

gathering residual operators (5.24) and (5.26) in vector form in affine global residual operator R(®)
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from RPOF to RPOF \ritten as

RA (cpA)
RRA ( A, .PR,A)
RCA ( P, .PC,A)

R(P) = (5.27)

The solution of the implicit affine system given as R(@®) = 0 provides vector @* € RPOF that
corresponds to the approximate solution of the conjugate heat transfer problem in terms of internal
and boundary variables. An iterative free-matrix algorithm, such as the GMRES method, supplemented
with a preconditioning matrix, is used to solve the implicit system of linear equations. A static
condensation method provides an implicit system of linear equations only in terms of internal variables,
as implemented in Costa et al., 2019 [15].

5.4 Implementation improvements

Most of the execution time of a simulation spent on the computation on the linear system
solution rather than on the initialization procedures, such as the generation of mesh, computation of
quadrature rules and preconditioning matrices, among others. The implicit formulation of the proposed
method requires an iterative free-matrix algorithm where each iteration consists in providing an input
vector @ (in the case of the GMRES method it corresponds to the last vector in the Krylov subspace)
and computing the global residual operator R(@®). A simple implementation of the proposed method
in an implicit formulation through a global residual operator comprises the following steps:

e Step 1 - compute the coefficients vector of the polynomial reconstructions for each cell, inner
face, and boundary face.

e Step 2 - determine the values and gradients of the polynomial reconstructions at the quadrature
points on the faces and the collocation points.

e Step 3 - evaluate the numerical heat fluxes on each inner and boundary face and the boundary
variables at each collocation point.
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e Step 4 - compute the residual for the cells and the relation of the thermal coupling for each

boundary variable.

Such simple implementation is not computationally efficient since several parameters and
matrices in the proposed method are computed repeatedly without output variation at each iteration
of the GMRES method. An optimized implementation is proposed deriving equations in each of these
steps that perform the same operations and provide the same result with a reduced computational cost
and, therefore, improving the performance of the proposed method. Moreover, an explicit formulation
of the proposed method is derived where a sparse matrix of coefficients and a right-hand side vector
replace the global residual operator.

5.4.1 Step 1

An optimization of step 1 is proposed to reduce the computational cost of computing the
coefficients vector of the polynomial reconstructions for each cell, inner face, and boundary face.

5.4.1.1 Optimization

Several types of polynomial reconstructions for the finite volume scheme and the numerical
treatment of the thermal coupling are required, namely, unconstrained polynomial reconstruction
@;j(x) for each inner face f;; in computational subdomain Q3 constrained polynomial reconstruction
0;(x) for each cell ¢; in computational subdomain 23, and constrained polynomial reconstruction
@;r(x) for each boundary face f;r on computational boundary subset Ff’s, given as

@ij(x) = ﬁij -Palx—m;j), (5.28)
@i(x) =1;-py(x —m,;), (5.29)
Qir(X) =05 -pa(x —mr). (5.30)

Polynomial coefficients vectors 1;, ﬁij, and 7, are computed performing the associated
minimization procedure (unconstrained or constrained) at each iteration of the iterative free-matrix
algorithm. However, the least-squares method reads to a linear method system where the matrices
do not depend on the solution and can be computed at an earlier stage (see Appendix A). Polynomial
coefficients vectors 7;, 7, j»and 7, can be computed respectively as

;= Mijbyj, (5.31)
i, = Mib;, (5.32)
i = Mibir + girfir. (5.33)
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5.4.1.2 Implementation

Matrices Mij,AAl,-,AAlip € R™ and vector i;r € R" depend on geometrical parameters, namely
the mesh, the polynomial degree, and the linear constraint in the latter cases. On the other side,
vectors b;; € R, b; € RS*! and b;r € R® gather the cell mean-values (internal variables) associated
to the cells with an index in stencils S;;, S;, and S;r, respectively, and g;r is a boundary variable.

Therefore, matrices Mij, M;, and M,-F and vector i; are computed in advance at the pre-processing
stage, stored in memory, and used in step 1.

The computational cost of the additional pre-processing stage is low, when compared with the
cost of the iterative free-matrix method to solve the system of linear equations. The cost becomes
negligible, especially when the number of iterations is high, as in slow convergence problems or
even in non-linear and unsteady problems. On the other hand, the computational cost of the global
residual operator drastically decreases since it avoids performing the minimization procedure for each
polynomial reconstruction at every iteration. Indeed, the least-squares method is computationally
heavy due to the cumbersome operations required to compute matrices AZIU-, M,-, and M,-F and vector
n;r, when compared with the matrix-vector products required to compute polynomial coefficients
vectors 77, ﬁij, and 1, with Equations (5.31) to (5.33). Therefore, the overall performance of the

proposed method is improved, reducing the execution time of the simulation.

5.4.1.3 Computational complexity

The computational complexity of the algorithm for the global residual operator, after optimization
of step 1, is estimated to provide an insight on the computational gains with the subsequent
optimizations. At this stage, the most critical part of the algorithm concerns the calculation of the
polynomial coefficients vectors with Equations (5.31) to (5.33), for which the corresponding number of
floating-point operations and computational complexity are reported in Table 5.2. The computational

complexity is estimated in terms of n, assuming s = 3n and taking only the highest polynomial term.

Table 5.2: Floating-point operations and computational complexity for the calculation of the polynomial

coefficients vectors.

Equation Product dimensions Floating-point operations Computational complexity

(5.31)  (nxs)Xs n(2s—1) O(6n?)
(5.32) (nx(s+1)x(s+1) n@2s+1) O(6n?)
(5.33)  (nxs)xs, 1xn n(2s) O(6n?)

After the calculation of the polynomial coefficients vectors, the numerical convective and
conductive fluxes on the faces are determined. For that, the polynomial basis vector and the associated
Jacobian matrix are necessary at each quadrature point, which can be determined with a minimum
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number of 3(n—4) and 9(n —4) floating-point operations, respectively, using the Horner’s rule. Then,
the values and gradients of the polynomial reconstructions are obtained multiplying the polynomial
basis vector and the associated Jacobian matrix by the corresponding polynomial coefficients vectors,
which demand 2n — 1 and 3(2n — 1) floating-point operations, respectively. Finally, the computational
cost of the residuals assembling for the cells can be neglected since it takes considerably fewer
floating-point operations than the remaining algorithm. For the same reason, the evaluation of the
polynomial reconstructions at the collocation points is not considered. Therefore, the calculation of the
numerical convective and conductive fluxes has a computational complexity of O(20n) per quadrature
point, the same as O(20Rn) per face. Indeed, the calculation of the polynomial coefficients vectors
is the most expensive part of the algorithm, with a computational complexity of O(6n2) per face and
cell, therefore growing quadratically with n.

5.4.2 Step 2

An optimization of step 2 is proposed to reduce the computational cost of determining the
values and gradients of the polynomial reconstructions at the quadrature points on the faces and the

collocation points.

5.4.2.1 Optimization

From the numerical scheme and the numerical treatment of the thermal coupling, the values of
polynomial reconstruction @;(x) and @;r(x) and the gradients of polynomial reconstructions ¢;;(x)
and @;r(x) are determined, either at quadrature or collocation points, given as

@i(x) =1;-py(x —m;), (5.34)
PiF(X) =;p - pa(x —mip), (5.35)
T
Vgij(x) = ('ﬁiT,Vpd(x—mij)) : (5.36)
T
Vair(x) = (il Vpate—mir) . (5.37)

where Vp,(x) is the Jacobian matrix associated to polynomial basis function p,(x). Having the
polynomial coefficient vectors given in Equations (5.31) and (5.33), then, Equations (5.34) and (5.37)
are rewritten and rearranged such that vectors b;;, b; and b;r and boundary variable g;r are put in

evidence, given as

_ ~ \T
Gilx) = (Mibi) pyx—m)
(5.38)

=phx- m;)M;b;,
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_ T
Oir(x) = (MiniF + "ingF) Pu(x—m;r)

(5.39)
=pix —mip)Miphp + SiFp (X —mip)n;F,
— T T
Vij(x) = ((Mijbij) VPd(x—mij))
(5.40)
= Vpg (x —mij)Mijbyj,
~ T T
Voir(x) = ((MiniF + giFﬁiF) Vp(x - miF))
(5.41)

= Vp (x —mip)Mipbir + girVp Y (x —mip )i,

where vector pg(x) and matrix Vpg(x) are the transposes of vector p,(x) and matrix Vp,(x),
respectively. For any point x, function ¢;r(x), vector functions a;(x), a;r(x), ¢;r(x), and matrix
functions Z,-j (x) and Z,-F(x), are defined respectively as

Gr(x) =pyx—mip)nir, (5.42)
ai(x) = pj(x —m)M;, (5.43)
@ir(x) = py(x —mip)Mr, (5.44)
Cip(x) = Vpjy(x —m;p)ni, (5.45)
A;j(x) = VpL(x —m;;)M;, (5.46)
Air(x) = Vp)x —mip)Mi. (5.47)

Then, Equations (5.38) and (5.41) are rewritten with the functions defined in Equations (5.42) to (5.47),
given respectively as

pi(x) =a;(x)-b;, (5.48)
ir(x) = @ip(x) - bir + girCir(X), (5.49)
V&ij(x) = Aij(x)bij, (5.50)
V@ir(x) = Aip(X)bir + girCir(x). (5.51)

5.4.2.2 Implementation

Vector functions a;(x), @;r(x), and ¢;r(x), matrix functions Z,-j(x) and Z,-F(x), and function
¢;r(x) only depend on geometrical parameters, namely the mesh, the polynomial degree, the linear
constraint, stencil size and weights for the cost functional in the least-squares method, and point x.
Substituting point x with quadrature or collocation points, provide an expression that is computed
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in advance at the pre-processing stage, stored in memory, and used in step 2 and, therefore,
the optimization eliminates steps 1 from the implementation of the global residual operator. More
specifically, the following vectors, matrices, and scalars are computed in advance at the pre-processing
stage and stored in memory:

e For each inner face f;; in computational subdomain Q5 numerical convective and conductive
heat fluxes in Equations (5.18) and (5.19) use the values of polynomial reconstructions &;(x)
and @;(x) and the gradient of polynomial reconstruction ¢;;(x) at quadrature points qijr

r=1,...,R, computed from Equations (5.48) and (5.50) having vectors a; (q,-j,r) anda; (q,-j’r)

and matrix Zij (q,-j’r) computed in advance.

e For each boundary face f;r on computational boundary subset Ff’s, numerical convective
and conductive heat fluxes in Equations (5.20) and (5.21) use the values of polynomial
reconstructions @;j(x) and @;r(x) and the gradient of polynomial reconstruction @;r(x) at
quadrature points g;,, r = 1,..., R, computed from Equations (5.48), (5.49), and (5.51)
having vectors @i(gr,), @i (€ir,), Cir(@ir,), matrix Air(q;r,) and value Gr(gir,)
computed in advance.

e For each boundary face fic on computational boundary subset FAC’A, boundary variables in
Equation (5.22) requires the value of polynomial reconstruction ¢;(x), associated to counterpart
boundary face f;jc on computational boundary subset FAC’B, at collocation point p,, computed
from Equation (5.48) having vector @;c (p;c) computed in advance.

e For each boundary face fjc on computational boundary subset FAC’B, boundary variables
in Equation (5.23) requires the gradient of polynomial reconstruction @;c(x), associated to
counterpart boundary face fic on computational boundary subset I” AC’A, at collocation point
Pjc, computed from Equation (5.51) having matrix ZiC (pjc) and vector ¢;c (pjc) computed
in advance.

The computational cost of the additional pre-processing stage is negligible, when compared
with the cost of the iterative free-matrix method to solve the system of linear equations. On the
other hand, the computational cost of the global residual operator is drastically reduced since the
matrix-vector products in Equations (5.31) to (5.33), to compute the polynomial coefficients vectors of
the polynomial reconstructions, in addition to the products in Equations (5.34) to (5.37), to compute
the values and the gradients at the quadrature and collocation points, are substituted with simple
dot products in Equations (5.48) to (5.51). Since the latter equations have a substantially lower
computational cost, the overall performance of the proposed method is improved and, consequently,
the execution time of the simulation is reduced.
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5.4.2.3 Computational complexity

The computational complexity of the algorithm for the global residual operator, after optimization
of both steps 1 and 2, is estimated in terms of n, assuming s = 3n and taking only the highest
polynomial term. The evaluation of the values and gradients of the polynomial reconstructions
with Equations (5.48) to (5.51) is now the most expensive calculation of the algorithm, for which
the corresponding number of floating-point operations and computational complexity are reported in
Table 5.3.

Table 5.3: Floating-point operations and computational complexity for the calculation of the values and gradients

of the polynomial reconstructions.

Equation Product dimensions Floating-point operations Computational complexity

(5.48)  s+1 25+1 O(6n)
(5.49) s, 1 2s O(6n)
(550) (3Xs)xs 3(2s—1) O(18n)
(551)  (3xs)xs,3 3(2s—1)+3 O(18n)

Having the values and gradients of the polynomial reconstructions in hand, the calculation of
the numerical convective and conductive fluxes for the faces, followed by the residuals assembling for
the cells, is inexpensive compared with the remaining algorithm. For the same reason, the evaluation
of the polynomial reconstructions at the collocation points is not considered. Since each quadrature
point on the faces requires one polynomial reconstruction value and gradient evaluations, then the
algorithm has a computational complexity of O(24n) per quadrature point, the same as O(24Rn) per
face. Compared with the optimization for step 1 only, the computational complexity of the algorithm

grows linearly, instead of quadratically, with n.

Remark 22 The expected computational gains obtained from these optimizations cannot be deduced
based on a direct comparison of the estimated computational complexity for the algorithm. Indeed,
besides the floating-point operations, many other factors are at stake and have a rather difficult
effect on the algorithm to take into account, such as cache management and compiler vectorization.
Nevertheless, these predictions emphasize the importance of optimizing the algorithm to improve the
computational efficiency of the proposed method.

5.4.3 Step 3

An optimization of step 3 is proposed to reduce the computational cost of evaluating the
numerical heat fluxes on each inner and boundary face and the boundary variables at each collocation

point.
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5.4.3.1 Optimization

For each inner or boundary face f;; in computational subdomain Q5 the associated mean-value
of the numerical convective and conductive heat fluxes, denoted as C;; and D;;, respectively, are

given as
R
Cij= ), &Cijr (5.52)
r=1
R
Dij= ) Dij. (5.53)
r=1

Affine expressions for the mean-values of the numerical heat fluxes as a function of the the cell
mean-values are derived for the inner and boundary faces. Similarly is performed for the boundary

variables.

5.4.3.1.1 Inner faces

For each inner face f;; in computational subdomain Q3. Equations (5.52) and (5.53) are
rewritten from Equations (5.18) and (5.19) as

Cij = ZR: & [US (qij,r) 'sij]+‘;5i(qij,r) + ZR:G [us (qij,r) ‘Sij]_fﬁ\j (qij,r)’ (5.54)
=1 =1
D, = ZR’Jg,(—KS(qU,,))V@J. (qij’r) sij. (5.55)

r=1

Polynomial reconstructions ;(x) and ¢;(x) evaluations at quadrature points q;j, in Equation (5.54)
are determined with Equation (5.48), whereas the gradients of polynomial reconstruction ¢;;(x)
at quadrature points ¢;; . in Equation (5.55) are determined with Equation (5.50). Therefore, the
mean-value of the numerical convective and conductive heat fluxes are rewritten as

o= 3elesln) o afan) )
r=1
3l ) o] el ) 5)

r=1

Djj = ZRl &r (—KS (qij,r)) ((Zij (‘Iij,r))Tbij) “Sij- (5.57)

r=1

(5.56)
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C+C

Rearranging Equations (5.56) and (5.57), vectors a;’.a;,

ag € R* are defined respectively as

R
+
af’}* - Z or [”S (qij,r) 'sij] ai (qij,r)’ (5.58)
r=1
R p—
ai =) & [“S(‘Iij,r) 'Sij] aj (qij,r)’ (5.59)
r=1

Zir( (ql,r)) i (q,,-,,)s,-j, (5.60)

such that vectors b;, b; and b;; are put in evidence. Then, Equations (5.56) and (5.57) are rewritten

in an affine form with the cell mean-values, given as

Cij =aj-bi+af; -b;, (5.61)

Dij = ap

ij “bij- (5.62)

5.4.3.1.2 Boundary faces

For each boundary face f;r in computational boundary subset Ff’S, Equations (5.52) and (5.53)
are rewritten from Equations (5.20) and (5.21) as

R R
Cir = Z &r [”S(‘IiF,r) 'SiF]+@(QiF,r) + Z gr [”S(‘IiF,r) -sir| @ir (ir. ), (5.63)
r=1 r=1
R
Dir = Z Zr(—KS (‘IiF,r))V@F (@ir) -SiF, (5.64)
r=1

Polynomial reconstructions ¢;(x) and @;r(x) evaluations at quadrature points q;r, in Equation (5.63)
are determined with Equation (5.48) and (5.49), respectively, whereas the gradients of polynomial
reconstruction ¢; z(x) at quadrature points q;r, in Equation (5.64) are determined with Equation (5.51).
Therefore, the mean-value of the numerical convective and conductive heat fluxes are rewritten as

lF_Zgr qur SlF] al qur)'b')

. (5.65)
+ Z r [uS(ti,r) 'SiF] ) (aiF(ti,r) -bir + gircir (ti,r))’
r=1
R ~ T
Dip =) G(-KS (ti,r)) ((AiF(ti,r)) bir +8irCir (qir,) | SiF- (5.66)
r=1
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Rearranging Equations (5.65) and (5.66), vectors a5t,a5,ah. € R* and values ¢S, P € R are
defined respectively as
lF - ng [u qur SlF] a\i(ti,r)’ (5.67)
afy = Zér (0% (qir,) - 5] @ir (i), (5.68)
r=1
R S~
azz?v = Z §r(—KS (ti,r))AiF (iF.r)siFs (5.69)
r=1
R —
o = > &[wdair,) -sir] Gr(gir,), (5.70)
r=1
R
C@=:§:4(—K%qu»Eﬁ%%FJ%sW, (5.71)

such that vectors b; and b;r and boundary variable g;r are put in evidence. Then, Equations (5.65)

and (5.66) are rewritten in an affine form with the cell mean-values and boundary variables, given as

C,'F Za?;-bi+aicf 'biF+giFC,'CF_, (5.72)

Dir =al bir +girchy-. (5.73)

5.4.3.1.3 Boundary variables

For each boundary face f;c on computational boundary subset I"AC’A and counterpart boundary
face fjc on computational boundary subset FAC’B, boundary variables g;c and gj;c at collocation
points p;c and p ¢, respectively, are given in Equations (5.22) and (5.23), respectively. Polynomial
reconstructions ¢;(x) evaluation at collocation point p;c is determined with Equation (5.48), whereas
the gradient of polynomial reconstruction @;c(x) at collocation point Pjc is determined with
Equation (5.51). Therefore, Equations (5.22) and (5.23) are rewritten as

gic =a;(pic)-bj, (5.74)

8jic= —kh (ch) ((KiC (PjC))TbiC +gicCic (ij)) “vjC. (5.75)

Rearranging Equations (5.74) and (5.75), vectors a%afc € R® and value 5 € R are defined
respectively as

ag =a;(pic). (5.76)
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afc -« (ch)ZiC (ch)"jc, (5.77)
cjo =K (P,-c)?ic (ch) V), (5.78)

such that vectors b; and b;c and boundary variable g;c are put in evidence. Then, Equations (5.74)
and (5.75) are rewritten in an affine form with the cell mean-values, given as

gic=as-bj, (5.79)

gjc = afc ‘bic+ giccfgo (5.80)

5.4.3.2 Implementation

c+ ,C- ,D ,C+ ,C D B D
ij 4 Qi Gy Q) Qi Qs Cir

cl.% only depend on geometrical parameters, namely the mesh, the polynomial degree, the linear

Vectors a and “?c together with scalars ¢, and
constraint, stencil size and weights for the cost functional in the least-squares method, and quadrature
or collocation points. On the other side, vectors b;;, b;, and b;r gather the cell mean-values (internal

variables) associated to the cells with an index in stencils S;;, S;, and S;F, respectively, and g;r is

; ¢+ ,C- ,D C+ ,C D B B ;
a boundary variable. Therefore, vectors a4, a4, @ A, A, G, and ac together with
scalars cic;, cg, and cl% are computed in advance at the pre-processing stage, stored in memory,

and used in step 4 and, therefore, the optimization eliminates steps 1 and 2 from the implementation
of the global residual operator.

The computational cost of the additional pre-processing stage is negligible, when compared
with the cost of the iterative free-matrix method to solve the system of linear equations. On the
other hand, the computational cost of the global residual operator is drastically reduced since it
replaces the dot products in Equations (5.54), (5.55), (5.63), and (5.64) with only one dot product
in Equations (5.61), (5.62), (5.72), and (5.73), respectively. Since the latter equations have a lower
computational cost, with a factor of around R, the overall performance of the proposed method is
improved and, consequently, the execution time is reduced.

5.4.3.3 Computational complexity

The computational complexity of the algorithm for the global residual operator is straightforward
to estimate after optimization of steps 1 to 3. Indeed, the calculation of the numerical convective and
conductive fluxes requires, roughly speaking, a single dot product of dimension s or s+ 1 for each.
Notice that, the residuals assembling for the cells and the calculation of the boundary variables are
inexpensive compared with the remaining algorithm, and, for such reason, they are not taken into
account. Therefore, assuming s = 3n and taking only the highest polynomial term, the complexity of
the algorithm is O(12n) per face and grows linearly with n.
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5.4.4 Step 4

An optimization of step 4 is proposed to reduce the computational cost of computing the
residual for the cells. Similarly, the relation of the thermal coupling for the boundary variables is also
calculated in an improved way. An explicit formulation of the proposed method with a system of linear
equations in terms of the cells mean-values and boundary variables is provided replacing the global
residual operator.

5.4.4.1 Local and global mappings

For each mesh element, S is a stencil gathering the global indices of s cells in the vicinity of
the reference point, with S < {1,...,n5}. For the least-squares method, local index € € {1,...,s} is
a fixed and unique position specified beforehand for each global index k € S, which ascertains the
associated rows in the coefficients matrix derived from the cost functional and the associated positions
in the vector of the cell mean-values. A global index mapping is defined as the correspondence from
local index ¢ to global index k, denoted as € 5, k, whereas a local index mapping is defined as the
opposite operation, denoted as k L

A global vector mapping consists in transforming any local vector @ € R* into global vector
be R”S, having entries b[ k] = a[£] with index mapping from local to global indices £ 5, k and the
remaining entries are zeros. The global vector mapping operation is performed with matrix S € R %S
defined as a binary matrix with the entries S[k, €] = 1 with index mapping from local to global indices
¢S k and the remaining entries are zeros. Therefore, all columns are non-null having a single
non-null entry, whereas only the rows corresponding to global indices k are non-null (matrix S is full
column rank by construction). In turn, a local vector mapping consists in transforming any global
vector ¢ € R™ into local vector a € R%, having entries a[£] = ¢[k] with index mapping from global to
local indices k —» ¢ (there are no remaining entries in that case). The local vector mapping operation is
performed with matrix ST € R defined as the transpose of matrix S for the global vector mapping
(matrix ST is full row rank by construction).

Remark 23 For instance, consider a mesh with 6 cells and the associated cell mean-values are
gathered in vector @5 = (a,b,c,d,e, f). Consider that a mesh element has stencil S = {1,4,5}
and, therefore, the vector from the least-squares method gathering the associated cell mean-values is
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a = (a,d,e). The global vector mapping operation is performed with matrix S given as

100
000
000
S= , (5.81)
010
001

000

The global vector mapping applied to vector a and the local vector mapping applied to vector »3,

which recovers vector a, are given respectively as

1 00 a
0 0O 0
a
0 0O 0
Sa = d|= , (5.82)
010 d
e
0 01 e
0 0O 0
a
b
1 000 0O a
TS _ c_
$S@>=10 0010 0 =| b | (5.83)
d
0 00O0OT1DO0 c
e
-f_

Property 1 Any two vectors a,d € RY satisfy the property a -d = [Sa] - [Sd] for matrix S € R XS
associated with a global vector mapping. Indeed, the entries in vectors @ and ¢ are mapped to the

same positions in vectors Sa and Sc¢, whereas the remaining entries are .

Property 2 Any two vectors a,d € R* and vector @ satisfy the property [Sa] - [Sd] = [Sa] - ®°
provided that d = ST®5 for matrix S € R™S associated with a global vector mapping. Indeed,
[Sa]-[Sd] = a’STSd = a”STSST @S and the full rank implies that S7SS” = ST since a local vector
mapping applied after a global vector mapping does not lose information (the original vector is
obtained if applied matrix S”S). Therefore, a’STSST®5 = a’ST @5 = [Sa] - &3 and the property
[Sa] - [Sd] = [Sa] - @° holds.
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For each cell ¢; in computational subdomain Qi, for each inner face f;; in computational
subdomain Qi, and for each boundary face f;r on computational boundary subset Ff’s, the matrices
associated to the global vector mappings are defined according to associated stencils S;, S;;, and
Sir, respectively, and are denoted as S;, S;;, and S;r € R”SX“, respectively.

Vector 55 gathers the boundary variables for each boundary face fir on computational
boundary subset Ff’s, such that there is an index € € {1,...,n"*5} providing ¥*5[€] = gir. In
that regard, vector e;r € R is defined having a single non-null entry e;¢[£] = 1 and the remaining

entries are zeros, such that g;r = e;r - ¥15.

5.4.4.2 Optimization

From Properties 1 and 2, the mean-value of the numerical heat fluxes and boundary variables

are rewritten in a global vector mapping representation, as follows:

e For each inner face f;; in computational subdomain Q3, Equations (5.61) and (5.62) are

rewritten as
Cyj = (Sia,) - (Sibo) + (S0 ) - (S78)), (5.84)
Dyj = (Syal) - (Sibi). (5.85)

Since b; = STdiS b;= ST¢S and b;; = ST @3, Equations (5.84) and (5.85) are rewritten as

Cyj = (SiaG; + ;a5 ) - @5, (5.86)

ij.J

Djj = (Syal) - @°. (5.87)

e For each boundary face f;r on computational boundary subset If’s, Equations (5.72)

and (5.73) are rewritten as
Cir = (Siafp,i) '(Sibi)+( zFa,FlF) (Sirbir) +(eirgir)- ( zFC,CF)a (5.88)
Dir = (SlFalF) (Sirbir) + (elFC,F) (€iFgiF)- (5.89)

Since b; = S; @5, bir =S} @5, and gir = el W5, Equations (5.88) and (5.89) are rewritten
as

Cir = (8165, + Sirae ) - @5 + (eircy) - #75, (5.90)

DiF:(SzFalF) @S + (ezFC,F) phs, (5.91)
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e For each boundary face f;c on computational boundary subset FAC’A and counterpart boundary

face fjc on computational boundary subset FAC’B, Equations (5.79) and (5.80) are rewritten as
sic = (Sja) - (S8;) (5.92)
gjc = (Szca ]c) (Sichic) +(eicgic)- (eich-gc)- (5.93)

Since b; = S]T.th, bic = S, and gic = el WS, Equations (5.92) and (5.93) are

rewritten as
gic = (S jai‘%) .5, (5.94)
gjc = (SzCa JC) Pt (e,cc ) [ (5.95)

Then, the equations derived from the discretization of the subproblems and the numerical

treatment of the thermal coupling are rewritten in terms of affine residual operators, as follows:

e For each cell ¢; in computational subdomain Qi with only inner faces, the residual given in
Equation (5.24) is rewritten from Equations (5.86) and (5.87) as

Ri= Z|fj ((Sa,,ﬁS aw) @’ + (Sfjaﬁ)-ﬂbs)—ﬁlcil, (5.96)

JeN;

.. S
Defining vector r; € R"™ as

ri= §|f,-, (Sia+ 555+ 5,07, (5.97)
JEN;

then, Equation (5.96) is rewritten as

R,-:r,--¢s—f,~|c,'|. (598)

e For each cell ¢; in computational subdomain Qi with a boundary face f;r on computational
boundary subset Ff’s, the residual given in Equation (5.24) is rewritten from Equations (5.90)
and (5.91) as

Ri= 3 |fil((Siaf +S,a5,;) - @5 + (sijaf ) )
JENAF

+(S,Fa ) ®S + (e,Fc ) ‘I’FS) fileil.
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.. S
Defining vectors r;,t; € R" as

ri= Z |fij|(Sial-CjJ +Sjal-cj’j +Sijd5)
JENI\F (5.100)

+| fiF| (SiaicF,i +SiFafp i+ SiF“Zl)F)’
t = | firl (etifF +eiFC£:), (5.101)
then, Equation (5.99) is rewritten as

Ri=ri-®°+t;- PS5 — fcil. (5.102)

e For each boundary face f;c on computational boundary subset FAC’A and counterpart boundary
face fjc on computational boundary subset FAC’B, the residuals given in Equations (5.25)
and (5.26), respectively, are rewritten from Equations (5.94) and (5.95) as

Gic = (8;a%)- @ - gic (5.103)

Gic = (Sicalc) - @™ + [ercefc) ¥ - gje. (5.104)

Notice that gic = e;c - P and gjc = e;c - WCB. Defining vectors g;c € R"” and gjc € R

as
gic = S;a%, (5.105)
q;c = Sica’, (5.106)
wjc = eicCi, (5.107)

then, Equations (5.103) and (5.104) are rewritten as

Gic = qic - P® —eic - PO, (5.108)

Gic=qjc- P +wjc- P  —ejc- PP (5.109)

5.4.4.3 Explicit formulation

Having the residuals of the implicit formulation of the proposed method given as dot products
with vectors @5 and vectors ¥7-5 in evidence, then, the associated residual operators can be
assembled in matrix form, as follows:

e The residuals defined in Equation (5.98) for cells ¢; in computational subdomain Qi with only

—nC’S)XnS

. . . . . S_,RS
inner faces are rewritten in vector form with matrix RS € R(7* -7 composed of rows
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corresponding to vectors r; and vector f5 € R =151 it entries filci|, given as
Rs(q)S) —RS®S 5. (5.110)

e The residuals defined in Equation (5.102) for cells ¢; in computational subdomain Qi with a
boundary face f;r on computational boundary subset Ff’S are rewritten in vector form with
matrix RF-S € R"**"* composed of rows corresponding to vectors r;, matrix T5S ¢ R7" 51"

. NI . .
composed of rows corresponding to vectors ;, and vector f* € R” with entries f;|c;|, given as

IRF,S(djS’ .PF,S) = RFS@S £ TFSWFS _fFsS. (5.111)

e The residuals defined in Equation (5.108) for face fic on computational boundary subset FAC’A

are rewritten in vector form with matrix QC’A e RA“Mx n® composed of rows corresponding to
vectors g;c, and identity matrix I € R siven as
gC,A(Y,C,A’ ¢B) = QCAPE _ [CAPCA (5.112)

e The residuals defined in Equation (5.109) for face f;c on computational boundary subset FAC’B
are rewritten in vector form with matrix QC’B e Ri“Pxnt composed of rows corresponding to
vectors g ;c, matrix WCB ¢ Rr©Pxnt composed of rows corresponding to vectors w;c, and
identity matrix IGB € R”C’BX”C’B, given as

GCB (Y,C,B’ &, Y,C,A) — QCB@A 4 WOBYCA _[CByCB, (5.113)

The explicit formulation consists in gathering in matrix form the residual operators given in

Equations (5.110) to (5.113). Then, the system of linear equations from RPF to RPOF is written as
R* 0 0 0 Vi 0
RR,A 0 0 0 fR,A TR,A q[R,A
RC,A 0 TC,A 0 [ ¢A ] fC,A 0
0 R® 0 o0 |[@®| |f° 0
_ _ , (5.114)
0 RR,B 0 0 TC’A fR,B TR,B q/R,B
0 RC’B 0 TC’B Y’C’B fC,B 0
0 Q" -I% 0 0 0
QC,B 0 WC,B _IC,B 0 0

where 0 indicate null vectors or matrices with the required sizes (vectors YRS are known and,
therefore, are written on the right-hand side). As for the implicit formulation, an iterative free-matrix
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algorithm, such as the GMRES method, supplemented with a preconditioning matrix, is used to solve

the explicit system of linear equations (5.114).

A static condensation of the explicit formulation is easily derived and provides a system of
linear equations in terms of only internal variables. Vectors PGS are replaced with the corresponding
expressions in terms of vectors @3, and the condensed explicit formulation is given as

RA 0 fA 0
RR’A 0 fR,A TR,ATR,A
RCA TCA QC,A A A 0
, o 1= e - : (5.115)
D 0
0 RRB FRB TRByRB
7CB QC,B ( RCB 4 7CBWCB QC,A) fC,B 0

5.4.4.4 Implementation

The explicit formulation corresponds to linear equations (5.114) or its condensed form (5.115)
and is solved with an iterative method. The associated matrix gathers blocks composed of vectors r;,
ti, 4ics 9jc and wc derived from the global vector mappings applied to vectors of very small size,
when compared with the number of variables. Therefore, the associated matrix is very sparse (the
same is valid for the condensed form), which is useful from the implementation viewpoint to avoid a
substantial number of unnecessary multiplications and save a large amount of memory. Moreover,
an explicit formulation with a sparse matrix and a right-hand side vector, replacing the global residual
operator, brings advantages over the implicit formulation. Indeed, the number of multiplications and
additions becomes smaller, the computational overhead due to loop management in steps 1 to 3 is
avoided, and the cache is used more efficiently. Therefore, the overall performance of the proposed
method is improved, reducing the execution time of the simulation. Another important advantage is
that having the matrix in hand, it turns out more practical to design better preconditioning matrices.

5.5 Numerical benchmark

The verification of the proposed method is based on the numerical analysis in terms of
accuracy, convergence order, stability, and robustness to solve conjugate heat transfer problems in
arbitrary three-dimensional curved domains. For that purpose, analytic solutions ¢S(x) are obtained
in associated physical subdomains ©° such that the continuity interface conditions are fulfilled
on the interface subsets. Moreover, functions g®%(x) are obtained from the analytic solutions to
prescribe the Robin boundary conditions on physical boundary subsets I'®5. Following the method of
manufactured solutions [18-21], source term functions fS(x) are determined to satisfy Equation (5.1)
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in associated physical subdomains €% given the velocity vector functions #5(x) and the thermal
conductivity functions KS(x). Notice that only smooth solutions and source terms of the steady-state
three-dimensional conjugate heat transfer problem are considered in the present work. The method of
verification consists in running simulations with successive finer polyhedral meshes generated for the
curved domains. The approximate solutions computed from the proposed method are compared with
the analytic ones and, therefore, the accuracy and convergence orders under mesh refinement are
determined.

The system of linear equations is solved in the condensed form with the GMRES method
where the number of degrees of freedom is DOF = n™ + nB corresponding to the approximate cell
mean-values of the temperature functions. For each cell ¢; in computational subdomain Q2 the error

of approximate cell mean-value ¢ is determined having the exact cell mean-value given as

— 1
¢ = —/ ¢ (x)dx. (5.116)
|ci| Ci
Then, the relative errors in the L!- and L®-norm, denoted as E; and E., respectively, are determined
as
DOF
Z ¢7 - ¢i| |ci
i=1
E = o7 , (5.117)
Z |cil
i=1
Ie) —_
Ewo = max|g; — (5.118)
1=

Consider two meshes for the same domain with different characteristic sizes, a number of
degrees of freedom of DOF, and DOF,, respectively, associated relative errors in the L!-norm
of E11 and Ej,, respectively, and associated relative errors in the L™-norm of E. 1 and Eu2,
respectively. Then, the convergence orders for the relative errors in the L!- and L®-norms, denoted
as 01 and O, respectively, are given as

In(Eq 1 /E
- (E11/E2) , (5.119)
In(DOF,/DOF>)
_ | In(Et/Ew2) (5.120)
* " "|In(DOF,/DOF,)| |

In the case of the continuity interface conditions, the partitioning method prescribes either
a Dirichlet boundary condition in one subproblem and a Neumann boundary condition in the
other, resulting in two possible partitioning configurations (see Remark 21). These two partitioning
configurations are referred to as configurations DN and ND and are defined as follows:
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e DN: a Neumann boundary condition is prescribed on physical interface subset I'A in
subproblem P2 while a Dirichlet boundary condition is prescribed on physical interface subset
I'SB in subproblem PB.

'S in subproblem

o ND: a Dirichlet boundary condition is prescribed on physical interface subset
P2 while a Neumann boundary condition is prescribed on physical interface subset "B in

subproblem PB.

Specific test cases are addressed with both partitioning configurations, and the obtained approximate
solutions are compared in terms of accuracy and convergence orders, establishing their behaviour
with respect to the physical properties of the problem.

The weighting function to perform the minimization procedure in the polynomial reconstruction
method is set with parameters 6 = 2 and o = 5h, where & is the characteristic size of the reference
mesh element (face or cell). The optimal parameters are chosen to provide stability and robustness to

the least-squares method.

5.5.1 Spherical shell domain test case

The first test case consists of a spherical shell with two layers and spherical boundaries and
interface centred at the axis origin (see Figure 5.2). The inner layer corresponds to physical subdomain
QA and the outer layer corresponds to physical subdomain QB. The internal and external spherical
surfaces have radius r; = 0.5 and rg = 1, respectively, while the middle spherical surface has radius
rv = 0.75.

The analytic solutions assigned to this test case are expressed in spherical coordinates (r, 6, ¢),
with radius 72 = x% + y? + z2, polar angle 6 = arccos(z/r), and azimuthal angle 6 = arctan(y/x),

given as

s
¢5(r,0, ) = (a_ + bs) sin(nge) sin’(0) COS(I’li(p), in Q, (5.121)
r

for S € {A,B}, with parameters a®,b™,a®,b® € R and nJ, nf;, ng.nd € N. Notice that, although
the analytic solutions are provided in spherical coordinates, the problem is numerically solved in
Cartesian coordinates. The associated source term functions are obtained after substituting analytic

solutions (5.121) into Equation (5.1).

The internal and external surfaces of physical subdomains Q4 and @B, respectively, correspond
to physical boundary subsets 'R and I'®B| respectively. Physical boundary subset I'®4 is assigned
with an homogeneous Dirichlet boundary condition, while physical boundary subset I'®B is assigned
with a periodic Dirichlet boundary condition with boundary condition function given as

B
gRB(6, ) = (“_ + bB) sin(nge) sin>(6) cos(ng ¢), on I'°B, (5.122)
g
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X

(a) Full view. (b) Cross-section view.

Figure 5.2: Physical domain for the spherical shell domain test case.

where coefficient functions a®4(x) = 1, SR (x) = 0, a®B(x) = 1, and BRB(x) = 0 are assigned on

the latter such that the Robin boundary conditions corresponds to the Dirichlet one.

The middle surface between physical subdomains Q@ and QB corresponds to physical interface
subset I"C, where the continuity interface conditions are prescribed. Parameters a®, a®, bA, bB are
determined such that the boundary conditions and the continuity interface conditions are simultaneously
satisfied. Constant thermal conductivity functions «(x) and xB(x) are assigned and parameters are
determined as

a = CKBFII‘MI‘E, (5.123)
ab = CKAnmrE, (5.124)
bt = —CKBrth, (5.125)
bB = —CFE(KAI’]-I-KB(I’M—V[)), (5.126)
¢ = k™rirv = nre) + K5 (nrg = rwire). (5.127)

Density and heat capacity functions are assigned constant while the velocity vector fields are
tangent to the surfaces such that no convection occurs through the boundaries and interface, given in
spherical coordinates as

u’(r,0) = W3rsin(0)@, in Q5 (5.128)
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(a) Full view. (b) Cross-section view.

Figure 5.3: Uniform Delaunay tetrahedral meshes for the spherical shell domain test case.

0.5

(a) Full view. (b) Cross-section view.

Figure 5.4: Uniform structured hexahedral meshes for the spherical shell domain test case.
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for S € {A, B}, with parameters w?, w® € R.

The test case is addressed with parameters ny =ny =ng =ng =5, 0% =pP=1,c) =cp = 1.
The analytic solutions only depend on these parameters and on the thermal conductivity functions

(through parameters a®, b, a®, and bB), which are assigned according to the following cases:

e Low thermal conductivity ratio case: k*(x) = 1 and «B(x) = 2 (see Figure 5.5).

e High thermal conductivity ratio case: k*(x) = 1 and xB(x) = 100 (see Figure 5.6),

where the ratio is defined as xB(x)/k*(x). Parameters w® and w® in the velocity functions are

assigned according to the following cases:

e Low thermal convection case: w® = 1 and w® = —1.

e High thermal convection case: w® = 100 and w® = —100.

Successively finer uniform Delaunay tetrahedral meshes or uniform structured prismatic meshes
(with no curved elements) are used to discretize each physical subdomain (see Figure 5.3 and 5.4) and
the simulations are carried out for configurations DN and ND and for polynomial degrees d = 1,3, 5.

5.5.1.1 Low thermal convection case

The low thermal convection case combined with the low and high thermal conductivity ratio cases
are addressed, and simulations are carried out with successive finer uniform Delaunay tetrahedral
meshes, polynomial degrees d = 1,3,5, and configurations DN and ND. The relative errors and
convergence orders are reported in Table 5.4. Notice that configuration DN prescribes the Neumann
boundary condition in subproblem pA (with the highest thermal conductivity), while the Dirichlet
boundary condition is prescribed in subproblem pB (with the lowest thermal conductivity). In contrast,

configuration ND prescribes the opposite situation.

In both thermal conductivity ratio cases, and regardless of the partitioning configuration, the
second-, fourth-, and sixth-orders of convergence are effectively achieved with polynomial degrees
d =1,3,5, respectively, both in terms of the L'- and L®-norms. Additionally, the accuracy obtained
with configurations DN and ND is comparable for the same case and polynomial degree, whereas
the difference seems to reduce for lower thermal conductivity ratios. On the other side, the thermal
conductivity ratio has a low influence on the accuracy, which supports that the proposed method is
robust and stable regardless of the strength of the thermal interaction between physical subdomains.

Although the partitioning configuration seems of minor importance in what concerns the
accuracy and the convergence orders, the same comparative analysis is carried out in terms of the
residual convergence in the GMRES method to solve the associated system of linear equations. The
GMRES stopping criteria corresponds to a tolerance parameter for the residual convergence assigned
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Solution Solution

(a) Full view. (b) Cross-section view.

Figure 5.5: Analytic solution for the spherical shell domain test case with a low thermal conductivity ratio.

1.0 1.0

Solution Solution

(a) Full view. (b) Cross-section view.

Figure 5.6: Analytic solution for the spherical shell domain test case with a high thermal conductivity ratio.
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according to the characteristic mesh size and the polynomial degree, such that unnecessarily lower
residuals, for the expected approximate solution accuracy, are avoided. Additionally, a maximum
number of 200 000 iterations is also set.

The number of GMRES iterations is reported in Table 5.5. In the low thermal conductivity ratio
case, the number of iterations is comparable between configurations DN and ND regardless of the
polynomial degree. However, the former requires, in general, slightly fewer iterations. Similarly, in the
high thermal conductivity ratio case, configuration DN requires fewer iterations than configuration ND,
regardless of the polynomial degree. However, in that case, the difference is more considerable for
polynomial degree d = 5 and increases as the mesh characteristic size decreases. Configuration ND
requires more iterations, possibly due to the higher condition number of the associated coefficients
matrices. Since both partitioning configurations provide comparable results in terms of accuracy
and convergence order, configuration DN performs more efficiently than configuration ND. Therefore,
based on the previous results, the Dirichlet and Neumann boundary conditions resulted from the
partitioning method for the continuity interface condition, should be prescribed in the subproblem with

the lower and higher thermal conductivity, respectively.

The relative errors as a function of the associated solution time, denoted as 75 (in seconds
(s)), are plotted in Figure 5.7. As observed, the solution time for the same mesh increases for
increasing polynomial degree since the sizes of the matrices and vectors involved in the polynomial
reconstructions are higher. On the other side, to achieve the same accuracy, the fourth-order of
convergence is always significantly faster than the second-order of convergence and, in turn, the
sixth-order of convergence is substantially faster than the former. For instance, to achieve a relative
error of E; = 1070 in the L'-norm, the second-, fourth-, and sixth-orders of convergence require
approximately 107 s, 100 s, and 10 s, respectively. For the second-order of convergence, roughly
four months are required (extrapolating the associated relative error curve), while only a few seconds
are needed with the fourth- and sixth-orders of convergence. Moreover, to achieve such accuracy, the
second-order of convergence also implies to generate and store massive mesh composed of billions to
trillions of cells, for which the amount of memory exceeds the nowadays computer limitations. Indeed,
the benefit of using very high-order of convergence is to achieve the same accuracy as second-order

of convergence but with substantially coarser meshes and significantly faster simulations.

Structured meshes are useful for specific situations, and different mesh elements than
tetrahedrons can be used. The same test case is addressed with successive finer uniform structured
prismatic meshes to check whether the proposed method can handle other types of polyhedral meshes.
The relative errors and convergence orders are reported in Table 5.6.

As observed, in both thermal conductivity ratio cases, the second-, fourth-, and sixth-orders of
convergence are effectively achieved with polynomial degrees d = 1,3, 5, respectively, both in terms
of the L!- and L®-norms, with configuration DN. Therefore, the results support the capability of the
proposed method to handle structured meshes composed of triangular prisms. The results obtained
with configuration ND are not provided for the sake of simplicity, but the same behaviour as for uniform
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Table 5.4: Relative errors and convergence orders obtained in the spherical shell domain test case with a low

thermal convection and uniform Delaunay tetrahedral meshes.

dzl d:3 d:5

DOF E O E, O« E 0O Eyw O E, 0O Ew O

Low thermal conductivity ratio, configuration DN

80829 3.61E-03 — 2.97E-02 1.16E-04 1.26E-03 1.24E-05 1.46E-04 -
254516 1.67E-03 2.01 1.41E-02 195 2.46E-05 4.06 2.43E-04 4.30 1.14E-06 6.23 1.41E-05 6.13
726 929 8.14E-04 2.06 8.31E-03 1.51 5.75E-06 4.16 6.86E-05 3.62 1.23E-07 6.38 1.52E-06 6.36

2290543 3.76E-04 2.02 4.61E-03 1.54 1.23E-06 4.03 1.85E-05 3.43 1.21E-08 6.05 2.70E-07 4.52

Low thermal conductivity ratio, configuration ND

80829 3.41E-03 — 2.84E-02 — L.11E-04 — 1.22E-03 — 1.17E-05 1.51E-04 -
254516 1.58E-03 2.01 1.45E-02 1.75 2.33E-05 4.09 2.79E-04 3.86 1.07E-06 6.25 1.44E-05 6.15
726929 7.68E-04 2.07 8.32E-03 1.59 5.40E-06 4.18 7.19E-05 3.88 1.15E-07 6.37 1.52E-06 6.44

2290543 3.55E-04 2.02 4.34E-03 1.70 1.15E-06 4.04 1.87E-05 3.53 1.13E-08 6.07 2.74E-07 4.47

High thermal conductivity ratio, configuration DN

80829 4.42E-03 — 4.68E-02 — 1.70E-04 — 2.34E-03 2.06E-05 2.83E-04 -
254516 2.04E-03 2.03 1.91E-02 2.34 3.61E-05 4.06 491E-04 4.08 195E-06 6.17 3.23E-05 5.68
726 929 9.85E-04 2.08 1.09E-02 1.60 8.36E-06 4.18 1.49E-04 3.40 2.09E-07 6.37 3.41E-06 6.43

2290543 4.56E-04 2.01 6.03E-03 1.56 1.79E-06 4.03 3.16E-05 4.06 2.15E-08 5.95 4.64E-07 5.21

High thermal conductivity ratio, configuration ND

80829 3.56E-03 — 3.21E-02 — 1.32E-04 — 1.48E-03 1.58E-05 2.16E-04 -
254516 1.63E-03 2.04 1.63E-02 1.78 2.75E-05 4.10 3.75E-04 3.59 1.51E-06 6.14 2.51E-05 5.63
726 929 7.85E-04 2.09 9.46E-03 1.55 6.26E-06 4.23 8.86E-05 4.12 1.61E-07 6.40 2.16E-06 7.00

2290543 3.61E-04 2.03 4.94E-03 1.70 1.32E-06 4.07 2.09E-05 3.77 1.59E-08 6.04 3.44E-07 4.80

Table 5.5: Number of GMRES iterations obtained in the spherical shell domain test case with a low thermal

convection and uniform Delaunay tetrahedral meshes.

Low thermal conductivity ratio High thermal conductivity ratio

Configuration DN Configuration ND Configuration DN Configuration ND

DOF d=1 d=3 d=5 d=1 d=3 d=5 d=1 d=3 d=5 d=1 d=3 d=5

80 829 32 72 192 37 79 137 29 51 74 37 80 384
254 516 46 106 206 50 119 213 42 82 106 51 119 453
726 929 63 153 281 68 170 310 60 123 149 73 173 5468

2 290 543 97 242 423 104 269 402 91 191 212 108 268 67512

233



5.5. Numerical benchmark

1E_2§ ‘ ‘ —-—d=1 1B ——d=1

F 1l-8-d = —=-d=
1E—3§ q|—-—d=5 1E-2| {|l—2—d =5
1E-4|

£ q 1E-3} 4
1E-5¢ E

ry b 1 o 1E-4} E

1E-6F E

i ] 1E-5} .
1E-7¢ E
18| 1E-6} .
1E797 L Lol L Ll L Ll L L 1E77 L Lol L Lol L Lol L Lo

1E-1 1E+0 1E+1 1E+2 1E+3 1E-1 1E+0 1E+1 1E+2 1E+3
Ts [s] Ts [s]
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Figure 5.7: Relative errors and solution time obtained in the spherical shell domain test case with a low thermal

convection, low thermal conductivity ratio, configuration DN, and uniform Delaunay tetrahedral meshes.

Delaunay tetrahedral meshes is observed.

Table 5.6: Relative errors and convergence orders obtained in the spherical shell domain test case with a low

thermal convection, configuration DN, and uniform structured prismatic meshes.

DOF E, 0 Ew O E 0 Eyw O E1 O Ew O

Low thermal conductivity ratio

76 176  3.44E-03 — 2.37E-02 — 1.52E-04 — 1.28E-03 — 4.57E-05 — 6.79E-04 -
235224 1.63E-03 199 1.14E-02 1.95 3.82E-05 3.67 3.07E-04 3.80 4.72E-06 6.04 1.25E-04 451
710976 7.80E-04 2.00 5.35E-03 2.05 9.59E-06 3.75 7.15E-05 3.95 5.31E-07 5.92 1.57E-05 5.61

2154720 3.87E-04 1.89 2.67E-03 1.88 2.22E-06 3.96 1.76E-05 3.79 6.36E-08 5.74 3.05E-06 4.43

High thermal conductivity ratio

76 176 4.19E-03 — 3.19E-02 — 2.23E-04 — 2.38E-03 8.15E-05 — 1.46E-03 —
235224 2.00E-03 1.97 1.55E-02 1.92 5.45E-05 3.75 5.89E-04 3.72 7.87E-06 6.22 1.55E-04 5.97
710976 9.42E-04 2.04 6.54E-03 2.34 1.34E-05 3.81 1.43E-04 3.85 8.96E-07 589 1.95E-05 5.62

2154720 4.78E-04 1.83 3.28E-03 1.87 3.08E-06 3.98 3.14E-05 4.09 1.04E-07 5.82 3.79E-06 4.43

5.5.1.2 High thermal convection case

The high thermal convection case combined with the low and high thermal conductivity
ratio cases are addressed, and simulations are carried out with successive finer uniform Delaunay
tetrahedral meshes, polynomial degrees d = 1,3,5, and configurations DN and ND. The relative
errors and convergence orders are reported in Table 5.7. Notice that configuration DN prescribes
the Neumann boundary condition in subproblem P* (with the highest thermal conductivity), while the
Dirichlet boundary condition is prescribed in subproblem pB (with the lowest thermal conductivity). In

contrast, configuration ND prescribes the opposite situation.
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As in the previous case, in both thermal conductivity ratios cases and regardless of the
partitioning configuration, the second-, fourth-, and sixth-orders of convergence are effectively achieved
with polynomial degrees d = 1,3, 5, respectively, both in terms of the L'-and L®-norms. The accuracy
is also comparable between configurations DN and ND and has a low dependency on the strength of
the thermal interaction between physical subdomains. Moreover, the results preserve the essentially
non-oscillatory behaviour with any polynomial degree and the when thermal convection increases,
when compared to the previous case. Comparing the relative errors in the L!- and L®-norms for the
same approximate solution, a ratio of around ten is obtained, regardless of the polynomial degree.
Such ratio indicates that the relative error distribution is relatively even in the physical subdomains
and that the interface treatment is not deteriorating the accuracy, either locally or globally. The
results support that the proposed method is robust and stable with very high-order of convergence for
convection-dominant cases.

The number of GMRES iterations are reported in Table 5.8. More iterations are required in
comparison with the low thermal convection case, possibly due to the increased condition number of the
associated matrices of coefficients. In the low thermal conductivity ratio case, the number of iterations
is comparable between configurations DN and ND regardless of the polynomial degree. However, in
general, a few more iterations are required for the latter configuration, as observed previously. On
the other side, polynomial degree d = 5 also requires a considerably higher number of iterations with
configuration ND than with configuration DN, indicating that higher condition numbers are involved,
and the latter partitioning configuration is less stable. The results support the previous conclusions
concerning the performance of the proposed method with the different partitioning configurations. That
is, although comparable accuracy and convergence orders are obtained, regardless of the partitioning
configuration, the resulting Dirichlet boundary condition should be prescribed in the subproblem
with the lower thermal conductivity (and the resulting Neumann boundary condition in the other
subproblem). Such configuration avoids a significant performance deterioration in terms of residual
convergence in the GMRES method.

Remark 24 One simulation attains the maximum number of iterations without achieving the tolerance
parameter for the residual convergence. In that case, the approximate solution is computed since
a substantially higher number of iterations (>200 000) would be required, therefore becoming very
time-consuming. However, with the purpose to determine the corresponding relative errors reported in
Table 5.4, the approximate solution is computed providing an initial guess to the GMRES method that
corresponds to the exact solution. Since the exact and approximate solutions are relatively close, the
residual convergence is substantially faster. Still, the obtained number of iterations can not be taken
into account for the analysis since such initial guess is not available in practical problems.

The same test case is addressed with successive finer uniform structured prismatic meshes
and the relative errors and convergence orders are reported in Table 5.9.

In both thermal conductivity ratio cases, the second-, fourth-, and sixth-orders of convergence
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Table 5.7: Relative errors and convergence orders obtained in the spherical shell domain test case with a high

thermal convection and uniform Delaunay tetrahedral meshes.

DOF E, 0 E, O E 0O Eyw O E, 0O Ey O

Low thermal conductivity ratio, configuration DN

80829 2.27E-03 — 2.42E-02 8.88E-05 — 9.75E-04 — 1.12E-05 1.29E-04 -
254516 1.06E-03 2.00 1.10E-02 2.06 1.81E-05 4.16 2.25E-04 3.84 9.88E-07 6.36 1.51E-05 5.63
726 929 5.30E-04 1.98 6.90E-03 1.34 4.29E-06 4.12 5.72E-05 391 1.07E-07 6.35 1.38E-06 6.83

2290543 2.53E-04 1.94 3.38E-03 1.87 9.46E-07 3.95 1.43E-05 3.62 1.12E-08 5.90 2.60E-07 4.36

Low thermal conductivity ratio, configuration DN

80829 2.39E-03 — 2.26E-02 — 9.01E-05 — 8.77E-04 — 1.11E-05 — 1.33E-04 —
254516 1.12E-03 2.00 1.09E-02 191 1.78E-05 4.25 2.69E-04 3.09 9.27E-07 6.50 1.18E-05 6.33
726 929 5.58E-04 1.98 6.81E-03 1.34 4.14E-06 4.16 5.61E-05 4.49 1.00E-07 6.36 1.42E-06 6.07

2290543 2.63E-04 1.96 3.35E-03 1.85 9.01E-07 3.99 1.42E-05 3.59 9.97E-09 6.03 2.57E-07 4.46

High thermal conductivity ratio, configuration DN

80829 3.83E-03 — 4.41E-02 — 1.47E-04 — 2.20E-03 1.84E-05 — 2.55E-04 -
254516 1.78E-03 2.00 1.81E-02 2.34 3.14E-05 4.04 4.43E-04 4.19 1.76E-06 6.14 3.14E-05 5.48
726 929 8.65E-04 2.06 1.02E-02 1.65 7.28E-06 4.17 1.41E-04 3.28 1.89E-07 6.37 3.25E-06 6.48

2290543 4.04E-04 1.99 5.03E-03 1.84 1.58E-06 3.99 3.04E-05 4.00 2.11E-08 5.74 4.49E-07 5.18

High thermal conductivity ratio, configuration ND

80829 3.38E-03 — 3.20E-02 — 1.28E-04 — 1.48E-03 — 1.56E-05 — 2.22E-04 -
254516 1.55E-03 2.03 1.62E-02 1.78 2.65E-05 4.12 3.75E-04 3.58 1.46E-06 6.18 2.51E-05 5.71
726 929 7.49E-04 2.09 9.39E-03 1.57 6.02E-06 4.24 8.84E-05 4.13 1.56E-07 6.41 2.16E-06 7.01

2290543 3.46E-04 2.02 493E-03 1.69 1.28E-06 4.04 2.08E-05 3.79 1.56E-08 6.02 3.44E-07 4.1

Table 5.8: Number of GMRES iterations obtained in the spherical shell domain test case with a high thermal

convection and uniform Delaunay tetrahedral meshes.

Low thermal conductivity ratio High thermal conductivity ratio

Configuration DN Configuration ND Configuration DN Configuration ND

DOF d=1 d=3 d=5 d=1 d=3 d=5 d=1 d=3 d=5 d=1 d=3 d=5

80 829 69 142 312 70 155 232 61 119 167 69 148 887
254516 103 244 367 105 261 370 100 205 261 111 256 4 468
726929 154 387 619 15 410 582 145 324 389 1ol 409 69 429

2290543 237 670 955 246 722 921 236 529 579 263 685 >200 000
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are effectively achieved with polynomial degrees d = 1,3,5, respectively, both in terms of the L!-
and L*-norms, with configuration DN. On the other side, configuration ND provides the behaviour
observed previously. As supported by the previous results, the proposed method is capable of
handling a three-dimensional domain successfully with curved boundaries and interface. Moreover,
the method shows no specific limitations in treating unstructured and structured meshes, conduction
and convection dominant cases, low and high thermal conductivity ratio cases, and always provides a
very high-order of convergence.

Table 5.9: Relative errors and convergence orders obtained in the spherical shell domain test case with a high

thermal convection, configuration DN, and uniform structured prismatic meshes.

DOF E, 0 Ex O E 0 Ew O Ey O Ex Oy

Low thermal conductivity ratio

76 176 1.44E-03 1.53E-02 1.03E-04 — 7.78E-04 — 3.92E-05 — 6.93E-04 -
235224 7.42E-04 177 8.28E-03 1.63 2.63E-05 3.63 2.44E-04 3.08 3.88E-06 6.16 1.19E-04 4.69
710976 3.98E-04 1.69 4.33E-03 1.76 7.07E-06 3.56 6.36E-05 3.65 4.19E-07 6.03 1.57E-05 5.50

2154720 2.11E-04 1.72 2.17E-03 187 1.71E-06 3.85 1.62E-05 3.70 5.20E-08 5.65 2.85E-06 4.62

High thermal conductivity ratio

76 176 3.47E-03 — 2.76E-02 — 2.02E-04 — 2.34E-03 — 6.87E-05 — 1.21E-03 —
235224 167E-03 193 1.35E-02 1.90 5.12E-05 3.66 5.83E-04 3.69 7.31E-06 5.96 1.49E-04 5.58
710976 8.05E-04 1.99 6.02E-03 2.19 1.28E-05 3.75 1.42E-04 3.83 8.42E-07 5.86 1.95E-05 5.51

2154720 4.12E-04 1.81 3.11E-03 1.79 297E-06 3.96 3.12E-05 4.10 9.86E-08 5.80 3.54E-06 4.61

5.5.2 Wavy sleeve domain test case

The second test case consists of a non-trivial parameterized geometry that resembles a wavy
sleeve with two layers and non-trivial parameterized curved boundaries and interface centred at the
axis origin (see Figure 5.8). The domain is obtained applying a diffeomorphic transformation to
a cylindrical shell with two layers centered at the axis origin, defined as (r',6",7') € Q' = {r’ €
[rLre], 0 € [0,27], 2 € [zB, zr]}. The inner layer corresponds to physical subdomain 24, the outer
layer corresponds to physical subdomain 2B, the lateral internal and external surfaces of the cylinder
have radius ry = 0.5 and rg = 1, the milddle surface has radius rny = 0.75, and the bottom and top
surfaces have applicates zg = —0.25 and zt = 0.25, respectively. The diffeomorphic transformation
consists in a periodic mapping from domain £’ onto domain £ given in cylindrical coordinates as

r’ r T(,0,7)
Q' —-Q:lg|—|o|= o’ , (5.129)
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where function T(r’,6’,7") is a mapping with parameters ay, By, @, 8; € R that converts radius

r’ € Q' into radius r € Q, given as

T(,60,7) =1 (1 + By cos(ozge')) (1 + B, sin(az( ks ))) . (5.130)

ZT —<B

For a reversed mapping, function 7~ (r, 6, z) converts a given radius r € Q into a radius ' € €’.

(a) Full view. (b) Cross-section view.

Figure 5.8: Physical domain for the wavy sleeve domain test case.

Unit normal vector function on the boundaries and interface, n° := n3(6,z), are obtained

applying the chain rule to function T'(r, 6, z) and is given in cylindrical coordinates as

cos(d) sin(d) O T(r.0,z2)
1
n’(6,2) =%—|sin(9) —cos(6) 0 8T(r0,2) |, onrl, (5.131)
0 0 -1|{T(r.,0,2)0,T(r.,0,z2)

for S € {A,B}, where the resulting vector is expressed in Cartesian coordinates and c¢ is the
normalization constant, given as

c= \/ (T(r.,6,2))* + (86T (1, 0,2))* + (T (1,6, 2)3,T (1., 6,2))*. (5.132)

The sign in vector function nA(H, 7) is negative on the internal surface and positive on the middle
surface, whereas the sign in vector function n(#, z) is positive on the external surface and negative on
the middle surface. Notice that n® = —n” on the middle surface. Radius . is also assigned according
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(a) Full view. (b) Cross-section view.

Figure 5.9: Uniform Delaunay tetrahedral meshes for the wavy sleeve domain test case.
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(b) Cross-section view.

(a) Full view.

Figure 5.10: Uniform hexahedral structured meshes for the wavy sleeve domain test case.
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to the surface, namely r,. = ry for the internal surface, r,. = rg for the external surface and r = ry for the
middle surface. Partial derivatives dgT'(r,6,z) = 0T(r,0,z)/06 and 0,T(r,0,z) = 0T (r,6,2)/0z
are given as

86T (r.6,7) = r(—a’gﬁg sm(age)) (1 + B, sin(a/z( LB ))) (5.133)

T —ZB

a2 e
—ZB T —ZB

The analytic solutions assigned to domain €2 are expressed in cylindrical coordinates and are

0,T(r,0,z) = r(l + By 005(099)) (QZ(ZT

obtained applying the same diffeomorphic transformation, T‘l(r, 0, z), to analytic solutions assigned
to domain £’. More precisely, the analytic solutions are given as

#5(r,6,2) = S (T_l(r, 0,2),6, z), in 95, (5.135)

for S € {A, B}, where functions y5(r",8’, z) are defined on cylinder domain £’ and are given as

2 ’ _ ’ _
YA, 0, 7) = €4 2~ (v +n) cos(n?@’) sin(nf LTI, in Q"4 (5.136)
™M —TH "\ZTr— 7B

WB(r,0,7) =8 (ﬂ) cos(n?@’) sin(n?( < )) in 2%, (5.137)
rE—I™Mm iT— 7B

A _A B

with parameters Ny, N ,ne,nlz3 € N, and univariate functions 55(7) are given as

£My) = aA(eXp(dAy) + exp(—dAy) + bA), in[-1,1, (5.138)
EB(y)=d® (exp(dBy) + exp(—dB)/) + bB) +cB(cos(my) + 1), in[-1,1], (5.139)

with parameters a®, b®,a®, bB, cB,d*, d® € R. Notice that, although the analytic solutions are
provided in cylindrical coordinates, the problem is numerically solved in Cartesian coordinates.
The associated source term functions are obtained after substituting analytic solutions (5.135) into
Equation (5.1).

The bottom surfaces of physical subdomains 2% and QB correspond to physical boundary
subsets I'®A and I'RB | respectively, and both are assigned with an homogeneous Dirichlet boundary
condition, for which coefficient functions a®*(x) = 1 and R4 (x) = 0 are assigned on the former
and coefficient functions a®B(x) = 1 and BRB(x) = 0 are assigned on the latter such that the
Robin boundary conditions recovers the Dirichlet boundary conditions. The top surfaces of physical
subdomains QA and QB correspond to physical boundary subsets I'®4 and I'®B, respectively,
and both are assigned with an homogeneous Neumann boundary condition (adiabatic surfaces), for
which coefficient functions ®*(x) = 0 and SR (x) = 1 are assigned on the former and coefficient
functions a®B(x) = 0 and BRB(x) = 1 are assigned on the latter such that the Robin boundary
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conditions recovers the Neumann boundary conditions. The internal surface of physical subdomain

QA and external surface of physical subdomain QB also correspond to physical boundary subsets

T'RA and T'RB| respectively, and both are assigned with a Neumann boundary condition, with

boundary condition functions given as

o3(T(r,0,2),6,2)

= VT '(r,0,2)-n5(r,0,z), inI™S,  (5.140)
»

for S € {A,B}, for which coefficient functions a®*(x) = 0 and BRA(x) = 1 are assigned on the
former and coefficient functions @®B(x) = 0 and BRB(x) = 1 are assigned on the latter such that the
Robin boundary conditions recovers the Neumann boundary conditions.

The middle surface between physical subdomains 2 and QB corresponds to physical interface
subset I'C where the continuity interface conditions are prescribed. Parameters a®,a®, b®, bB, B
are determined such that the boundary conditions and the continuity interface conditions are
simultaneously satisfied. Constant thermal conductivity functions x”(x) and xB(x) are assigned and

ot = —exp(dA)(exp(dA) - 1)_2, (5.141)
pA = —exp(—dA) (exp(2dA) + 1), (5.142)
aB = (2KAdA exp(dB) (exp(dA) + 1))

[ eofa) o))
bB = —exp(—dB) (exp(de) + 1), (5.144)
o - (g5 (1-veola)

1-eols) (-l el

Density and heat capacity functions are constant while the velocity vector fields are tangent to

(5.143)

(5.145)

the surfaces such that no convection occurs through the boundaries and interface, given in cylindrical

-1
e oo )
— 2B T — 2B iT —ZB (5.146)

+ wsﬁ, in QS,

coordinates as

uS(r, 7)= wSr (az (
ZT

for S € {A, B}, with parameters w?, w® € R.

The test case is addressed with parameters ay = 8, By = 0.05, @, = 57/2, B, = 0.05,

241



5.5. Numerical benchmark

ng =npg =5, n* =nd =7r/2, d* =d® =1. The analytic solutions only depend on these

parameters and on the thermal conductivity functions (through parameters a®, b*, a®, and bB),
which are assigned according to the following cases:

e Low thermal conductivity ratio case: k*(x) = 1 and «B(x) = 2 (see Figure 5.11).

e High thermal conductivity ratio case: x(x) = 1 and «B(x) = 100 (see Figure 5.12),

where the ratio is defined as xB(x)/x*(x). Parameters w”® and w® in the velocity functions are

assigned according to the following cases:

e Low Péclet number ratio case: w™ = 1 and wB = 2.

e High Péclet number ratio case: w™ = 100 and w® =1,

where the ratio is defined as PeB/PeA, with PeS = w3 /K5, S € {A,B}, the Péclet number in physical

subdomain QS (the characteristic dimension is unitary).

Successively finer uniform Delaunay tetrahedral meshes or uniform structured hexahedral
meshes (with no curved elements) are used to discretize each physical subdomain (see Figure 5.9
and 5.10) and the simulations are carried out for configurations DN and ND and for polynomial
degrees d = 1,3, 5.

5.5.2.1 Low Péclet number ratio case

The low Péclet number ratio case combined with the low and high thermal conductivity
ratio cases are addressed, and simulations are carried out with successive finer uniform Delaunay
tetrahedral meshes, polynomial degrees d = 1, 3, 5, and configurations DN and ND. The corresponding
Péclet numbers are Pe® = 1 and Pe® = 1 for the former combination and Pe® = 1 and Pe® = 0.02
for the latter combination. The relative errors and convergence orders are reported in Table 5.10.
Notice that configuration DN prescribes the Neumann boundary condition in subproblem P# (with the
highest thermal conductivity), while the Dirichlet boundary condition is prescribed in subproblem pB
(with the lowest thermal conductivity). Again, configuration ND prescribes the opposite situation.

In both thermal conductivity ratio cases and regardless of the partitioning configuration, the
second-, fourth-, and sixth-orders of convergence are effectively achieved with polynomial degrees
d = 1,3,5, respectively, both in terms of the L'- and L®-norms. Following the previous cases, the
accuracy provided from configurations DN and ND is comparable regardless of the polynomial degree,
where the difference is exceptionally negligible for lower thermal conductivity ratios, that is, higher
thermal interaction. Additionally, the impact of the thermal conductivity ratio on the accuracy is also

low.
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) &

Solution Solution

(a) Full view. (b) Cross-section view.

Figure 5.11: Analytic solution for the wavy sleeve domain test case with a low thermal conductivity ratio.

Solution Solution

(a) Full view. (b) Cross-section view.

Figure 5.12: Analytic solution for the wavy sleeve domain test case with a high thermal conductivity ratio.
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The number of GMRES iterations are reported in Table 5.11. In both thermal conductivity ratio
cases, the number of iterations obtained with both partitioning configurations is comparable using
polynomial degrees d = 1,3. With polynomial degree d =5 and in the low thermal conductivity
ratio case, a considerably higher number of iterations is required with configuration ND than with
configuration DN. The results differ from the previous test case, where the number of iterations is
comparable with both partitioning configurations and any polynomial degree. On the other side, in
the high thermal conductivity ratio case, a larger number of iterations are required with configuration
ND than with configuration DN and, indeed, the former becomes computationally very demanding.
In general, more iterations are required in the low thermal conductivity ratio case than with the
high thermal conductivity ratio case for the same partitioning configuration and polynomial degree.
Indeed, such behaviour is expected since, in the former case, the thermal interaction between physical

subdomains is stronger.

Similar to the previous case, the same test case is addressed with successive finer uniform
structured hexahedral meshes. The relative errors and convergence orders are reported in Table 5.12.

In both thermal conductivity ratio cases, the second-, fourth-, and sixth-orders of convergence
are effectively achieved with polynomial degrees d = 1,3, 5, respectively, both in terms of the L!- and
L*-norms, with configuration DN. Once again, configuration ND provides similar behaviour as before
with uniform Delaunay tetrahedral meshes and is not reported for the sake of compactness. Notice
that no specific treatment is given according to the type of mesh elements. In that way, besides
its capability to provide very high-order of convergence, the results also support the versatility and
simplicity of the proposed method to handle general polyhedral meshes generated for curved domains.

5.5.2.2 High Péclet number ratio case

The high Péclet number ratio case combined with the low and high thermal conductivity
ratio cases are addressed, and simulations are carried out with successive finer uniform Delaunay
tetrahedral meshes, polynomial degrees d = 1, 3, 5, and configurations DN and ND. The corresponding
Péclet numbers are Pe® = 100 and PeP = 0.5 for the former combination and Pe” = 100 and
PeP = 0.01 for the latter combination. The relative errors and convergence orders are reported in
Table 5.13. Notice that configuration DN prescribes the Neumann boundary condition in subproblem
pA (with the highest thermal conductivity), while the Dirichlet boundary condition is prescribed in
subproblem PB (with the lowest thermal conductivity). Again, configuration ND prescribes the opposite
situation. In many practical problems, the interface consists of a fluid in contact with a solid exchanging
heat and, therefore, the two physical subdomains have very distinct Péclet numbers, as this case aims

at replicating.

The second-, fourth-, and sixth-orders of convergence are effectively achieved with polynomial
degrees d = 1,3, 5, respectively, both in terms of the L'- and L®-norms. Form the accuracy viewpoint,

both partitioning configurations provide similar accuracy, and the influence of the thermal conductivity
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Table 5.10: Relative errors and convergence orders obtained in the wavy sleeve domain test case with a low

Péclet number ratio and uniform Delaunay tetrahedral meshes.

d:l d=3 d=5

DOF E; 0O Eyx O E; 0O Ey O E, 0O Ex O

Low thermal conductivity ratio, configuration DN

189280 8.32E-03 — 5.40E-02 2.39E-04 — 3.78E-03 — 3.84E-05 2.39E-03 -
534 544 3.85E-03 2.23 2.72E-02 1.98 b5.44E-05 4.28 8.08E-04 4.46 4.08E-06 6.48 2.08E-04 7.05
1642994 1.74E-03 2.12 1.40E-02 1.78 1.15E-05 4.16 2.85E-04 2.78 4.00E-07 6.20 2.07E-05 6.17
5248 131 7.76E-04 2.08 7.27E-03 1.68 2.33E-06 4.12 3.32E-05 5.55 3.91E-08 6.01 2.25E-06 5.73

Low thermal conductivity ratio, configuration ND

189280 7.24E-03 — 4.69E-02 — 2.22E-04 — 3.72E-03 — 3.71E-05 — 2.38E-03 -
534544 3.32E-03 2.25 2.53E-02 1.78 5.01E-05 4.31 6.79E-04 491 3.94E-06 6.48 1.81E-04 7.45
1642994 1.49E-03 2.14 1.12E-02 2.19 1.03E-05 4.23 2.85E-04 2.32 3.77E-07 6.27 1.71E-05 6.30
5248 131 6.63E-04 2.09 5.80E-03 1.69 2.07E-06 4.14 3.22E-05 5.63 3.52E-08 6.12 2.07E-06 5.46

High thermal conductivity ratio, configuration DN

189280 9.35E-03 — 7.61E-02 — 3.16E-04 — 3.50E-03 — 5.36E-05 2.36E-03 -
534544 450E-03 2.11 3.83E-02 1.99 7.21E-05 4.27 9.11E-04 3.89 6.05E-06 6.30 1.87E-04 7.32
1642994 2.08E-03 2.06 2.10E-02 1.60 1.52E-05 4.15 2.84E-04 3.11 6.17E-07 6.10 1.51E-05 6.73
5248 131 9.36E-04 2.06 9.12E-03 2.16 3.12E-06 4.10 1.15E-04 2.34 7.34E-08 5.50 2.89E-06 4.28

High thermal conductivity ratio, configuration ND

189280 7.72E-03 — 7.61E-02 — 3.18E-04 — 3.50E-03 — 5.52E-05 — 2.36E-03 -
534544 3.67E-03 2.15 3.82E-02 1.99 7.27E-05 4.26 9.10E-04 3.89 6.31E-06 6.27 1.86E-04 7.34
1642994 1.68E-03 2.08 2.10E-02 1.60 1.53E-05 4.17 2.86E-04 3.09 6.26E-07 6.17 1.52E-05 6.68
5248 131 7.54E-04 2.08 9.12E-03 2.15 3.15E-06 4.08 1.15E-04 2.36 6.13E-08 6.00 2.30E-06 4.89

Table 5.11: Number of GMRES iterations obtained in the wavy sleeve domain test case with a low Péclet number

ratio and uniform Delaunay tetrahedral meshes.

Low thermal conductivity ratio High thermal conductivity ratio

Configuration DN Configuration ND Configuration DN Configuration ND

DOF d=1 d=3 d=5 d=1 d=3 d=5 d=1 d=3 d=5 d=1 d=3 d=5

189 280 48 120 306 55 132 225 37 82 119 49 114 411
534 544 71 186 391 78 207 374 52 125 179 62 171 7229
1642994 106 280 487 117 319 794 83 201 241 104 275 >200000
5248131 167 436 628 182 491 1451 131 318 338 157 432 >200000
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Table 5.12: Relative errors and convergence orders obtained in the wavy sleeve domain test case with a low

Péclet number ratio, configuration DN, and uniform structured hexahedral meshes.

DOF E 0O Ex O E 0O Ew O E, O Ew O

Low thermal conductivity ratio

141 056 6.99E-03 — 4.17E-02 6.50E-04 1.11E-02 3.38E-04 — 7.08E-03 -
417 216 4.24E-03 1.38 3.02E-02 0.89 1.50E-04 4.05 2.90E-03 3.71 4.25E-05 5.74 1.04E-03 5.32
1291392 2.66E-03 1.24 2.10E-02 0.96 3.36E-05 3.98 6.69E-04 3.89 4.02E-06 6.26 1.29E-04 5.52
4421520 1.68E-03 1.12 1.45E-02 0.90 6.69E-06 3.93 1.42E-04 3.78 3.29E-07 6.10 1.34E-05 5.53

High thermal conductivity ratio

141 056 9.90E-03 5.52E-02 — 6.55E-04 — 1.04E-02 — 3.04E-04 — 7.03E-03 -
417 216 5.57E-03 1.59 3.50E-02 1.26 1.65E-04 3.81 2.72E-03 3.70 4.01E-05 5.60 1.01E-03 5.36
1291392 3.25E-03 1.43 2.34E-02 1.07 3.77E-05 3.92 6.87E-04 3.65 4.34E-06 590 1.30E-04 5.46
4421520 194E-03 1.26 1.59E-02 0.94 7.81E-06 3.84 1.42E-04 3.84 3.89E-07 5.88 1.36E-05 5.50

ratio is also low. Moreover, the approximate solutions have essentially non-oscillatory behaviour,
and the higher Péclet number ratio case is effectively handled without deterioration of accuracy or

convergence order.

The number of GMRES iterations are reported in Tables 5.14 and shows that the importance of
choosing the appropriate partitioning configuration becomes unequivocal. Indeed, in the high thermal
conductivity ratio case with configuration ND and polynomial degree d = 5, the residual convergence
in the GMRES method attains the tolerance parameter within a reasonable, but considerably higher,
number of iterations with the first mesh. In contrast, with the other meshes, it is crucial to choose
configuration DN to achieve convergence. Nevertheless, although the differences are not so prominent
in the remaining case and polynomial degrees, configuration DN still performs more efficiently than
configuration ND. Therefore, prescribing the Dirichlet boundary condition resulting from the partitioning
method in the subproblem with the lower thermal conductivity (and the Neumann boundary condition in
the other) becomes particularly crucial for higher Péclet number ratios and higher thermal conductivity

ratios.

To conclude the numerical benchmark, the same test case is addressed with successive finer
uniform structured hexahedral meshes and the relative errors and convergence orders are reported in
Table 5.15.

The second-, fourth-, and sixth-orders of convergence are effectively achieved with polynomial
degrees d = 1,3,5, respectively, both in terms of the L'- and L*®-norms, with configurations DN.

Configuration ND leads to the same conclusions but is not reported for the sake of compactness.

The results for the wavy sleeve domain test case strongly support the capability, robustness,
and stability of the proposed method to handle non-trivial three-dimensional domains with curved
boundaries and interfaces and provide very high-order of convergence. The classical techniques based
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Table 5.13: Relative errors and convergence orders obtained in the wavy sleeve domain test case with a high

Péclet number ratio and uniform Delaunay tetrahedral meshes.

dzl d:3 d:5

DOF E, 0 E, O E 0O Ex O Er O Ex O

Low thermal conductivity ratio, configuration DN

189280 8.32E-03 — 5.40E-02 2.39E-04 — 3.78E-03 — 3.84E-05 — 2.39E-03 -
534 544 3.85E-03 2.23 2.72E-02 198 5.44E-05 4.28 8.08E-04 4.46 4.08E-06 6.48 2.08E-04 7.05
1642994 1.74E-03 2.12 1.40E-02 1.78 1.15E-05 4.16 2.85E-04 2.78 4.00E-07 6.20 2.07E-05 6.17
5248 131 7.76E-04 2.08 7.27E-03 1.68 2.33E-06 4.12 3.32E-05 5.55 3.91E-08 6.01 2.25E-06 5.73

Low thermal conductivity ratio, configuration ND

189280 7.24E-03 — 4.69E-02 — 2.22E-04 — 3.72E-03 — 3.71E-05 — 2.38E-03 -
534544 3.32E-03 2.25 2.53E-02 1.78 5.01E-05 4.31 6.79E-04 4.91 3.94E-06 6.48 1.81E-04 7.45
1642994 1.49E-03 2.14 1.12E-02 2.19 1.03E-05 4.23 2.85E-04 2.32 3.77E-07 6.27 1.71E-05 6.30
5248 131 6.63E-04 2.09 5.80E-03 1.69 2.07E-06 4.14 3.22E-05 5.63 3.52E-08 6.12 2.07E-06 5.46

High thermal conductivity ratio, configuration DN

189280 9.35E-03 — 7.61E-02 — 3.16E-04 — 3.50E-03 — 5.36E-05 2.36E-03 -
534544 450E-03 2.11 3.83E-02 1.99 7.21E-05 4.27 9.11E-04 3.89 6.05E-06 6.30 1.87E-04 7.32
1642994 2.08E-03 2.06 2.10E-02 1.60 1.52E-05 4.15 2.84E-04 3.11 6.17E-07 6.10 1.51E-05 6.73
5248 131 9.36E-04 2.06 9.12E-03 2.16 3.12E-06 4.10 1.15E-04 2.34 7.34E-08 550 2.89E-06 4.28

High thermal conductivity ratio, configuration ND

189280 7.72E-03 — 7.61E-02 — 3.18E-04 — 3.50E-03 — 5.52E-05 — 2.36E-03 -
534544 3.67E-03 2.15 3.82E-02 199 7.27E-05 4.26 9.10E-04 3.89 6.31E-06 6.27 1.86E-04 7.34
1642994 1.68E-03 2.08 2.10E-02 1.60 1.53E-05 4.17 2.86E-04 3.09 6.26E-07 6.17 1.52E-05 6.68
5248 131 7.54E-04 2.08 9.12E-03 2.15 3.15E-06 4.08 1.15E-04 2.36 6.13E-08 6.00 2.30E-06 4.89

Table 5.14: Number of GMRES iterations obtained in the wavy sleeve domain test case with a high Péclet

number ratio and uniform Delaunay tetrahedral meshes.

DOF Low thermal conductivity ratio High thermal conductivity ratio

Configuration DN Configuration ND Configuration DN Configuration ND

d=1 d=3 d=5 d=1 d=3 d=5 d=1 d=3 d=5 d=1 d=3 d=5

189 280 91 124 251 92 131 169 85 118 143 92 143 481
534544 129 187 325 131 197 297 126 172 216 131 215 >200000
1642994 186 290 488 190 311 4% 185 276 304 195 340 >200 000
5248131 286 454 672 300 493 929 272 432 459 302 600 =200 000
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Table 5.15: Relative errors and convergence orders obtained in the wavy sleeve domain test case with a high

Péclet number ratio, configuration DN, and uniform structured hexahedral meshes.

DOF E 0O Ex O E 0O Ew O E, O Ew O

Low thermal conductivity ratio

141 056 5.46E-03 — 3.08E-02 — 4.40E-04 — 5.71E-03 2.34E-04 — 4.99E-03 -
417 216 3.15E-03 1.52 1.90E-02 1.34 1.04E-04 3.99 1.62E-03 3.49 2.72E-05 595 6.73E-04 5.54
1291392 1.89E-03 1.36 1.16E-02 1.31 2.41E-05 3.88 4.10E-04 3.65 2.67E-06 6.16 7.46E-05 5.84
4421520 1.15E-03 1.22 7.34E-03 1.11 4.86E-06 3.90 893E-05 3.72 2.17E-07 6.13 6.91E-06 5.80

High thermal conductivity ratio

141056 7.01E-03 3.70E-02 — 4.47E-04 — 5.70E-03 — 2.17E-04 — 5.01E-03 -
417 216 3.85E-03 1.66 1.93E-02 1.80 1.15E-04 3.74 1.62E-03 3.48 2.48E-05 6.00 6.67E-04 5.58
1291392 2.19E-03 1.49 1.06E-02 1.60 2.73E-05 3.83 4.10E-04 3.65 2.65E-06 5.94 7.46E-05 5.82
4421520 1.28E-03 1.31 7.27E-03 0.91 5.73E-06 3.80 8.93E-05 3.72 2.38E-07 5.88 6.91E-06 5.80

on curved mesh elements to preserve the optimal convergence order would be cumbersome and a
challenging task to apply in such a domain due to the complexity of the diffeomorphic transformation.
In that case, it turns out very complex to perform the non-linear transformations (in the case of the
isoparametric elements) and to determine the appropriate quadrature rules. On the other side, the
proposed method cleverly preserves the optimal convergence order using, for the purpose, collocation
points located on the curved physical boundaries and interface. Besides its simplicity, the proposed
method performs efficiently in a wide range of thermal situations for several Péclet numbers and
thermal conductivity.

5.6 Computational benchmark

The assessment of the computational efficiency of the proposed method is based on the
performance analysis in terms of execution time and memory usage to solve conjugate heat transfer
problems in arbitrary three-dimensional curved domains. The four steps that comprise a simple
implementation of the proposed method in an implicit formulation are gradually optimized to reduce
the computational cost and improve efficiency. The computational gain of each optimization is
assessed with the following algorithms:

e Algorithm 1: step 1 is optimized (see Section 5.4.1).

e Algorithm 2: step 2 is optimized and step 1 is eliminated from the implementation (see
Section 5.4.2).

e Algorithm 3: step 3 is optimized and steps 1 and 2 are eliminated from the implementation
(see Section 5.4.3).
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e Algorithm 4: step 4 is optimized and steps 1, 2, and 3 are eliminated from the implementation
(see Section 5.4.4).

Algorithms 1, 2, and 3 provide an implicit formulation of the proposed method through a global
residual operator, whereas algorithm 4 provides an explicit formulation through a coefficients matrix
and a right-hand side vector. In both cases, an iterative method is supplied to solve the implicit or
explicit system of linear equations. The algorithms are implemented in an in-house library written in
Fortran with multiprocessing capabilities to take advantage of high-performance computing platforms.

The same problem is solved regardless of the algorithm since only the implementation is
modified deriving from the algebraic rearrangement of the proposed method without introducing more
approximations. Hence, the following parameters are reported:

e Residual time, denoted as Tk (in seconds (s)), corresponds to the execution time to compute the
global residual operator (in the implicit formulation) or the matrix-vector product (in the explicit
formulation). The relative residual time, denoted as Rgr (in percentage (%)), is determined
taking the residual time of algorithm 1 for the same mesh as the reference.

e Solution time, denoted as Ts (in seconds (s)), corresponds to the execution time to solve the
implicit or explicit system of linear equations. The relative solution time, denoted as Rg (in
percentage (%)) is determined taking the solution time of algorithm 1 for the same mesh as

the reference.

e Memory usage, denoted as M (in gigabytes (Gb)), corresponds to the maximum random access
memory allocated for the simulation (virtual memory high watermark). The relative memory
usage, denoted as Ry (in percentage (%)) is determined taking the memory usage of algorithm
1 for the same mesh as the reference.

The GMRES method is used for both the implicit and explicit formulations, but other methods for
non-symmetric systems of linear equations can be applied, such as the BICGSTAB method. However,
they are not addressed for the sake of compactness. The GMRES method comprises, not only
computing the global residual operator (in the implicit formulation) or the matrix-vector product (in the
explicit formulation) at each iteration but also constructing the Krylov basis through Arnoldi iterations
and checking the stopping criteria. The solution time corresponds to the time elapsed from the first
iteration to the last, whereas the residual time corresponds only to time spent on the proposed method
and, hence, Ts > Tr. The solution time increases quadratically with the number of iterations due
to the Krylov basis (assuming that the method is not restarted) and also depends on the iterative
method applied. On the other side, the residual time increases linearly since the computational cost
to compute the residual operator or the matrix-vector product at each iteration does not depend on
the number of iterations. Similarly, the memory usage also increases linearly since each additional

iteration requires one additional vector of constant size to store for the Krylov basis. In that regard, the
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computational gains of the algorithms in terms of relative residual time and relative memory usage do
not depend on the number of iterations. Contrarily, the computational gains in terms of solution time
strongly depend on the problem (as more or fewer iterations are needed) and, therefore, the analysis
is performed for a fixed number of 200 iterations. Moreover, keeping same number of iterations, it
is possible to better perceive the relative computational cost of a single iteration according to the
polynomial degree. The advantage of reporting the relative residual time, in addition to the relative
solution time, is that the former depends neither on the number of iterations nor on the iterative
method. Therefore, the relative residual time assesses more precisely the effective computational gain

of the algorithms (since the iterative method is not part of the optimization).

Besides the algorithm and the number of iterations required to solve the implicit or explicit
system of linear equations, the computational cost of the proposed method also depends on the
mesh and the polynomial degree. On the other side, the problem characteristics (geometry, physical
properties, boundary and interface conditions, among others) do not have a direct impact on the
computational cost. Indeed, they do not change the number of floating-point operations, either in the
global residual operator or in the matrix-vector product, but rather the numerical result. Therefore, a
standard test case is considered, and the analysis is performed for algorithms 1 to 4, successively
finer meshes, and polynomial degrees d = 1, 3,5. Concerning the mesh, not only the number of cells
has an impact on the computational cost, but also the type of elements since it determines the ratio
between faces and cells and the associated number of quadrature points. Therefore, the benchmark

is split into tetrahedral, prismatic, and hexahedral meshes.

The quadrature rules for the elements composing the prismatic meshes consist of splitting the
quadrilateral faces into two triangular sections and the cells into three tetrahedral sections. Similarly,
for the case of hexahedral meshes, each quadrilateral face is split into two triangular sections and
each cell is split into five tetrahedral sections. Then, the standard quadrature rules for triangles are
applied in each triangular face, and each triangular portion of the quadrilateral faces and, similarly,
the standard quadrature rules for tetrahedrons are used in each tetrahedral portion of the prismatic
cells. Another strategy consists in deriving specific quadrature rules for prismatic elements, often
more efficient in terms of the number of quadrature points to provide the same convergence order
for the integration error, which are then applied straightforwardly. However, the splitting approach
turns out to be more general and can be applied straightforwardly for any kind of mesh element,
including eventually non-coplanar faces. Moreover, the proposed algorithms should ultimately lead to
a similar computational cost regardless of the number of quadrature points, which becomes another

fundamental reason for an optimized implementation.

5.6.1 Tetrahedral meshes

Simulations with successive finer tetrahedral meshes, polynomial degrees d = 1,3,5, and
algorithms 1 to 4 are carried out. The residual time, solution time, and corresponding relative
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values are reported in Table 5.16. Notice that, with algorithm 1 and polynomial degree d = 5, the
residual time and solution time are not provided for the last mesh since the amount of memory for
the simulation exceeds the available memory. Hence, the relative residual time and solution time
concerning algorithms 2, 3, and 4 can not be determined.

Regardless of the polynomial degree and the number of degrees of freedom, the computational
gain of the simulations increases from algorithm 1 to 4, either in terms of residual time or solution
time. Moreover, the solution time is always higher than the residual time, and the same is observed
concerning the relative values. Nevertheless, the relative residual time and solution time are not
constant with the number of degrees of freedom, possibly due to cache and memory effects that
are difficult to control. To sum up, the following computational gains in terms of execution time are
obtained for the finest tetrahedral mesh and depicted in Figure 5.13:

e For polynomial degree d = 1, algorithms 2, 3, and 4 provide a relative residual time of 57%,
42%, and 7%, respectively, and a relative solution time of 61%, 48%, and 17%, respectively.

e For polynomial degree d = 3, algorithms 2, 3, and 4 provide a relative residual time of 34%,
16%, and 4%, respectively, and a relative solution time of 35%, 18%, and 7%, respectively.

e For polynomial degree d = 5, algorithms 2, 3, and 4 provide a relative residual time of 30%,
7%, and 2%, respectively, and a relative solution time of 30%, 8%, and 3%, respectively.

For the second-order of convergence, with polynomial degree d = 1, the implementation is
significantly optimized with algorithm 4 providing a relative solution time of 17% (factor of 6). As
expected, for a fourth- and sixth-orders of convergence, with polynomial degrees d = 3, 5, respectively,
the computational gains are more significant with algorithm 4 providing relative solution time of 7%
(14 times faster) and 3% (33 times faster), respectively. The results prove that the implementation of
the proposed method in the explicit formulation is computationally more efficient than any optimized
implementation in the implicit formulation, and a significant computational gain is provided without
any accuracy or convergence order deterioration. Moreover, with algorithm 4 and polynomial degrees
d =1,3,5, the relative solution time is approximately 5, 3, and 1.5 times higher, respectively, than the
corresponding relative residual time. Indeed, when the polynomial degree increases, the computational
cost of the implementation of the explicit formulation increases since the coefficients matrix becomes
denser and, therefore, the residual time approaches the solution time, and the difference becomes
smaller.

The memory usage and corresponding relative values are reported in Table 5.17. Notice that,
with algorithm 1 and polynomial degree d = 5, the memory usage is not provided for the last mesh
since the amount requires for the simulations exceeds the available resources. Hence, the relative
memory usage concerning algorithms 2, 3, and 4 can not be determined.

The memory usage is proportional to the number of degrees of freedom and increases as
the polynomial degree increases (due to larger coefficients vectors, stencils, least-squares matrices).
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Table 5.16: Residual time, solution time, and relative values obtained with tetrahedral meshes.

d=1 d=3 d=5

DOF  Tr[s] Rr[#] Tsl[s] Rs[k] Tr(s] Rrl%#] Tsls] Rs[%] Trl[s] Rr[%] Tsl[s] Rsl[%]

Algorithm 1

80 829 2.79 100.00  3.79 100.00 15.55 100.00 16.61 100.00 70.64 100.00 71.67 100.00
254 516 9.97 100.00 11.71 100.00 46.19 100.00 48.06 100.00 216.43 100.00 218.18 100.00
726929  29.02 100.00 32.84 100.00 141.87 100.00 146.04 100.00 595.87 100.00 599.90 100.00
2290543 101.53 100.00 113.84 100.00 474.46 100.00 486.36 100.00 — — - -

Algorithm 2

80 829 190 6824 282 7437 6.35 40.84 7.37 4436 20.26 28.68 21.27 29.68
254 516 6.03 6049 781 66.70 2131 46.14 2322 4830 6268 2896 6450 29.56
726929 17.30 59.60 21.20 6455 57.78 40.72 62.11 4253 176.28 29.58 180.31 30.06
2290543 5830 57.42 69.28 60.85 160.92 33.92 172.63 3549 538.24 — 549.53 —

Algorithm 3

80 829 1.66 59.68 2.54 67.03 267 17.17 349 21.03 463 656 555 7.74
254 516 455 4567 6.23 53.18 7.83 1696 9.64 20.06 1478 6.83 1651 7.57
726929 1373 47.32 17.65 53.75 2456 17.31 2881 19.73 4138 694 4536 7.56

2290543 43.09 4244 5428 47.68 7452 1571 8575 17.63 132.69 — 14411 -

Algorithm 4

80 829 020 7.10 1.07 28.30 068 434 164 990 154 218 250 349
254 516 0.76 759 241 20.60 226 489 401 835 507 234 7.01 321
726 929 217 748 6.07 1849 6.42 452 1038 7.11 1474 247 1884 314

2 290 543 6.71 6.61 1976 1736 20.83 439 32.00 6.58 47.12 — 58.51 -

Moreover, regardless of the polynomial degree, there is a reduction of memory usage from algorithms
1 to 3, whereas algorithm 4 provides higher relative memory usage than algorithm 3. Nevertheless,
for a fourth- and sixth-order of convergence, with polynomial degrees d = 3,5, respectively, algorithm
4 always uses considerably less memory than algorithms 1 and 2. To sum up, the following
computational gains in terms of memory usage are obtained for the finest tetrahedral mesh and
depicted in Figure 5.13:

e For polynomial degree d = 1, algorithms 2, 3, and 4 provide a relative memory usage of 93%,
87%, and 91%, respectively.

e For polynomial degree d = 3, algorithms 2, 3, and 4 provide a relative memory usage of 62%,
28%, and 37%, respectively.

e For polynomial degree d = 5, algorithms 2, 3, and 4 provide a relative memory usage of 37%,
8%, and 11%, respectively.

The relative memory usage for polynomial degree d = 1 does not significantly change from one
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algorithm to the other. On the contrary, a significant reduction is observed with polynomial degrees
d =3,5. Indeed, the implementation of the proposed method in the explicit formulation requires only
37% (factor of 3) and 11% (factor of 9) of the memaory required with algorithm 1, which corresponds

to a drastic reduction in terms of computational resources requirements and is significant in practice.

Table 5.17: Memory usage and relative values obtained with tetrahedral meshes.

d=1 d=3 d=5

DOF M [Gb] Ry [%] M [Gb] Rm [%] M [Gb] Rwm [%]

Algorithm 1

80 829 0.91 100.00 4.00 100.00 23.78 100.00
254 516 2.65 100.00 12.15 100.00 73.01 100.00
726 929 7.43 100.00 33.95 100.00 204.70 100.00
2290543 2294 100.00 104.82 100.00 - -

Algorithm 2

80 829 0.79 87.69 249 62.29 8.70 36.60
254 516 246 92.87 749 6168 26.73 36.61
726 929 6.89 92,67 2096 6175 7491 36.59

2290543 2122 9251 6470 61.72 232.11 -

Algorithm 3

80 829 0.80 88.27 1.11 27.70 1.88 7.90
254 516 2.38 89.59 3.45 28.40 571 7.83
726 929 6.47 87.01 946 2787 1586 7.75

2290543 1994 8691 2929 2794 49.06 —

Algorithm 4

80 829 0.83 91.71 1.48 36.88 2.52 10.60
254 516 245 92.16 443 36.46 7.82 10.71
726 929 6.80 9154 1238 36.47 2196 10.73

2290543 2096 09136 3837 36.60 68.14 —

5.6.2 Prismatic meshes

Simulations with successive finer prismatic meshes, polynomial degrees d = 1,3,5, and
algorithms 1 to 4 are carried out. The residual time, solution time, and corresponding relative values
are reported in Table 5.18. Notice that, with algorithm 1 and polynomial degree d = 5, the residual
time and solution time are not provided for the last two meshes since the amount of memory for
the simulation exceeds the available resources. Hence, the relative residual time and solution time
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concerning algorithms 2, 3, and 4 can not be determined.

The results for the residual time and solution time with prismatic meshes follow the observations
with tetrahedral meshes. To sum up, the following computational gains in terms of execution time are

obtained for the finest prismatic mesh and depicted in Figure 5.13:

e For polynomial degree d = 1, algorithms 2, 3, and 4 provide a relative residual time of 64 %,
44%, and 6%, respectively, and a relative solution time of 67%, 48%, and 14%, respectively.

e For polynomial degree d = 3, algorithms 2, 3, and 4 provide a relative residual time of 51%,
15%, and 3%, respectively, and a relative solution time of 52%, 16%, and 5%, respectively.

e For polynomial degree d = 5, algorithms 2, 3, and 4 provide a relative residual time of 53%,
7%, and 1%, respectively, and a relative solution time of 53%, 7%, and 2%, respectively.

The second-order of convergence, with polynomial degree d = 1 achieves a substantial
computational gain with algorithm 4 with relative solution time of 14% (7 times faster). Even
more pronounced, the fourth- and sixth-orders of convergence, with polynomial degrees d = 3,5,
respectively, achieve a relative solution time of 5% (20 times faster) and 2% (50 times faster),
respectively. Drawing a comparison with the case of tetrahedral meshes, for polynomial degree d = 1,
the relative residual time and solution time are always higher with prismatic meshes. On the other
side, for polynomial degrees d = 3,5, the relative residual time and solution time are higher only
with algorithm 2. In contrast, algorithms 3 and 4 exceed the computational gain obtained in the
case of tetrahedral meshes. Around 60% of the total number of faces in prismatic meshes are
quadrilaterals and, therefore, require twice the quadrature points of triangular faces to obtain the same
convergence order of the numerical integration. Indeed, since more quadrature points are required
in the quadrilateral faces of the prismatic mesh elements to obtain the same convergence order, a
more significant computational gain is expected. Also worth to mention, the absolute residual time and
solution time obtained with algorithm 4 for prismatic meshes are comparable with the ones obtained
with the same algorithm for tetrahedral meshes. Indeed, this further emphasizes the importance of an
optimized implementation, where the computational cost of the simulations does not depend on the
kind of mesh elements or the number of quadrature points for each element.

The memory usage and corresponding relative values are reported in Table 5.19. Notice that,
with algorithm 1 and polynomial degree d = 5, the memory usage is not provided for the last two
meshes since the amount requires for the simulation exceeds the available resources. Hence, the

relative memory usage concerning algorithms 2, 3, and 4 can not be determined.

To sum up, the following computational gains in terms of memory usage are obtained for the

finest prismatic mesh and depicted in Figure 5.13:

e For polynomial degree d = 1, algorithms 2, 3, and 4 provide a relative memory usage of 96%,

83%, and 90%, respectively.
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Table 5.18: Residual time, solution time, and relative values obtained with prismatic meshes.

DOF  Trl[s] Rr[#] Tsl[s] Rs[k] Trls] Rrl#] Tsls] Rs[%] Trl[s] Rr[%] Tsl[s] Rsl[%]

Algorithm 1

76 176 4.01 100.00 4.92 100.00 21.04 100.00 22.12 100.00 103.32 100.00 104.31 100.00
235224 12.85 100.00 14.42 100.00 67.98 100.00 69.72 100.00 261.55 100.00 263.24 100.00
710976  37.05 100.00 40.83 100.00 219.61 100.00 223.49 100.00 — — — —
2154720 112.97 100.00 123.92 100.00 599.72 100.00 610.71 100.00 - — - -

Algorithm 2

76 176 264 6591 361 7330 11.26 5351 1229 5555 4285 4147 43.87 42.05
235224 9.34 7274 11.11 77.04 3515 51.71 36.79 52.78 138.65 53.01 140.32 53.30
710976 24.09 6501 28.05 6870 102.09 46.49 106.37 47.60 403.55 407.66 -

2154720 7191 63.66 8250 66.57 304.28 50.74 315.66 51.69 — - - —

Algorithm 3

76 176 1.85 46.21 278 56.44 3.32 1578 424 19.15 513 496 6.07 581
235224 530 41.26 6.95 48.19 9.06 1333 1071 1536 17.19 657 1887 7.17
710976 18.04 48.69 2233 5468 2869 13.06 3254 1456 54.53 58.77 —

2154720 49.22 4357 59.59 48.08 89.54 14.93 100.62 16.48 156.97 167.89 —

Algorithm 4

76 176 036 9.08 123 24.95 080 378 176 794 112 1.08 2.02 194
235224 0.77 597 241 16.72 200 294 358 513 327 125 490 1.86
710976 274 740 6.56 16.06 529 241 931 417 11.19 — 1516 -

2154720 701 620 17.59 1419 1828 3.05 2934 480 32.66 — 43.38 -

e For polynomial degree d = 3, algorithms 2, 3, and 4 provide a relative memory usage of 88%,
26%, and 34%, respectively.

e For polynomial degree d =5, algorithms 2, 3, and 4 provide a relative memory usage of 57%,
8%, and 10%, respectively.

Algorithm 2 always requires a higher amount of memory for prismatic meshes than tetrahedral
meshes due to the higher number of quadrature points and, therefore, more vectors need to be
stored. On the other side, algorithms 3 and algorithm 4 give relative memory usage similar to the
case of tetrahedral meshes since the number of vectors to store does not depend on the number of
quadrature points.

5.6.3 Hexahedral meshes

Finally, simulations with successive finer hexahedral meshes, polynomial degrees d = 1,3, 5,

and algorithms 1 to 4 are carried out. The residual time, solution time, and corresponding relative
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Table 5.19: Memory usage and relative values obtained with prismatic meshes.

DOF M [Gb] Ry [%] M [Gb] Rm [%] M [Gb] Rwm [%]

Algorithm 1

76 176 1.09 100.00 5.50 100.00  33.66 100.00
235224 3.18 100.00 16.38 100.00 100.73 100.00
710976 9.43 100.00 48.17 100.00 — —
2154720 28.02 100.00 143.57 100.00 - -

Algorithm 2

76 176 1.01 92.29 475 86.49 19.00 56.46
235224 3.09 9715 1421 86.76 57.48 57.07
710976 9.04 9583 42.07 87.34 171.05 —

2154720 26.85 95.82 126.09 87.82 - -

Algorithm 3

76 176 0.93 85.41 144 26.14 259 7.70
235224 2.69 84.68 429 26.18 779 7.4
710976 781 8279 1254 26.02 22381 -

2154720 2314 8258 3750 26.12 68.39 —

Algorithm 4

76 176 1.01 92.93 191 34.70 3.48 10.33
235224 294 9251 557 3399 10.37 10.29
710976 8.52 90.28 16.50 34.25 30.70 -

2154720 2534 90.44 4949 3447 9190 —

values are reported in Table 5.20. Once again, with algorithms 1 and 2 and polynomial degree d =5,
the residual time and solution time are not provided for some meshes since the amount required
for the simulation exceeds the available resources. Hence, the relative residual and solution time
concerning algorithms 2, 3, and 4 can not be determined.

The residual time and solution time follow the case of tetrahedral meshes and prismatic meshes.
In general, the relative residual time and solution time change substantially with the number of degrees
of freedom, possibly due to cache effects or other implementation aspects that are difficult to control.
Indeed, in some cases, the relative residual time and solution time increase with the number of degrees
of freedom, whereas, it decreases in other cases. To sum up, the following computational gains in
terms of execution time are obtained for the finest hexahedral mesh and depicted in Figure 5.13:

e For polynomial degree d = 1, algorithms 2, 3, and 4 provide a relative residual time of 60%,
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40%, and 5%, respectively, and a relative solution time of 63%, 44 %, and 12%, respectively.

e For polynomial degree d = 3, algorithms 2, 3, and 4 provide a relative residual time of 55%,
20%, and 2%, respectively, and a relative solution time of 56%, 21%, and 4%, respectively.

e For polynomial degree d = 5, algorithms 2, 3, and 4 provide a relative residual time of 62%,
6%, and 1%, respectively, and a relative solution time of 62%, 6%, and 2%, respectively.

For all the simulations, algorithm 4 gives a significant improvement for the second-, fourth-, and
sixth-orders of convergence, with polynomial degrees d = 1,3, 5, respectively, with relative solution
time of 12% (8 times faster), 4% (25 times faster), and 2% (50 times faster), respectively. Moreover,
in the general case and regardless of the algorithm, higher computational gains are achieved with
hexahedral meshes than with tetrahedral meshes, but are more expressive with algorithms 3 and
4. Indeed, all the faces in prismatic meshes are quadrilaterals and, therefore, require twice the
quadrature points of triangular faces to obtain the same convergence order of the numerical integration.
Consequently, since more quadrature points are required in the quadrilateral faces of the hexahedral
mesh elements to obtain the same convergence order, a more significant computational gain is
expected.

As for prismatic meshes, the absolute residual time and solution time obtained with algorithm 4
for hexahedral meshes are comparable with the ones obtained with the same algorithm for tetrahedral
meshes. These results further support the previous conclusions and emphasizes the benefits of an
optimized implementation for the computational cost of the simulations.

The memory usage and corresponding relative values are reported in Table 5.21. Once again,
with algorithms 1 and 2 and polynomial degree d = 5, the memory usage is not provided for some
meshes since the amount required for the simulation exceeds the available resources. Hence, the
relative memory usage concerning algorithms 2, 3, and 4 can not be determined.

To sum up, the following computational gains in terms of memory usage are obtained for the
finest hexahedral mesh and depicted in Figure 5.13:

e For polynomial degree d = 1, algorithms 2, 3, and 4 provide a relative memory usage of 101%,
82%, and 89%, respectively.

e For polynomial degree d = 3, algorithms 2, 3, and 4 provide a relative memory usage of 111%,
27%, and 34%, respectively.

e For polynomial degree d = 5, algorithms 2, 3, and 4 provide a relative memory usage of 75%,
8%, and 10%, respectively.

Algorithm 2 with hexahedral meshes requires more memory than with tetrahedral and prismatic
meshes due to the higher number of quadrature points. Indeed, for polynomial degree d =1,

algorithms 1 and 2 use a similar amount of memory, while the memory usage is exceeded for
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Table 5.20: Residual time, solution time, and relative values obtained with hexahedral meshes.

DOF  Tr[s] Rr[#] Tsl[s] Rs[k] Tr(s] Rrl%#] Tsls] Rs[%] Trl[s] Rr[%] Tsl[s] Rsl[%]

Algorithm 1

80736 5.58 100.00 6.59 100.00 24.65 100.00 25.70 100.00 126.97 100.00 128.01 100.00
254016 16.18 100.00 17.97 100.00 93.99 100.00 95.88 100.00 345.66 100.00 347.48 100.00
726 624  46.90 100.00 50.98 100.00 277.23 100.00 281.63 100.00 — — — —
2254200 146.59 100.00 158.32 100.00 - - - — - - - -

Algorithm 2

80736 3.00 5379 4.04 6124 1720 69.80 1825 71.00 69.13 5444 70.15 54.80
254016 10.73 66.35 1245 69.24 5578 59.34 57.63 60.11 21418 61.96 21598 62.16
726 624 3040 6482 3423 67.14 153.58 55.40 157.94 56.08 - — - -

2254200 88.60 60.44 99.75 63.00 431.34 44259 - — - - —

Algorithm 3

80736 211 37.88 3.03 45.93 442 1795 544 21.16 6.51 513 745 582
254 016 6.67 4125 843 4688 1185 1261 13.63 1422 2050 593 2228 6.41
726 624 18.80 40.08 22.85 4482 5479 19.76 5874 20.86 61.05 65.14 —

2254200 5871 40.05 69.24 4373 112.34 124.04 203.45 215.75 -

Algorithm 4

80736 035 6.33 126 19.09 080 325 180 7.02 134 106 228 178
254016 103 637 276 1535 230 245 405 422 411 119 583 1.68
726 624 232 495 626 1229 6.48 234 1041 370 10.60 — 14.60 -

2 254 200 796 543 1944 1228 19.62 — 3241 — 3183 — 4343 -

polynomial degree d = 3. Nevertheless, algorithms 3 and 4 with hexahedral meshes have comparable
memory usage to tetrahedral and prismatic meshes as the size of the vectors to store does not depend
on the type of mesh elements.

5.7 Conclusions

A very high-order accurate finite volume scheme is proposed to solve three-dimensional
steady-state conjugate heat transfer problems in arbitrary curved domains with the continuity interface
conditions. The conjugate problem model is partitioned with a Dirichlet-Neumann method that replaces
the continuity interface conditions with Dirichlet and Neumann boundary conditions prescribed on the
interface. The Robin boundary condition is used on both the boundaries and the interface as a general
approach to prescribed the Dirichlet and Neumann ones assigning the appropriate coefficients. The
partitioned problem model consists of subproblems in the physical subdomains with only boundary
conditions and, therefore, are discretized separately with the proposed method. On the other side, the
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Figure 5.13: Relative residual time and solution time obtained with tetrahedral meshes.
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Figure 5.14: Relative residual time and solution time obtained with prismatic meshes.
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Figure 5.15: Relative residual time and solution time obtained with hexahedral meshes.
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Table 5.21: Memory usage and relative values obtained with hexahedral meshes.

DOF M [Gb] Ry [%] M [Gb] Rm [%] M [Gb] Rwm [%]

Algorithm 1

80 736 1.26 100.00 6.43 100.00 39.50 100.00
254016 3.91 100.00 19.83 100.00 121.68 100.00
726 624  11.12 100.00 55.60 100.00 — —
2254200 33.96 100.00 — — - -

Algorithm 2

80 736 1.27 101.09 7.11 110.53 29.64 75.04
254 016 3.99 102.06 22.02 111.09 91.33 75.06
726624 11.13 100.11 61.46 110.54 — —
2254200 33.99 100.09 189.11 - - -

Algorithm 3

80 736 1.06 84.07 1.72  26.81 3.18 8.05
254 016 3.27 83.77 530 26.72 9.61 7.90
726 624 9.11 8190 1474 2652 27.15 -

2254200 2782 8191 4526 — 83.64 —

Algorithm 4

80 736 1.19 94.26 2.22 3450 400 10.12
254 016 3.50 89.59 6.64 3351 1244 10.22
726 624 9.82 8827 1873 33.68 34.95 -

2254200 30.06 8852 57.78 — 107.43 —

thermal coupling between subproblems consists in providing the appropriate values to the boundary
conditions on the interface such that the heat transfer is recovered.

The very high-order finite volume scheme discretizes each subproblem and consists of polynomial
reconstructions that provide local approximations of the temperature functions. Specific polynomial
reconstructions are computed to determine the numerical heat fluxes on the faces and also to provide
the proper relations of the boundary variables for the thermal coupling. Polynomial reconstructions
associated with the boundary faces are computed applying specific linear constraints derived from the
Robin boundary condition. In that regard, the ROD method avoids the accuracy deterioration and the
second-order of convergence limitation observed with the conventional methods on arbitrary curved
boundaries and interfaces. On the other side, solely polyhedral meshes are used in the ROD method,
therefore, overcoming the difficulties associated with the methods relying on curved mesh elements,
such as the isoparametric elements method. A simple implementation of the proposed method
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Figure 5.16: Relative memory usage.

provides an implicit system of linear equations through a global residual operator, which is solved
with free-matrix iterative algorithms, such as the GMRES method. Four algorithms are proposed to
gradually optimize the implementation, reducing the computational cost and improving the efficiency
of the proposed method. The proposed algorithms are derived from the algebraic rearrangement of
the proposed method without introducing more approximations at the cost of an additional, but small,
pre-processing stage. In particular, the latest algorithm provides an explicit system of linear equations
through the conventional coefficients matrix and associated right-hand side, which can be solved with

any suitable method.

A comprehensive numerical benchmark is provided for the verification of the proposed method
in terms of accuracy and convergence orders based on the method of manufactured solutions. Several
test cases are addressed consisting of different domains, boundary conditions, thermal conductivity,
velocity, for which specific analytic solutions are derived. The proposed method achieves the optimal
convergence orders effectively and is capable of handling general polyhedral meshes generated
for arbitrary curved domains. Moreover, the partitioning configuration impacts the computational
efficiency as it strongly determines the number of iterations in the GMRES method, particularly for high
thermal conductivity ratios and polynomial degrees. More precisely, prescribing the Dirichlet boundary
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condition in the subproblem with the lower thermal conductivity (and the Neumann boundary condition
in the other) requires fewer iterations and, therefore, is computationally more efficient. Nevertheless,
comparable accuracy and convergence orders are obtained with both partitioning configurations.

A comprehensive computational benchmark is provided for the assessment of the computational
gain in terms of execution time and memory usage provided with the proposed algorithms. The
computational gain gradually increases from algorithm 1 to 4, both in terms of execution time and
memory usage, and is particularly relevant for higher polynomial degrees. The explicit formulation
(algorithm 4) provides substantial computational gains up to 1% of the execution time and up to 11%
of the memory usage relative to algorithm 1. The results prove the importance of the implementation
to drastically reduce the computational cost and provide the same accuracy with less demanding
simulations in terms of computational resources. Furthermore, from a sustainability perspective, very
high-order accurate methods supplied with efficient implementations are promising means of reducing
the energy expenditure.

The proposed developments are promising steps towards efficient simulations of conjugate heat
transfer problems and multiphysics problems in complex engineering applications, where verification
and validation in real scenarios with real parameters will be required. The proposed method is very
versatile and can be extended to solve other equations, such as the Navier-Stokes, whereas the
implementation improvements will be applied similarly.

Appendices

A Least-squares method

The polynomial reconstruction method requires seeking, through a minimization procedure,
the polynomial coefficients vector that provides the best approximation of the polynomial function to
the cell mean-values chosen according to the associated stencil. For that purpose, weighted cost
functional (5.15) is defined and given in matrix form as

F(p) = |WAn - w|, (5.147)

where vector 7 € R”" gathers the polynomial coefficients, matrix A € R¥" gathers the coefficients
resulting from the evaluation of the monomials mean-values in the cells, diagonal matrix W € R**¢
gathers the weights associated to the cells, and vector b € R* gathers the cell mean-values.

Moreover, linear constraint functional G(n) is required in the case of a constrained polynomial
reconstruction to satisfy the cell mean-value conservation, given as in Equation (5.16), or to fulfill the
Robin boundary condition, given as in Equation (5.17). In both cases, constraint functional G(n) is
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given in matrix form as
G =c-n-g (5.148)

where vector ¢ € R” gathers the coefficients resulting from the monomials mean-values in the reference
cell or from the monomials value at the collocation point and g stands for the cell mean-value to
conserve, in the former case, and the point-value to fulfill, in the latter case.

A.1 Normal equations method

For unconstrained polynomial reconstructions, the minimization procedure consists in seeking
unique vector ;7 € R” that minimizes weighted cost functional F(n) in the least-squares sense, that is,
7 =arg min,] F(n). Following the normal equations method [16], vector ;7 can be computed given as

7= (WA) Wb = ((WA)TWA)_I(WA)TWb - (ATW2A)_1ATW2b (5.149)

where (WA)T corresponds to the Moore-Penrose pseudoinverse of matrix WA (notice that W1 = W
since it is a diagonal matrix). Considering matrix M € R**" given as M = (WA)TW, then polynomial
coefficients vector is given as § = Mb. The existence of a unique solution for the normal equations
method is guaranteed if matrix A has full rank. Since A is a Vandermonde matrix, having at least n
distinct cells is a sufficient condition to guarantee the full rank, whereas unstructured meshes are also
convenient to avoid ill-conditioned matrices. A preconditioning technique may also be applied to the
normal equations method to reduce the condition numbers and provide more stable results.

Applying the normal equations method in the case of unconstrained polynomial reconstruction
¢;j(x) for each inner face f;; in computational subdomain Q3 associated polynomial coefficients
vector 'iil-j can be computed given as 'iil-j = A~4,-jb,-j where vector b;; gathers the cell mean-values
and matrix M;; gathers the associated coefficients obtained from the corresponding terms in

Equation (5.149).

A.2 Lagrange multipliers method

For constrained polynomial reconstructions, the minimization procedure consists in seeking
unique vector 77 € R” that minimizes weighted cost functional F (1) in the least-squares sense and
exactly fulfills equation G(i7) = 0, that is, 77 = arg min, F(1) subject to G(17) = 0.

Following the Lagrange multipliers method [17], consider functional L(n, 1) given as
L(n,2) = F(n)+AG(n) (5.150)

where A € R is a Lagrange multiplier (notice that the number of Lagrange multipliers is the same as
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the number of linear constraints). Then, polynomial coefficients vector 77 can be computed from the
the solution of system of linear equations given as V, 1L(1n, A1) = 0 where differential operator V,
takes the derivatives with respect to each polynomial coefficient and with respect to the Lagrange

multiplier.

On one side, V,L(n, 1) = V,F(n)+AV,G(n) and it can be deduced, after some algebra,
that the gradients of cost functional F (1) and constraint functional G(n) taking the derivatives with

respect to each polynomial coefficient are given in matrix form as

V. F(n) = 2ATW?An - 24"W?b, (5.151)

V,G(n) =c, (5.152)
and, therefore, V;, L(n, A) is rewritten in matrix form as
VuL(1,2) = 2ATW?An - 24"W?b + Je. (5.153)

On the other side, notice that dL(n,1)/04 = G(n) and, therefore, is given in matrix form as
in Equation (5.148). Therefore, system of linear equations V, L(n, A) = 0 is rewritten gathering
gradient V, L(n, 1) and constraint functional G(n) equal to the null vector, given in matrix form as

24TW2A c||n| |24TW?b
_ , (5.154)
ct 0]]4 g

and, therefore, polynomial coefficients vector 77 and associated Lagrange multiplier A are given as

= ) (5.155)

cl 0 g

7l (24TW2A ¢ 1 2A4TW?p

)
As for the normal equations method, the existence of a unique solution for the normal equations
method is guaranteed if matrix A has full rank. To solve system of linear equations (5.154), an
LDLT factorization (a closely related variant of the conventional Cholesky factorization, also called
LLT factorization) is used since the associated coefficients matrix is symmetric by construction.
The Cholesky factorizations perform roughly twice as efficient as the LU factorization if optimally
implemented and requires half of the memory with sparse matrix storage [22]. In comparison with
the conventional Cholesky factorization, the variant LDLT factorization decomposes the coefficients
matrix in a diagonal matrix D in addition to the lower triangular matrix L and, therefore, requires the
same memory as the former but avoids extracting square roots, which is computationally convenient.
Notice that, in the latter, matrix L is a unitriangular matrix (the entries in the diagonal are one) and,
therefore, matrices D and L can be stored a single lower triangular matrix. Moreover, for indefinite
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matrices with no conventional Cholesky factorization, the variant LDLT factorization can be computed
having negative entries in the diagonal matrix. Another technique to obtain more accurate and stable
results is to apply a preconditioning matrix to the Lagrange multipliers method to reduce the condition
numbers of associated coefficients matrix A.

Applying the Lagrange multipliers method in the case of constrained polynomial reconstruction
@i(x) for each cell ¢; in computational subdomain Q3 associated polynomial coefficients vector 7
can be computed given as 7, = Mibi where vector b; gathers the cell mean-values and matrix Mi
gathers the associated coefficients obtained from the corresponding terms in Equation (5.155). Notice
that, in that case, g = ¢; is a cell mean-value and, therefore, is also gathered in vector b,.

Applying the Lagrange multipliers method in the case of constrained polynomial reconstruction
@ir(x) for each boundary face fir on computational boundary subset Ff’s, associated polynomial
coefficients vector 7, can be computed given as ;5 = M,-Fbip + giFn;r Where vector b;r gathers
the cell mean-values and matrix Mip and vector m;r gather the coefficients associated to the
cell mean-values and to the pointvalue, respectively, obtained from the corresponding terms in
Equation (5.155). Notice that, in that case, g = g;r is a point-value and, therefore, is not gathered in

vector b;r.
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CHAPTER

Conclusions and future work

The present thesis is completed with the general conclusions and some perspectives of future
works, bearing in mind the achieved developments and the results presented in the previous chapters.
Notice that, the structure of the thesis is adapted from publications, each addressing one or more
questions within the proposed objectives and, as usual, also include the respective conclusions and
proposals for future works at the end.

6.1 Conclusions

The different studies developed along the thesis are summed up in this section with some
additional conclusions, and revisited in line with the proposed objectives for the present work, leaving
aside the technical details.

6.1.1 General boundary conditions on curved boundaries

A finite volume method with a very high-order of convergence was proposed to solve the
convection-diffusion equation with general boundary conditions on arbitrary curved boundaries. An
efficient numerical technique was developed to overcome the difficulties motivated by the geometrical
mismatch between polygonal meshes and curved boundaries, which often leads to accuracy and
convergence order deterioration. The technique is based on constrained polynomial reconstructions
fulfilling the prescribed boundary conditions on the curved boundary, for which linear constraints in the
associated least-squares fittings are employed. Then, the numerical approximations of the convective
and conductive physical fluxes, derived from the generic finite volume formulation, are determined
solely on the cells polygonal boundaries. In that way, the proposed numerical technique overcomes
the drawbacks associated with the classical techniques relying on curved mesh elements, such as
the isoparametric elements method. For instance, the elaborated and computationally expensive
algorithms to generate curved meshes, the complex non-linear transformations, and the quadrature
rules on curved elements are avoided with the proposed approach. These requirements are particularly
challenging in realistic three-dimensional geometries, whereas it becomes feasible and practical in the
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case of the proposed method.

Exhaustive verification of these developments was carried out with numerical benchmarks
comprising several test cases with non-trivial curved boundaries, prescribed with the Dirichlet,
Neumann, and Robin boundary conditions. The results obtained prove that the proposed method
effectively achieves the very high-order of convergence, whereas just the second-order of convergence
is achieved when curved boundaries are handled without the appropriate treatment. Moreover, the
very high-order of convergence approach provides significantly more accurate approximate solutions
with the same mesh, when compared with the second-order of convergence counterparts. From
another perspective, the proposed method also improves the performance of the calculation in terms
of computational resources. That is, the very high-order of convergence provides the same accuracy
with substantially coarser meshes, when compared with the second-order of convergence, therefore
requiring less computer memory. The difference is more pronounced with the increasing demand for
accuracy from the industrial applications, which can be infeasible with the second-order of convergence

due to the limited available computational resources.

6.1.2 Conjugate heat transfer problems with general interface conditions

The proposed finite volume method with a very high-order of convergence was extended to
conjugate heat transfer problems with general interface conditions on arbitrary curved interfaces. The
method consists in partitioning the conjugate problem with the Dirichlet-Neumann or
Neumann-Neumann methods, such that the interface conditions are replaced with specific boundary
conditions on the interface. Then, each subproblem used only the conventional boundary conditions
and, therefore, is discretized separately applying the previous numerical technique to preserve the
convergence order with the use of polygonal meshes. The appropriate thermal coupling between
subproblems consists in determining approximations of the boundary condition functions prescribed
on the interface, with polynomial reconstructions computed based on the solution of the adjacent

subproblem.

The verification of the proposed method was carefully carried out with numerical benchmarks
comprising several test cases, with non-trivial curved interfaces prescribed with the continuity and
imperfect interface conditions. The results obtained support the capability of the method to effectively
achieve the very high-order of convergence in all the addressed test cases. Moreover, the temperature
jumps arising on the interface, due to the interfacial thermal resistance of imperfect thermal contacts,

are handled without any difficulties, preserving the convergence order of the method.

6.1.3 Thermal boundary layers in high-Péclet number problems

Several test cases concerning high-Péclet number problems and thermal boundary layers were
addressed in the numerical benchmarks provided. The results obtained support the capability of the
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proposed method to effectively achieve the very high-order of convergence, without any additional
requirements, presenting an essentially non-oscillatory behaviour. Nevertheless, the verification of
the method in an industrial representative application of relevant and complex heat transfer was the
ultimate challenge to illustrate the practical benefits. In that regard, the method was applied to address
the thermoplastic sheet extrusion cooling stage, an essential application in the polymer industry. A
strong thermal boundary layer arises due to the temperature shock at the location where the initial
contact between the melted thermoplastic sheet, leaving the extruder, and the chilled roll occurs.
Moreover, due to the typically high extrusion speeds and the low thermal conduction of thermoplastics,
the heat transfer in the problem is predominantly convective, having a high-Pléclet number and giving
rise to sharp boundary layers.

The use of stretched meshes was proposed to reduce the total number of cells in the mesh since
the temperature variations occur mainly along the perpendicular to the extrusion direction, handling
this problem more efficiently. The results obtained prove that the method is capable of achieving the
very high-order of convergence regardless of the employed mesh. However, as anticipated, accuracy
deterioration is observed with increasing mesh aspect ratio. Therefore, there is a trade-off between
accuracy and efficiency, which mainly depends on the application requirements. In the case of the
thermoplastic sheet extrusion cooling stage, the very high-order of convergence method provides
significantly more accurate solutions, when compared with the second-order of convergence method.
On the other side, the latter is also significantly more time-consuming to achieve the same accuracy
level. Indeed, the results prove that higher aspect ratios allow further reducing the computational cost

of the simulations, considering the accuracy requirements of this specific application.

6.1.4 Three-dimensional domains and algorithm optimization

The extension of the proposed method to three-dimensional geometries raises an additional
challenge with respect to the boundary description and the computational effort, when compared
with the two-dimensional case. Indeed, there is a significantly higher computational cost as a direct
consequence of the exponential dependence with the number of dimensions. With this motivation,
several optimized algorithms were derived to improve the efficiency of the proposed method, particularly
in the three-dimensional case, which often requires millions of cells and, thus, very large matrices. The
proposed algorithms consist in successive algebraic simplifications, which avoid repetitive calculations
in each iteration of the iterative method employed to solve the implicit system of linear equations.
Then, these calculations are transferred to a pre-processing stage, improving the overall performance
of the proposed method.

The verification of the proposed algorithms was carried out with computational benchmarks
comprising several test cases in three-dimensional geometries, both with non-trivial curved boundaries
and interfaces. First, the results obtained support the simplicity of the proposed method to handle the

three-dimensional case and also the capability to provide a very high-order of convergence. Moreover,
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the optimized algorithms drastically reduce the computational cost of the proposed method, both in

terms of execution time and memory usage, without accuracy deterioration.

6.2 Future work

The objectives outlined for the present work were properly addressed, which provided valuable
answers in the quest of high-performance simulations for polymer processing applications. The
undertaken research proved that advanced computational methods are a very promising approach to
provide more efficient simulations and more accurate solutions of complex problems, when compared
with the classical counterparts. Indeed, many software companies are turning their attention to having
more modern and sophisticated computational methods in their simulation products, which ultimately
will benefit the industry with more capable and powerful tools.

In practical terms, the present work tackles some of the fundamental, but indispensable,
questions for the development of advanced computational methods towards high-performance
simulations. Nevertheless, there are plenty of other questions that remain open, and future works
should be undertaken, aiming at the application of these methods to solve real context problems in
the polymer processing industry. In that regard, the knowledge acquired in the present work provides

solid foundations and useful guidelines that will be essential for further research on the topic.

Bearing in mind the previous thoughts, future works on the research topic should mainly
concern the extension of the proposed methods to solve the classical models in fluid flow problems.
For instance, the Navier-Stokes equations, widely used to model flow problems in a variety of situations,
can be taken as the next challenge. Indeed, the model already raises many questions concerning the
non-linearity and, for the case of incompressible fluid flows, the divergence-free constraint that should
be considered. Associated with the Navier-Stokes equations, several situations become a challenge by
themselves. For instance, boundary conditions taking into account the effect of the boundary curvature,
interface conditions imposing the thermal exchanges between phases, and extreme boundary layers
arising from high-Péclet number flows. Providing that these methods are still capable of improving
performance in such a scenario, when compared with the classical ones, more complex and realistic
models for the polymer processing context can be considered. For instance, the Cauchy equations with
the appropriate constitutive equations for the polymeric fluid can be addressed, where the rheology
will have an important role. The increased complexity of these models will undoubtedly bring additional
challenges in preserving the accuracy of the approximate solutions and the computational efficiency of
the simulation. The methods will eventually become more specialized to the complex models they are
intended to solve, which requires a particularly significant effort on preserving versatility and simplicity.

The present work represents important steps towards high-performance polymer processing
simulations, but still requires a plethora of developments, for which further research on this topic is
necessary.
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