The N-membranes problem with Neumann type
boundary condition

A. Azevedo, J. F. Rodrigues and L. Santos

Abstract. We consider the problem of finding the equilibrium position of N
membranes constrained not to pass through each other, under prescribed vo-
lumic forces and boundary tensions. This model corresponds to solve vari-
ationally a N-system for linear second order elliptic equations with sequen-
tial constraints. We obtain interior and boundary Lewy-Stampacchia type
inequalities for the respective solution and we establish the conditions for
stability in measure of the interior contact zones of the membranes.

1. Introduction

Let Q be a bounded open subset of R? with Lipschitz boundary I'. Denote by
u = (uq,...,uy) the equilibrium displacements of N (N > 2) elastic membranes,
each one constrained not to pass through the others, subject to external volumic
forces f = (f1,...,fn) and boundary tensions g = (¢1,...,9n). The problem
consists of minimizing the energy functional

(1.1) E(u):/Q<;(a(u,u)+cu-u)—f-u>+A<;bu-u—g~u),

in the convex set

(12) Ky ={v=(o,....on) € [H'@)]"

TUp > > UN a.e.inQ},

N
where a(u,v) = Z a(ug,vx), with a(u,v) = a;jus,v,,; (using the summation con-
k=1
vention for 4,5 =1,...,d) and u - v denotes the usual internal product between u
and v.
The N-membranes problem attached to rigid supports was considered in [3]

for N linear coercive elliptic operators of second order and extended in [1] to
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quasilinear operators, with smooth coefficients of p-Laplacian type. For general
linear second order elliptic operators with measurable coefficients, see also [2].

Although Neumann boundary type problems can also be considered for more
general operators, for simplicity, here we assume

a;; € LOO(Q)7 aij = Qji,

(1.3)
ce L>®(Q), be L>(D),
fl»---;fN S LP(Q),
(1.4) p>d+2 if d > 3,
> 24D i g > 3,

Jv>0vee RY a8 > vlE)?,

CZCOZO,be()ZO, Co+b0>0.

g1,---,9n € LYT),
p>1lifd=2,

g>1ifd=2.

Here we use \/ and A for the supremum and infimum, respectively, of two or

more functions

N
\/ fk? :Sup{€17"'a€N}7

k=1

N
/\gk :inf{§17~-~,§N}7

k=1

and, accordingly, we set £T =&V 0 and €~ = —(£A0).
The minimization problem (1.1)-(1.2) is equivalent to the variational inequal-

~w) + /bu( ~u)
/f v—u /g~(’u—u), Vv € Ky.

For N = 2 this problem can be considered, when the solution is known, as
two one obstacle problems. For N > 3, the upper and the lower membranes are of
this type, but each membrane in between may be considered a solution of a two
obstacles problem. This last problem corresponds to a variational inequality with
the convex set given in the form

Ki:{fe HY(Q): ¢ <€ <pae. in Q},
where the given obstacles are such that ¥ < ¢. For two obstacles, the Lewy-
-Stampacchia inequalities for the solution v are
(1.6) fANAp < Av < fV AP ae. in gANBp<Bv<gV By ae onl,

where A and B denote the associated differential and boundary operators, respec-
tively,

(1.7)

ity
ucKy:

/Q(a(u,v— u)+cu- (

(1.5)

Av=— (aij”zi)mj + cv, in Q,

(1.8) Bv = a;jvg,nj + bv, on T
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(n1,...,nq) denoting the unit outward normal vector to T
The iteration of these inequalities yields the new set of N inequalities for the
solution u of the N-membranes problem, both in 2 and on T’

! N
(1.9) /\ fr < Auy < frs a.e. in Q, l=1,...,N,
k=1 k=l
1 N
(1.10) /\g;C < Bu; < \/gk, a.e. on I} l=1,...,N,
k=1 k=1

which allows to reduce the regularity of the solutions to the corresponding regu-
larity of a system of equations, as shown in the next section. In particular, in the
following special cases:

e fi = ... = fn = f, the solution u of the variational inequality (1.5)
satisfies the system of N equations Aux = f a.e.in Q, k=1,...,N;

e g1 =...=gn = g, the solution u of the variational inequality (1.5) satis-
fies the Neumann boundary conditions Buy = g a.e.on ', i =1,..., N,
although in the general case we only can say that u satisfies Signorini type
boundary conditions.

Another interesting result is the stability of the N(]\;_l) coincidence sets

(1.11) Iy ={z€Q:ug(r) = =wu(zx) for a.e. x € O}, 1<k<I<N,

the sets of contact of | — k + 1 consecutive membranes. Given a subset A of €,
we denote by X4 (the characteristic function of A), i.e., X4(z) =1if x € A and
Xa(z) =0ifz € Q\ A. As we have shown in [1] this is a consequence of writing the
solution of (1.5) as the solution of a semilinear system involving the characteristic
functions Xz, ;. We exemplify the argument in the simple case NV = 3.

For N = 2 there is only one possible coincidence set, the contact of u; with
ug. If the two forces associated with the two membranes are almost everywhere
different in Q (fy # f2 a.e. in Q), then the characteristic function Xj, , of I 5 is
easily shown to converge strongly in any L*(Q), 1 < s < oo, for variations of the
forces in LP(€Q).

For N = 3 there are three possible coincidence sets, the sets I o, I> 3 and
I3 = 112N Iz 3. Setting xx,; = ka,t’ 1 < k <1 < 3, the characteristic functions
Xy, of the sets Iy ; are shown to converge strongly in any L*(2), 1 < s < oo, for
variations of the forces fi1, fo and f3 in LP(Q), as long as

(112) St fe Bt e  hiAgath) Uit R)# S

This is a consequence of the fact that the solution u of (1.5) satisfies the system
a.e. in €,
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Auy = f1+ 3(f2 — f1)X12 + 5(2fs = fa — f1)X13
(1.13) S Aup = fo — %(f2 — fi)X1 2 + %(f:‘a — fa)Xo s + %(sz —fi—f3)Xi3
Auz = f3 — 3(fs — f2)Xo3 + §(2f1 — f2 — f3)X1 3.

Notice that the system (1.13) contains the case N = 2, that reduces only to
the two first equations of this system, with Io 3 = (so Xo3 = X3 3 =0). Even in
the more complicated situation of NV > 3, the stability result can still be extended
in the interior of ) as we show in Section 3. However, the corresponding stability
result on the boundary I' is an open question. In this paper we have chosen to
present only the Neumann case when I' = 0f2, but all the results are still valid,
with simple adaptations, for the mixed problem where 92 = I'yUT';, with Dirichlet
data on I'y and Neumann data on I'; (see [7], for instance).

2. The Lewy-Stampacchia inequalities

We begin this section recalling a theorem for the double obstacle problem:

Theorem 2.1. Suppose that 11,1, € HY(Q), f € LP(Q), g € LY(T), p,q defined as
in (1.4). Let u be the solution of the variational inequality

(2.1) /Q(a(u,v—u)+cu(v—u))+/Fb(v—u) Z/Qf(v—u)—k/rg(v—u),

with the assumptions (1.3), in the convex set
(2.2) Kﬁf ={ve HY(Q) 1 <v <1y ae in QY.
If (Avs = f)", (A~ f)” € LP(Q) and (Byr —g) ", (Byz —g) € LI(L),
then
(2.3) FANAY; < Au < fV Ay, a.e. in §,

(2.4) g A By < Bu < gV B, a.e. onT.

Proof. The proof of this theorem is a simple adaptation of the arguments used for
the one obstacle problem with Neumann boundary condition (see, for instance, [9]
or [7]). O
Remark 2.2. We observe that both the lower and the upper one obstacle variational
inequalities (2.1) in the convex sets

Ky, = {ve HY(Q) :v > 9; ae. in Q}
and

KY2 = {v € H'(Q) : v < 1)y a.e. in Q},
can be regarded as particular cases of the double obstacle problem, corresponding
formally to 9 = +00 and 11 = —o0, respectively.
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Given N functions ¢1,...,pnN, we define, for 1 < k <[ < N, the average of
Pky---,P1 A8

it t o
2.5 ==
(25) R

Denote
(2.6) o=max{(fpk=T1....N},  mo=max{(ghs:k=1,...,N}
and, for k=1,..., N,
(2.7) & =k(€—(Hlik)  m=k(mo—(9)1k)

We may approximate the solution of (1.5) by the solution of the penalized
problem given by the semilinear system with Neumann boundary conditions, for
k=1,...,N,

Aui + gkes(uz - Ui+1) - 5]4_105(“2,1 - UZ) = fk in Q7
(2.8)
Bui + nkas(ui - ui+1) - nkflas(ui_l - ui) = 0k on F,
with the conventions ug = +o00, ufy,; = —oo, where for ¢ > 0, 0. is defined by

0-(s) = —1if s < —¢, 0(s) = =%, if —e < s <0 and 0.(s) =0 for s > 0.

Proposition 2.3. With the assumptions (1.3) and (1.4), problem (2.8) has a unique
solution (ug, ..., u% ), bounded independently of € in [Hl(Q)]N . Besides that, Au®
and Bu€ are bounded independently of ¢ in [LP(Q)]" and in [L9T)]Y, respectively.

Proof. Consider the monotone operator

N
(29) (Ve(v),w) = Z/ (Ekae(vk = Vkt1) — Ep—10=(vk—1 — Uk)) wy
k=17

N
+ Z/ (nkge('vk = Ut1) — Me—10e(vk—1 — 'Uk))wk
k=1"T

The problem (2.8) is equivalent to the semilinear variational problem
w e [H'(Q)]" :

(210) /Q(a’(’u'evv) + cu® -’l)) + /F but v+ <\I/5(UE),’I)>

= f-v—i—/g-v, Vve[Hl(Q)}N
Q r

and this problem has a unique solution, by standard monotone methods.
Since

Au® = f — (e (uf — ufpr) = Eo-10-(uisy —ug))_y
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—1 < 6. <0and f,& € [LP(Q)]Y, it follows that {Auf : 0 < & < 1} belongs
to a bounded subset of [LP (Q)]N Analogously, after integration by parts, the set
{Buf : 0 < & < 1} is bounded in [L9(T)]". O

Proposition 2.4. Under the assumptions (1.8) and (1.4), let u® be the solution of
problem (2.8) and u the solution of the variational inequality (1.5). Then
(2.11) ug, < uyp_q + €, k=2,...,N,
and, when € — 0,
w—u in [HY(Q)]Y,

Au® —— Au in [LP(Q))" -weak, Buf —— Bu in [LY(D)]Y -weak.
Proof. We begin noticing that,

& >0 (k>1), (Ehm1 — Eh—2) — (&6 — &—1) = fo — o1 (K >2),

me >0 (k>1), (Me—1 — Mo—2) — (Mk — k1) = g — gr—1 (k> 2).

To prove (2.11), we multiply the k—th equation of (2.8) by (uf —u5_; —¢&)"
and integrate on 2. Using that 6. (u§_; —u§)(uf —uf_;—&)t = —(uf —u§_;—¢)"
and 0. (uj, — uj,,,) > —1, we obtain

(2.12) /QAu;(ui—ui,l—sﬁ < /Q[fk‘i‘gk_gkfl] (uf —uf_q — )"

+ / [k + 7 — 7] (5, — w5y — &)
T

With similar arguments, if we multiply, for k > 2, the (k — 1)—th equation
of (2.8) by (u§ —u_; —e)* and integrate on { we obtain,

(2.13) /éluiq(ui —ui_,—e)t > /Q[fkq + &1 — Epo] (uf, —uf_q — )t

+/[9k71 + =1 — Me—2] (uf, —uj_y; —e)*.
I

Subtracting equation (2.13) from (2.12), using the assumptions (1.3), the
conclusion (2.11) follows.

The strong convergence in [H' ()] N of u€ to the solution u of the variational
inequality (1.5), when ¢ — 0, follows by a standard argument.

The uniform boundedeness of {Auf : 0 < & < 1} in [LP(Q)]" implies the
weak convergence of Auf to Au in [LP(Q)]N , and, analogously, the boundedeness
of {Buf : 0 <e < 1} in [Lq(F)]N implies the weak convergence of Bu® to Bu in
o)), O

We are now able to prove the following result:
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Theorem 2.5. Under the assumptions (1.3) and (1.4), the solution u of the problem
(1.5) satisfies the following Lewy-Stampacchia type inequalities

fi < Aw < fiveeVifN
AAfa < Aug < foVe--Vifn
(2.14) a.e. in
fin---Nfvor < Aunoy < fnoa VN
fin-—ANfy < Auy < fn
and
g1 < Buy < 1V VN
giNgs < Buy < G2Ve-Vgn
(2.15) a.e. on I
giA-Agn_1 < Bun_i1 < gn_1Vgn
g AN--Agnv < DBuy < gn

Proof. If (v,us,...,uny) € Ky, with v € K,,, we see that u; € K, solves the
variational inequality (1.5) with f = f;. Observing that Aus € LP(Q)) and that
Bug € L(T"), by (2.3) and (2.4) we have

fi<Au < fivAus, ae. inQ

g1 < Bu; <g1VBusy ae. inl.

Since u, € Kup,; solves the two obstacles problem (2.1) with f = fg,

k=2,...,N —1, and satisfies, by (2.3) and (2.4),
feNAug—1 < Aup < fr VAug4r  ae in Q,
g NBup_—1 < Bup <gxVBugy; ae inl.
As uy € K¥~N-1 satisfies
INNAun_1 < Auy < fy a.e.on

gn NBuy_1 < Buy <gy ae.onl,
(2.14) and (2.15) are easily obtained by simple iterations. O

Remark 2.6. The Lewy-Stamppachia inequalities appeared first in [6] for the obsta-
cle problem with Dirichlet boundary conditions and were extended to the Neumann

case in [5] (see also [9] and [8]).
From (2.14) and (2.15) the following corollary is immediate:
Corollary 2.7. Let u be the solution of the variational inequality (1.5). We have
iff=f--..f), then Au=f in Q, if g=1(g9,-..,9), then Bu=g onT.

From the linear elliptic regularity theory (see [4] or [8], for instance) we have
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Corollary 2.8. Under the assumptions (1.3) and (1.4), the solution u of (1.5) is
in [C’O’O‘(ﬁ)]N, for some 0 < o < 1. Besides that, if a;; € C%1(Q) then u €

N

[Wi’f(m} and u € [Cl,ﬁ(Q)}N ifo<pf=1- % < 1; if in addition T € CH*,
be COUT) and f € [12@)]", g e [L2(D)]" thenwe [W3/>()]"; finally, if
also g1 =---=gn € Wlf%’p(lﬂ), then u € [WQJ’(Q)]N.

3. The stability of the coincidence sets

Let u, be the solution of the N-membranes problem (1.5), under the assumptions
(1.3), with given data f, and g, satisfying (1.4). Assuming that f, converges
to f in [LP(Q)]" and that g, converges to g in [L(T)]", we shall extend now
the following stability result in L*(2) (1 < s < o0) of [1] for the corresponding
coincidence sets (defined in (1.11)),

X{u for1<k<I<N.

in} — X{’U,k:

" .:ul}7

n—..—
w==u

Recalling the inequalities (2.14), Au = F a.e. in Q, for some function
F e [LP(Q)])", as in Lemma 2 of [8], we have

Aup, = Augqq a.e. in {x € Q:up(x) = ups1(2)}

and so we can characterize a.e. in {2 each F} in terms of f; and the characteristic
functions X, —..—, 3, 1<I< N, 1<r<s<N.

In what follows, we use, as before, the convention, ug = +oo and uy11 = —oc.
We define the following sets
(3.1) O ={zeQ:up_1(z) >up(z) = =w(z) >us(x)},
the sets of contact of exactly the membranes ug, ..., u;.

Proposition 3.1. If k,l € N are such that 1 <k <1< N , we have
(f)ka a.e. inOp; if red{k,....1l},
1. Au, =

- fr a.e. inOpy if rE{k,....1}.
2. If k <1 then for allr € {k,....1} {f)r+10 > (/i a.e. in O.

Proof. Because of the regularity result Au € [LP (Q)}N, the proof of this propo-
sition is the same as for the case with boundary Dirichlet condition, done in [1],
since it was done locally at a.e. point x € (2. O

Remark 3.2. Tt is well known that a necessary condition for existing contact in the
case of two membranes u; and us, subject to external forces f; and fo respectively,
is that fo > f1. Depending on the boundary conditions, this condition may be (or
not) sufficient for contact.

We would like to emphasize that condition 2. of the preceding proposition is
a necessary condition for the first » — k membranes (k < r <) to be in contact
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with the other [ — r + 1 membranes. We can interpret physically the condition 2.
by regarding the first » — k£ membranes as one membrane where a force with the
intensity of the average of the forces f, ..., f, is applied and all the other [ —r+1
as another one where it was applied a force with the intensity equal to the average
of the remaining forces fri1,..., fi.

As for the boundary Dirichlet condition case, we may characterize the varia-
tional inequality (1.5) as a system of IV equations, coupled through the character-
istic functions of the coincidence sets I ;. In (1.13) we presented the system for
N = 3, containing as a special case N = 2. The next theorem presents the general
case.

Theorem 3.3. Under the assumptions (1.3), let w be the solution of the problem
(1.5) with data f and g satisfying (1.4). Then

(3.2) Au, = fr + Z bf’l Xg1 a.e.in
1<k<I<N, k<r<I
where

(Foeg — (ri-1 if T=1
b’ﬁ’l[f] = (Feg = (et if r=k

e (Orrr = 3(fe+ 1) if k<r<lL

. . . . N

Also exactly as in [1], using the variational convergence u, — u in [H ! (Q)] ,

we may prove the continuous dependence of the coincidence sets with respect to
the external data.

Theorem 3.4. Assuming (1.3) and given n € N, let u, denote the solution of
problem (1.5) with given data fn € [LP()]", gn € [LY(D)]Y, with p,q as in (1.4).
Suppose that

fo —— f in [LP@QIY, gn —— g in [LYD)V.
Then
(3.3) Up —— u in [Hl(Q)]N
If, in addition, the limit forces satisfy
(3.4) (Fer #Z (Fhrs1a for all k,r,l e {1,... ., N} with k <r <,
then, for any 1 < s < oo, Vk,l€ {1,...,N}, k<1,

(3'5) X{u 15 X{uk:":ul} in L*(9).

n

Remark 3.5. The condition (3.4) for the stability of the coincidence sets for N = 2
is simply fo # f1 and for N = 3, the condition (1.12) (see [2] for a direct proof).

n—,,, —
r==u
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Remark 3.6. It would be interesting to prove a condition analogous to the system
(3.2) for the boundary operator B (under additional regularity of the solution u),
i.e., to find sufficient conditions for some coefficients /¥ involving the averages
(9)&, such that, if Ip; = {x € T : up(x) = - -- = w(x)}, then

_ kil ox .
Bu, = g, + E . Xfxc,z a.e.on L.
1<k<I<N, k<r<l
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