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Tortuosity variation in a low density binary particulate bed
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bstract

The importance of particle size ratio and particle composition in the properties of a mixed bed is well known. Nevertheless, the dependence of the
ed channel tortuosity T on the porosity ε in the form T = 1/εn, where n is assumed to be a constant, shows that the value of n depends on the properties
f the packed bed. For loose packing, experimental data for binary mixtures of glass beads of a size ratio from 1 up to 53.8 was analysed in terms
f porosity, tortuosity and permeability. The packing procedure was performed without intensive compacting methods e.g. vibration, etc. Obtained
esults show that the parameter n is a function of the volume fraction of large particles x and, for spherical particles, lies in the range 0.4–0.5. The
D

xplanation for this variation is (1) a distortion effect on the small particles arrangement occurring near the large particle surface; (2) in the region
f minimum porosity, near contact points of large particles, the occurrence of dead zones that are free of small particles. A relationship accounting
or this effect is proposed that may be useful for the analysis of transport phenomena in granular bed filters, chromatographic columns, etc.

2006 Elsevier B.V. All rights reserved.
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. Introduction

Mixed beds of particles have a wide application in industry
nd sciences. Granular beds and, in particular, packing of par-
icles with different sizes display a wide range of values of the
orosity (ε) and pore tortuosity (T) [1–5]. Models of the binary
article beds porosity [6–14] and permeability [15–19] versus
he volume fraction of the mixture components have been thor-
ughly described.

The tortuosity is defined as T = Le/L, where Le is the average
ow pathway length and L is the bed thickness. Investigations
n T are concentrated on the establishment of a relationship
etween the overall porosity and tortuosity [20]. For granular
ackings, the main effort has been focused on the determination
f a fixed tortuosity value [14,21,22].

For a mixed bed of particles significantly different in size, to
ake into account the influence of the porosity on the permeabil-
ty through the tortuosity is of major importance [16]. Due to the
ifferent methods applied for packing preparation, the values of

ed porosity lie between “loose” and “dense” packing values,
aking of key importance to know how tortuosity is related with

acking porosity.
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Among the proposed relations describing the relationship T
ersus ε [23–27], for granular packings, a power law relationship
s the most frequently used:

= 1

εn
(1)

here n is a numerical value.
There are many evidences that n depends on the packing

roperties. For binary mixtures, Klusácek and Schneider [28]
dmitted that n is not a constant. Assuming that in a porous
edium there are m classes of pores and that each class occu-

ies the same portion of the total porosity, Millington and
uirk [29] suggested, for unconsolidated systems, n to be 1/3.
hang and Bishop [30] and Mota et al. [31] applied n = 0.5.
or loose packed spherical particles mixtures the best fit of
versus ε was obtained for n = 0.4 [27,32]. n = 0.4 gives a

ood approach for tortuosity (1.47 average value) measured in
spheres packing with porosity between 0.363 ± 0.030 [21].
ased on these observations, it may be speculated that the expo-
ent index for granular beds describing the dependence of tortu-
sity on porosity ranges from 0.4 (loose packing) to 0.5 (dense

acking).

The above-mentioned assumption can be confirmed by
he data of Currie [1] (for sphere mixtures; sand mixtures;
pheres/sand mixture) plotted in Fig. 1 together with the plot
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ig. 1. Dependence of the tortuosity T on the packing porosity ε. Points are plot-
ed using the data from [1] for sphere mixtures, sand mixtures and spheres/sand

ixture. Lines represent Eq. (1) for n values of 0.4 and 0.5.

f Eq. (1) at n = 0.4 and 0.5. As can be seen, most of the data
ies between the two functions.

Mota et al. [33] investigated a binary mixture spheres at dif-
erent olume fractions of large particles xD for particle ratios D/d
f 13.3, 20, and 26.7. Experiments with the binary particulate
ed show that the dependence of n on the fractional content xD

ies in the range of 0.5 (for the monosize packing) up to ∼0.4
in the region of the minimum porosity of the binary bed).

A justification for the variation of the parameter n in Eq. (1) is
equired with the purpose of establishing a relationship between
he binary packed bed porosity, fractional content, tortuosity
nd, hence, the permeability.

. Experimental basis

Loose packed binary mixtures of glass beads of a size ratio
rom D/d = 1 up to 53.8 were analysed in terms of porosity,
ortuosity and permeability. Most of the experimental data has
een obtained in previous works [27,33] and additional exper-
ments for high D/d ratio were performed using previously
escribed procedures [33–35]. The packing procedure was per-
ormed without intensive compacting methods e.g. vibration,
tc.

Packing porosity was measured by the volumetric method,
hereas the tortuosity and the parameter n in Eq. (1) were deter-
ined based on the measurement of permeability.
The permeability k of a mixed bed is characterised by the

elation [3,27]:

= d2
avε

3

{36K0T 2(1 − ε)2} (2)

here dav is the average particle size in the bed and for the binary
ixture of large particles of size D and small particles of d is

efined as dav = 1/{xD/D + (1 − xD)/d}; xD is the volume fraction
f large particles in the bed; complex K0T2 = K is the Kozeny’s

oefficient and for granular beds K = 4.2/5.0; T is the tortuosity;
0 is the shape factor depending on the shape of a capillary pore
ross-section area and may be assumed to be K0 = 2.0 for the
pheres packing [27,33].
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The values of n were calculated from the known porosity,
verage particle size and permeability using Eq. (3) (obtained
rom (1) and (2)):

= ln{36kK0(1 − ε)2/(ε3d2
av)}

2 ln(ε)
(3)

. Analysis and discussion

Data presented in a previous work [33] shows that the parame-
er n is a function of xD at the size ratio D/d = 13.3, 20, and 26.7.

easurements were made for mixtures with xD from 0 up to
Dmin, this value corresponding to a minimum packing porosity
min (xDmin was around 0.65–0.7). It was shown that the parti-
le arrangement in the binary mixtures at εmin is characterised
s a loose packing density. As a result, the tortuosity becomes
ower being this reflected in the reduction of the parameter n
rom 0.5 (for monosize packing) up to ∼0.4 (at the minimum
inary packing porosity).

The reason for n variation may be explained by the distortion
ffect of the small particles packing occurring near the large par-
icles surface. In Fig. 2, a sketch of a binary packing at D/d = 20
s shown, where the distortion effect is represented. Two types
f distortion may be considered: when the volume fraction in the
ixture, xD, is below the minimum porosity region (the skeleton

ormation in the mixture [34,35]), Fig. 2a, the main distortion
ccurs near the large particles surface; when xD approaches the
egion of minimum porosity, where large particles tend to form
ggregates, becoming the skeleton at ∼xDmin, a small particles
am occurs near the contact points of large particles and dead
ones free of small particles are formed, Fig. 2b. Both types of
istortion are responsible for n becoming smaller than 0.5.

The volume of the packing involved in the distortion presents
complex dependence on δ = d/D [33,35] and increases, when
is reduced from 1.0, reaches its maximum value at δ between
.1 and 0.01, and diminishes when the loose packing minimum
orosity approaches the dense packing values at δ < 0.01. At
→ 0 loose and dense packing properties are convergent, hence,
= 0.5 may be expected.

To verify that the packing density obtained in the experiments
t xDmin corresponds to a loose packing, comparison with the
ata presented in works [27,33] as well as with the boundary
imits [33] of loose (Eq. (4)) and dense (Eq. (5)) packings at
D ≤ xDmin was done.

min = ε0
d(1 − xDmin)exp(1.2264x

1/
√

δ
Dmin)

1 − ε0
dxDmin

(4)

min = εmin + (ε0
d − εmin)exp

[
0.25

(
1 − 1

δ

)]
(5)

Dmin is the large size particle volume fraction in the mixture
hen packing has minimum porosity; εmin is the absolute mini-

um porosity of the mixed bed when δ → 0 and distortion effect

ecomes insignificant εmin = ε0
D ε0

d, ε0
D, and ε0

d are, respec-
ively, the porosity of a pure packing of the large and small size
articles.
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Fig. 3. Dependence the binary packing minimum porosity εmin on the ratio
δ = d/D based on previous obtained [27,33] and recent experimental data. Curves
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number ratio approaches unity at the same region of δ as in
Fig. 3.
ig. 2. Representation of a binary packing at D/d = 20 showing the distortion
ffect in the small size particle fraction: (a) xD below the skeleton formation in
he mixture; (b) xD in the region of the minimum porosity.

In Fig. 3, experimental values of the minimum porosity are
lotted versus particle size ratio δ together with the boundary
alues obtained by Eqs. (4) and (5) (curves 1–4). Curves 1 and
, represent values obtained at xDmin = 0.71 for ε0

d = 0.41 and
.38, using Eq. (4). Curves 3 and 4, are obtained with Eq. (5),
or εmin = 0.16 and 0.1296, respectively. These values, if ε0

D =
0
d is assumed, correspond to the monosize packing porosities
f 0.4 (εmin = 0.16) and 0.36 (εmin = 0.1296). Curves 1 and 2
utline the loose packing region, whereas curves 3 and 4 show a
ense packing area. As can be seen from Fig. 3, all the discussed
xperimental values belong to the loose packing region.

Using Eq. (3) it is possible to know whether n is a con-
tant or a variable at different fractional contents xD. Obtained

esults are shown in Fig. 4 together with Boltzmann fitting curves
http://www.originlab.com).

It is clearly seen that n is not a constant and lies in range
.4–0.5 for the investigated loose packings. The reduction of n
and 2, Eq. (4), calculated at xDmin = 0.71 for ε0
d

= 0.41 and 0.38. Curves 3 and
, Eq. (5), when εmin = 0.16 and 0.1296, respectively.

hen the system approaches minimum porosity can be explained
ith the small size particle packing distortion in the regions

lose to the large particles surface and the particles jamming in
he void of the large particles skeleton, Fig. 2. From Fig. 3, it is
lso possible to consider that an increase in particles size ratio
iminishes this effect. As no data is available for D/d higher
3.8, a theoretical approach is presented below.

The converging of the loose and dense packing εmin may be
xplained by the reduction in the distortion effects of both types
or δ � 1.0. This fact is confirmed by the results presented by
ouvard and Lange [36]. These authors simulated a coordinate
umber in a binary system of spherical particles of different
ize for two cases: (1) when inclusions touch a matrix particle
coordinate number Z) and (2) when they touch a plane wall
coordinate number Zw). The obtained dependence of Zw/Z on
is shown in Fig. 5, being clearly shown that the coordinate
Fig. 4. Dependence n on xD for differents D/d.

http://www.originlab.com/
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Fig. 7. Dependence of n and εmin (from Fig. 3) on δ. Solid and dashed lines
represent loose and dense packings, respectively, for ε vs. δ as well for n vs.
δ
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ig. 5. Dependence of Zw/Z on δ according to Bouvard and Lange [36].

In previous works [33,35], different regions corresponding to
ifferent types of packing effects could be identified, based in the
btained relation of εmin versus δ. According to the mentioned
esults, regions may be identified as: (1) a region of δ > 0.1−0.2
here a displacement mechanism acts upon particles with tran-

ition to a linear – mixing model with a decrease of δ and where
isplacement and mixing effects in conjunction with packing
istortion reach a maximum around δ ∼ 0.1; (2) a region of par-
ially disturbed arrangement of small particles in the void of the
keleton, 0.01 < δ < 0.1; (3) a region of small particles arrange-
ent approaching monosize packing, δ < 0.01.
As a first step, it is possible to assume that the distortion

ffects at the loose packing correspond to a statistical “noise”
r “defects” distribution acting on the dependence of n versus δ.
he simplest representation of this effect would be a Gaussian
istribution function n = f(δ), but due to the non-linear scale of

ropagation of the different effects along the axis δ a lognormal
istribution function is more adequate (Fig. 6).

The results presented in Fig. 6 confirm the above consid-
red assumptions. Lognormal distribution minima and width

ig. 6. Fitted lognormal distribution functions of the determined dependence of
on δ for different xD: 1–0.25, 2–0.45, 3–0.6, and 4–0.65 (minimum porosity

acking region).
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. Dependence n vs. δ represents for loose and dense packings by Gaussian and
ognormal distribution functions, respectively.

orrespond to the region where the maximum distortion effect is
bserved [33,35]. It is well seen that the coordinate number ratio
pproaches unity at the same region of δ as in Fig. 6. The mini-
um n (maximum distortion) moves to lower values of δ as the

acking goes from monosize packing xD = 0 to binary packing
t xDmax as the contact area between small and large particles
eaches its maximum value.

For dense packings, the distortion effect is minimal and it is
ikely that the “defects” distribution function is of the Gaussian
ype. Comparison of the dependence of n and εmin (from Fig. 3)
n δ for both loose (solid lines) and dense packings (dashed
ines) is shown in Fig. 7. For both packings, the dependence of

on δ is represented by lognormal and Gaussian distribution
unctions. Lognormal and Gaussian peak positions and width
o agree with the regions where the maximum distortion effect
s observed.

Let us consider, for a loose packing, a possible error at the
egion of minimum n (δ as 0.03) in comparison with the conven-
ionally used n = 0.5, as well as a similarity between loose and
ense packings. For this purpose, Eq. (2) can be converted into
he dimensionless form k/d2 = ε3/(K0T2(1 − �)2) making it pos-
ible to calculate the ratio of k/d2 for the two above mentioned
ases for the minimum porosity εmin and tortuosity (1).

In the first case, for the minimum value of n = 0.4, the porosity
s εmin ∼ 0.19 and, consequently, the error in the calculation
s (k/d2)n=0.5/(k/d2)n=0.4 = 1.394. This is a significant value for
ermeability determination.

For the second case, at δ = 0.03, for the dense packing n = 0.5
nd εmin ∼ 0.145 can be used. The resulting ratio becomes
k/d2)Loose/(k/d2)Dense = 4.58. As a result of the expected dif-
erences in n for the loose and dense packings together with the
ifferences in porosity, a significant gap in the packing perme-
bility (k/d2)Loose/(k/d2)Dense must be observed in the region of

∼ 0.02–0.25.

Although these estimations need further experimental valida-
ion, the obtained data are useful for the improvement of packing
ensity control in different applications.
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. Conclusion

The complexity of the processes involved in the formation
f granular beds results in the inter-dependence of the main
arameters included in the permeability: packing porosity and
ortuosity. The bed porosity in the region of εmin is affected by
article size ratio and packing fractional content.

The obtained results show that the parameter n in the tortu-
sity formula T = 1/εn is a function of the packing content xD

nd lies in the range 0.4–0.5. The reason for n variation may be
xplained by the distortion effect of the small particles arrange-
ent occurring near the large particle surface and a jamming

ffect. It was shown that for the loose packing the most probable
eviation from the permeability calculated at n = 0.5 is expected
o be in a wider range of δ than for the dense packing with a
aximum around δ = 0.03.
The relationship accounting for this effect may be useful for

ransport phenomena analysis in granular media.
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