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Abstract

The Nordstréom-Vlasov system describes the kinetic evolution of self-
gravitating collisionless matter in the framework of a relativistic scalar
theory of gravitation. We prove global existence and uniqueness of classi-
cal solutions for the corresponding initial value problem in three dimen-
sions when the initial data for the scalar field are smooth and the initial
particle density is smooth with compact support.

1 Introduction

This paper is concerned with the Cauchy problem for the Nordstrém-Vlasov
system. The latter is a Lorentz invariant kinetic model describing the evolution
of self-gravitating collisionless matter under the assumption that the gravita-
tional forces are mediated by a scalar field. In a system of Cartesian coordinates
(t,7), t R,z €R3 the Nordstrom-Vlasov system is given by

0po—Ad=—p, (L.1)
)= [ 1)L, (12)
Sf=[(Se)p+1L+1pP) V0| -V, f =4f 0. (13)

Here p€R? is the momentum variable, f= f(t,z,p) is the particle density in
phase-space, ¢ = ¢(t,x) is the scalar gravitational field generated by the particles

and
p

p=——;
V1+|p[?

S is the free-transport operator, p denotes the relativistic velocity of a particle
with momentum p. Units are chosen such that the mass of each particle, the
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gravitational constant and the speed of light are equal to unity. A solution (f,¢)
of this system is interpreted as follows: The space-time is a four-dimensional
Lorentzian manifold with a conformally flat metric which, in the coordinates
(t,x), takes the form

G =€*¢diag(—1,1,1,1), p,v=0,...3. (1.4)

The particle density on the mass shell in this metric is f=e~%? f(t,2,e?p), but
it is more convenient to work with f and ¢ as the dynamic variables. The
Vlasov equation (1.3) is equivalent to the condition that f is constant along the
geodesics flow of the metric (1.4). The right hand side of the field equation
(1.1) is the trace of the stress energy tensor associated to f with respect to the
background Minkowski metric. We refer to [4] for a derivation of the equations.

Although scalar theories of gravity are not physically correct, they may pro-
vide useful simplified models for General Relativity [25]. Moreover, scalar fields
play a central role in modern theories of classical and quantum gravity [8]. The
physically correct relativistic model for self-gravitating collisionless matter is the
Einstein-Vlasov system, which is discussed for instance in [1, 21]. Due the very
complicated structure of the Einstein equations, the evolution problem for the
Einstein-Vlasov system remains poorly understood, even in spherical symmetry.
In fact, global existence and uniqueness of (asymptotically flat) solutions to the
Einstein-Vlasov system has been proved only for small data in spherical symme-
try [21]. As opposed to this, the Cauchy problem for the Vlasov-Poisson system,
which is the non-relativistic limit of the Einstein-Vlasov system [22, 23], is by
now well-understood, cf. [16, 18, 20, 24]. In [5] it is shown that Vlasov-Poisson
is the non-relativistic limit of the Nordstrém-Vlasov system as well. However,
global existence of classical solutions for the Nordstrém-Vlasov system and re-
lated models—such as the Vlasov-Maxwell system of plasma physics—has not
yet been established. In this paper we show that this fundamental question has
a positive answer for the Nordstrom-Vlasov system. Precisely, we shall prove
the following

Theorem 1 Given fo:R3xR?—[0,00) and ¢g,¢1:R3 —R satisfying
fo€CL, poeC3NHY, ¢y €CENL2,

there exists a unique global solution (f,$) of the Nordstrom-Viasov system in

the class
(£,0) € C([0,00) x R? x R?) x C?([0,00) X R?),

such that (f,)=o0 = (fo,P0) and (014)1=0 = ¢1.

The proof of Theorem 1 relies upon three main tools. A first one is the
representation formula for the time derivative of the field given in [6, Prop. 1].
It turns out that estimating 0;¢ is enough to obtain global existence. A second
important tool is given by the (null cone) energy estimates which derive from
the energy identity

Ore+V,-p=0, (1.5)



where
1 2 1 2
e(t,fﬂ)Z/\/1+|p|2fdp+§(3t¢>) +5(V29)7, P(t,x)=/pfdp—0t¢>vz¢~

Upon integration, (1.5) leads to the identities

//\/Wfdpdx—&-/ B(atap)%r;(vm)ﬂ dr=const.,  (L.6)

/ (e+pow)(t—|x—y\,y)dy:/ e(0,y)dy, w =)
le—y|<t

|z—y|<t B ‘Qf—y| .
Note also that

e+p‘w:/(\/Wﬂ)-p)fdzﬁ%(wAVmaﬁ)z*%(@@*széﬁ)?

We shall refer to (1.7) as the null cone energy identity, while (1.6) is the usual
conservation of total energy. They imply

10:p(t) || 2 3y + | V2 d(t)|| L2 (m3) < const., (1.8)

|@AVL@) ) 2(a, )+ (6 —w- Vo) (t.0) | 2(n, ) <comst.  (19)

where R* DAy, ={(t—|z—y|,y): |z —y| <t} ers is the past light cone with ver-
tex at (t,2) and base on t =0. The energy estimates are used to bound 9d;¢. For
this purpose the representation formula for d;¢ must be rewritten in a proper
way to single out the contributions which are bounded by the null cone energy.
All terms in the integral representation of 0;¢ but one can be estimated using
the energy estimates. The remaining term is estimated using the third—and
most important—main ingredient in the proof of Theorem 1, which is the L2
version of a lemma due to C. Pallard, see [17, Lemma 1.1]. This crucial lemma
establishes an L> bound for the time integral of functions evaluated along the
characteristics of the Vlasov equation. As we shall need a slightly different for-
mulation of the result proved in [17], a proof thereof will be given when it is
needed.

We remark that prior to the present result, global existence theorems for
Nordstrom-Vlasov have been proved under certain restrictions, such us small
data [10], spherical symmetry [2] and for the 2-dimensional system [15]. Global
existence of weak solutions is established in [7]. The proofs of these results
make use of techniques originally developed to study the Cauchy problem for
the Vlasov-Maxwell system, see [3, 9, 11, 12, 13, 14, 19]. This suggests that
if the analogue of Theorem 1 hold for the Vlasov-Maxwell system, the proof
thereof might rely upon similar arguments as to the ones presented in this
paper. However, since for Vlasov-Maxwell one has to estimate a vector field
instead of a scalar field, the proof of global existence in the plasma physics case
seems considerably more difficult and requires some additional non-trivial idea.



2 Preliminaries

Throughout the paper we denote by C(t) any continuous non-decreasing positive
function of time. If it is a constant, we denote it simply by C'. The characteristics
of the differential operator in the left hand side of (1.3) are the solutions of

i=p, p=—(S¢)p—(1+[p*)"/*V.¢ (2.10)

and we denote by (X, P)(s) the characteristic curve satisfying (X, P)(t) = (z,p).
Note that (X, P)(s) also depends on (z,p), but this is not reflected in our nota-
tion. The function e~4?f is constant along the solutions of (2.10). We deduce
that

f(t,x,p) = fo(X(0), P(0))exp [4¢(t,2) — 460 (X (0))], (2.11)

whence
le ™ f(1)]|0o < C. (2.12)

Let ¢ = ¢nom +1, where 1 is the solution of (1.1) with zero data and ¢pom solves
O¢=0 with data (¢o,¢1). Since f >0, then ¥ <0. Therefore

o(t, ) <C(1), (2.13)

and

e?|p| < O(t). (2.14)

For (2.14) we used that supg, (e*[¢]) <C. Note also that || f(t)]ls <C(t). In
[6] it is proved that the Cauchy problem for the Nordstrém-Vlasov system has
a unique classical solution locally in time. Let Ti,.x be the maximal time of
existence and denote

P(t)= sup {|p|: f(s,z,p)#0, for some x € R3}.
0<s<t

In [6, 7] it is proved that 75(Tmax) < 00=>Tax =00, i.e., the solution could
blow-up in finite time only if the momentum support of f becomes unbounded.
However, for the proof of Theorem 1 it is essential to look at another quantity.
Define

P(t)= sup {e®/1+p2: f(s,2,p)#0, for some z € R3},

0<s<t

the maximal particles energy in the support of f.

Lemma 1 The assertions P(t) < oo and P(t) <oo are equivalent. In particular
P(Thmax) <00 =>Thax = 0.
Proof: Since e? < C(t), then we have P(t) <C(t)y/1+P(t)2. Moreover, using
(2.12)-(2.13),
dp

pu(t, ) </ f——
pl<e—P) /1+|p[?

<Ce*P()2<C)P(t)?; (2.15)
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hence P(t) < oo implies ||p(t)|lco < C(t) and therefore also ||¢(t)||cc < C(t). Thus

s€[0,t)

P(t) <oco=P(t) < ( sup e|¢(5)|°°> P)<C(¥).

O

In order to estimate the function P(¢) we shall use that, along characteristics,

d—e%(l—i— Ip|?) = 2€2?0,6. (2.16)
s

The aim is to transform (2.16) in a Gronwall’s type inequality by estimating J0s¢
in terms of P(t). An estimate like |9;¢| < C(t)P(t)*logP(t) would be enough.
However we are not able to obtain such a pointwise estimate for d;¢. Rather
we have to use the integral version of (2.16), namely

t
20(1 4 [p[2) = 290 XO) (14| P(0) ) +2 / 200,6(5, X (s))ds.  (2.17)
0

Eventually the quantity we shall estimate is the time integral in the right hand
side of (2.17). For this purpose we need the integral representation formula for
0¢¢ which was derived in [6]. We recall it here for the sake of reference:

Oo(t,z)=(0¢¢) p +1+11+111, (2.18)
where ) fo(e.p) J
Y,p p
D ®) :8¢hom—f/ / A ds,,
(0:9)p =0 t Jig—y=t] (1+w-D) \/14—|p|2 Y
/ / (D) ﬁ ft—lz—yl,y,p) dy
lo—y|<t) (1+w-p)? \/1+| 2 |z —yl?’
w+p dp dy
t_ ‘/L‘_ b b 777
-/ . [ A (50) 1= la =00 b
w—l—p dp dy
I=- / / ft—|z—yl,y,p .
- 21l o) e

We rewrite the above representation formula in a new form which is suitable for
being estimated in terms of the null cone energy:

Proposition 1 The representation formula (2.18) can be rewritten in the form

5
Orp(t,x) = (i) p+ Y _ Zi,
1=0
where p
Zy=—2 o - Y
/u ooty



ft—lz—yl,y,p) dy
Zl dp 27
-yt VI+[pPA+w-p)  lz—yl

/ / ft—lz—yl,y,p) dp dy
le—yl<td (1+[p[2)3P2(1+w-p)? " |x—yl?’

(w-p)f(t—l|z—yl,y,p) dy
Z3=2 O0ip—w-Vy d ,
’ /x yl<t( o ¢)/ VIR +wp) eyl

A :/ 8¢—w-Vx¢/ —— dp )
e : T B0 37 e
AD)f(t— d,
lo—y|<t \/1+Ipl2(1+w~p) |z =yl
Proof: This proposition is the result of a straightforward calculation which
proceeds as follows. In the integral I of (2.18) we write

(w+p)-p=(1+w-p)—(1+|p|*) ™,
which shows that I=Z; 4+ Z5. In the integrals II and IIT of (2.18) we decompose

V¢ into a component parallel to w and a component orthogonal to w, i.e., we
write

Vidp=(w-Vid)w—wAwAV .
It follows that
S¢=(0:¢)(1+w p)—(0rp—w-Vy8)(w-p) + (WA Vz0) (wAD)
and
(W+Dp) Vep=(w-Vi0)(14+w-p)+(wAV,d)  (WAD).

In the integral IT we also use

(wH+p)?=2(1+w-p)— (1+|p*)~"
After substituting and summing up the various terms one can easily verify that

N+1I=Z0+Z3+ 24+ 25,
which concludes the proof. O
We conclude this section with

Lemma 2 For R>1, a,b>0, denote

Bun(R) = / VIR ) ()
p|<R

Then
B.y(R)<CR* ) logR, ifa=1,b<1;
Bay(R)<SCRG=279) if g<1,b< s-a,
Ba.y(R)<CRUF=2) | if g >1,b< H“.

Proof: The proof is by evaluating the integral in polar coordinates. a



3 Proof of the main theorem

Without loss of generality, we can assume P(t) > C, where C can be chosen arbi-
trarily large, otherwise we redefine P(t) —P(t)+C. A first pointwise estimate
on 0;¢ follows by the results of the previous section.

Proposition 2

Br(t.2)| <2 / Orlult— |z —yly) —2— 1+ C(H)P(1)logP().

le—y|<t |$—y|

Proof: From Proposition 1 we have

d 5
\atgbm(tf\x—m,y)ﬁﬁjw. (3.19)
=1

T —

it <co+2 [
lz—yl<t

Let us estimate each integral Z;, for :=1,...5. Observe that the domain of in-

tegration in the variable p can be chosen as {|p| < 1+e~?P(t)} by the definition

of P(t).

Estimate for Z;: By (2.12)—(2.14) and Lemma 2,

d
EARYe B1o (1+e P(1)) (t— |z —yl,y) s
lz—y|<t |$—y‘
<COP@? [ g1+ PO) -lo -yl
lz—y|<t |£L’—y|
dy
gOtPtQ/ 2| (t— |z —yl,y) +logP(t) ) ——
OP@? [ (lelt—lo—sl)+1ogP(O) =
< C(t)P(t)*logP(t).
Estimate for Zs: Again by (2.12)—(2.14) and Lemma 2,
d
|Z2] < C/ €4¢B2,1/2 (1+€_¢7)(t)) (t=lz—yly) Y 2
|z—y|<t |1‘7y‘

< C(t)P(t)Q/ 29tt—le—vly) _ W S <C(HP(t).
lz—y|<t |£C—y|

Estimate for Z3: By the Cauchy-Schwarz inequality, (1.9), (2.12)—(2.14) and
Lemma 2,
dy

EARe 01 —w-Vodle*®Bio (1+e *P(t) (t— |z —yl.y) ——
lz—y|<t “T—y|

1/2
<C</ Ié’tcb—w-VmIZ(t—lx—yl,y))
lz—y|<t

1/2
" </ |<t68¢ [Bl’o(l_m¢P(t))]2(t—|x—y|,y)dy|2>

[z —y
< C(t)P(t)*logP(t).



Estimate for Z4: As before,

1/2
24| < C (/ |3t¢w~Vm¢2(t|xyl,y)dy>
|z—y|<t

1/2
_ 2 d
([ Baap e PO - e
|z —y| <t |z =yl

< C(t)P(t)2.

Estimate for Z5: Again as before,

1/2
|a;<c</ | wAvwﬂ@uw%m@J
z—y|<t

1/2
d
x / ¢ [Byo (14 *P(0))]* (t— |r —yl,y) ——
|z—y|<t |l‘—y‘

< C(H)P(t)*logP(t).

Replacing the preceding estimates in (3.19) concludes the proof. O
Using Proposition 2 and (2.17) we obtain the integral inequality

¢
e*(14p|?) < C’+2/ e*?|0,¢(s,X (s))|ds
0

t
< C+O(t) | P(s)*logP(s)ds+4Io(|0sb|u,t),  (3.20)
0

where

t dy
%@w:/e%@”m/ o(5—1X(5)— gl y) = ds.
0 1X (s)—y|<s | X (s) =yl

We rewrite Iy(g,t) as
t
olg.t)= [ Tolg.rt)ar
0

where

i _
T (g,’T,t) :/ quS(s,X(s))/ g(T7X(S) y) dSy ds.
T |ly|=s—7 (3_7-)

Except for the factor e2#(s:X(s)) To(g,7,t) is the integral which is estimated in
the proof of [17, Lemma 1.1]. However, since we shall need a slightly different
formulation of the estimate proved in [17], we present here a complete proof of
the result that we are going to use:

Lemma 3 For all 0< 1<,

t

lg(r)llz logP(s)ds.

Tolgmt) <CWOT=E



Proof: We first rewrite Z; in spherical coordinates:

t T 27
Io(g,T,t)z/ 62¢(S’X(s))/ / g(1,X(s) = (s —7)w)(s—7)sinfdpdlds,
T 0 0

where w=w(f,p) = (sinfcosp,sinfsinp,cosf). Now, in [17, Lemma 2.1] it is
shown that the transformation of variables (s,0,¢)— X(s)—(s—7)w is a C*
diffeomorphism with Jacobian

J=(X(s)-w—1)(s—7)%sinf=(P(s)-w—1)(s—7)?sinf.

Hence, applying Cauchy-Schwarz’s inequality,

27
To(g,7,t) < (/// 2(1,X (s)— (s T)w)|Jd<pd9ds)
1/2
(/ 4¢(sX(s)>// sinf )d(pd@dS)
0 1/2
< lg(r)l 2 49(s,X(5)) / / __ b odpds)
lo(rll (/ T i

We estimate the angular integral as

27 1
/ / _ S0 dods = 271'/ e
(1—P(s)-w) 1 (1—|P(s)|u)

|
< C(1-log(1-|P(s)])) <C(|¢] +10gP(s)).

1/2

We finally obtain

. 1/2
To(gomt) < C0)lg() 2 ( / (e¢|¢>+log7><s>)ds)

t
< C(t)w i logP(s)ds
which concludes the proof of the lemma. O

The proof of Theorem 1 is now almost complete. Observe that, by (2.15)
and (1.8),

10ep() | 22 <N (T) oo 0(7) |2 SC(R)P(7)?, <t
Thus

Tooroin.rt) <0 T [ 1o (e)ds



Hence the integral Iy(|0¢¢|u,t) is bounded by

In(|0wp|p,t) < C(t)/0 / %log’P(s)dsdT

o [ [P
7C(t)/0/0 mlog?(s)des

< /0 P(s)2logP(s)ds.

Finally, going back to (3.20) we obtain the Gronwall inequality

¢
P(t)?<O(t) (1+/ P(s)QlogP(s)dt> ,
0
whence P(t) < C(t). By Lemma 1, this completes the proof of the main theorem.
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