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This paper focuses on a study with 4- and 5-yelt<hildren understanding of partitive division whe
discrete quantities are involved. The study anaysawv young children understand the inverse divisor
quotient relationship when the dividend is the safte participants were 30 kindergarten childreonfr
Braga, Portugal. Individual interviews were condetttwhen solving tasks involving the division of 12
and 24 discrete quantities by 2, 3 and 4 recipieRessults showed that 4- and 5-years-old childrawneh
some ideas of division, can estimate for the qubtiéhen the divisor varies and the dividend is tamis
and can justify their answers. Educational implioas of these results are discussed for kindergarte
activities.

Framework

Literature refers that kindergarten children posses informal knowledge relevant for many
mathematical concepts (see Nunes, 1992; Nunes &rBryl997). This informal knowledge should
provide the building of formal mathematical consepgfoncerning the division, several authors suggest
that young children can divide discrete quantitascessfully (see Frydman & Bryant, 1998; Pepper &
Hunting, 1998; Kornilaki & Nunes, 2005; Squire &y&int, 2002), arguing that these children possess
some type of informal knowledge related to the sion of quantities, understanding the inverse iglat
between the divisor and the quotient when the divitlis the same.

When considering the division of discrete quargiticbecomes relevant to distinguish the partitinel

the quotitive division. In partitive division pradth a set of objects is given to be divided among
recipients, and the share that each recipient éeeivied is the unknown part. (e.g., there is aofd0
candies to be shared among 5 children. How manglieardoes each child get?). In a partitive division
problem, the divisor is the number of recipientsl éime quotient is the share they receive. In quetit
division, there is an initial quantity to be sharm® a known number of parts. The size of the parthe
unknown (e.g., Mary has 12 candies and wants te gigandies to each of her friends. How many fisend
are receiving the candies?). In quotitive divispmoblems, the divisor is the share to be givenaoche
recipient and the quotient is the number of recif@gConcerning these types of divisions Kornilaki and
Nunes (2005) argued that children understand mamglyethe partitive division than the quotitive
division.

Research presents several results of young childrecedures when solving division tasks involving
discrete quantities (see Piaget & Szieminska, 1®&kforges & Desforges, 1980; Frydman & Bryant,
1998; Squire & Bryant, 2002). Particularly, Corré&dynes and Bryant (1998) when investigating the
development of the concept of division in youngldigin, examined whether children who could share
would be able to understand the inverse divisorignb relationship in partitive division tasks when
asked to judge the relative size of 2 shared $és.participants were 20 children of 5-year-olds o2 6-
years-old and 21 of 7-years-old from Oxford, EndlarThe authors investigated the children’s
understanding of the three-term quantity relatigm&m division when the dividend was constant amel t
divisor varies. Their results showed that 9 of 20efive-years-old performed significantly above nta
and about 30% were able to verbalize this investaion in their justifications and 11 out of 20tbé 6-
years-old scored above chance and verbalized tieesia relation between the divisor and the quotient
the partitive tasks. The authors also report agearements between 5 and 7 years. Correa, Nunes and
Bryant (1998) also analysed children’s justificaicaccording to children’s age. Most of the 5-yexdds
were not able to give a mathematical justificationtheir choices and did not mention facts releévan
the solution of the task. The 6-years-old presenstifications that revealed a progress from some
comprehension of sharing and numerical equivalémd¢be understanding of the inverse divisor-qudtien
relationship. The majority of the justificationsegented by the 7-years-old showed a logicomatheahati
approach, referring the inverse divisor-quotietdatienship.

More recently, Kornilaki and Nunes (2005) investégh whether the children could transfer their
understanding of logical relations from discretedmtinuous quantities. Among other things, thédarg
analysed 32 five-years-old, 32 six-years-old ands8fen-years-old solving partitive division tasks
involving discrete quantities. In this type of plaims the number of recipients varied to produce two
conditions: 1) in the same divisors condition, #iee of the divisor was the same; 2) in the différe



divisors condition, the number of recipients varidithe results showed that the different divisors
condition was clearly more difficult than the sadigisors condition. Thus, the authors argued that t
inverse relation between the divisor and the qubfie understood later than the equivalence priaaib
division. The authors also pointed out that in iimet division tasks, one-third of the 5- and 6-fseald
justified their responses as “the more recipiethis,more they get”, but this response decreasekeuigr
with age as only slightly more 10% of the 7-yedibwsed this incorrect reasoning.

The studies of Correa, Nunes and Bryant (1998)kammhilaki and Nunes (2005) give evidence that, at
age of 6 and 7, children have an insight into et between the division terms, long before they a
introduced to this operation at school. If previoesearch reports some success with 5-years-old
children, how would children of 4-years-old wouldrfprm? Besides, it becomes relevant to get aette
insight on young Portuguese children’s informal \kfexlge of division.

This paper focuses on young Portuguese childreerstahding of division of discrete quantities, when
solving partitive division problems. For that wéett to address three questions: 1) How do children
estimate the quotient in a partitive division inighthe divisor varies and the dividend is keptstant?

2) How do children perform the partitive divisiasks involving discrete quantities? 3) What proceslu
do they use in this process?

M ethods

A study focused on young children’s ideas of pagidivision was conducted to address these questio
The participants were 15 four-years-old (11 boyd dmgirls, mean age 4 years and 6 months) and 15
five-years-old (7 boys and 8 girls, mean age 5s/aad 6 months) from Braga, Portugal.

The participants were interviewed individually biyeoof the researchers when solving the problemsh Ea
problem was presented to each child using a stodynaanipulatives representing the items involved in
each story were available.

Each child was presented to 6 problems: 3 involuimg division of 12 units (carrots) by 2, 3 and 4
recipients (rabbits), respectively; and 3 problém®slving the division of 24 units (cabbage) by3and
4 recipients (rabbits).

In the interview, first children were invited totiesate the effects on the quotient of increasirgdivisor
keeping the dividend constant. Then they were askeg they thought so. The idea was to have an
insight on children’s understanding of the invedieisor-quotient relationship when the dividend is
constant. Then children were asked to carry oudthision. In this process, their ability to penfothe
division was assessed as well as the procedurdshysem.

The story presented to the children involved a &xinin which a white little rabbit had 12 carrothen

he had to share them fairly with his friend, thevian rabbit. At this moment the child was asked: “Do
you think that the white rabbit would be with mameless carrots? Why?”. Them the child was invited
accomplish the division between the two rabbitsemiithe child was asked: "Do you think that both
rabbits are happy with this division of the carfo®hy?”, “How many carrots did each received?”.Mhe
a little grey rabbit came around and they had toafiithe carrots together again and share thermgmo
the three rabbits. “Do you think that each rabbigoing to have more or fewer carrots now?”; “Can y
help the rabbits to share the carrots?”; “Do youkltthat all the carrots are happy with this dieis?
Why?”. The story continues to include the blackbiabThe same questions were asked. When the 24
units were involved, an analogous story was presetd them but now involving the 2, 3 and 4 rabbits
and 24 cabbages.

Each child took approximately 20 minutes to solN¢hee problems, in spite of having no limit of &nfior
it.

Results

In order to understand children’s ability to estiethe quotient in a partitive division in whicketHivisor
varies and the dividend is kept constant, theiremirresponses and justifications were analysebleTh
resumes the percentage of correct estimates anedspective valid justifications for the divisiofi T2
and 24 units, according to the age. A valid jusdifion is an argument in which a child expresseseso
ideas of the inverse divisor-quotient relationslsipch as “because there are more rabbits and esch o
get fewer carrots.” or “they will have fewer cagditecause now there is the X rabbit”.



Table 1: Percentage of correct responses and valid argsmadr@n estimating for the quotient with the
dividends of 12 and 24 units, respectively.

4-years-old 5-years-old
Correct response Valid argument Correct respon  Valid argument
12 units 67% 43% 72% 67%
24 units 71% 52% 78% 83%

It is interesting to note that children’s perforroann the estimating tasks improved from the firatt of

the problems (involving 12 units) to the second @neolving 24 units), in spite of the sizes of tindial
sets. Perhaps this is due to the fact that whemprtblelems involving the 24 units were presentethto
children, they were not a novelty anymore. Amorgsthof the 5 years of age, there were 78% of correc
responses when 24 units were involved, and in 8B&teon the children presented a valid argument.

Another remarkable point is the success observeahgnthe 4-years-old when asked to estimate and
justify their judgement. Almost half of the childr@resented a valid justification for their corraoswer
when dividing the 12 units; when they were askedditdde the 24 units, their valid justifications
increased slightly above 50%. These results sugbastchildren of 4-years-old may have some ideas
about the inverse divisor-quotient relationshipsgreged in these conditions.

Children performance was analysed solving divisiasks involving 12 and 24 units by 2, 3 and 4
recipients, respectively. Table 2 resume the péagenof children’s correct responses by age lauel,
these problems.

Table 2: Percentage of correct responses by age level adigimg the division of 12 and 24 units by 2, 3
and 4 recipients.

4-years-old (n=15) 5-years-old (n=15)
12 units 24 units 12 units 24 units
Division by 2 87% 60% 87% 80%
Division by 3 67% 86% 80% 74%
Division by 4 67% 67% 80% 80%

The results suggest that for young children it lbee® more difficult to accomplish the division of 24
units than the division of the 12 units set, pdgsilue to the magnitude of the set.

As the children’s performance was not normally risited a Mann-Whitney U Test was conducted in
order to analyse children’s performance dividingat@l 24 units according to the age level. The tesul
show no significant differences on children’s pemfance when dividing 12 units according to the age
levels (age 4, Mdn=3, age 5, Mdn=2, U=149, n.sd)when dividing 24 units according to the age lsvel
(age 4, Mdn=3, age 5, Mdn=3, U=128, n.s.). Thusilte give evidence that there is no differencd-of
and 5-years-old children’s performance in this sl tasks.

Trying to explain these results, children’s proaeduwere analysed when dividing 12 and 24 unit,by

3 and 4 recipients, respectively. The same proesdwere observed when children were dividing 12 and
24 units. The procedures observed were: sharingingelon the one-to-one correspondence by the
recipients; counting procedures that were adjustate final to produce equal shares; sharing based
perceptual influence ignoring the size of the séiaaad sharing combined with counting to produagakq
shares.

Figure 1 shows a child using one-to-one correspacelevhen dividing the 12 carrots among the 4
rabbits. Figure 2A-2B shows children using countimgcedures when sharing the carrots between 3 and
2 rabbits, respectively. Figure 3A-3B gives exarapdé children using procedures based on perception
only, ignoring the size of the shares obtainedulEgdA-4B gives examples of children using sharing
activity combined with counting to produce equargs.



Figure 1: A child using one-to-one correspondence.

Figure 3A-3B: Two children using procedures based only on péimemnoring the size of the shares.
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Table 3 resumes the observed procedures used bghtlizen of both age groups when solving the
division problems of 12 and 24 units, respectivélye procedures used by children did not changehmuc
according to the magnitude of the set to divide.



Table 3: Children’s procedures solving the division of 1124 units by 2, 3 and 4 recipients, according

to the age level.

4-years-old (n=15)

5-years-old (n=15)

12 units 24 units 12 units 24 units
Type of procedur By By By | By By By | By By By | By By By
2 3 4 2 3 4 2 3 4 2 3 4
Sharing & orresp. 10 9 9 8 8 9 9 9 6 6
Counting 0 0 1 2 2 2 0 0 1 2 2 3
Sharingignore shares 3 5 3 3 5 il 4 4 4
Sharing & countin 2 1 2 4 2 1 2 1 1 0 3 2

As each child was presented to 6 problems, thenme \setotal of 90 resolutions by age level. The
procedure mostly used in these resolutions by gt groups of children was correspondence one-to-
one, used by 57% of the resolutions of the 4-yeltsand by 51% of the resolutions of the 5-yeats-ol
This procedure conducted children to correct reégmia. The procedures using sharing activity based
perceptual influence ignoring the size of the shavere also popular among children of both agemgspu
conducting them to wrong answers. It was used % @i the resolutions of the 4-years-old and by 30%
of the resolutions of the 5-years-old. The releean€ producing equal shares when accomplishing a
sharing procedure seems to be an issue for youifdrer but it is essential to understand fundamlent
relations in a partitive division situation.

Discussion and conclusions

The findings of the study reported here suggedt ybang children possess some ideas related to the
division of quantities, understanding the inverslation between the divisor and the quotient when t
dividend is the same. The analysis conducted hgsegyidence that children of 4-years-old reveahso
understanding of the effect of increasing the nunadfe@ecipients when the amount to share is cohstan
These children were able to estimate the resulig&ion. In agreement with Frydman and Bryant
(1998), Correa, Nunes and Bryant (1998) and Kdkhdad Nunes (2005), who previously studied these
issues, the results of this small study also sugdpas children have some ideas of the inversesdivi
quotient relationship in partitive division taskeghen asked to judge the relative size of sharexd set

The study reported here has some similarities wime presented previously in the literature (see
Correa, Nunes & Bryant, 1998; Kornilaki & Nunes,08), but also offers some original contributions.
Correa, Nunes and Bryant (1998) investigated 57-gears-old children’s understanding of inverse
divisor-quotient relationship, when partitive dieis was involved. Their findings give evidence that
years-old children can succeed in these tasks. Kdsailaki and Nunes (2005) give evidence of 5-gear
old children success when solving this type of sask our study we analysed how children of 4- &nd
years-old behave when dealing with this type ofbpms. Some positive signs arise from this
investigation. Four-years-old children are ablautmlerstand some ideas of divisor-quotient relations
particular conditions.

The procedures used by the children of this studygsst that one-to-one correspondence can play an
important role on children’s sharing activity amitbeir accomplishment of division. Some authoggiar
that sharing activities can be relevant in the wstdéing of the inverse relation between the divesad

the quotient (see Correa, Nunes & Bryant, 1998) #rad understanding the sharing activity helps
children to understand the relation between théddnd, the divisor and the quotient (see Kornil&ki
Nunes, 2005). In agreement with these ideas, om&docorrespondence sustaining the sharing activity
seems to allow young children to understand thieddgelations involved in the division of quarei

These findings suggest that kindergarten activitess include sharing activities in particular cdiufis,
in order to stimulate children’s early ideas ofisien. These ideas are crucial to understand some
complex mathematical concepts such as fractiotes, ¢en in the formal traditional school.
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