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1 Introduction

The study of variational inequalities had its beginning around 1960. A model problem is the well-known
obstacle problem, that we briefly formulate here: to find u € Ky, such that

/QVU-V(U—U)E/QJ“(v—u), o € Ky, (1)

where f is a given function defined in a bounded open subset 2 of R and, for an obstacle 1, K, = {v : v > ¢}.
Under appropriate assumptions the variational inequality (1) is equivalent to the complementary problem

min{—Au — fu— 9} =0 a.e. in Q.

Theset OINQ =0ANQ, where I = {z € Q:u(x) =¢(x)} and A = {z € Q: u(x) > P(x)}, is called the
free boundary for the obstacle problem.

Problems where an a priori unknown subset of §2 is part of the problem are, in general, called free boundary
problems. In the last fifty years many problems arising from other sciences were modeled as free boundary
problems. Many of these models can be reduced to variational or quasivariational inequalities, a quasivariational
inequality being an implicit problem where the definition of the convex set depends on the solution itself.

Problems with gradient or curl constraint, which we address here, model many different situations, such as
the elastoplastic torsion problem ([26], [6] or [7]), sand piles and river networks ([20] or [22]) or electromagnetic
problems ([21], [4], [17] or [18]). We remark that, if we consider a longitudinal geometry in electromagnetic
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2 Variational and quasivariational inequalities with first order constraints

problems, i.e., when the magnetic field is of the form (0,0, k), the curl constraint is reduced to a gradient
constraint (see [23]). We consider the following particular situation: to find u € KY such that

AﬁM~V@—uﬁ?éf@—u% Yo e KY, (2)

where KZ = {v : |[Vu|] < ¢}, f and ¢ being given functions defined in 2. Decomposing ) in the sets
A={zeQ:|Vulz)| <e¢x)}and I ={z e Q:|Vu(x)| = p(z)}, we also have —Au = f in A, but here
we do not have a sign for —Awu — f. This is a difference between the obstacle-type problems and the gradient
constraint problems. In fact, the second ones are more difficult to handle, although the constraint in the first
derivatives of the solutions has a regularizing effect. The existence of a solution for stationary variational
inequalities is immediate, by a theorem due to Lions and Stampacchia (see, for instance, [12]). If we want to
study additional regularity, the natural way is to consider a family of penalized equations that approximates
the variational inequality. There exists a general way of penalizing any elliptic variational inequality (see [14],
p. 370) but, in order to obtain additional regularity of the solutions, we need an explicit definition of the
penalization which we can manage to obtain a priori estimates for the approximated solutions. And here
we point out a difference in the treatment of obstacle problems (zero order constraints) or problems with
constraints in the first derivatives. The supposedly natural penalization %(\Vu5|2 —@?—¢)* does not penalize
the variational inequality (2). In fact, it penalizes a different problem, max{—Au — f, |[Vu| — ¢} = 0. It was
shown by one of the authors that, in the evolutive case, the two problems are not, in general, equivalent (see
[24]).

Another possible formulation for the variational inequality (2) consists in finding a pair (u, A) of functions
defined in 2 such that

-V (AVu) = f in Q, (3a)

|Vu| < ¢ in £, (3b)

A>1, inQ (3¢)

A=1)(JVu| —¢) =0 in Q. (3d)

This means that, in the set A, the equation —Aw = f is satisfied and, in the set I, the Lagrange multiplier A
may take any value greater than or equal to 1, i.e., A belongs to the maximal monotone graph k(|Vu| — ¢),
where k(s) = 1if s < 0 and k(0) = [1,00[. It is easy to show that if (u, A) solves (3) then u solves (2).
Indeed, given v € KY, multiplying (3a) by v — u and integrating, we get

AAVwV@fu%:Af@f@.

But, as
JO=0Vur V- < [ (- Dul(e] - [Va) = [ (- De(19el - ) <0
Q Q I

we immediately obtain (2).

A very ingenious (although natural) penalization and regularization of problem (2) was introduced by
Gerhardt in [11]. He approximated the maximal monotone graph & by a family of smooth monotone convex
functions k. such that k.(s) = 1if s < 0 and k.(s) = e"= if s > ¢ (m chosen a posteriori). This approach
gives us the correct penalization for the variational and quasivariational inequalities with gradient or curl
constraint, which is also very useful in the treatment of the evolutive problems, not considered in this paper.
Nevertheless, this idea is used here to prove the existence of a solution of problem (3) for strictly positive
smooth gradient constraint , the main result of this work.

Problems with curl constraint for operators of p-curl type were studied by two of the authors in [17]
assuming () to be simply connected, p > % and null normal trace for the test functions. Later advances
(see [25] and [2]) allow us to extend our results to a more general case where p > 1, Q is simply or multiply
connected with a special geometry and the test functions have null tangential or normal traces. For the sake of

completeness, in Section 2 we present these generalizations in the framework of variational or quasivariational
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inequalities. We prove a continuous dependence result for solutions of the variational inequality with different
data and we use this result to prove the existence of a solution for quasivariational inequalities.

In Section 3 we study the case of a gradient constraint. In Subsection 3.1 we consider variational inequalities
with non-homogeneous Neumann type boundary condition, for operators of type —V - (|Vul[P~2Vu) + |u|P~2u
and we follow the steps of Section 2. In Subsection 3.2 we consider variational inequalities with non-
homogeneous Dirichlet boundary condition, for p-laplacian type operators. We remark that the existence
of a solution for the variational inequality is only possible if there exists a compatibility condition between
the traces of functions in the convex sets and the constraint on their gradients. It is not easy to obtain the
existence of a solution for the quasivariational inequality since we need to guarantee the compatibility condition
for all possible solutions. Based on a previous work of two of the authors (see [3]) we were able to prove
the existence of a solution for the quasivariational inequality when the boundary data satisfies a compatibility
condition that depends on the minimum of the constraint.

In Section 4, we prove the existence of a solution for problem (3) in a weak sense. We approximate
the variational inequality using the penalization of Gerhardt and, although the a priori estimates for the
approximated solutions are not enough to pass to the limit, using the monotonicity of the penalization, we
can interpret (3a,3c,3d) in a generalized sense.

The existence of a Lagrange multiplier for the elastoplastic torsion problem (gradient constraint one) with
homogeneous Dirichlet boundary conditions was proved by Brezis in [5]. This result was later extended by
the third author in [24], in the evolutive case, for nonconstant gradient constraint ¢ satisfying A p? < 0. As
this last case is equivalent to a double-obstacle problem, it is easier than the one considered in this paper.
Further generalizations of the result of Brezis, considering also the gradient constraint one, have been done,
for example, in [8] and [9].

The existence of a Lagrange multiplier remains, to the best of our knowledge, an open problem for p # 2
in the case of a gradient constraint and for any p > 1 in the case of a curl constraint.

2 The problem with curl constraint

In this section we study variational and quasivariational inequalities with curl constraint, assuming two different
types of boundary conditions: the perfectly conductive boundary and the perfectly permeable boundary.

Spaces of vector-functions will be denoted by boldface symbols, following the standard notations for vector-
functions.

Let © be an open bounded connected subset of R? with a €'+! boundary I'. The boundary is not necessarily
connected and we denote by I';, i =0, ..., I, the connected components of I', being I'y the boundary of the
only unbounded connected component of R? \ Q.

Following [10], [1] and [2] we assume that the set € can be made simply connected by a finite number
of regular disjoint cuts, ¥1,...,3 . More precisely, each surface X; is an open subset of a smooth manifold,
the boundary of X; is contained in I', ;N ¥, # () for i # j and QY = Q\ U;le ¥, is simply connected and
pseudo-¢' 1.

We denote by n the exterior normal unitary vector to I and we consider two types of boundary conditions

h-n=0onT, (h-m, 1), =0,j=1,....J (4)
and

hxn=0onT, (h-m, 1), =0,i=1,...,1 (5)
The meaning of the notation { -, - >Ej and (-, - ). will be precised later.

Given 1 < p < oo, we introduce the functional framework necessary to formulate and solve the variational
and quasivariational inequalities with curl constraint. For details see [17], [25] and [18]. We consider

WH(V-, Q) = {v e LP(Q): V-v € L(Q)},

endowed with the_norm lvllwev.0) = vllLr@) + IV - vllLe@)-
Given v € 2(Q) and ¢ € WLP (), we have the following formula of integration by parts

/V-Uap—l—/vap:/v-nga,
Q Q r



4 Variational and quasivariational inequalities with first order constraints

that can be extended, by density, to

/V~w+/v~w: (@), ) Yo e WP(V.,Q), Vo e W),
Q Q

_1 1
W B () xwE (T

where (-, ) is the duality bracket between Wfi’p(I’) and Wr? (T") and 7, (v) is the trace

W rPmyx WP ()

of v, which will be, from now on, denoted by v - 7. We represent the kernel of ~,, by W{(V-,Q).
Defining

WP(Vx,Q) ={veLl(Q): VxveLl(Q)},

with the norm [[v|lwr(vx.0) = [[vllLr@) + |V X v|[Lr(0), we have, for v € D(Q) and ¢ € Wl’p/(Q),

/v-ngo—/vawp:/'vxn-cp,
Q Q r

which we extend, by density, to

Vxuv- Y= / vV X w = <77'('U)750> 1’])/(1—‘)7 Vv € Wp(vva)7 \V/QO € lep/(QL
Q Q P

1,
W P(T)xW

where 7y, (v) is the trace of v, denoted, from now on, by vxn,,.. We represent the kernel of v, by W{(Vx, Q).
We denote

W) ={ve WP(VX,Q): V.o =0in Qv n. =0,(v-m1), =0,j= 1,...,J},
where the brackets (-, '>zj represent the duality pairing between Wfiﬂ’(Ej) and W%J)/(Zj), and
WE(Q) ={veWP’(Vx,Q): V.o=0inQ vxny=0, (v-m, 1) =0,i=1,...,1},

where, (-,-)p. represents the duality pairing between Wfi’p(l“i) and W+ (T;). These spaces are subspaces
of WP(Q) and the semi-norm ||V x - lLr (@) induces on them a norm equivalent to their natural norms and
to the one induced from the W'”-norm (see [2] and [25]). The spaces W%.(2) and WX (Q) are closed
in WP(Q) and so they are reflexive and separable. In addition, for v € W%, (Q) U W% (Q), the following
Sobolev type inequality is verified

[vlLae) < CqllV X vl|Lr(a), (6)
where Cj is a positive constant and
3p . . .
¢=5- ifl<p<3, g<oo ifp=3, g=oc ifp>3 (M
and also the trace result
||vlr| L7(D) <G ||v><v||LP(Q) ) (8)
holds with 5
r:?)_pp fl<p<3, r<oco ifp=3, r=o0 ifp>3. (9)

From now on we denote by W?(Q) either the space W¥.(Q) or WX (Q2).
Let @ : Q x R® — R3 be a Carathéodory function satisfying the structural conditions (10a), (10b) and
(10c) or (10c")

a(z,u) - u > a.|ulP, (10a)
la(z, u)| < a”fufP~, (10b)
(a(z,u) —a(z,v)) - (u—v) >0, if u v, (10c)

ax|u —v|P ifp>2,

_ 10c’
a.(lu + o))" Plu—of2 ifp<2, (10¢)

(a(z,u) —a(z,v)) - (u—v) > {
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for given constants 0 < a, < a*, for all u, v € R and a.e. z € Q.
Given p € L*(Q), ¢ >0, let

K, ={veWP(Q): |[Vxuv|<pae inQ}.
For ¢ and r defined by (7) and (9), respectively, let
feL'(Q) and ge L’ () (11)

and consider the following problem: to find h € K, such that

/Q(Jchh) /f v—h /g-(v—h)7 Vo € K. (12)

Note that according to whether WP (Q) is W4.(Q) or W (Q2), the boundary condition is (4) or (5),
respectively.

Proposition 2.1 Let ¢ € L>=(R2), ¢ > 0, f and g verifying (11). If a satisfies assumptions (10a,10b,10c),
problem (12) has a unique solution.

Proof The operator A : W?(Q) — W*(Q) defined by
(Ah,v) = / a(x,V x h)-V xwv,
Q

is bounded, hemicontinuous, monotone and coercive, since ||V X - ||z (o) is a norm, equivalent to the norm
of WP(Q).
The linear form L : W?(2) — R defined by

ot [

is continuous. So the variational inequality (12) has a unique solution (see Theorem 8.2, p247 of [14]). O

The proofs presented from now on follow the steps of [17], where these questions were considered only in
the framework W%.(€2), for simply connected domains and p > %

Proposition 2.2 Fori = 1,2, given data f,, g, verifying (11), p; € L*(Q2) with a positive lower bound and
a verifying assumptions (10a,10b,10c"), the solutions h; of problem (12) satisfy

2 2
[y — hZHII)/I\;p(Q) = C(||f1 f2||p 0 Q) + g1 — 92| (1) + 1 — 902||L°<>(Q))»
where C' is a positive constant, oV [3 denotes max{«, 3} and o A § denotes min{«, 3}.

Proof Let ¢, be a positive lower bound of <p1 and @3 and denote p = |1 — 2| (q). Fori,j =1,2 and

J # 1, given v; € K, the function v, = o +u v; belongs to K, and

~ p P
lvi = 25lls o) = W/Q |V xwil" < Cu?, (13)

p
il v
where C; = (L' 1“;’VP<0)

Also note that, choosing v = 0 as a test function in (12) and using (6) and (8), we get

[hillLa) < Cq [V x hiHLP(Q) <a.” (Cq”fiHLq’(Q) + CT”gi”LT'(F)) " (14)

Using h; as a test function in problem (12) with data f;, g; and ¢;, we have

/a(m,Vxhl)Vx(fALZ—h,)Z/fl(ﬁl—hz)—&-/gl(ftl—h,)
Q Q r
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and so
Q Q r
+/(2a(I,VXh1)VX(hJ7h1)+[2fl(hthj)‘F‘/ng(hz*hj)
Then

/Q(a(:c,Vxhl)—a(x,Vxhz))-Vx(hl—hz)S/Q(fl—fQ)-(hl—hg)
+/F(g1_92)'(h1—h2)+@a (15)

where
0= a*/ﬂ |V x h1|P*1|V><(lA11 — ho)| +/Q f1-(hy— lAzl) +/F g, (hy — ﬁl)
o [V b (o= h)| [ foe (=) 5 [ g (=)
Notice that, using the Holder inequality, (6) and (8), as well as (14) and (13),

0 < (aIV < hllfa) + Call Fillor iy + Collgill ooy 19 % (Ba = Ba)ll ooy

L,,.,(F)) |V x (ha — h1)| Lr ()
< D1 = p2llLe=(a)

+ (@Y % h2llslg) + Call Fall o o) + Crllgal

and

| =12 (=na) + [ (g1 02) (= o)
Q r
< (Cq”fl - f2||Lq’(Q) +Crllgr — 92||LT’(P)> |V x (h1 — hZ)HLP(Q)'

Going back to (15), applying (10c') and the previous inequalities, we can find, in the case p > 2, a positive
constant D; such that

19 (= m2)? < Du (11 = 2l )+ N = 2l oy + o1 = 2l

and, in the case 1 < p < 2,

a*/ (IV % b [P72 4 |V x o [P 72)|V % (hy — ho)|?
Q
< (Cq”.fl = Fallpe ) + Crllgr — 92||Lr/(r)) [V x (h1 = h2)|Lr) + D llp1 — @2 L~ ()

Applying, in the last case, the reverse Hélder inequality with s = £ and s = p%z, we obtain

p—2

/Q(|V><h1|+|th2|)”’2\V><(h1—h2)\2z (/ (\th1|+|Vxh2\)p) "IV (o)l -
Q

By inequality (14)

2-p 2-p
(/Q(\Vxh1|+|V><h2\)p) " < Do([IVxha| Loy + IV Xhallag)) 7 < D,
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where Dy and Ds are positive constants. Finally we get
[V (h1 = ho)[[ 200y < Da(llf1 = Fall7, oy T g1 — 92||2Lw(p) + [le1 — w2l (@),

for a positive constant Dy. O

Consider a function F : R — R* and define the quasivariational inequality: to find h € Kp(p) such
that

/Q a(z,V x h) -V /f v—h /g-(v—h), Vo € Kp(n))- (16)

Theorem 2.3 Let f and g verify (11) and assume that F' is continuous and a satisfies (10a,10b,10c").
Suppose, in addition, that if 1 < p < 3, there exist positive constants ¢y and ¢, such that
F(s) <co+cils|® VseR, (17)

wherea >0 ifp=3and 0 < a < ﬁ ifl<p<3.
Then the quasivariational inequality (16) has a solution.

Proof The proof of this theorem follows ideas of [13]. Consider first the case p > 3. Given ¢ € €() w

denote by h, the solution of the variational inequality (12) with Kp(,) replacing K. As the space Wp( )
is a closed subspace of W'? (), by the Sobolev embedding theorem, the inclusion i : W?(Q) — €(Q) is
continuous and compact. The continuity of the operator T': €' (£2) — WP"(Q), such that T(p) = hy, is a
consequence of the previous proposition. So, the operator S : () — €(Q) defined by S(¢) = |i(T(¢))
is continuous and compact.
From (14) we have, for 1 < p < oo,
g lwe@) < an™# (1F ] o @) + gl o) 7 (18)

On the other hand, there exists C; > 0 such that, for any v € W?(Q),
then

%@ < Cillv[lwer @), and

_2 2
Pl llg@) < Craw™ (1 £llpe o) + 9l @) * = R

Denoting the disc with center in the origin and radius R, in €(Q), by D(0), we have S(Dr(0)) € Dg(0)
and we may apply the Schauder fixed point theorem concluding the existence of a fixed point for S. The
image by T of this fixed point solves the quasivariational inequality (16).

Consider now the case 1 < p < 3. To prove that T is continuous let ¢ € €' (2) and M > 0 be such that
[F ovllg@ < 1Fovllg@ +1if lo —¥llg@) < M. For those 1) and s > 3 we have,

1o = Ryl o) = /Q [Vx(he = hy) PPV x (hy = hy)[?

< /Q (F(9)+ F) PV (hy — h)P < (21IF 0 ollgay + 1) Iy — hulllyno,

which, by Proposition 2.2, proves the continuity of T

The function S = i o T with the codomain of T replaced by W*(Q) is continuous, by Proposition 2.2,
and compact.

After showing that A = {¢ € €(Q) : ¢ = AT(y) for some A € [0,1]} is bounded, the Leray-Schauder
fixed point theorem gives us the desired result.

For ¢ € A, there exists A € [0, 1] such that ¢ = AT'(¢) = A|hy|. Using assumption (17),

1ol = A1 TRl 5y < € Mg ey = / Vb
< c/ F(p)]* < c/ (co+e16%)° = éo +51w/ Ihol*® < & + eall B 50
Q Q Q

by the Sobolev inclusion WP () ¢ L**(Q), choosing any s > 3 if p = 3 and s = TE if p<3. The
boundedness of the set A follows then directly from the inequality (18). O
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3 The problem with gradient constraint

Let © be a bounded open subset of RY with Lipschitz boundary I'. In this section we study variational and

quasivariational inequalities, defined by an operator @ = a(z, Vu) : @ x RV — RY, satisfying structural

assumptions of p-laplacian type, defined in (10), with 3 replaced by N, in a convex set of functions with a

variable gradient constraint. Non-homogeneous Neumann or Dirichlet boundary condition will be considered.
Given v € W1P(Q), we consider the following well-known Sobolev inequality

[vlla@) < Collvlwrr),
where Cj is a positive constant and

Np

:rif1<p<N, qg< oo if p=N, g=o0 ifp>N (19)
-p

q

and also the trace result

Hvlr ”LT(F) <C, ||v||W1>:D(Q) )

(N -1)p

T:N;if1<p<N, r<oo if p=N, r=o0 forp> N. (20)
—-p

3.1 The Neumann boundary condition case

For ¢ and r defined in (19) and (20) respectively, let
FeLY(Q), ge L"(T) and ce€ L®(Q), ¢ > ¢, > 0. (21)
Given ¢ € L>=(Q), ¢ > 0, we define the closed convex subset of W1(),
K,={veW"(Q):|Vv| < pae inQ}

and we consider the variational inequality: to find u € K, such that

/Qa(x,Vu)~V(v7u)+/gc|u|p72u(v7u) Z/Slf(vfu)+[19(vfu), wek, (22

Proposition 3.1 Let ¢ € L*>®(Q2), ¢ > 0 and assume that f, g and c verify (21). If a satisfies assumptions
(10a,10b,10c) then problem (22) has a unique solution.

Proof We remark that the operator A : WP(Q2) — WP(Q) defined by

(Au,v) :/a(x,Vu)~Vv+/ ¢ |ulP~?uw,
Q Q

is bounded, monotone, hemicontinuous and coercive. Thus the result is a direct consequence of Theorem 8.2,
p247 of [14]. O

We present now a continuous dependence result.

Proposition 3.2 Fori = 1,2, given data f;, g;, ¢; and ; satisfying the assumptions of Proposition 3.1, p;
with positive lower bound and a verifying (10a,10b,10c"), the solutions u; of problem (22) satisfy

A2
Z-A/(F) +ller = eall poo ) + o1 — SDZHLOC(Q))a

2 A2
||7,L1 - U2||€[\//1,p(9) < C(”fl - f2||1£q//\(Q) + Hgl - 92|

where C' is a positive constant.
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Proof Defining @; as in the proof of Proposition 2.2 and using it as a test function in problem (22) with data
fi, gi, ¢; and p;, by simple calculations we have

/ (a(amVul) — a(m,VuQ)) ~V(u1 — uz) +/ c1 (|u1|p_2u1 — |u2|p_2uQ) (u1 — ug)
Q Q
< /Q (f1 = f2) (1 —u2) +

(91 — g2) (u1 — u2) + / (ca — c1)|uaP2ug(ug — uz) + O,
T Q

where

0<a /|w1|p 1Y@ - u2) |+/ f1 (s — +/

g1(ug —Uy) + HCIHLOO(Q)/ lur [P [y — o
r

ot [Vl V@ w4 [ falin =)+ [ ga(n - )+ ||c2||Loo(Q>/ Jua P fi — ]
Q Q r
Using the Holder inequality, we have

/Q(Cl — o) |uz [P Puz(ur — uz) < [ler = eal poe (e l[uallf o lur — uall o)

For a positive lower bound ¢, of ¢;, using v = 0 as a test function in (22) we obtain
(ax A ) luilfts g v < Callfill Lo @) + Crllgill L (- (23)

The operator b(u) = |u[P~2u satisfies the structural condition (10c’) with a, replaced by b, > 0.
For p > 2,

/ ((1($,VU1) _ a(.l?,V'UQ)) . V(Ul — ug) —|—/ c1(|u1\P—2u1 - |u2|P—2u2)(u1 - U2)
Q Q
> (a* N b*)HUl — ’U/QH?)VLP(Q)

and, if 1 <p <2,
/ (a(m,Vul) — a(x,Vug)) -V (u1 — u2) —|—/ cl(|u1\P_2u1 — |uQ|p_2uz)(u1 — ug)
Q Q
> a. / (|Vur| + | Vug|)P 72|V (ug — ug)|* + b / (Jur| + |uz))P~2|ur — usg|?
Q Q

Applying the reverse Holder inequality to both terms of the right-hand side we obtain

[ (9l + 19l 19 - ) = ([ (Tl + V) ) ( [ 9 ) )
L(Iull+|u2|)p’2|u1—uz\2z (/Q (] + Ju2]) ) (/ |ul_ug|p>

From the inequality (23), there exists a positive constant D; such that

and

=P e 24

(/Q(|Vu1|+|Vu2)p) " <D and (/Q(Iull+|u2|)”> " <DL,

/ (a(z,Vur) — a(z, Vuy)) - V(ug — ug) +/ e (Jua P 2ur — [ualP2us) (w1 — us)
Q

2
a*/\b P
((/ IV (u1 — us2)| > + </Q |U1—U2|p) >>D2||U1—U2|%V1m(sz)

So
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and the conclusion follows as in Proposition 2.2. O

Consider a function F': R — R and the quasivariational inequality: to find u € Kp(,) such that

/Qa(x,Vu) V(- ) +/Qc\u|1’*2u(v _w) > /Qf(v —w) —|—/Fg(11 W), YeeKpw.  (24)

Theorem 3.3 Assume that f, g, ¢ verify (21), F is continuous and a satisfies assumptions (10a,10b,10c").
If p < N suppose, in addition, that there exist positive constants ¢y and ¢y such that

F(s) <co+c1ls|, Vs € R, (25)

beinga>0ifp=Nand 0 < a< NL_p ifp < N.
Then the quasivariational inequality (24) has a solution.

Proof The case p > N is treated as in the proof of Theorem 2.3, with 3 replaced by V.
If p < N, let k € N be such that 1%1 <p< % and consider (pm)ogmgk' iterations of the critical Sobolev
exponent, as follows
N Nppy,—
po=p, N<p,<ooifp=—, pm= Pm=1 therwise.
k N — Pm—1
For convenience, if p = N and o > 1 we choose p; = aN.
Note that p,, = NNZ if m < korifm==%andp< % In particular p,, > N if and only if m = k.

Applying repeatedly the Sobolev inequality we have,
3C>0Ym <kVue WP (Q)  ullwiom @) < C (lullzr@) + [ Vul Lom @) - (26)
Let s = py ifa < land s = B= ifa > 1 and note that N < s < p;, and as < pj,. Observe that, if o € €(Q)

and u € Kp(,) then u € Wls(ﬁ) as Vu € L*(€). In particular, the operator T': €' (Q2) — W15(Q) such
that T'(¢) = g, where u, is the solution of problem (22) with K, replacing K, is well-defined.

To prove that T is continuous consider, as in the proof of Theorem 2.3, ¢ € ¥(Q2) and M > 0 such that
[F ovllg@ < 1F opllg@ + 1if | —¥llg@) < M. For those ¢ we have,

g — wpllwrs @) < Cllug — uygllwre @) < Cr1 ([t — ugllLe) + Vg — Vgl Low o)

PR—p 2
<Gy (||Uso —uy L) + 2IF o pllg@ +1) ™ [[Vu, — VUwZ’;(Q)>

—-P

Pk P
< G (e = vl + CIF o ol + 1) 5 g = wslFonie

and then, using the previous proposition, T is continuous.

In order to apply the Leray-Schauder fixed point theorem we consider S = io T : €(Q) — €(Q),
where i is the compact inclusion of W1#(€) in €(Q), and we are going to prove the boundedness of the set
A={pe€(Q): o =AS(p) for some X € [0,1]}. As i is compact it is enough to prove that A is bounded
in Wh4(Q). Note that, as in Theorem 2.3, we can obtain an inequality similar to (18), proving that A is
bounded in W1P(Q).

As, for p € €(Q), |Vuy| < F(p) < o+ c1]p|® = co + c1A|uy,|* then, for 1 > p, there exist A, B, > 0
such that

IVuellLr@) < Ar + Brllug|[Tor ) (27)

If @ > 1, then 55— > 1 and therefore k = 1. We apply (27) with r = s, the inclusions L*(Q2) C L*(2)

and WHP(Q) C LP1(Q) to prove that there exists A, B > 0 such that

llugllwrs )y < A+ Bllugllwrr),

showing the boundedness of A in W14(Q).
If @ <1, using (26), (27) for 7 = py,, the inclusions LPm(Q) C L*Pm(Q) and W'Pm-1(Q) C LPm(€2) for

1 < m <k, there exists A, B > 0 such that
g llwroom @) < Clullwrny + A+ Blluglnn, . o):

which shows that A is bounded in W1Pm (Q) if it is bounded in W1Pm-1(Q). So, by an iterative process, the
conclusion follows. O
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3.2 The Dirichlet boundary condition case
We define, for o € L>(Q), ¢ >0, and g € Wﬁp(f‘), the closed convex subset of W1P(),
K, = {v e WhP(Q) : [Vu| < p ace. in Q, ) = g}_

To define a variational inequality in the convex set Ky, we need to guarantee that this set is not empty,
imposing a compatibility condition between ¢ and g (see [15], p116). In fact, if for z, y € ), we denote

T
Lotey) =int { [ p(e(0)ds: T>0,€:(0.7] — 9 smooth, €(0) =, &(T) =y, [¢' <1},
0
a function g defined on I' is admissible as trace of a function belonging to K, as long as

9(z) —g(y)l < Ly(z,y)  fora,yel. (28)

This implies, in particular, that g admits an extension to §, belonging to W'°°(2), which is a solution of the
Hamilton-Jacobi equation

Vo] = ¢ in Q, (29a)
v=gonT. (29b)

Given f € L9(Q), q as in (19), we define the variational inequality that consists on finding u € K, such
that

/a(x,Vu)-V(v—u)z/f(v—u), Vv e K. (30)
Q Q

Proposition 3.4 Let o € L™(Q), ¢ > 0, q as in (19), f € LY (Q), g defined on T verifying (28). If a
satisfies assumptions (10a,10b,10c) then problem (30) has a unique solution.

Proof This result is an immediate consequence of Theorem 8.2, p247 of [14]. O

Given a function F': R — R we define the quasivariational inequality: to find u € Kr(u) such that

/a(:E,Vu)-V(v—u)Z/f(v—u)7 Vv € Kpw)- (31)
Q Q

In order to guarantee that the convex set Kp(,) is nonempty, the inequality (28) needs to be satisfied for
@ = F(u). With this goal we assume that F' has a positive lower bound F. and

J0<k<1: |g(x)—9gly)| <kLp (z,v) for x,y € I. (32)

Theorem 3.5 Let f € L7 (Q), q as in (19), g defined on T verifying (32). Suppose that F is a continuous
function such that F, = inf F' > 0 and a satisfies assumptions (10a,10b,10c").
If p < N assume, in addition, that there exist positive constants ¢y and c¢; such that

F(s) <co+cls|?, Vs € R,

beingaEOifp:NandOgozSNL_p ifp<N.
Then the quasivariational inequality (31) has a solution.

Proof The proof follows the steps of the proof of Theorem 2.3, using N instead of 3. The main difference
consists in the proof of the continuity of the operator T : €(Q) — WP(Q), where T (i) is the solution
of problem (30), with F(¢) in the place of ¢. Let ¢ € €(Q) and (¢,)n a sequence converging in € (Q) to
©. The convergence of (T'(py))n to T(p) is an immediate consequence of a result of [19], if we prove the
Mosco convergence of the family of convex sets Kr(,,) to Kp(,). So, we only need to prove the following
two conditions:

Vv € Kp(p) Vn €N 3up € Kp(p,) 1 vn —— v in WHP(Q), (33a)
if, for all n € N, v, € Kp(p,) and v, — v in W"P(Q), then v € Kp(y). (33b)
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To prove (33a) consider, for given v € Kp(,y and n € N, G,, = F(pn) A F(p) and v, = b, (v — g) + g,
where

b — min Gn(x) — kF,
p = min ————————.

88 F(o(a) — KE

We observe that, for all n € N, 0 < b, < 1 and also (G,, — kF,),, converges to F(p) — kF, in € ().
Then, as F(¢) — kF, > (1—k)F, > 0, we conclude that (ﬁ) converges to 1 in % () which implies
that b,, — 1.

Using (32) we can define an extension of g, still denoted by g, such that |Vg| = k F (see (29a)). Note
that v, € Kp(y,) as vn), =g and

Vo ()] = [bnVo(z) + (1 = bn) V()]
S G"(Qj),

G, (z)—kF,
because b,, < 717@0(3:)) oE

On the other hand

[ 19— =a=by [ [9a-up —o.

To prove (33b), let (v, ), be a sequence in Kp (), converging weakly in W'2(Q) to v. As vy, = g then
v, = g. Given any measurable set w C €,

/|Vv\ gliminf/ |V Sliminf/F(gon):/F(cp),

so |[Vu| < F(p) a.e. in , which means v € Kp(,). This concludes the proof of the continuity of 7.

In order to follow the steps of the proof of Theorem 2.3, we are going to obtain an a priori estimate for
uy, = T(p), similar to the estimates (18), obtained for h,,.

We choose ¢ as a test function in (30). Then

/Qa(:p,Vu@)-VuwS/Qa(:c,Vuw)-Vg—k/quw—/ﬂfg

and, for € > 0,

0| Vg |2 < ( ||wp||m ||Vg||m o)
,,Hf||w+ O(umn @ + 19l )
iy + >l

where C' is the Poincaré constant.

Choosing € conveniently and using the continuity of the trace operator in W1(2) there exists a positive
constant C; such that

1902y < CoUIFIE gy + 19100
Applying again the Poincaré inequality,
”usanl p( § CQ(Hf”I;p'(Q + H9HW1 P(8) )

with Cy > 0. O
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4 Existence of a Lagrange multiplier in the case of gradient con-
straint and p = 2

Let ©2 be a bounded open subset of RY with Lipschitz boundary T. In this section we consider the variational
inequality with gradient constraint and homogeneous Dirichlet boundary condition in the special case p = 2
and a(z, Vu) = Vu. We prove the equivalence of this problem with a Lagrange multiplier problem, for general
source term and for any smooth strictly positive gradient constraint .

Given f and ¢ in appropriate spaces, we consider the problem of finding A and u such that

—V-(AVu) = f in 2'(Q), (34a)
u=0 onT, (34b)

[Vul < ¢ in Q, (34c)

A>1 in L>®(Q), (34d)

A —=1)(|Vu| —p) =0 in L=(Q)". (34e)

Concerning equality (34a) we will prove the following slightly stronger weak formulation
<)\7 Vu - VU>L00(Q)/XL00(Q) = / fU, Yv € WOLOO(Q)
Q

We intend to show that problem (34) is equivalent to the following variational inequality: to find u € KC,,
such that

/QVu~V(v—u)Z/Qf(v—u), Yo e Ky, (35)

where K, = {v € Hj(Q) : |[Vov| < p a.e. in Q}.

The main difficulty of the proof of this result consists on the lack of regularity of the Lagrange multiplier A.
We will prove that A € L>°(Q)" and Vu € L>°(Q)), but the approach used, which consists on the approximation
of problem (34) by a family of problems using the penalization proposed in [11], already mentioned in the
Introduction, does not allow the direct identification of the limit. The identification of the limit V - (AVu) in
2'(Q) is the main step to prove (34).

Theorem 4.1 Given f € L*(Q) and ¢ € W?°°(Q) with a positive lower bound, problem (34) has a solution
(u, N) € WHee(Q) x Le°(Q). In addition, if (u, \) solves (34), then u solves the variational inequality (35).

To prove this theorem we start by considering a family of approximated problems. Given the data f and
@ as above and 0 < € < 1, let us consider the problem of finding u® such that

Vo (k(|VU)? —*)Vuf) = - inQ, (36a)
u®=0 onT, (36b)

where k. : R — R is a €2 nondecreasing convex function such that

1 if s <
kg(s>:{ o=
e: ifs>¢

and f. = f * pe, being p. a mollifier.

Proposition 4.2 For f € L*(Q) and ¢ € L>™(Q), with ¢ > 0, problem (36) has a unique solution, u° €
€2 () NE(Q).

S

Proof Let K. (s) = / k.(T)dr. By the assumptions on k., the functional F;(v) = / (AK.(|Vv]? - ) —
Q

0
fv) has a minimizer in H}(Q), so problem (36) has a solution belonging to H} ().
The regularity of u. is a consequence of a result of Marcellini [16].
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To prove the uniqueness, let u; and us be two solutions of problem (36). Then
/ Eo(|Vui|> — ¢*)Vauy - V(ug —up) = / Eo(|Vug|* — ¢*)Vug - V(ug — u1) (37)
Q Q

and so
/ (ke(IVur|? = )| Vur | — ke (|Vug|* — %) Vug|) (|Vur | — [Vug|) < 0.
Q

As the function ®(z,t) = k. (t2—p?(x))t is strictly increasing in the variable ¢, we conclude that |[Vu;| = |Vus|
a.e. in . Finally, going back to (37), we get

/ (ke (Vs — 2)|V (g — )2 = 0
Q

and so u; = ug a.e. in Q. O

The following lemma gives us some useful estimates.

Lemma 4.3 For f € L?(Q) and ¢ € L°(Q2) with a positive lower bound and 1 < q < oo, there exist positive
constants C and Cy such that, for 0 < ¢ < 1, the solution u® of the approximated problem (36) verifies

[k (|Vus | — ©*)|[Vus || i) < C, (38)
[k (IVuf]* = ©*)| L2 () < C, (39)

[k (|Vu | — ©*)Vus| gy < C, (40)
[Vu&|[La) < Cq- (41)

Proof Multiplying equation (36a) by u°, integrating in 2 and applying Young and Poincaré inequalities, we

obtain
/ks<|w€\2w2>|vm|2:/fsufgcl/ Ifs|2+%/ V2
Q Q Q Q

/ ke (IVE 2 — 02)|Vel]? < 201/ £,
Q Q

proving (38). Observing that, if ¢, is a positive lower bound of ¢,

2 / ke (V2 — %) = @2 / ke (IVl? — ?) + / ke (IVal? — o?)
o (IVus|<p} (IVue >0}

< soi/ 1 +/ ke (Va2 — 2| Ve ?
{IVus|<p} {IVus|>¢}

< (0] +/le<\vm|2 )|V

< Q2| + 2C1 || fell72 )

and so

obtaining (39) and

ke (IVu®[? = 9*)Vus |y = sup /ks(IVuEIQ—sf)VuE‘v
Q

lv]| Lo () <1

< swp k(IVUE? = @) VPl 2 o k= (IVeE ) = 02171 o) 0l o) < €,

lv]| Lo () <1

which proves (40).
Let us now consider the set A. = {x € Q : |[Vu®(x)|?> > p?(z) +¢} and let ¢ be an even integer. Splitting

the integral
[v= [ e [ v
Q Q\A. A,
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we have
[ et s [+ 0 < 000l + D
O\A.
and
[ wen= [ (v -t et <2t (/ (Ve = )i+ [ soq)
A, A, A, A,
When s > ¢ we have
ROL
ke(s) =e= > ==
: O]

and so
5% <2 (L) ke(s).

Taking into account the previous inequality and the definition of A, we obtain

[ vt < 2 (B [ rovur -+ [ o)

and, using (39), we obtain (41). O

Proposition 4.4 For f € L*(Q2) and p € L*(Q) with a positive lower bound, the family (u)_ of solutions of
the approximated problems (36) converges weakly in H}(Q) to the solution of the variational inequality (35).

Proof As (ua)E is bounded in H}(2) by (41), there exists u € H}(Q) such that, at least for a subsequence,
u® — u in Hg (). We start by proving that u belongs to the convex set K.

e—

For 0 < € < 1 let us consider the set
A ={z € Q:|Vu(2)]? > ¢*(2) + Ve}.

The measure of A, tends to zero with €. Indeed, recalling that k. is a non decreasing function and taking
into account the estimate (39) we have

e12 el2 _ 2 1
|A|_/1</ \vm >§/ke<\w|l ) < oo
Q eve

and so |A.| — 0.
£—
Observing that

/Q(\Vu|2 — )t < hmlnf/(|VuE|2 ©* — )t
= liminf/ (|Vuf|? — ¢* — /%)
A

e—0

<t ([ (90 -7 - vER) jad
E— Q

=0 by (41),

the conclusion follows.
Let us now prove that u solves the variational inequality (35). Multiplying (36a) by v — u®, with v € K,
and integrating in €2, we obtain

/(k8(|Vu€\2 Vs - V(v — uf / fe(v —u®
Q
Observing that v € K, and taking into account the definition and the monotonicity of k. we have

k. (|Vuf|? — ¢*)Vus - V(v — u)
= (k=(|Vu®]? = @*)Vu© — k- (|Vo]> = 9*)V0) - V(v = u) + k. (|V0]* — ¢*) Vo) - V(v — uf)
< Vo -V(v—u),
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/QVU'V(U—Us)Z/QfE(U_uE)
/Vv (v —u) /fv—u

Forw e Ky, let v =u+&w —u), 0 <& < 1. Then

/QV(qué‘(w—U))-V(w—u)Z/Qf(w—u)
[vuvw-wz [ jw-u.

We observe that, as u is the unique solution of the variational inequality (35), the family (u%)_ converges
weakly to u in HE (). a

SO

and, letting e — 0,

and, letting £ — 0,

Theorem 4.5 If f € L?*(Q) and p € W>°°(Q) with a positive lower bound, then the solution of the variational
inequality (35) belongs to HE ().

Proof Let u® be the solution of the approximated problem (36). We will prove the uniform boundedness of
(uf), in Hig ().
Given Q' CC Q, let n € Z(02) be nonnegative and 7, = 1.
In this proof we omit, for simplicity, the subscripts and superscripts ¢, we denote by u,, the partial derivative
of u with respect to x; and we adopt the summation convention for repeated indices.
Multiplying equation (36a) by u,, ., 1>, for a fixed k € {1,..., N} and integrating in , we obtain
[Vl = )t == [ Py (42)
Q Q
Integrating by parts we obtain
/Q (k(|vu|2 - (pz)uwi)miuwkwk,’F = /Q k(‘vu|2 - ¢2>u$iu$kwkwin2 - /Q k(|vu|2 - (pz)uwiuwkwk (772)$i
= /Q (k(lvu|2 - @2)u$in2)zkuwkwi - /Q k(|vu|2 - ‘PQ)umiufEkivk (772)€Ei
= [ OV = ), it + [ KTUP = P
Q Q
R T T U I (T IO U
Q Q
Returning to (42) we get

1
[ R9uR = 2 = = [ unni? =5 [ (V0P =), (Vul)u?

9 [ (V] — 2ttt 1, + 2 /1 RV = 0ttty o e
2 ¢

Applying the Young inequality we obtain, for § > 0,

1)
LRVl = < 55 [ P 5 [ a2
Q Q

- %/Q (k(IVul® =), (Vul® = ¢*)a,n* = %/Q (k(Vul® = %)), (e

1
5 [ ROVUR = )i, +5 [ KOV = i

1
5 [ ROTUR = i a2, 46 [ BTUP = ). (43
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Observing that
(K(IVul* = 9%), (IVul* = ¢*)a, = K (Vul* = ¢*)(|Vul* = ¢*);, 20

and choosing § = % from the inequality (43) we have

1

1
3/ (|vu|2 - ) Up, zkn /f2772 + 6/ uika:knz
Q Q
1
+g [ RIVAR = )(()ar),, +6 [ KOVl = )Val| O

As k(s) > 1, we obtain

1
: / @t <5 [ P g [ RIVUR = @) (), +6 [ KA = )VuR i
Q Q

and so (uf)_ is bounded in H2_(£2) by (38) and (39). Passing to the weak limit in ¢ the conclusion holds for

the solution of the variational inequality. O

Remark 4.6 IfT' € €2 and p € €2(2), Williams proved in [27] that uw € H?(Y). In addition, if f € LP(Q),
p > 2, then u € W2P(Q).

Proposition 4.7 If f € L*(Q), ¢ € W2>(Q) with a positive lower bound, u¢ is the solution of the approxi-
mated problem (36) and u is the solution of the variational inequality (35), then

s ——u in WyP(Q), 1<p<oo

e—0

and also in €%%(Q), for 0 < a < 1.

Proof By Proposition 4.4, u® U in H}(Q).

For Q' open, Q' CC Q, as [[u®|| g2y < C, uf U in H%(Q) and so, by compactness, u® v in
E— e—
HY(Q).
In order to prove that u® s in H1(Q) we fix n € N and choose an open subset (), of Q such that
E—

Q,CcCQand [Q\Q,| <L
Observing that

[ 19 0P = [ 190 = 0P xae, < V0 - 0l 20} < G,
\Qn Q

where C is independent of ¢ and n, we obtain

/|V(u5_u)|2:/ |V(u5—u)|2—|—/ |V(UE_U)‘2 S/ |V(u8—u)\2+%
Q Qp Q\Q" Qn

and so, since u® converges to u in H(Q,,),

hm/|Vu —u\2< C

e—0

Noting that the last inequality is valid for any n € N, we conclude that

lim [ |V(u® —u)|* =0.
e—0 Jo

For p > 2 we have, applying the Holder inequality and the inequality (41),

/ V(= )P < |V (0 =) [0 V(5 = )| 2(0) < C[V (05 = )| 20
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and so we have
uf —— uin WHP(Q), 1 <p < oo.

e—0

To conclude it suffices to recall that for 0 < o < 1 there exists p large enough such that W1?(Q) C €%(Q).
U

We are now able to prove Theorem 4.1.

Proof of Theorem 4.1 From the estimates obtained in Lemma 4.3 and the Banach-Alaoglu-Bourbaki theorem

we have
ko (|[Vus|? — o?)Vu® — Y weak-x in L>(Q)
E—

and
ke ([Vus|? — ¢?) — A weak-* in L>(Q)’,

at least for a subsequence.
From now on, in order to simplify the notations,

(a, B) will represent (ct, 3) ;.o () x Lo ()
and

N
{a, B) will represent Z (v, Bi)-
i=1

Recall that, from the previous propositions, Vu*® — Vu in L2(Q) and |[Vu| < ¢ a.e. in Q.
Multiplying (36a) by v € W, () we get

/ I£€(|Vu€|2 — 4,02)Vu‘S -Vov = / fev (44)
Q Q

and so, passing to the limit in ¢,
(Y, V) = / fo.
Q

Replacing v by u® in (44), we have

/ks<|Vuf|2w2>|W|2:/fguf-—>/fu:<r,w>.
Q Q e—0 Q

Observing that
(ke (VU = %) = 1)(|Vu'? = %) > 0,

integrating in €2,
[ rve = I = [ (Ve - e = [ (9u - o)
Q Q Q
and, letting e — 0,
(X, V) — (A, ¢?) 2/ |Vu|? —/ 2.
Q Q

Hence
(Y, Vu) > (A —1,¢%) +/ IVul> = (A= 1,¢° — [Vul*) + (A, [Vu?]).
Q

Taking into account that
(=L = (90 =l [ RV = ) = 1) = [Tuf) >0 (45)

we conclude
(X, Vu) > (), |[Vul?). (46)
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As / k. ([Vus|? — ©?)|V(u® — u)]* > 0, then
Q

/k5<\w|2—so2>|W|2—2/ks<\vm|2—s02>w6~w+/ksuvm?—so%wzo
Q Q Q
and so,

(X, V) — 2(X, Vu) + (A, |[Vul?) >0,

thus
(N [Vul?) > (X, Vu). (47)

From (46) and (47) we obtain
(T7 VU) = <>‘a |vu|2>

Using (44) we obtain
/ k. (|Vuf|? — ¢*)V(uf —u) - Vo +/ kE.(|Vuf)? — ¢*)Vu - Vo = / fov Yo e W (Q). (48)
Q Q Q

Applying the Holder inequality we get
1

[ = A9 - Vol < ([ r(ve - 2ives —u>|2)é ([ retvee = 2o

Consequently

| r9u? = DIV 0 = [ (va o) v
2 /Q ke(IVue P — %) | Vs - Vu + /Q ke(IVue 2 — 0?)| Vu?
— (X, V) — 2(Y,Vu) + (A, |[Vu*) =0
and so we conclude that

E—

/ ko (|Vuf)? — ¢*)V(uf —u) - Vo —— 0.
Q

Passing to the limit in £ in (48) we have
(A V- Vo) = / fo, Vo Whe(Q)
Q

and so (34a) is satisfied.
As

/(ks(IVuEIQ—wz‘)—l)vzo, Yve L®(Q), v>0,
Q

we obtain (34d) letting € — 0.
By construction we have

(k- (IVue|? — %) — 1) (0% = Vs )T =0,

and so,

o
Il
5

(ke (V2 — ) — 1) (9% — [Vue?) Tt > /Q (ke (V22 — @) — 1) (% — [V )t

- / ke (Ve — o)t — / ke (IVe P — )|Vl Pt — / (& — [VuPyot, Vo e L.
Q Q Q
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But

J R R R X (e T O
Q Q

+ 2/ k. ([Vus|? — o*)V(uf —u) - Vuo™ —|—/ ke (|Vus > — )| Vaul?o T
Q Q

— (A [Vul*ot)
e—0

since
J R e L P B e L e k.
Q Q e

and

/ k. ([Vus|? — o*)V(uf —u) - Vuov™
Q

e—0

< ¥ miey ([ 090 = 2190 =) ([ w090 - i9?)” o
So
0> (uptet) = (0 IVue) = [ (= [Val ot = = 1,5 = [Tuf)ot) 2 0
Q

by (34d), concluding that
A =1,(* = |[Vu)ot) =0 Vv e L®(Q).

Given w € L>(Q), if we choose v = € L*°(R), because ¢ > @, > 0, we conclude that

v
¢+ |Vul
A=1,(p — |Vuh)wt) =0 VYw € L=(Q),

which implies (34e).
To conclude, it remains to prove that if (u, A) solves (34) then u solves the variational inequality (35).
Given v € ICy, as
Vu- V(v —u) < |Vu||Vo| — |Vu|> < |Vl (p — [Vul),

we have
A=1,Vu-V(v—u)) <(A=1[Vul(p —[Vu])) =0,
and so,
/ flo—u)=(\Vu-V(v—u)) < / Vu-V(v—u),
Q Q
which concludes the proof. O
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