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ABSTRACT. Using the renormalization method introduced in [17], we prove what we
call the local Boltzmann-Gibbs principle for conservative, stationary interacting particle
systems in dimension d = 1. As applications of this result, we obtain various scaling
limits of additive functionals of particle systems, like the occupation time of a given site
or extensive additive fields of the dynamics. As a by-product of these results, we also
construct a novel process, related to the stationary solution of the stochastic Burgers
equation.

1. INTRODUCTION

A classical problem in the theory of Markov processes is the study of additive functionals
of the trajectory of the process. More precisely, for a given Markov process {n;;t > 0} in a
state space (2 and a suitable function f : 2 — R, we are interested on the long-time behavior
of

ry(f) = / F(ns)ds

and the possible scaling limits of I';. Among the vast literature on the subject, we point
out the seminal work of Kipnis and Varadhan [22], from which we build up the results of
this article. Under the assumptions of reversibility and stationarity of {n;;¢ > 0}, Kipnis-
Varadhan’s theorem gives a complete characterization of the functions f for which I'y has a
Brownian motion as scaling limit. It is known that for interacting particle systems in low
dimensions, for very simple functions f the process I'y does not have a Brownian motion
as scaling limit, either because reversibility does not hold (see [11] for instance) or because
f does not verify the assumptions of Kipnis-Varadhan’s theorem (see [21] for instance).
In these works the authors considered the case on which the function f is the number of
particles at the origin. Since in those models the particle system admits at most one particle
per site, the process I'y(f) is called the occupation time of the origin.

In this work we address the question of obtaining the scaling limit of the process {I';(f); ¢ >
0} in the case of one-dimensional, conservative, stationary interacting particle systems. It
is known [32] that in dimension d > 3 and for any local function f, the scaling limit of
T:(f) is given by a Brownian motion. In a series of works ([28, 29, 30]), the author explores
various cases on which the scaling limit of occupation times is not Brownian, obtaining in
some cases a functional central limit theorem and in other cases bounds on the variance
close to the conjectured ones. In [3] and [4] the author obtain some non-matching upper
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and lower bounds for the occupation time of asymmetric particle systems, which precludes a
Brownian scaling limit. In [26], the authors obtained the scaling limit of additive functionals
of a zero-range process, extending the results of [21] and [28] to the zero-range process. The
results of [28] and of [26] are based on the martingale method, which consists in writing
down the process I'¢(f) as a martingale plus a vanishing term. Scaling limits of the process
T't(f) then follow from standard results about martingale scaling limits.

Our approach is essentially different. In [17] an important technical novelty, the so-called
second-order Boltzmann-Gibbs principle was introduced. The idea was to extend the one-
block and the two-blocks setup introduced in [18] to the fluctuation level. Following the
proof in [17], we obtain here what we call the local Boltzmann-Gibbs principle, which is of
both practical and theoretical interest. The local Boltzmann-Gibbs principle states that the
process I'y(f) is well approximated by the density of particles on a box of size £y/t around
the origin, integrated up to time ¢. In particular, if a scaling limit in the diffusive scaling
is available for the density of particles, a scaling limit for T';(f) can be extracted from it
through approximation arguments.

Let n be a scaling parameter. In order to obtain the scaling limit of the density of
particles, a diffusive scaling must be introduced. This is done rescaling space by 1/n and
time by n2. For diffusive, conservative particle systems, the scaling limit of the density of
particles is given by an infinite-dimensional Ornstein-Uhlenbeck process. Starting from this
result and using an approximation procedure, we can prove that for diffusive systems, the
scaling limit of the process I';(f) is given by a fractional Brownian motion of Hurst index
H = 3/4. In particular, we solve one of the open questions in [28], namely the scaling limit
of I'; for the mean-zero exclusion process in dimension d = 1. The scaling limit of the density
of particles is also understood in other two situations. When the motion of the particles is
weakly asymmetric, namely when the particles have a drift of order O(1/n) the scaling limit
of the density of particle is given by a infinite-dimensional Ornstein-Uhlenbeck process with
drift. In that case we prove that the scaling limit of I';(f) is given by a Gaussian process
with stationary increments, with some prescribed variance.

A case which has received a lot of attention recently (see [1, 17] and references therein) is
the so-called KPZ scaling. In this case, particles have a drift of order O(1/4/n) and density
fluctuations are observed along characteristic lines of the system. The fluctuations of the
density are governed by solutions of a stochastic Burgers equation [6] which is formally
the derivative of the celebrated KPZ equation, which arose as a continuum model for the
stochastic growth of interfaces. We prove that there exists a process {Z;;t > 0} (for which
we basically know nothing) which can be constructed for any energy solution of the KPZ
equation (as introduced in [17]) such that the scaling limit of I';(f) is given by ¢(f)Z;, where
¢(f) is an explicit constant depending on f. It seems that there is no previous mention of
this process neither in the physics nor in the mathematics literature. The description of the
limiting process Z; remains an open problem.

In [2] a quadratic field associated to the Ornstein-Uhlenbeck process was introduced.
It was also proved that the scaling limit of certain extensive additive functionals of the
symmetric simple exclusion process is given by this quadratic field. In [17] it was proved
that the so-called energy condition implies the existence of the quadratic field associated
to a given stochastic field. In this article we prove that scaling limits of extensive additive
fields of one-dimensional, conservative particle systems are given either by linear functionals
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of the limiting density field or by the quadratic fields associated to the limiting density field,
therefore solving an open problem posed by the author in [2].

In order to have a good compromise between generality and simplicity, we study in this
paper a particular one-dimensional system, known in the literature as a lattice gas dynamics
at infinite temperature or also as the speed-change exclusion process. From the technical
point of view, this system is non-gradient. Fortunately, the non-gradient method is only
needed to obtain the scaling limit of the density of particles, which has already been done in
[9] and [27]. Our method requires two main assumptions on the dynamics, namely a sharp
estimate on the spectral gap of the dynamics restricted to finite boxes and a second-order
equivalence of ensembles for the invariant measures of the system. These two assumptions
are the same needed in [9], [27] in order to derive the scaling limit of the density of particles,
so in that sense our result is the best possible.

The paper is organized in the following way. In Section 2 we fix the notation used
throughout the paper and we state our main results about scaling limits of occupation
times and extensive additive functionals. In Section 3 we review the spectral gap inequality,
the equivalence of ensembles and Kipnis-Varadhan’s inequality, which will be the building
blocks of the proofs in Section 4. In Section 4 we state and prove the local Boltzmann-Gibbs
principle. The proof follows the renormalization procedure introduced in [17]. In Section 5
we prove the theorems stated in Sections 2.3 and 2.4. And in Section 6 we roughly explain
how to extend the main results to the context of mean zero and weakly asymmetric exclusion
processes.

2. NOTATIONS AND RESULTS

2.1. Lattice gas dynamics. Let Q = {0, 1}Z be the state space of a Markov process which
we define below. We denote by n = {n(z);z € Z} the elements of . We say that a
function f : Q — R is local if there exists a non-negative integer R such that f(n) = f(£)
whenever n(z) = £(x) for every x € Z with |z| < R. For each z € Z we denote by 7, the
usual translation (or shift) in Z of magnitude z. In other words, 7, : @ — Q is defined
by 7.n(z) = n(z — ). For a function f : @ — R, 7, f is defined in an analogous way:
T2 f(n) = f(7zm) for any n € Q. Let r : © — R be a local function satisfying the following
conditions:

i) Ellipticity. There is a constant g > 0 such that eo < r(n) < ey* for any n € Q.
i) Reversibility. For any n,& € Q such that n(z) = £{(x) for every z # 0,1, we have
r(n) = (&)

Let us define r, = 7,7. For z,y € Z and 7 € Q2 we define n*¥ € Q as

n(y), z==z
nY(z) = {n(x), z=y
n(z), z#z,y.

For z,y € Z and f : Q — R we define V, ,f : Q@ = Ras V., f(n) = f(n*™Y) — f(n). The
lattice gas with interaction rate r is defined as the Markov process {n:;t > 0} with state
space {2 and generated by the operator L, whose action over local functions f : 2 — R is
given by

Lf =) 1aVeuf.

zEZ
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Notice that, since f is local, only a finite number of terms in the previous sum are different
from zero. The process {n;;t > 0} is well defined, thanks to the ellipticity and translation
invariance of the family of rates {r,;z € Z} (see Section 1.3 of [23]).

Notice that particles are neither created nor annihilated by the dynamics of 7. The
process {n;t > 0} has a family of invariant measures parameterized by the density of
particles. For each p € [0, 1], let v, denote the product Bernoulli measure in Q of density p,
that is, v, is the only probability measure in €2 such that

vp{n(z) =1for any z € A} = plAl

for every finite set A C Z. Here |A| denotes the cardinality of the set A. Thanks to the
reversibility condition, the measures {v,;p € [0,1]} are invariant and reversible under the
evolution of {n;;¢ > 0}. Thanks to the ellipticity condition, these measures are ergodic as
well. Notice that [ n(z)dv, = p for any x € Z and any p € [0, 1], justifying the denomination
“density of particles” for the parameter p.

In this article we are interested in the evolution of some observables of the process {n;;t >
0} starting from an equilibrium measure v,. Therefore, from now on we fix p € (0,1) and
we will always consider the process {n;;t > 0} with initial distribution v,. Notice that when
p =0 or p=1 the evolution of 7, is trivial.

Let T > 0 be fixed from now on and up to the end of the article. This convention will sim-
plify the notation and the exposition. For a given Polish space X we denote by C([0,T], X)
the space of continuous trajectories from [0, 7] to X, and we denote by D([0,T], X) the space
of cadlag trajectories from [0,7] to X. We denote by PP, the distribution in D([0, 7], X) of
the process {n;t € [0,T]} with initial distribution v,, and we denote by E, the expectation
with respect to P,.

2.2. Mean-zero exclusion process. One of the most popular non-reversible, diffusive
interacting particle systems is the mean zero exclusion process, which we define as follows.
Let p : Z\ {0} — [0,1] be a probability measure. For notational convenience, we define
p(0) = 0. We assume that p(-) has finite range, that is, there exists M > 0 such that
p(z) = 0 whenever |z| > M and that p(-) is irreducible, that is, Z = span{z € Z;p(z) > 0}.
We also assume that p(-) has mean zero, namely,

Z zp(z) = 0.

2€EL

A simple example of a probability p(-) satisfying these properties is given by p(1) = 2/3,
p(—2) = 1/3, p(z) = 0 if z # —2,1. The mean-zero exclusion process associated to p(-)
is the Markov process {n§*;t > 0} generated by the operator L., whose action over local
functions f: Q2 — R is given by

Lexf = Z p(y - x)TLyv%yf’

z, Yyl

where we have written 5, (n) = n(z)(1 —n(y)). Like in the case of the lattice gas described
in Section 2.1, the existence of this process is shown in [23]. The measures {v,; p € [0,1]} are
invariant and ergodic under the evolution of ng* but they are not necessarily reversible. In
fact, a straightforward computation shows that the adjoint of Ley in L? (v,) is the generator
of the mean-zero exclusion process associated to the probability p*(z) = p(—z). Therefore,
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v, is reversible under the evolution of 1™ if and only if p(-) is symmetric. We point out that
the results of this article do not rely on the reversibility of the invariant measure v,.

2.3. Infinite-dimensional Ornstein-Uhlenbeck process. Let S(R) be the Schwartz
space of test functions and let S'(R) be the topological dual of S(R), corresponding to
the space of tempered distributions in R. For u,v € L?(R), let (u,v) = [ u(x)v(x)dz be the
inner product in L?(R). We write ||u|| = (u,u)'/? for the L?(R)-norm of w.

We say that a process {M;;t € [0,T]} with trajectories in C([0,T],S'(R)) is a S'(R)-
valued Brownian motion if for any u € S(R), the process {M;(u);t € [0,T]} is a Brownian
motion of mean zero and variance ||ul|?.

Let D,o > 0 be fixed. We say that a process {)y;t € [0,T]} is a solution of the infinite-
dimensional Ornstein-Uhlenbeck equation

if for any smooth trajectory ¢ — wu; from [0, 7] to S(R), the process

Yi(ur) — Volup) — / V(D + DAYu,)ds

is a martingale of quadratic variation o> fot |Vus||?>ds. According to [19], the Cauchy prob-
lem for (2.1) is well-posed for any distribution )y in S'(R).

We say that a &’(R)-valued random variable )y is a white noise of variance o2 if for any
u € S(R), the real-valued random variable Yy(u) has a normal distribution of mean zero
and variance o?||ul|?. Straightforward computations show that (2.1) has a unique invariant
distribution, given by a white noise of variance o2/2D. We say that a solution {);;t € [0, 7]}
of (2.1) is stationary if Yy is a white noise of variance o2/2D.

From now on, we fix a stationary solution {);t € [0,T]} of (2.1). We will denote by P
the underlying probability measure and by E the expectation with respect to P. First we
notice that Y;(u) is well defined for any u € L*(R): it is enough to take {u";n € N} C S(R)
such that |[u™ —u|| — 0 as n — oo and to notice that {V;(u™);n € N} is a Cauchy sequence
in L2(P). Let h: R — R be the function h(z) := 1(0 < x < 1). For ¢ € (0,1) we denote by
i the function z +— e~ th(xe~!). The sequence {i.;e € (0,1)} is an approzimation of the
identity in the sense that for any f € S(R), (i, f) = f(0) as ¢ = co. For z € R, we will
use the notation i.(z) for the function y — e *h((y — x)e~1).

For each € € (0,1), let us define the real-valued process {Z5;t € [0,T]} as

Z; = /t Vs (ic)ds. (2.2)

Theorem 2.1. The process {Z5;t € [0, T} converges in distribution with respect to the
uniform topology of C([0,T],R), as € — 0, to a fractional Brownian motion {Z;;t € [0,T]}
of Hurst exponent H = 3/4.

Let us denote by §p the Dirac distribution at # = 0. This theorem is telling us that,
although );(dp) is not well defined, the integral fot Ys(8p)ds can be defined through an
approximation procedure.

For each € € (0,1), let us define now the S’(R)-valued process {A$;t € (0,71} as

2

A (u) = t Vi (ie(2)? = 2 Vu(z)dzds (2.3)
o) 2De
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for any u € S(R) and any ¢ € [0, 7.

Theorem 2.2. There exists a process {As;t € [0,T]} with trajectories in C([0,T],S'(R))
such that {AS;t € [0,T]} converges in distribution with respect to the uniform topology of
C([0,T],8'(R)), as € — 0, to the process {As;t € [0,T]}.

This theorem was first proved in [2]. In Section 5.3 we will present a different proof of
this theorem, based on the so-called energy condition introduced in [17]. We call the process
{A;t € [0,T]} the quadratic field associated to {J;t € [0,T7]}.

2.4. Scaling limits. The lattice gas model introduced in Section 2.1 and the mean-zero
exclusion process introduced in Section 2.2 are examples of diffusive systems. Various scaling
limits of the density of particles have been established for those systems, and a common
feature of any of these results is a diffusive scaling of the time variable. Let us focus on
the lattice gas model of Section 2.1. The so-called hydrodynamic limit of this model was
established in [16]. This hydrodynamic limit can be understood as a law of large numbers
for the number of particles on boxes of increasing size. Once a law of large numbers has
been established, a question which arises naturally is what happens with the fluctuations of
the number of particles on boxes of increasing size. This question was answered in [8, 27|
in the following sense. Let n € N denote a scaling parameter. Let us introduce the density
fluctuation field as the 8’(R)-valued process Y;* given by

1
Vi (u) = 7 % (Men2 () = p)u(z/n)
for any u € S(R). Notice the diffusive time scaling in this definition. Under the measure
v,, for any t > 0 the random variables {n,2(z) — p;z € Z} form an i.i.d. sequence of
mean zero and variance p(1 — p). Following [5], we call x(p) = p(1 — p) the mobility of the
system. In particular, for any ¢t > 0 fixed, the S’(R)-valued random variable Y}* converges
in distribution, as n — oo to a white noise of variance x(p). Let us introduce the diffusion
coefficient
2
(r, (n(1) = n(0) = Vo Y _7af)")-

TEZ

D(p) = —~

inf
X(p) f local
Proposition 2.3 ([8, 27]). The process {);*;t € [0,T]} converges in distribution with respect

to the Jy-Skorohod topology of D(|0,T],S'(R)) to the stationary solution of the infinite-
dimensional Ornstein-Uhlenbeck equation

dYy = D(p)AVydt + /2D (p)x(p) VA M;. (2.4)

We are interested in functional limit theorems for certain observables of the process

{ne;t > 0} (and/or its rescaled version {rn;,2;t > 0}). The occupation time of a site x € Z

is defined as the integral fot ns(x)ds. The following theorem establishes the scaling limit of
the occupation time of a fixed site x € Z.

Theorem 2.4. The process {I'};t € [0,T]} defined as

n 1 t’I’L2
Iy = W/o (ns(0) = p)ds

converges in distribution with respect to the uniform topology of C([0,T],R) to a fractional
Brownian motion {Z;t € [0,T)} of Hurst exponent H = 3/4. Moreover, the process {Z;;t €
[0,T1} is the same appearing in Theorem 2.1.
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Notice that by translation invariance the same result holds true for the occupation time
of any site € Z. The occupation time is a particular case of a more general family of
observables of the process {n;;t € [0,T]}. Let f:  — R be a local function and define, for
B €(0,1], ¢s(B) = [ fdvs. The (centered) additive functional associated to f is defined as
the integral

/0 (F(1:) — 05(p))ds.

This process satisfies a functional central limit theorem similar to the one satisfied by the
occupation time.

Theorem 2.5. The process {T'(f);t € [0,T]} defined as

)= )= e

converges in distribution with respect to the uniform topology of C([0,T],R) to the process
{©4(p)Z;t € [0,T]}, where the process {245t € [0, T} is the same appearing in Theorem
2.1.

Notice that I'?'(f) looks only at the behavior of the process {n;; ¢ > 0} on a neighborhood
of the origin. An extensive field can be associated to the function f in the following way.
Let {A"/;t € [0,T]} be the &'(R)-valued process defined as

A (u) = / S (ref(an2) — 05(p))ulee/m)ds

T€EZ
for any u € S(R).

Theorem 2.6. Let us assume that ¢';(p) = 0. Then the process {APT ¢ € [0,T]} con-
verges in distribution with respect to the uniform topology of C([0,T],S'(R)) to the process
{307 (p)As;t € [0,T]}, where {A;t € [0,T]} is the quadratic field associated to the station-
ary solution of (2.4).

3. SOME AUXILIARY RESULTS

In this section we review some well known results in the theory of Markov chains, which
will be the building blocks of the proofs of Theorems 2.4, 2.5 and 2.6. Since we did not find
exact references, we give proofs of some of these results.

3.1. Equivalence of ensembles. Let f : 2 — R be a local function. For a finite set
A C Z, we say that supp(f) C A if f(n(z)) = f(&(x)) whenever n(z) = £(z) for any = € A.
Assume for simplicity that there exists £y € N such that supp(f) C {1,...,4y}. For £ > £
we define the function ¢¢(¢) : @ — R as

bplim) = E[f‘ Zi:n(fv)},

where the conditional expectation is taken with respect to v,. When f :  — R is local,
there always exist numbers z € Z and ¢y € N such that supp(7,.f) C {1,...,4}. In that case
we define, for £ > £, ¥ ;(¢) = T_3¢,, s (£). Notice that the definition of ¢ (¢) depends on the
choice of z (it does not depend on the choice of ¢y as soon as £ > £;), but in that case the
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corresponding functions only differ by a translation. This point does not really matter, as
soon as the values of x and £y are kept fixed for the purposes of this definition. In order to
make the notation simpler, we will always assume that f is such that supp(f) C {1,..., 4}
for some /5 € N.

Recall the definition ¢;(3) = [ fdvg. For £ € N and 1 € Q, let us define n° =

1 Zi:l n(z). In other words, ° is the average density of particles on the interval {1, ..., £}
with respect to the configuration 1. The following proposition gives an approximation of
¥ (¢) in terms of ¢, and n’.

Proposition 3.1 (Equivalence of ensembles). Let f : Q@ — R be a local function. Suppose
that there exists £y € N such that supp(f) C {1,...,4y}. There exists a constant ¢ = c(f)
such that

oy ¢ _X(WZ) 1ot
:Lelg Yilin) —pr(n°) 57 o) <

c
72
for any £ > {y.

Proof. Notice that, due to the structure of the configuration space €1, any local function f
is a finite linear combination of functions of the form [ ., n(z), where A C Z is finite.
It is enough to prove the theorem for functions of this form, since ¢y and ¢ ¢(¢) are linear
functions of f. The measure v, and the function n’ are exchangeable, in the sense that they
are left invariant by a permutation of the sites {1,...,£}. Therefore, it is enough to prove
the theorem for the function f = Hfa:l n(x) for each k € N. Fix k € N and take £ > k. We
can explicitly compute s (£):

Yr(ln) =

u::]\

8 ()

Let us call ap, = Hf;ol £/(€—1). Notice that ag  is uniformly bounded in ¢, and also notice
that asr — 1 as £ — co. Developing the product H?;g(ne — j/¢) we obtain the expansion

o p ()i
vt = ar Y BT (3.1)

where the coefficients p; do not depend on ¢. Notice that 0 < n® < 1 for any n € Q.
Therefore, all the powers of order smaller than £ — 1 in (3.1) are uniformly bounded by ¢/¢2,
where the constant ¢! depends only on the coefficients p; (and therefore it does not depend
on ). We conclude that there exists a constant ¢ such that

sup 45(61) = aus (i + L) < 2 (32)

The constants pg,p; are easy to compute. Since each factor in Hf;& (n® — j/¢) is monic,
po = 1 and p; /¢ is equal to minus the sum of the roots of each of such monomials. Therefore,

L As usual, ¢ will denote a constant which may change from line to line, but depends only on the specified
parameters.
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p1 = —k(k —1)/2. Now we need to expand agj in powers of £ up to order 2. It is easier to
expand azi. In fact,
k—1
S ME—D 0
¢k — 4 20 027

where r(¢) is bounded in ¢. Using the expansion (1 — 4 + O(6?))"! = 1 + & + O(4?) we
conclude that

k(k—1) 7(¢)
RS
for another bounded function 7(¢). Putting this expansion back into (3.2) we conclude that

there exists a constant ¢ which depends only on k& such that

(1 T k(k;; 1))(772)19 + k(g; 1)(776)1@71 < g%

agr =1+

sup (Y5 (€;m) —
neQ

For this particular choice of the function f we have p(n‘) = (n)*¥ and cp’]{(ne) = k(k —
1)(n*)k=2. Replacing above (n°)* by p(n°) and k(k—1)(n*)*~1 by nzgo’f’(nz), the proposition
is proved. O

Proposition 3.1 has the following consequence:

Proposition 3.2. Let f : Q — R be a local function. Suppose that there exists ¢y such that
supp(f) € {1,...,40}. Then there exists a constant ¢ = c(f, p) such that

/ (z/)f(é, n) —r(p) — 5 (p) (" — p) — @((nZ —p)’ - @))Qdup < g%

for any € > Ly. In particular,
i) if or(p) =0, we can choose c in such a way that
¢
Var(y (0:,) < &,
ii) if or(p) = ¢ (p) = 0, we can choose c in such a way that

c
Var(hs (0:,) < 5,
for any £ > {.

Here and below, Var(f;v,) denotes the variance of the function f with respect to the
probability measure v,.

Proof. 1t is enough to use Taylor expansion in Proposition 3.1 up to the right order. Notice
that
¢ , ’ e5p) 2 VIR
or(') = ¢5(p) + €5 (p) (1" = p) + =5= (1" = p)" + 0115 ) (0" = )",

where & (n%; p) is uniformly bounded in 7, £ and p. Similarly,
¢
M) ) = Sox()i o) + 0200 007 (0 — ).
where 65(n’; p) is uniformly bounded in 7, ¢ and p. The L?(v,)-norms of (n° — p)® and
+(n* — p) are bounded by 1/¢3/2, which proves the first estimate. The other two cases are
simple consequences of the first estimate. O
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3.2. Spectral tools. For f,g € L%*(v,) we denote (f,g), = [ fgdv,. Let f € L*(R) be
such that ¢¢(8) =0 for any g € [0,1]. Let us define the H_;-norm of f as
I£121 = sup {2(f,9), — (9. —Lg),}- (3.3)
g local

In [22], the authors obtained a sharp estimate for the variance of the additive functional
associated to f:

Proposition 3.3 (Kipnis-Varadhan inequality [22, 10]). For any t > 0,

5 [( [ 10nas)] < sl 3.0

The original proof of [22] works only when v, is reversible with respect to the evolution
of n;. A proof avoiding reversibility can be found in [10] (see also [31]).

This estimate is not really helpful unless we have an efficient way to estimate ||f]|2;. A
very useful tool to estimate ||f]|%, is the so-called spectral gap inequality for the operator
L. For £ € N and a local function f :  — R such that supp(f) C {1,...,£} we define the
energy form Eo(f) as

-1 )
E(f) =) / (Vauirf) dv,.
=1

Notice that in the case r = 1, &(f) = (f,—Le¢f),, where L; is the generator of the
process 7 restricted to the interval {1,...,£}. Moreover, under the ellipticity condition we

have eo&(f) < (f, —Lef), < g5 ' Eu(f).

Proposition 3.4 (Spectral gap inequality [25, 14]). There exists a universal constant kg
such that

/ Py, < rolEd(f)

for any £ € N and any f : Q@ = R such that ¢¢(8) = 0 for any B € [0,1] and such that
supp(f) € {1,...,¢}.
By translation invariance, a similar statement holds when the support of the local function

f is contained in some interval of the form {k+1, ..., k+¢}. The following proposition explains
how to use the spectral gap inequality in order to estimate || f||% ;.

Proposition 3.5. For any function f satisfying the hypothesis of Proposition 3.4,

K
I£12, < ;362 Var(f; v,).

Proof. Define Fy = o(n(z);z = 1,...,£). Let g : @ — R be a local function and define
g¢e = E[g|Fe]. Here and below, conditional expectations are taken with respect to the
measure v,. By Jensen’s inequality, (g,, —Lege), < (g,—Leg), < {(9,—Lg),. Since f is
Fe-measurable, (f, ), = (f, g¢),. Therefore,

2(f,9)p — (9, —La)p > 2(f,90)p — (9¢, —Lege) -

Let us define g = g¢ — 14(¢). The function g satisfies p3(3) = 0, for any 5 € [0,1]. Since
we also have [ fdvg = 0 for any 3 € [0,1], we see that (f, g,), = (f,g),. Using once more
Jensen’s inequality, (g, —L¢g), < (g¢, —L¢ge),. Therefore,

2(f,9)p = (9:=Lg)p = 2(f,3)p — (g, —LeG),-
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Notice that g satisfies the hypothesis of Proposition 3.4. Therefore,
_ _ €0 .
(9, =Leg)p > cofilg) = 5 Var(g ).

We conclude that
||f||2—1 = bup {2 fv < a_Lg>P} S 5;1]1:) {2<fag>9 - <ga_L€g>p}
g /4

g local

< 2 . 5) — —L Var(g;
< qS:]%{ (f,9)p v Var(g;v,) }

52
< ot Var(f;v,).
€0
In last inequality we used the Cauchy-Schwarz inequality. This ends the proof. (]

The following proposition roughly states that functions supported on disjoint intervals
are orthogonal with respect to the H_;-norm.

Proposition 3.6. Let m € N be given. Take a sequence kg < ... < kp, in Z and let
{f1, ., fm} be a sequence of local functions from  to R such that supp(f;) C {ki—1+1,..., ki }
for any i€ {1,....m}. Define {; = k; —k;—1. Assume that ©;,(8) =0 for any 8 € [0,1] and
any i € {1,...,m}. Then,

- Iiof?
||f1 + ...+ fm||31 < 1:21 ? Var(fi; Vp)-

Proof. Let us define G; = o(n(x);x = ki—1 + 1,...,k;). Let g : @ — R be a local function
and define ¢ = E[g|G;]. Let f := f1 + -+ fm. We have that

m

(£,9)0 = _(fi0")p

i=1
and by Jensen’s inequality we have that

—Lg) >Z Z /rw z,5+19) de>Z Z / xx_,_lg dl/p.

1=1 x=k;_1+1 1=1 x=k;_1+1

Let us write L* for the generator of the process n; restricted to the interval {k; 1 +1, ..., k; }.
Following the proof of Proposition 3.5 we obtain that

||fH2 1 — Sup {2 f) Lg } < Sup Z{Q fza a_ngl>p}
g local g local
< Z sup {2(f;,9) Var(g, Vp)}
i=1 9€Gi

< Z fiol l Var(fi;vp).

O

Putting all the estimates of this section together we obtain the following estimate on the
variance of sums of additive functionals of the process n;:
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Proposition 3.7. Let m € N be given. Take a sequence ko < ... < kn, tn Z and let
{f1, ., fm} be a sequence of local functions from Q2 to R such that supp(f;) C {ki—1+1,..., ki }
for any i€ {1,...,m}. Define {; = k; — k;—1. Assume that ©;,(8) =0 for any 8 € [0,1] and
any i € {1,...,m}. Then, for anyt >0

m

E, {( /Ot i”: fi(nS)ds>2:| < %’Zot 3" 2 Var(fi;v,).
=1 =1

4. BOLTZMANN-GIBBS PRINCIPLE

The Boltzmann-Gibbs principle was introduced in [7] and roughly speaking, it says that
in the diffusive scaling introduced in Section 2.4, any extensive field can be approximated by
a function of the density fluctuation field. More precisely, we have the following proposition:

Proposition 4.1 ([13, 9]). Let f : Q@ — R be a local function. For any u € S(R) and any
t>0
. ! , 2
Jlim B, |( / v Z (e Gruns) = 25(0) = &(0) (1en () = p) ul/m)ds) | =0,

Notice that the last term in the sum above is the field ¢ (p) fg V2 (u)ds. This result was
proved for the model introduced in Section 2.1 in [13]. Their proof is an adaptation of the
proof in [7] and it requires the reversibility and the translation invariance of the measure v,.
In [9], a simpler proof of Proposition 4.1 was obtained, building up in the one-block estimate
introduced in [18]. Following the methods in [10], the proof in [8] can be adapted for the
mean-zero exclusion process defined in Section 2.2.

In this section we will state and prove two different generalizations of Proposition 4.1.
When ¢ (p) = ¢’(p) = 0, Proposition 4.1 does not give any useful information about the

limiting behavior of the fluctuation field associated to the function f. In that case, we have
the following result:

Theorem 4.2 (Second-order Boltzmann-Gibbs principle). Let f: Q — R be a local func-
tion. Assume that pf(p) = ¢';(p) = 0. There exists a constant ¢ = c(f, p) such that for any

t >0, any £ € N and any function h = {hy;x € Z} € (*(Z)

E, {(/Otwgz (Tzf(ns) - @((mﬁ —p)’ - @))hzdsf] < c(t€ n g) a;Zhi (4.1)

Notice that in this theorem a sort of “quadratic” field appears. In Section 5.1 we will see
how this estimate implies Theorem 2.6. The second generalization of Proposition 4.1 deals
with the case in which there is no spatial average in the additive functional associated to f:

Theorem 4.3 (Local Boltzmann-Gibbs principle). Let f : @ — R be a local function.
Assume that ps(p) = 0. There exists a finite constant ¢ = c(f, p) such that

i) if 4(p) # 0, then

B ([ {1 = oot = ) )] < e+ ) (12)

for anyt >0 and any ¢ € N,
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ii) if ¢’s(p) =0, then
2

EP[(/Ot {f(ﬁs) - @((nﬁ - P)2 - %f))}ds)ﬁ < c(t(log€)2 + %3) (4.3)

for anyt >0 and any ¢ € N.

This estimate is sharp in the case i) and it is close to the expected upper bound ¢t log ¢ in
case ii). The main point that makes both Theorems 4.2 and 4.3 different from Proposition
4.1 is the following. The functional ¢ (p) fg Y2 (u)ds is continuous and linear as a function
of the process{);t € [0,T]}. Therefore, aside from technical details, in order to prove
Proposition 4.1 it is enough to prove the one-block estimate. This is not longer enough for
Theorems 4.2 and 4.3, where we also need to prove the so-called two-blocks estimate. In a
similar context, a proof of the two-blocks estimate and also the derivation of Theorem 4.2
was recently obtained in [17]. In Section 4.1 we adapt the arguments in [17] in order to
prove Theorem 4.3. We will not prove Theorem 4.2 here, since the proof in [17] applies to
our situation with basically notational modifications.

4.1. Local Boltzmann-Gibbs principle. In this section we prove Theorem 4.3. For
notational simplicity we assume that there exists ¢y such that supp(f) C {1,...,40}. We
point out that the proof will only use Propositions 3.2 and 3.7 as inputs. Otherwise the
proof is independent of the results in Section 3. The proof follows like in Section 4 of [17]:
we have to divide it into four steps. The first part is what we call the one-block estimate and
it compares the additive functional associated to f with the additive functional associated
to ¢y (€) for any ¢ > ¢y. The second part is the renormalization step, which compares the
additive functional associated to 1 ;(¢) with the additive functional associated to s (2¢)
for any ¢ > £y. The third step is what we call the two-blocks estimate, which compares the
additive functional associated to ¢ ¢ (o) with the additive functional associated to 1¢(2™4p),
using the renormalization step m times. And the fourth step simply replaces ¥ ¢(¢) by the
corresponding function of n¢ using the equivalence of ensembles stated in Proposition 3.2.

Lemma 4.4 (One-block estimate). Let f be a local function such that ¢;(p) = 0. Then,
there exists a constant ¢ = ¢(f, p) such that for any £ > ly and any t > 0

EPK/Ot{f(nS) — (¢, ns)}ds)j < ctl? Var(f; Vp). (4.4)

Proof. By Proposition 3.7, the left-hand side of (4.4) is bounded by

1850t s (F — (05 ,).

Since 15(¢) is a conditional expectation, Var(f —(¢);v,) is bounded above by Var(f;v,),
which proves the lemma. O

Lemma 4.5 (Renormalization step). Let f be a local function such that ¢¢(p) = 0. There
exists a constant ¢ = ¢(f, p) such that for any £ > £y and any t > 0

ctl if 9% (p) #0,
=0

¢ i) (45)

Eﬂ[(/ot{wf(&ns) _¢f(2f;ns)}ds>2} < {
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Proof. By Proposition 3.7, the left-hand side of (4.5) is bounded by
72;‘60t€2
€0

Var (s (€) — 1 (20);v,).

By Proposition 3.2, this last variance is bounded by 3c/f if ¢¢(p) = 0 and by 3c/¢? if in
addition ¢’ (p) = 0, which proves the lemma. O

Lemma 4.6 (Two-blocks estimate). Let f be a local function such that ¢¢(p) = 0. Then,
there exists a constant ¢ = ¢(f, p) such that for any ¢ > £y and any t > 0,

E,|[( /0 ey (Fosme) — s (Eime)yds) | < {Zflogg)z ;ij ﬁgﬁg

Proof. Let us assume that there exists m € N such that ¢ = 2"¢;. We write

m

Yy (osns) — W (lime) =Y (V2 o ms) — 1 (27605 ms)).

i=1
Using the renormalization step (Lemma 4.5) and Minkowski’s inequality, we conclude that
1/2

EP[(/Ot{wf(go;ns) - $f(€;ns)}d5)2] <
= iEP[(/t{W(Tl@o;ns) - wf(Qifo;T]S)}ds>2:|l/2
i=1 0

<3 {et(2 )},
=1

where v = 1 if (p) # 0 and o = 0 if (p) = 0. When o = 1 the sum above is equal

to vctlo(v2" —1)/(v2 — 1). When «a = 0, the sum above is equal to v/ctm. These two
facts prove the theorem for ¢ = 2™{,. For ¢ arbitrary, it is enough to find m such that
2m=1y < £ < 2™y and to compare ¢ (2™ 14y) with ¢¢(f) as in Lemma 4.5. O

The following lemma is just a reformulation of Proposition 3.2 together with the Cauchy-
Schwarz inequality.

Lemma 4.7. Let f be a local function such that ¢;(p) = 0. Then there exists a constant
c=c(f,p) such that for any £ > ly and any t >0

i) if ©%(p) # 0, then

Ep[(/ot{d)f(&ns) —w}(p)(nﬁ—p)}dSﬂ < 5

ii) if ¢’s(p) =0, then

[ {orten) - B (- - ) )as) ] < L

Theorem 4.3 follows at once by combining these four lemmas. Notice that the use of Lem-
mas 4.4, 4.5, 4.6 gives rise to the first term at the right-hand side of inequalities (4.2),(4.3)
and the use of Lemma 4.7 gives rise to the second term. We state this observations as a
corollary:
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Corollary 4.8. Under the hypothesis of Theorem 4.3,

([ -vienne) <[, 0% o

for any t > 0 and any £ > {y.
Remark 4.9. It has been proved in [32] that for functions f satisfying ¢¢(p) = ¢%(p) =
©(p) = 0, the variance of fot f(ns)ds is bounded by c(f, p)t. Moreover, they also show that

the scaling limit of fg f(ns)ds is given by a Brownian motion of variance given in terms of
a variational formula.

5. PROOFS

5.1. Additive functionals and proof of Theorem 2.1. In this section we prove Theo-
rem 2.1. For each € > 0 and each n € N, let us define

1 tn? o t -
:W/O (n; —p)alsz/0 V7 (ic(0))ds.

Recall the definition of T'}(f) given in Section 2.4. Suppose for a moment that en is
an integer. Using Theorem 4.3 with ¢ = en for time tn? we obtain the following energy
estimate:

n,e
Zt

2
B, [(T1() — @ () 27)7] < ef et + 5 (5.1)

When en is not an integer, there are some round-off errors, which can be absorbed into the
choice of the constant ¢ whenever en > 2, for example. By the triangle’s inequality, we also
have the following estimate:

, 52 *

By [(27° - 20)") < ofet+ 55} (5.2)
for any t >, any n € N and any ¢ > § > 2/n, for a (maybe different) constant ¢ which does
not depend on n, ¢, or 6. Now we prove Theorem 2.1 starting from (5.2). We start proving
the following moment estimate.

Lemma 5.1. There exists a constant ¢ such that for any e >0 and any 0 < s < t,
E[(2f — 25)°] < cft — s[*/2,
where {Z5;t € [0,T1} is the process defined in (2.2).

Proof. Recall the convergence result stated in Proposition 2.3. Since L2-upper bounds are
preserved by weak convergence, from (5.2) we deduce that there exists a constant ¢ such
that

E[(Zf - 20)%] < cet (5.3)

for any ¢t > 0 and any € > § > 0. Recall that for any fixed time ¢ > 0, ), is a white noise of
variance x(p). By the Cauchy-Schwarz inequality, we have the elementary bound

B[(z7)7] < XL (54
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Fix § > 0. For any € > § we have
2x(p)t?
E[(2])7] < 2cet + XL
5
For t > §2, taking ¢ = /t in the estimate above we prove that there is a constant ¢
independent of ¢ and § such that

E[(20)%] < ct®/>. (5.5)

For t < 62, t? < 6t3/2. Therefore, taking ¢ = 6 in (5.4) we can extend the validity (5.5) to
any t > 0 and any § > 0. Since the process ); is stationary, the proof is finished. O

Now let us finish the proof of Theorem 2.1. By Kolmogorov-Centsov’s compactness
criterion (see Problem 2.4.11 of [20]), the sequence of processes {Z£;t € [0,T]}.>0 is tight
with respect to the uniform topology of C(]0,T],R). Therefore, it has at least one limit
point {Z;t € [0, T]}. Moreover, by (5.3), for any fixed time ¢ > 0, the sequence {Z§;¢ > 0}
is a Cauchy sequence in L?(P). Therefore, for any ¢t > 0, Zf converges in L?(P) to Z;.
This proves the uniqueness of the limit point {Z;;t € [0, T]} and the weak convergence with
respect to the uniform topology of the whole sequence {Z§;¢ € [0,T]}e>0 to {25t € [0,T]}.
By the definition of Zf given in (2.2), it is the integral of a Gaussian random variable Vs (i.).
Therefore Z; is a Gaussian random variable. Since the space of Gaussian random variables
is closed in L2, then Z; is also Gaussian. The process ); has the following scale invariance:
for any F' € S(R) and any A > 0, V:(F(-)) = A/2Y,5—2(F(\)) in distribution. From this
property, it follows that Z; satisfies the following self-similarity relation: Zy; = A3/4Z, in
distribution. These three properties, namely continuity, Gaussianity and 3/4-self-similarity
characterizes a fractional Brownian motion of Hurst exponent H = 3/4. Therefore, Theorem
2.1 is proved for the case D = D(p) and 02 = 2D(p)x(p). To show that Theorem 2.1 holds
for any values of D and o2, it is enough to observe that rescaling time and space properly
we can obtain any value of D, o2.

5.2. Proof of Theorems 2.4 and 2.5. In this section we prove Theorems 2.4 and 2.5.
Notice that Theorem 2.4 is just a particular case of Theorem 2.5, so we will only prove
Theorem 2.5. We start proving tightness of the process {I'};¢t € [0,T]}. The proof will
closely follow the proof of Lemma 5.1. Using the stationarity of the process 7; plus the
Cauchy-Schwarz inequality, we see that there is a constant ¢ = ¢(p, f) % such that

E, [T} (f)?] < ct®n. (5.6)

This bound does not look too good, but it will be useful for very short times ¢t. By Corollary
4.8, we also have the bound

1 tn’ 2 ctl
[ ) p— : < —.
Ep [(Ft (f) n3/2 /0 wf(& 775)d8> ] .
By the Cauchy-Schwarz inequality, the stationarity of the process 7, and Proposition 3.2,

we have the bound
tn?

EP[(# ; u’f(&??s)dS)Q} <

ct®n
12

2Up to the end of this section, we denote by ¢ any constant which depends only on f and p. This constant
may change from line to line.
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for any t > 0 and any £ > {,. We conclude that the process T'}'(f) satisfies the moment
bound
e 2 tl  t*n
<epd 2T

for any t > 0 and any ¢ > {y. If we take ¢ = n+/t, we obtain the bound
n 2
E,[(I7(£)7] < et*/2, (5.7)

valid for any ¢ > 8(2) / n2. This last restriction comes from the restriction ¢ > ¢,. For t < ¢2 / n2
we observe that t?n > t3/2(5. This observation allows to use (5.6) in order to extend
(5.7) to any ¢ > 0. Since the process {I'}'(f);t € [0,T]} has stationary increments, using
Kolmogorov-Centsov’s compactness criterion we conclude that the sequence of processes
{T2(f);t € [0,T)}nen is tight with respect to the uniform topology in D([0,T];R). Let
{T+(f);t € [0,T)} be a limit point of {T?(f);t € [0,T]}nen. Without loss of generality,
we can assume that the limit process I'i(f) is defined in the same probability space on
which the process {)y;t € [0,T]} is defined. Recall that L2-upper bounds are preserved by
convergence in distribution. Therefore, from (5.1) we conclude that

E,[(Te(f) = ¢} (p)25)7] < cte.

In particular, we conclude that {I';(f);t € [0,T]} has the same finite-dimensional distribu-
tions of {¢(p)Zs;t € [0,T1]}, which finishes the proof of Theorem 2.5.

5.3. Quadratic fields and the proof of Theorem 2.2. In this section we prove Theorem
2.2, starting from the second-order Boltzmann-Gibbs principle stated in Theorem 4.2. We
will need the following energy estimate (proved in Corollary 3.11 of [17]):

Proposition 5.2. Under the hypothesis of Theorem 4.2,

t 2
B [( [ (i)~ vs(tin))hads) | < e Y12 (53)
0 zez z€Z
The spirit of the proof of Theorem 2.2 is basically the same of the proof of Theorem 2.1.
For z € Z, £ € N and 1 € €, let us define n‘(z) = 7,0 = £~} Zle n(x+ ). In other words,
n’(x) is the average density of particles on the interval {x +1,...,x+¢}. For each € > 0 and
each n € N, let us define the field {A;";¢t € [0,7]} as the S’(R)-valued process given by

ATWFZ;AMEZWﬂW%wf—g?WWMMS
TEZ

for any test function u € S(R) and any ¢t € [0,T]. Recall the definition of the process
{A%;t € [0,T]} given in (2.3). Since € > 0 is fixed, the convergence of the density field
{V*;t € [0,1]} ensures that

lim A = A7

n—oo
in the sense of finite-dimensional distributions. Using triangle’s inequality and (4.1) we
obtain the following bound:

B (470 = AP )] < oo+ b Sty

TEZ
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for any 0 < 0 < g, any t € [0,T] and any v € S(R). Taking the limit as n — oo, we obtain
that

E[ (A5 (u) — A2 (w))*] < cetul|? (5.9)

for any 0 < 6 < € and any t € [0,7]. This inequality is what we call the energy estimate
for the process {);;t € [0,T]}. Notice that {A5;e > 0} is a Cauchy sequence in L?(P). In
particular, for each fixed ¢ € [0, 7] and u € S(R) the random variable A;(u) = lim._,¢ A5 (u)
is well defined. Notice that this does not imply the existence of the process {As;t € [0,T]},
neither the convergence of A to A; at the process level. However, if we prove that the
sequence of processes {A$;t € [0,T]}c>0 is tight, then the existence and uniqueness of the
process {At € [0,T]} will be guaranteed. In order to prove tightness of a sequence of
S'(R)-valued processes, the following criterion, known as Mitoma’s criterion is very useful.

Proposition 5.3 (Mitoma’s criterion [24]). The sequence {AS;t € [0,T]}e0 is tight with
respect to the uniform topology of C([0,T];S'(R)) if and only if for any u € S(R), the
sequence {A5(u);t € [0,T]}es0 is tight with respect to the uniform topology of C([0,T]; R).

Using the Cauchy-Schwarz inequality and the stationarity of the process )y, we obtain

the simple bound
E[A)(u)?] < ct?6 ! {|ul|?
for any ¢ € [0, 7] and any & > 0. Taking § = /¢ in this estimate and in the energy estimate
(5.9) we obtain the bound
E[Af (u)?] < ct®/?

for any ¢t > €2. For t < &2, we observe that t> < £t3/2, which extends the bound for
any t € [0,7]. Since the process Af(u) has stationary increments, using Kolmogorov-

Centsov’s compactness criterion (see Problem 2.4.11 of [20]) we conclude that the sequence
{A5(u);t € [0,T]}c>0 is tight, which finishes the proof of Theorem 2.2.

5.4. Proof of Theorem 2.6. In this section we prove Theorem 2.6. We start proving
that the sequence {A7*/:t € [0, T]}.0 is tight. By Mitoma’s criterion (stated in Proposition
5.3), it is enough to show that {A7/(u);t € [0,T]}es0, for u € S(R) is tight. Recall that
Var(¢f(€);v,) < ¢/¢?. By the Cauchy-Schwarz inequality,

K 2 2 Ct2
Ep[(/ > s(Gnhads) | < t?/ (Yo wron.) dv, < 5= 3 02
0 ez z€ET ez
This estimate combined with the energy estimate (5.8) gives

B, (A0 7] < of £+ LS ey

TEL

The sum n= Y, _, u(z/n)? converges to |lul|?, so it is bounded in n. Choosing ¢ = nv/,
we show that

E, [AP (w)?] < c(p, f,u)t?/? (5.10)
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as long as t > ¢2/n?. When t < £3/n* we use the bound

E, [A?’f(u)2] < t2/ (Z (Tzf — gpf(p)) u(x/n))Qdup

€L

379 1
< 2 2 321 2
<ct Zu(x/n) <ct - Zu(x/n) ,
TEL T€Z
which extends (5.10) to any ¢ € [0,7]. Once more, stationarity of 7 and Kolmogorov-
Centsov’s compactness criterion show tightness of the sequence {A?7 (u);t € [0, T]}es0, for
u € S(R). We conclude that the sequence {A"7;¢ € [0,T]}es0 is tight in C([0,T];S'(R)}.
Let {Af:t € [0,T]} be a limit point of {A7/:t € [0,T]}.5o. Using the second-order
Boltzmann-Gibbs principle at time tn? with £ = en, we see that
n CP) nep )2 1
E, {(At ()~ LA (u)) } < c{z—:t n T}H ;;Zu(x/n)z

gn

Taking the limit n — oo, we obtain that
e (p) 2
B[ (Af(w) — LA (w) ] < estuf®

Taking now the limit ¢ — 0, we conclude that Af has the same finite-dimensional distribu-
% (p)

5—A; and therefore they are equal in distribution. This finishes the

tions of the process
proof of Theorem 2.6.

6. ADDITIVE FUNCTIONALS OF THE EXCLUSION PROCESS

In this section we explain how to extend the proofs of the main theorems for two type
of non-reversible processes: the mean-zero exclusion process and the weakly asymmetric
exclusion process.

6.1. The mean-zero exclusion process. The mean-zero, non-symmetric exclusion pro-
cess my introduced in Section 2.2 is perhaps the simplest example of a diffusive, non-
reversible, non-gradient system. The adjective “diffusive” comes from the fact that the
evolution of the density of particles for this model is non-trivial under a diffusive scaling of
time. As discussed in Section 2.2, the invariant measures are non-reversible for 7y* since
we are assuming that p(-) is not symmetric. Let us define the density fluctuation field
{YP;t €10, T} like in Section 2.4. The following result is not stated anywhere, but it can
be proved following the methods in [10] and using the formula for the diffusion coefficient
D(p) given in [33]:

Proposition 6.1 ([9, 27]). The process {V;*;t € [0,T]} converges in distribution with respect
to the Jy-Skorohod topology of D(|0,T],S'(R)) to the stationary solution of the infinite-
dimensional Ornstein-Uhlenbeck equation

dY: = D(p)AV:dt + /2D (p)x(p) VdM;.

Notice that the definition of the H_;-norm stated in (3.3) is insensitive to the asymmetric
part of the dynamics. More precisely, we have the identity

I1fI1%: = Supl{2<f,g>p — (9, —Sg),},

g loca
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where S = (L+L*)/2 is the symmetric part of the generator L. Due to the product structure
of the invariant measure v,, the operator S is easy to compute. In fact, S corresponds to the
generator of a exclusion process associated to the probability measure p° : Z \ {0} — [0, 1]
defined as p°(z) = (p(z) + p(—z))/2. The spectral gap inequality stated in Proposition
3.4 can be easily proved using a comparison argument and the irreducibility of p(-). Since
the proof of Theorems 2.4, 2.5 and 2.6 only rely on Kipnis-Varadhan’s inequality and the
convergence of the density fluctuation field to the corresponding Ornstein-Uhlenbeck process,
those theorems generalize to the mean-zero exclusion process straightforwardly.

6.2. Weakly asymmetric exclusion process. The weakly asymmetric exclusion process
is not a process, but rather a sequence of processes indexed by the scaling parameter n. Let
{an;n € N} be a sequence of numbers converging to 0 as n — oco. For each n € N large
enough, let us define the probability measure p,(-) as

s(1+ay), z=1
pu(2) = 5(1—an), z=-1
0, x # £1.

Let us consider the exclusion process {n*;t > 0} associated to p,(-). Although we will
not write it explicitly, the process {n*;t > 0} is actually a sequence of processes indexed
by n. Of course, if a,, = 0, the process {ng*;¢ > 0} is just the lattice gas process defined in
Section 2.1 with r = 1/2 and therefore Theorems 2.4, 2.5, 2.6 apply to this process. It is
natural to ask under which conditions on {a, },en Theorems 2.4, 2.5 and 2.6 are still valid
for the sequence of processes {ny*;t € [0,T]}. It turns out that there are two regimes under
which this question can be answered in a satisfactory way.

The first regime is the following. Let us assume that there is a constant a € R such that
lim,_,o na, = a. In order to describe the scaling limit of the density field in this situation,
we need to introduce the infinite-dimensional Ornstein-Uhlenbeck process with drift. Recall
the notations introduced in Section 2.3. For D,o > 0 and v € R we say that a process
{J;t € [0,T]} is a solution of the infinite-dimensional Ornstein-Uhlenbeck equation

dY; = DAY,dt + aVidt + oVdM,
if for any smooth trajectory t — wu; from [0, 7] to S(R), the process

Vi(ug) — Voluo) — /0 Vs((0s + DA — aV)uyg)ds

is a martingale of quadratic variation o2 fot ||Vus||?ds. The following proposition has been
proved in [8], [12] and [15]:

Proposition 6.2. Fiz p € (0,1). Suppose that n§* is distributed according to v,. Let
{7t € [0, T)} be the density field defined on u € S(R) as

V() = % S (05 (@) — p)ulz/n). (6.1)

TEZ

The process {Y;t € [0, T]} converges in distribution with respect to the Jy-Skorohod topology
of D(]0,T],S'(R)) to the stationary solution of the infinite-dimensional Ornstein-Uhlenbeck
equation

Ay, = %Aytdt +a(l = 2p)VYedt + \/x(p)VdM,. (6.2)
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When a = 0 or p = 1/2, this proposition is just saying that the scaling limit of the density
field is not affected by a small asymmetry (that is, when na,, — 0 as n — oo, or when na,,
is bounded if p = 1/2). When a # 0, we see that 1/n is the exact order of magnitude of the
asymmetry for which it appears a non-trivial modification of the scaling limit. Notice that
independently of the value of a,,

1
ﬁ@={”m_i1

0, x# =+l

In particular, following the arguments presented in Section 6.1, Theorems 2.4, 2.5 and
2.6 and suitable modifications of Theorems 2.1, 2.2 hold true for the weakly asymmetric
exclusion process and for the Ornstein-Uhlenbeck process with drift. Here we just state
Theorems 2.1 and 2.5 for the infinite-dimensional Ornstein-Uhlenbeck process with drift
and the weakly asymmetric exclusion process.

Theorem 6.3. Let {);;t € [0,T]} be the stationary solution of (6.2). For e € (0,1) and
t € 10,7, define Z5 as

t
zF = / V. (i.)ds.
0

Then the sequence of processes {Z5;t € [0, T} converges in distribution with respect to the
uniform topology of C([0,T];R) as e — 0, to a Gaussian process {Z¢;t € [0,T]} of stationary

increments, satisfying
2 t (t o S)ef(a(172p))2s/2
E[2?] = \[ / ds.
[ t} X(p) T o \/g S

Theorem 6.4. Fiz p € (0,1). Let us assume that ng* is distributed according to v,. The
process {I'};t € [0, T} defined as

1 tn? N
= | 0O s

converges in distribution with respect to the uniform topology in C([0,T],R) to the process
{Z4;t €10,T)} defined in Theorem 6.3.

6.3. Weakly asymmetric exclusion process and KPZ equation. In the previous sec-
tion, we showed how to obtain the scaling limit of additive functionals of a weakly asymmet-
ric exclusion process. Notice that when p = 1/2, the processes appearing in Proposition 6.2
and Theorems 6.3, 6.4 are the same appearing in the symmetric case. In other words, the
introduction of a weak asymmetry does not change the scaling limits of the density of par-
ticles and of the occupation time. Therefore, it makes sense to ask whether a slower decay
of the asymmetry (that is, a stronger weak asymmetry) will change the limiting processes.
It turns out that for density p = 1/2, the relevant scaling of the asymmetry is 1/4/n instead
of 1/n. Let us assume in this section that p = 1/2 and that there is a constant a € R such
that y/na, — a as n — co. The following theorem has been proved in [6] (see also [1], [17]):

Proposition 6.5. Fiz p =1/2. Suppose that ng is distributed according to v, and suppose
that lim,—, o v/na, = a € R. Define the density field {YVi*;t € [0,1]} as in (6.1). Then the
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process {Vi';t € [0,1]} converges in distribution with respect to the Jy-Skorohod topology of
D([0,T]; S'(R)) to the stationary Hopf-Cole solution of the stochastic Burgers equation

1
dY, = SAYydt + a(V,) dt + \/x(p) VM. (6-3)

We refer to [6] for a detailed discussion about Hopf-Cole solutions of (6.3). Equation
(6.3) corresponds to the formal gradient of the so-called KPZ equation. We refer to [17] for
a more detailed discussion. Of course we use the additional adjective “stationary” meaning
that the fixed-time distributions of {}s;¢ € [0,T]} are independent of ¢.

For the stationary solution {Vi;t € [0,T]} of the stochastic Burgers equation (6.3), The-
orems 2.2 and 2.6 were proved in [17]. Notice that the proof of Theorem 2.1 is robust in the
sense that it only requires the local Boltzmann-Gibbs principle and the convergence of the
density field. Therefore, Theorem 2.1 also holds for the stationary solution of the stochastic
Burgers equation (6.3). This fact is a novelty in the literature, and we state it as a theorem:

Theorem 6.6. Let {);;t € [0,T]} be the stationary Hopf-Cole solution of the stochastic
Burgers equation (6.3). For e > 0, let us define

t
zF = / V. (i.)ds.
0

Then there exists a real-valued process {Z;t € [0,T]} such that {Z§;t € [0,T]} converges
in distribution with respect to the uniform topology of C([0,T];R) to {Z:;t € [0,T]}.

The analog of Theorem 2.5 also holds for the process {J;t € [0,T]}:

Theorem 6.7. Let f : Q — R a local function with ¢y(1/2) = 0. The process {T}7(f);t €
[0,T1} defined as
n 1 tn2
Ly(f) = RETENIA f(ns)ds

converges in distribution with respect to the uniform topology of C([0,T];R) to the process
{¢}(1/2) 245t € [0, T}, where Z; is the process defined in Theorem 6.6.

Remark 6.8. In this section we chose p = 1/2 because in this case the drift of the Ornstein-
Uhlenbeck process appearing in Proposition 6.2 vanishes. When the drift does not vanish,
we can perform a Galilean transformation of the density field in such a way that, under the
new reference system, the fluctuations of the density are governed by a driftless Ornstein-
Uhlenbeck process. Under this new system of reference, Proposition 6.5 and Theorems 6.6,
6.7 also hold (see Section 2.2 of [17]).

ACKNOWLEDGEMENTS

P.G. thanks the hospitality of Université Paris-Dauphine, where this work was initi-
ated; IMPA and Courant Institute of Mathematical Sciences, where this work was finished.
P.G. thanks FCT for the research project PTDC/MAT/109844/2009: ”Non-Equilibrium
Statistical Physics”. PG thanks the Research Centre of Mathematics of the University of
Minho, for the financial support provided by "FEDER” through the ”Programa Opera-
cional Factores de Competitividade COMPETE” and by FCT through the research project
PEst-C/MAT/UI0013/2011.

M.J. would like to thank the warm hospitality of the Fields Institute.



ADDITIVE FUNCTIONALS OF PARTICLE SYSTEMS 23

We are grateful to Capes and FCT for the reseach project: ”Non-Equilibrium Statistical
Mechanics of Stochastic Lattice Systems” with reference FCT 291/11.

[1]
2]
3]

(4
5

[6]
[7]
(8]

[9]

(10]
(11]
(12]
(13]
(14]
(15]
(16]
[17]
(18]
(19]
20]
(21]
(22]
(23]
24]

[25]

REFERENCES

G. Amir, I. Corwin, and J. Quastel. Probability distribution of the free energy of the continuum directed
random polymer in 141 dimensions. Comm. Pure App. Math., 64 (4), 466-537, 2011.

S. Assing. A limit theorem for quadratic fluctuations in symmetric simple exclusion. Stochastic Process.
Appl., 117 (6): 766—790, 2007.

C. Bernardin. Fluctuations in the occupation time of a site in the asymmetric simple exclusion process.
Ann. Probab., 32 (1B): 855-879, 2004.

C. Bernardin. Fluctuations for Kawasaki dynamics. J. Stat. Phys., 119 (3-4): 827-852, 2005.

L. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio, and C. Landim. Non equilibrium current fluctua-
tions in stochastic lattice gases. J. Stat. Phys., 123 (2): 237-276, 2006.

L. Bertini and G. Giacomin. Stochastic Burgers and KPZ equations from particle systems. Comm.
Math. Phys., 183 (3): 571-607, 1997.

T. Brox and H. Rost. Equilibrium fluctuations of stochastic particle systems: the role of conserved
quantities. Ann. Probab., 12 (3): 742-759, 1984.

C. Chang. Equilibrium fluctuations of gradient reversible particle systems. Probab. Theory Related
Fields, 100 (3): 269-283, 1994.

C. Chang. Equilibrium fluctuations of nongradient reversible particle systems. In Nonlinear stochastic
PDEs (Minneapolis, MN, 199/ ), volume 77 of IMA Vol. Math. Appl., pages 41-51. Springer, New York,
1996.

C. Chang, C. Landim, and S. Olla. Equilibrium fluctuations of asymmetric simple exclusion processes
in dimension d > 3. Probab. Theory Related Fields, 119 (3): 381-409, 2001.

J. Cox and D. Griffeath. Occupation time limit theorems for the voter model. Ann. Probab., 11 (4)
:876-893, 1983.

A. De Masi, E. Presutti, and E. Scacciatelli. The weakly asymmetric simple exclusion process. Ann.
Inst. H. Poincaré Probab. Statist., 25 (1): 1-38, 1989.

A. De Masi, E. Presutti, H. Spohn, and W. D. Wick. Asymptotic equivalence of fluctuation fields for
reversible exclusion processes with speed change. Ann. Probab., 14 (2): 409-423, 1986.

P. Diaconis and L. Saloff-Coste. Comparison theorems for reversible Markov chains. Ann. Appl. Probab.,
3 (3): 696-730, 1993.

P. Dittrich and J. Géartner. A central limit theorem for the weakly asymmetric simple exclusion process.
Math. Nachr., 151: 75-93, 1991.

T. Funaki, K. Uchiyama, and H. T. Yau. Hydrodynamic limit for lattice gas reversible under Bernoulli
measures. In Nonlinear stochastic PDEs (Minneapolis, MN, 1994 ), volume 77 of IMA Vol. Math. Appl.,
pages 1-40. Springer, New York, 1996.

P. Gongalves and M. Jara. Universality of kpz equation. Preprint, 2010.

M. Z. Guo, G. C. Papanicolaou, and S. R. S. Varadhan. Nonlinear diffusion limit for a system with
nearest neighbor interactions. Comm. Math. Phys., 118 (1): 31-59, 1988.

R. Holley and D. Stroock. Generalized Ornstein-Uhlenbeck processes and infinite particle branching
Brownian motions. Publ. Res. Inst. Math. Sci., 14 (3): 741-788, 1978.

I. Karatzas and S. Shreve. Brownian motion and stochastic calculus, volume 113 of Graduate Texts in
Mathematics. Springer-Verlag, New York, second edition, 1991.

C. Kipnis. Fluctuations des temps d’occupation d’un site dans ’exclusion simple symétrique. Ann. Inst.
H. Poincaré Probab. Statist., 23 (1): 21-35, 1987.

C. Kipnis and S. R. S. Varadhan. Central limit theorem for additive functionals of reversible Markov
processes and applications to simple exclusions. Comm. Math. Phys., 104 (1): 1-19, 1986.

T. Liggett. Interacting particle systems. Classics in Mathematics. Springer-Verlag, Berlin, 2005. Reprint
of the 1985 original.

I. Mitoma. Tightness of probabilities on C([0,1];S’) and D([0,1];S’). Ann. Probab., 11 (4): 989-999,
1983.

J. Quastel. Diffusion of color in the simple exclusion process. Comm. Pure Appl. Math., 45 (6): 623-679,
1992.



24

[26]

27]
(28]
29]
(30]
(31]
(32]

33]

PATRICIA GONCALVES AND MILTON JARA

J. Quastel, H. Jankowski, and J. Sheriff. Central limit theorem for zero-range processes. Methods Appl.
Anal., 9 (3): 393-406, 2002. Special issue dedicated to Daniel W. Stroock and Srinivasa S. R. Varadhan
on the occasion of their 60th birthday.

S. Sellami. Equilibrium density fluctuations of a one-dimensional non-gradient reversible model: the
generalized exclusion process. Markov Process. Related Fields, 5 (1): 21-51, 1999.

S. Sethuraman. Central limit theorems for additive functionals of the simple exclusion process. Ann.
Probab., 28 (1): 277-302, 2000.

S. Sethuraman. An equivalence of H_1 norms for the simple exclusion process. Ann. Probab., 31 (1):
35-62, 2003.

S. Sethuraman. Superdiffusivity of occupation-time variance in 2-dimensional asymmetric exclusion
processes with density p = 1/2. J. Stat. Phys., 123 (4): 787-802, 2006.

S. Sethuraman, S. R. S. Varadhan, and H. Yau. Diffusive limit of a tagged particle in asymmetric simple
exclusion processes. Comm. Pure Appl. Math., 53 (8): 972-1006, 2000.

S. Sethuraman and L. Xu. A central limit theorem for reversible exclusion and zero-range particle
systems. Ann. Probab., 24 (4): 1842-1870, 1996.

M. Sued. Regularity properties of the diffusion coefficient for a mean zero exclusion process. Ann. Inst.
H. Poincaré Probab. Statist., 41 (1): 1-33, 2005.

CMAT, CENTRO DE MATEMATICA DA UNIVERSIDADE DO MINHO, CAMPUS DE GUALTAR, 4710-057 BRAGA,

PORTUGAL

E-mail address: patg@math.uminho.pt and Patricia.Goncalves@cims.nyu.edu

IMPA, INSTITUTO NACIONAL DE MATEMATICA PURA E APLICADA, ESTRADA DoNA CASTORINA 110,

JARDIM BOTANICO, 22460-320 R10 DE JANEIRO-RJ, BRAZIL AND CEREMADE, UMR CNRS 7534, UNIVERSITE
DE PARIS IX - DAUPHINE, PLACE DU MARECHAL DE LATTRE DE TASSIGNY 75775 PARIS CEDEX 16 - FRANCE
E-MAIL: mjara@impa.br



