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Abstract

This work presents a numerical approach to simulate the behaviour of steel
fibre reinforced concrete, FRC. The adopted strategy comprises three main
steps: 1) assessing the fibre pullout behaviour; ii) generation of “virtual” fibre
structures and iii) modelling FRC as a two-phase material. The concrete
phase is simulated with a smeared crack model, while the fibre’s positioning
and orientation correspond to the fibre phase and are obtained from step
ii. Finally, the fibre reinforcement mechanisms are modelled with the micro-
mechanical behaviour laws obtained in step i. The agreement between the
numerical and experimental results revealed the high predictive performance
of the developed numerical strategy.

Keywords: FEM, Fiber reinforced concrete, Smeared crack model,
Embedded discrete element

1 1. Introduction

2 Within steel fibre reinforced concrete, SFRC, steel fibres and matrix are
3 bonded together through a weak interface. This interface behaviour is im-
s portant to understand and accurately model the mechanical behaviour of
s SFRC, since the properties of this composite are greatly influenced by fi-
¢ bre/matrix interface and, consequently, by the micro-mechanical fibre rein-
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forcement mechanisms that are mobilised during fibre pullout. For these
composites, when reinforced with low fibre volume ratios, the fibre contri-
bution benefits arise mainly, not to say almost exclusively, after the crack
initiation.

The post-cracking behaviour of random discontinuous fibre reinforced
brittle-matrix composites can be predicted by the use of a stress - crack
opening displacement relationship, ¢ — w. In the case of SFRC, the 0 — w
relationship can be approximated by averaging the contributions of the indi-
vidual fibres bridging the matrix crack plane [1-4]. One difficulty concerning
the prediction of the post-cracking behaviour of SFRC in a real structure
is that the material behaviour in a test specimen may differ from the be-
haviour of a real structural element. It is well described in literature that
various casting procedures and structural shapes may result in predominant
fibre orientation into parallel planes [5, 6]. In the case of steel fibre reinforced
self-compacting concrete, SFRSCC, the predominant fibre orientation can be
along the flow itself (in the fresh state) and along the boundary surfaces due
to the wall effect [7-9]. The fibre orientation near the walls of a structural
element is not representative of the material, but of a structure [5]. A prede-
fined orientation of the steel fibres parallel to the tensile direction in a test
specimen may result in overestimating the post-cracking mechanical proper-
ties of SFRC, when compared with specimens with equal amount of fibres,
however with a random fibre orientation.

Having in mind this brief introduction of the principal aspects and fac-
tors that influence and contribute to the post-cracking behaviour of SFRC,
approaching SFRC as a continuum material may lead to a crude and, even,
incorrect estimation of the mechanical behaviour of a certain SFRC struc-
tural element. Even though material behaviour laws for SFRC can be ob-
tained with great accuracy by inverse analysis procedures of test specimens,
these laws may not translate the accurate material behaviour within a spe-
cific structural element, due to the aforementioned factors that influence the
behaviour of this material [10].

Steel fibre reinforced composites can be regarded as a two-phase material
made up of an unreinforced concrete matrix phase and a fibre phase. The
contribution of the fibre phase to the composites’ post-cracking behaviour is
quite more important than the matrix phase. Thus, it is essential that the
fibre phase comprises accurate information about the fibre structure’s density
and orientation, which depends on where and how the material is applied.
Adopting this approach can somehow enhance the numerical simulation of
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SFRC structures, thus excluding the use of biased material behaviour laws,
e.g. laws obtained from inverse analysis procedures.

Therefore, based on the prior reasoning, in the present work a numeri-
cal approach is detailed where SFRC is treated as a heterogeneous medium
composed of one homogeneous phase (aggregates and paste), and another
one composed of the steel fibres. The fracture process of the cementicious
matrix (unreinforced) is modelled with a fixed smeared crack model. This
unreinforced concrete phase is discretised by solid finite elements. On the
other hand, the stress transfer between crack planes due to the reinforcing
mechanisms of fibres bridging active cracks is modelled with 3D embedded
elements. A nonlinear behaviour law is assigned to these last elements in
order to account for the fibre/matrix interface properties. These laws are
based upon the results obtained from fibre pullout tests [11]. The random
fibre distribution, over the matrix, is simulated with an algorithm based on
the Monte Carlo method, providing a realistic distribution of the fibres over
a bulk element. The developed algorithm takes into account factors that
influence the fibre structure as is the case of the so-called wall effect and
the high flowability of SFRSCC. The geometry, positioning and orientation
of the fibres are subsequently inserted in a three dimensional finite element
mesh. The linear elements representing the fibres are considered as embedded
elements. Since the stiffness of the embedded elements may not be homoge-
neously and isotropically distributed over the intersected “parent” elements
(i.e. solid elements that discretise the concrete phase), an inverse mapping
algorithm was developed and implemented to enable the accurate assessment
of the fibre’s nodal forces.

In the past decades, several models for embedded elements have arisen
either for two-dimensional [12-14] and three-dimensional cases [15, 16] dif-
fering in their complexity, regarding either the material behaviour (full bond
or bond - slip capability) or geometry/positioning of the embedded elements
(fixed or arbitrary shape and positioning). The formulation of the embedded
fibre model developed in this work does not take into account fibre bond -
slip behaviour in a direct fashion. Within a first stage of the research, as
a simplification, the embedded element is modelled with a perfectly bonded
formulation. Hence, the bond - slip behaviour is simulated in an indirect
fashion from the transformation of a load - slip relationship to a tensile
stress - strain relation. Moreover, in the authors’ knowledge this kind of ap-
proach is quite novel, and in the computational mechanics domain applied to
fibre reinforced cementicious matrices, only meso-level models using lattice
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structures have adopted a similar philosophy, e.g. [17-19]. More recently
several approaches based upon the partition of unit method have arisen [20-
22]. Within these works, fibres are treated as discrete and are embedded in a
quasi-brittle matrix. However, although fibres are discrete entities in [20, 21],
they are not discretised into the finite element mesh regarding the composite
matrix. Within these models, instead of fibres being explicitly modelled, the
reaction forces from the fibre to the matrix are applied to the background
mesh at their end points. On the other hand, in the present work, the fibres
are explicitly modelled. In [22] a finite element model of an FRC unit cell is
developed in which the interface transition zones (ITZ) and the aggregates
were homogenised. This approach was only used for evaluating the elastic
properties of FRC.

In conclusion, the present approach treats FRC as a two phase mate-
rial, in which the fibres are explicitly modelled within a three-dimensional
background mesh (aggregates/paste). In order to avoid remeshing the vol-
ume finite elements for accommodating the random fibre structure, fibres are
modelled as embedded cables. The common embedded cable formulation is
only able to model the bond-slip behaviour of fibres and does not take into
account the dowel effect, which occurs in inclined fibres crossing an active
crack. For this purpose, the embedded cable formulation is extended in order
to include two shear components. The post-cracking behaviour of the FRC
is modelled having into account the fracture energy released by the matrix
and the bond-slip behaviour of the fibre/matrix interface.

2. Numerical approach

2.1. Concrete material model

The nonlinear behaviour of the concrete matrix is modelled with a fixed
smeared crack model. This formulation only envisages one crack per inte-
gration point and is a particular case of the fixed multi-directional smeared
crack model formulation [23-25]. The extension of this formulation for the
multiple crack case can be found elsewhere [26, 27]. Since a nonlinear ma-
terial model to simulate the crack propagation in concrete is adopted, an
incremental-iterative procedure is used to solve the resulting system of non-
linear equations. The relationship between the incremental strain and stress
is given by the well-known equation:

Aoc =D Ae (1)

4
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where Ag and Ag are, respectively, the stress and strain increment vectors
and D is the tangent constitutive matrix.

In the adopted smeared crack model, the incremental strain vector is
decomposed into an incremental crack strain vector, A, and an incremen-
tal strain vector regarding the contribution of the uncracked concrete, i.e.
concrete between cracks, Ag®:

Ag = Ae” + Ag® (2)

The strain decomposition in Eq. 2 is the main basic assumption of the
smeared crack models and has been widely adopted by several researchers
[23-28].

2.1.1. Crack strain and stress vectors

Fig. 1(a) shows a sketch of a crack plane within a solid finite element for
the three-dimensional case. According to the classical fracture mechanics,
three distinct types of crack modes can be considered (Fig. 1(b)). The crack
opening mode, Mode I, the in-plane shear mode, Mode II, and the out-of-
plane shear mode, Mode IIT [29, 30]. Note that, for the three-dimensional
case, the distinction between Mode II and IIT can be disregarded [29, 30],
see also Fig. 1(b). The referred fracture modes are correlated to the relative
displacements between the crack surfaces: Mode I with the crack opening
displacement, w, and Modes IT and III with the crack sliding displacements,
respectively, s; and sp. The axes of the crack’s local coordinate system are
defined by the crack normal direction, n, and both crack tangential directions,
t; and £y, see Fig. 1(a).

In the smeared crack approach, w is replaced with a crack normal strain,
e, and both s; and sy slide components are replaced, respectively, with
the crack shear strain ;] and ~;5. Thus, the incremental local crack strain
vector, Agj”, has the following components:

A = [AeT, Ay, Aygl" (3)

whereas the components of the incremental crack strain vector in the global
coordinate system is defined by:

Ae” = [Aef, Acg, Acg, Avg, Avgl, Ayl (4)
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The relationship between Agf” and Ag® is guaranteed by:
Agcr — [ICT]T AélCT (5)

in which 7" is the transformation matrix [27].
The incremental stress vector in the local coordinate system, Agf”, has
the following components:

Aol = [Ao, A, Arg)" (6)

where Ac¢" is the incremental crack normal stress, and A7 and A7 are
the incremental crack shear stresses, respectively, in ¢; and ¢y directions.

2.1.2. Concrete constitutive law

An isotropic linear elastic behaviour is assumed for concrete between
cracks, i.e. uncracked or undamaged concrete. Thus, the constitutive relation
between Ae® and Ag is as follows:

AQZQCO AQCO (7>

where D is the well-known elastic constitutive matrix of the uncracked
concrete [31].

In similarity to Eq. 7, the crack opening and shear sliding behaviour can
be established in terms of a relationship between Agj” and Agf":

Aglcr — ch Aélcr (8)
where D is the crack constitutive matrix comprising Modes I, IT and III
crack fracture parameters. Combining Eqgs. 1 to 8, the constitutive law of
the cracked concrete is obtained [26, 28]:

AQIQCTCO Ag (9)

with,

crco co co Ccr T cr cT co Ccr T ! cT co
D = p — p [1]" (D" + T D* [1*]") T D*  (10)
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163 where D is the constitutive matrix of the cracked concrete.

164 The D matrix of the present model does not account for the shear-
165 normal stress coupling effect, therefore this matrix is diagonal with the non-
16 null terms being the crack’s stiffness modulus associated to each fracture
17 mode (Mode I, II and III). The crack opening mode is simulated by an
168 exponential tensile-softening diagram proposed by Cornelissen et al. [32]

169 deﬁned by:

;

3
€C7" é\C'I"
L+ | a—" exp | —co—- —
g £
cr( cr) n,ult n,ult
g 8 cr
S il En (1+c)exp(—c) if 0<e¥ <&
fct eer 1 p 2 n n,ult
n,ult
3 cr cr
L 0 it e > Eult

(11)

o where ¢; = 3.0 and ¢y = 6.93, for plain concrete. The ultimate crack normal

i strain, €5, is computed from:

o LGy
nyault — k fct lb

(12)

12 where f, Gy and [, are the tensile strength, fracture energy and crack band
173 width, respectively, whereas k is a constant computed from:

1 3 1
- [— 1+6(ﬁ) ] = [—+
Co Co (6))

1 3 6 6 1
3 3
A(ararata) 20D evie
174 The Mode I stiffness modulus, D", comprised in the D matrix is deter-
s mined with:

(13)
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The shear fracture modes II and III stiffness modulus, respectively, Dyj
and Dyl are computed from:

cr cr /8
Dy = D = -3 G (15)

where G. and [ are, respectively, the elastic shear modulus and the shear
retention factor. A linear softening constitutive law is used to model the shear
degradation of the concrete with the increase of the crack normal strain:

€C7"

1 (16)

n,ult

2.2. Fibre structure modelling

In the present approach, the fibre structure that represents, with a certain
level of accuracy, the distribution of fibres in a hardened matrix is randomly
generated by a Monte Carlo procedure. The algorithm to generate the fibres’
positioning and orientation as well as its performance can be found elsewhere
[10]. After the generation of the element mesh representing the fibres, there
is the need to insert this “fibre mesh” into the solid three-dimensional mesh
that models the plain concrete.

In the present work, since it is assumed that the embedded elements (rep-
resenting the fibres) are always straight, it is enough to represent the fibre by
two end-nodes defined in the global coordinate system. It should be noted,
however, that a fibre can intersect one or even several solid elements, thus
there is the need to allow for several additional points for the distinct inter-
section points. Therefore, a fibre can be represented by several embedded
elements, in which each element contributes exclusively to the reinforcement
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of a single solid element (brick). The determination of the coordinates of
these intersecting points was performed by an inverse mapping technique.
The search of the intersecting points was carried out at the embedded ele-
ment’s natural axis.

2.2.1. Inverse mapping technique

The inverse mapping technique basically consists in looking within the
solid element’s natural coordinate domain (&, 7, ), correspondent to the
solid global coordinates, (xf, 5§, x5), which match the embedded element’s
global coordinates, i.e (x], zf, 2) = (25, 25, x5), see Fig. 2.

ny - e -
> N(Q) o, > ONF(E <) af,

=1 i=1

ny Ne

Z sz (g) xg,i - Z Nic (5’ 77) C) xg,i = 0 (17)
=1 =1

ng Ne

> N/ () =, > ONF(E <) 75,

| =1 i L =1 i

In order to obtain the embedded element’s point P(z1,, T2,, 3,) that in-
tersects the solid element, Eq. 17 is solved by the Newton-Raphson method.
Whenever this method fails to converge the bisection method is used. There-
fore, for each embedded element, a search is performed within the natural
coordinate system (¢). The embedded element’s point (,, which intercepts,
skirts or touches one of the solid element’s faces (Fig. 2), must comply with
one of the following conditions:

lf =1 A il <1 A sl <1
7] <1 A ] =1 A || <1 (18)
lf <1 Al <1 A ol =1

where &/, n/ and ¢/ are the embedded element’s natural coordinates within
the solid element’s natural coordinate system.

After the completion of the point P determination, the embedded ele-
ments’ mesh data is rewritten in order to take into account the compatibility
between the embedded fibres and the solid mesh elements. Coincident nodes
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from different solid element faces belonging to the same embedded element
are merged, and finally the embedded elements’ nodes are renumbered.

2.2.2. Constitutive model for the embedded fibres

As already mentioned, the present formulation of the embedded fibre
model does not take into account fibre bond - slip behaviour in a direct fash-
ion. Therefore, the embedded element is modelled with a perfectly bonded
assumption. In fact, the bond - slip behaviour is simulated in an indirect
fashion from the transformation of a load - slip relationship, P — s, to a
tensile stress - strain relation, oy — ey.

The constitutive laws for the embedded fibres were determined from fibre
pullout tests carried out in the scope of the present research project [10].
Three distinct oy — €¢ laws corresponding, respectively, to the pullout in-
clination angles of the studied fibres, «, (0°, 30° and 60°) were ascertained
[10]. Fig. 3 depicts the procedure adopted to obtain the oy — ¢ relationship,
where €5, [, and s are, respectively, the embedded fibre strain, the crack band
width and the steel fibre’s slip; o is the ratio between the pullout force, P,
and the fibre’s cross-sectional area, A;.

The trilinear oy — ¢y diagram used to model the fibres including the bond
- slip effect was obtained by fitting the experimental pullout load-slip curves.
For each fibre inclination angle, a, an average pullout load-slip curve was
computed from the experimental envelope of the series with an embedded
length of 10 mm and 20 mm, thus corresponding, approximately, to the
expected pullout load-slip behaviour of a fibre with an embedded length of
15 mm. This averaging procedure was adopted for two reasons. The influence
of the fibre embedded length on the pullout behaviour is not so significant as
the fibre inclination effect, and its influence is almost linear [10]. In addition,
the theoretical average value of the embedded length of a fibre crossing an
active crack is [¢/4 = 15 mm [33], where [, is the fibre length (end-to-end).
This simplification has a rational and scientific basis. Additionally, in the
developed model only the most relevant data obtained from fibre pullout
tests is included in the model, thus optimising the computation time.

The tensile stress - strain law assigned to an embedded fibre depends
on the inclination angle, 6, between the fibre and the vector normal to the
active crack surface, see Fig. 4. Moreover, the o; — ¢ also depends on the
crack band width, [, of the intersected solid element, see Fig. 3. Due to the
impossibility of having a oy — e law for every possible inclination angle and
embedded length, the oy — ¢4 laws obtained from the pullout tests with an

10
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angle, «, of 0°, 30° and 60° were assigned to the embedded fibres with an
orientation towards the active crack surface 6 ranging from, respectively, [0°,
15°[, [15°, 45°[ and [45°, 75°[. The contribution of the fibres with 6 in the
interval [75°, 90°] was neglected.

2.2.3. Bvaluation of the stiffness matriz of the concrete and embedded fibre
structure
The element stiffness matrix representing a concrete bulk reinforced with
fibres can be expressed as:

ng
Krc _ Kcrco + ZK{ (19)

=1

where K, K f and ny are, respectively, the concrete element stiffness ma-
trix, the stiffness matrix of the i** fibre that is embodied into the concrete
mother-element, and the total number of embodied fibres in the concrete
element. The concrete element stiffness matrix is given by:

Kcrco _ / ET QCTCOEdV (20)
14

where D is the cracked concrete’s constitutive matrix (determined from
Eq. 10) and B is the well-known strain - displacement matrix of a solid
element [31].

The axial contribution of the fibre reinforcement to the stiffness matrix
can be computed by the internal work regarding the axial component as
follows:

W, :/5gji’afdv
\%
(21)
:/&?Efngde
L

with,

dl‘l 2 dl’g 2 dCL’g 2
L: — —_— . = 22
d \/<d8>+(d8>+ - ds = Jds (22)

11
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where oy, €y and Ay are the stress, the strain and the cross-sectional area of
the fibre, whereas J is the Jacobian at the sampling point of the integration
scheme adopted in the numerical evaluation of the K f . Thus, substituting
Eq. 22 in Eq. 21, the internal work can be computed in natural coordinates
by:

+1
Wa:/ et Epep Ay Jds (23)
-1

The stiffness matrix is obtained by substituting e = T" { Bdin Eq. 23, where
d is the vector with the solid element’s nodal displacements and Z{ is the
vector corresponding to the first line of the transformation matrix from the
fibre’s local coordinate system to the global coordinate system, 77, given by:

2 2 2
ary ais ais Q12 a13
T7 = |agias, ageasy assass 0.5(axass + azsass)

ajas aiaasy  aizass  0.5(aizase + ar2ass)
a11 a13 11 G12
0.5(agsas + asiass) 0.5(agase + aizas) (24)
0.5(ayzas1 + a11ass) 0.5(aizas + anasz)

where a;; are the components of the matrix a comprising the direction cosines,
i.e. the projection of the fibre’s local coordinate system (2, x5, x%) versors
towards the global coordinate system (1, xa, x3) versors (see Fig. 4):

a1 G2 a3 cos(xy,x1) cos(x,xy) cos(xy,x3)
f — — / / / 25
a a1 Qoo o3 cos(xh, 1) cos(xh,xo) cos(xhy, x3) (25)
as1 a3z ass cos(xy, x3) cos(xy, x2) cos(wy,w3)

Hence, the component of the stiffness matrix with the fibre’s axial contribu-
tion is given by:

1 T
i)~ [ B [rf] TipE A s (26)

1

In a similar way, the components of the fibre stiffness matrix with the shear
contribution is given by:

12
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1 T B
Kl = [ B (1)) 1{BcAas
1

(27)
1 T B
Kl,= [ B (1] 1{BcAsas
~1

where G is the fibre’s elastic shear modulus, and Ig and Ig are, respectively,
the vector corresponding to the second and third lines of the transformation
matrix, see Eq. 24. For the shear components, the value adopted for A 7 is
the reduced shear area for circular sections [34].

The equivalent nodal forces vector, ¢°, is computed from:

1 1
ge—/VQngVJr/lﬁTITafAfst+/1§TszfAfjds (28)

NS A >y
v N g
concrete axial component shear components

(. 4
g

fibre contribution

where o is the fibre stress with axial component obtained from the adopted
tensile stress - strain diagram for modelling the fibre pullout behaviour. On
the other hand, 7, is the fibre’s stress vector with the two shear components.
For the fibre shear behaviour an elasto-plastic behaviour was adopted. A
shear stress cut-off was introduced for shear strains higher than 0.01. More-
over, the fibre’s shear contribution was only taken into account for crack
opening width, w, smaller than 0.5 mm (w = €5 1,). The shear stress yield
criterion used in the present work is assumed to be independent from the
axial stress.

3. Numerical simulations

The model performance is appraised by simulating uniaxial tensile tests
and three-point bending tests carried out with self-compacting concrete spec-
imens reinforced with 30 and 45 kg/m? steel fibres, designated as Cf30 and
Cf45 series, respectively. Details about the tests set-up and specimens geom-
etry can be found elsewhere [10, 35, 36]. The experimental results obtained
in both uniaxial and bending tests for the studied fibre contents were mod-
elled with two numerical curves. These numerical curves were attained by

13
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running under the FEM basis two distinct “virtual” fibre structures obtained
from the procedure described in section 2.2. The two numerical simulations
obtained per series were distinguished and designated, respectively, as curve
A and B. Although curves A and B have distinct fibre structures, within each
series/specimens both have exactly the same volumetric fibre content and,
consequently, the same total number of fibres within the specimen’s volume.
However, note that the arrangement of the fibres within the concrete mesh
is distinct for curves A and B. Due to the randomness implicit to the devel-
oped approach there is the possibility of obtaining an envelope of numerical
responses, i.e. with a certain scatter associated to distinct fibre structures,
as a consequence of distinct number of fibres crossing an active crack and
with distinct inclination angles.

Table 3 includes both the number of fibres that intersect the active crack
surface and the correspondent orientation factor, 7, regarding both curves A
and B for each test and series modelled. Note that the orientation factor of
the fibres crossing the crack surface was computed as:.

n= Z cos(6;)/Ny (29)

where Ny is the total number of fibres that intersect the crack plane and
cos(6;) is the scalar product of the i** fibre versor (which also intersects the
crack plane) and the versor normal to the crack plane, and 6; is the out-plane
angle.

3.1. Uniazial tensile tests

Fig. 5(a) represents the mesh used exclusively for the concrete matrix
phase, whereas Figs. 5(b) and 5(c) depict three-dimensional meshes used for
modelling the steel fibre contribution, for the Cf30 and Cf45 series, respec-
tively. Note that the fibres intersected by the notch were not included into
the finite element mesh. Moreover, since the numerical fibre mesh was ob-
tained for a cylinder with 300 mm of height, and on the other hand the tested
cylinder had a height of only 150 mm, the fibres that are not fully contained
in only one half of the specimen were also removed. These simplifications
have almost no influence on the numerical simulations, since the fibre con-
tribution outside the fracture zone is very reduced for the tensile behaviour
of this type of specimen.
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In the present mesh Lagrangian 8-node solid elements are used for mod-
elling the plain concrete contribution. Since the specimen has a notch at its
mid-height, all the nonlinear behaviour is localised at the notch region, thus
a 2 x 2 x 1 Gauss-Legendre integration scheme is used (1 integration point
in the loading direction). The remaining solid elements are modelled with
linear elastic behaviour, and a 2 x 2 x 2 Gauss-Legendre integration scheme
is adopted. The Cornelissen et al. [32] softening law was used for modelling
the post-cracking nonlinear behaviour of SCC. The material properties of
the concrete matrix used in the simulations are included in Table 1. These
values were obtained by taking into account the strength class [37] regis-
tered for the Cf30 and Cf45 series. On the other hand, the steel fibres are
modelled with 3D embedded elements with two integration points (Gauss-
Legendre). Nonlinear behaviour is ascribed to all the embedded elements.
Nevertheless, only the embedded elements belonging to a “mother” element
(brick) with nonlinear behaviour, i.e. cracking, develop nonlinear behaviour,
i.e. fibre pullout. The other embedded elements remain in the elastic phase.
Table 2 includes the parameters of the tri-linear oy — ¢ laws ascribed to the
embedded elements.

Figs. 6 and 7 depict the numerical simulations of the uniaxial tensile tests
of the Cf30 and Cf45 series, respectively. A good agreement with the exper-
imental responses was obtained for both series. The predicted numerical
tensile strength is near the upper bound limit of the experimental envelope.
This is feasible, because during testing it is almost impossible to completely
exclude eccentricities, thus a slight misalignment of the specimen with the
loading axis will introduce a bending moment. Due to this moment, the ex-
perimental tensile strength is smaller than the correspondent numerical one.
Moreover, the maximum tensile stress obtained in the numerical simulations,
i.e. maximum load divided per fractured area, is smaller than the value of
the tensile strength used in the local material law for concrete (see Table 1).
This is due to the stress concentrations that arise at the notch tip. Thus,
when the concrete’s tensile strength is attained near the notch tip, for the
maximum load capacity of the specimen, the overall tensile stress computed
from averaging the tensile load with the net cross section at the notch will be
smaller than the concrete’s tensile strength defined as a material property.

After the coalescence of micro-cracking into a macro-crack, the tensile
stress drops abruptly to a crack opening width varying from, approximately,
0.08 to 0.16 mm. Above this crack width level, the reinforcement mechanisms
of the hooked steel fibres start to be mobilised, enabling a slight hardening
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of the tensile response. Figs. 8(a) and 8(b) show the fibres intersecting the
crack plane regarding the fibre structures used to obtain the numerical curve
A for the Cf30 and Cf45 series, respectively. Figs. 8(c) and 8(d) depict the
normal stresses at the crack plane for a crack opening width of 0.16 mm for
the curve A of the Cf30 and Cf45 series, respectively. Due to the higher
number of fibres intersecting the crack plane a higher stress transfer level for
the Cf45 series is clearly visible, which is translated into an overall tensile
stress of nearly 1.2 MPa in opposition to the 0.8 MPa observed for the Cf30
series (see curves A in Figs. 6 and 7).

The differences observed in the residual tensile strengths between the
Cf30 and Cf45 series are more considerable for higher crack opening widths,
mainly for w > 1 mm (Figs. 6 and 7). These differences in the post-cracking
behaviour are not just ascribed to the higher number of fibres intersecting the
crack plane in the Cf45 series, as a direct consequence of the higher volumet-
ric fibre content. The full explanation and discussion of this phenomenon
is out of the scope of the present work and can be found elsewhere [10].
Nevertheless, and very briefly, it can be pointed out that those differences
in the post-cracking behaviour can be ascribed to distinct micro-mechanical
behaviours of the fibres in the Cf30 and C45 series. For the Cf45 series,
fibre rupture did not occur so often due to both a less resistant matrix and
the reduction of the average fibre orientation angle towards the crack plane
[10]. Figs. 8(e) and 8(f) depict the normal stresses at the crack plane for a
crack opening width of 2 mm for the Cf30 and Cf45 series, respectively. The
differences in the grade of the residual crack stresses between Cf30 and Cf45
is quite notorious.

3.2. Three-point bending tests

The sketch of the finite element mesh used to model the concrete matrix
phase in the prismatic specimens for both Cf30 and Cf45 series is included
in Fig. 9(a). On the other hand, Fig. 9(b) provides a three-dimensional view
of one mesh used to model the steel fibre phase contribution for the Cf30
series. The steel fibre mesh for the Cf45 series is not represented here since
its graphical rendering would not enable a clear visualisation. The fibres
intersected by the notch were removed, as was performed for the tensile test
simulations.

Lagrangian 8-node solid elements are also used to model the concrete
behaviour in the prismatic specimen. In similarity to what was carried out
for modelling the tensile tests, all the nonlinear behaviour was localised at
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the notch region (at mid-span of the beam). Thus, a 2x 1 x 2 Gauss-Legendre
integration scheme is used (1 integration point in the normal direction to the
crack surface, i.e. in the longitudinal axis of the prism). The remaining solid
elements are assumed to have a linear elastic behaviour, and a 2 x 2 x 2
Gauss-Legendre integration scheme is adopted. The Cornelissen et al. [32]
softening law was used to simulate the SCC fracture mode I propagation.
The values of the material properties of the concrete used in the current
simulations are the same already adopted in the simulations of the uniaxial
tensile tests, see Table 1. The steel fibres are modelled with 3D embedded
elements with two Gauss-Legendre integration points. Only the embedded
elements, which intersect a crack at the integration point of the solid element,
develop nonlinear behaviour.

The numerical simulations of the three-point bending tests are included
in Figs. 10(a) and 10(b) for the Cf30 and Cf45 series, respectively. The
agreement between the numerical curve and the experimental results was
quite good for both series.

Regarding the Cf30 series, the load at crack initiation obtained in the
numerical simulation was modelled with accuracy. However, for the numer-
ical curve B a significant load decay is observed down to the lower bound,
L.B., of the envelope of the experimental results. Up to a deflection of nearly
0.75 mm, the numerical curve B arises just below the L.B. of the experimen-
tal envelope. After the later deflection, the curve is within the experimental
envelope. On the other hand, the numerical curve A (with a higher number
of fibres intersecting the crack plane, see Table 3) was always within the ex-
perimental envelope, thus the aforementioned decay was not observed. The
agreement between the numerical curves of the Cf45 series and the experi-
mental results was also high. Moreover, the abovementioned load decay was
also not observed for neither of the numerical simulations of the Cf45 series.

4. Conclusions

In this work a numerical approach to model the behaviour of steel fibre
reinforced concrete, SFRC, was presented based upon the micro-mechanical
behaviour of the steel fibres. The adopted strategy comprises three main
steps: 1) assessing the fibre pullout behaviour (micro-level); ii) generation of
“virtual” fibre structures (meso-level); and iii) modelling the SFRSCC as a
two phase material, in which the concrete phase is modelled with a smeared
crack model, while the positioning and orientation of the fibres correspond to
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the fibre phase and are obtained from step ii. Finally, the fibre reinforcement
mechanisms are modelled with the micro-mechanical behaviour laws obtained
in step i.

The numerical finite element simulations of both the uniaxial tensile tests
and three-point bending tests revealed a very good agreement with the ex-
perimental test results. Having a realistic approximation of the actual fibre
distribution and with the knowledge of the micro-mechanical behaviour of
the fibres, it is possible to predict the macro-mechanical behaviour of SFRC
specimens. Moreover, since for the generation of the “virtual” fibre struc-
tures a Monte-Carlo procedure was adopted due to the randomness implicit
to this approach there is the possibility of obtaining an envelope of numerical
responses. The scatter of the numerical simulations is ascribed to the distinct
fibre structures as a consequence of a different number of fibres crossing an
active crack and with distinct inclination angles, which will be mobilised in
distinct levels, thus contributing in different ways to the overall mechanical
behaviour. This approach was only used for modelling notched specimens,
i.e. where the fracture plane is previously known. In a future stage, further
numerical research should be extended to specimens with other geometries
and loading conditions.
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6. List of Tables

Table 1: Concrete properties used in the simulation.

Table 2: Tri-linear stress - strain diagrams used for modelling the fibres’

bond - slip behaviour.

Table 3: Number of fibres and orientation factor at the crack surface of the
embedded fibre meshes used for obtaining the distinct numerical curves.

Table 1: Concrete properties used in the simulation.

Property Series

Cf£30 Cf45
Density p=24x10"° N/mm?
Poisson’s ratio v, = 0.20
Young’s modulus 41300 N/mm? 40600 N/mm?
Compressive strength 71.1 N/mm? 67.2 N/mm?
Tensile strength 4.6 N/mm? 4.5 N/mm?
Fracture energy 0.117 N/mm 0.114 N/mm

Crack band-width

Iy = 5 mm (equal to element height at the notch)

Table 2: Tri-linear stress - strain diagrams used for modelling the fibres’ bond - slip

behaviour (see also Fig. 3)

(% 0 Series Failure Of1 Of2 0f3 Ef1 €f2 €f3
[deg]  [deg] mode | [MPa] [MPa] [MPa] [ [ [
0 [0-15] Cf30 & Cf45  Pullout 588 803 360 0.030 0.090 0.600
30 [15-45 Cf30 Rupture 453 679 905 0.016 0.050 0.200
Cf45 Pullout 588 803 360 0.030 0.090 0.600
60 [45-75] Cf30 & Cf45 Rupture 283 362 656 0.020 0.160 0.400

Table 3: Number of fibres and orientation factor at the crack surface of the embedded
fibre meshes used for obtaining the distinct numerical curves.

. - Tensile Bending
Test/Series C130 Ct45 C130 Ct45
Numerical curve A B A B A B A B
Number of fibres 30 26 50 63 142 105 171 193
Orientation factor | 0.687 0.701 | 0.658 0.662 | 0.780 0.765 | 0.773 0.761
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Figure 1: Three-dimensional scheme of the crack plane: (a) stress compo-
nents, displacements and coordinate systems [27], (b) fracture modes.

Figure 2: Sketch of the intersection point P in the distinct domains.

Figure 3: Determination of the embedded fibre’s stress - strain diagram based
on the experimental pullout force - slip relationship.

Figure 4: Three-dimensional scheme of the embedded fibre intersecting an
active crack (n is the vector normal to the crack plane).

Figure 5: Three-dimensional finite element mesh of the cylindric specimens:
(a) concrete phase, (b) fibre phase for the Cf30 series and (c) fibre phase for
the Cf45 series.

Figure 6: Numerical simulation of the uniaxial tensile tests for the Cf30
series (right hand graph is a close-up of the tensile-crack opening curve’s
initial part).

Figure 7: Numerical simulation of the uniaxial tensile tests for the Cf45
series (right hand graph is a close-up of the tensile-crack opening curve’s
initial part).

Figure 8: (a) and (b) Fibres at the crack surface, respectively, for the Cf30
and Cf45 series (light grey represents the specimen’s notch and dark grey
squares are the fibres); (c¢) and (d) normal stresses for a w=0.16 mm, respec-
tively for the Cf30 and Cf45 series; (e) and (f) normal stresses for a w=2
mm, respectively for the Cf30 and Cf45 series.

Figure 9: Three-dimensional finite element mesh of the prismatic specimens:
(a) concrete phase and (b) fibres phase (Cf30 series).

Figure 10: Numerical simulation of the three-point bending tests for: (a)
Cf30 and (b) Cf45 series.
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Figure 3: Determination of the embedded fibre’s stress - strain diagram based on the
experimental pullout force - slip relationship.
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Figure 4: Three-dimensional scheme of the embedded fibre intersecting an active crack (7
is the vector normal to the crack plane).
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Figure 5: Three-dimensional finite element mesh of the cylindric specimens: (a) concrete
phase, (b) fibre phase for the Cf30 series and (c¢) fibre phase for the Cf45 series.
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Figure 6: Numerical simulation of the uniaxial tensile tests for the Cf30 series (right hand
graph is a close-up of the tensile-crack opening curve’s initial part).
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Figure 7: Numerical simulation of the uniaxial tensile tests for the Cf45 series (right hand
graph is a close-up of the tensile-crack opening curve’s initial part).
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Figure 8: (a) and (b) Fibres at the crack surface for the Cf30 and Cf45 series, respectively
(light grey represents the specimen’s notch and dark grey squares are the fibres); (c) and
(d) normal stresses for a w=0.16 mm for the Cf30 and Cf45 series, respectively; (e) and
(f) normal stresses for a w=2 mm for the Cf30 and Cf45 series, respectively.
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Figure 10: Numerical simulation of the three-point bending tests for: (a) Cf30 and (b)
Cf45 series.
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Appendix A. Derivation of Eq. 10, after [26, 28]

The constitutive matrix for the elasto-cracked concrete, D, can be
obtained by the following procedure. Firstly, by incorporating Egs. 2 and 5
into Eq. 7 yields,

Ag = D% (A; — " Agr) (A1)

Pre-multiplying both members of Eq. A.1 by the crack strain transformation
matrix, 7, leads to

ZC’I’AQ — IC’/‘QCOA§ _ ICT‘QCO [ICT]T AEZCT (A‘2)
On the other hand, the relationship between the incremental local crack

stress vector, Agj", and the incremental stress vector in global coordinate
system, Ag, can be defined as:

Ag/" =T"Ac (A.3)
Substituting Eq. A.3 into the left member of Eq. A.2 renders,
Aglcr + Ichco [ICT]T Aglcr _ ICTQCOAQ (A4>

The incremental crack strain vector in the local crack coordinate system is
obtained by including Eq. 8 into the left side of Eq. A .4,

-1
Aélcr — (ch + Ichco [ICT‘]T) ICTQCOA§ (A5>

At last, the constitutive law of the elasto-cracked concrete is obtained by
substituting Eq. A.5 in A.1, which yields:

T 7\ !
Ag — <Qco _ QCO [Icr] (QCT‘ + ICTQCO [ICT] > ICTQCO) A§ (A6>
or

Ag = D"Ae (A7)

where D“°, Eq. 10, is the constitutive matrix for the elasto-cracked concrete.
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