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Abstract 

A simple rigid-plastic homogenization model for the analysis of enclosure masonry walls subjected 
to blast loads is presented. The model is characterized by a few material parameters, is numerically 
inexpensive and very stable, and allows full parametric studies of entire walls subject to blast 
pressures.  
With the aim of considering the actual brickwork strength along vertical and horizontal axes, 
masonry out-of-plane anisotropic failure surfaces are obtained by means of a compatible 
homogenized limit analysis approach. In the model, a 3D system of rigid infinitely strong bricks 
connected by joints reduced to interfaces is identified with a 2D Kirchhoff-Love plate. For the 
joints, which obey an associated flow rule, a Mohr-Coulomb failure criterion with a tension cut-off 
and a linearized elliptic compressive cap is considered. In this way, the macroscopic masonry 
failure surface is obtained as a function of the macroscopic bending, torque and in-plane forces by 
means of a linear programming problem in which the internal power dissipated is minimized. 
Triangular Kirchhoff-Love elements with linear interpolation of the displacements field and 
constant moment within each element are used at a structural level. In this framework, a simple 
quadratic programming problem is obtained to analyze entire walls subjected to blast loads. 
The multi-scale strategy presented is adopted to predict the behavior of a rectangular wall supported 
on three sides (left, bottom and right) representing an envelope wall in a building and subjected to a 
standardized blast load. The top edge of the wall is assumed unconstrained due to an imperfect 
connection (often an interlayer material is used to prevent damage in the infill wall). A comparison 
with a standard elastic-plastic heterogeneous 3D analysis conducted with a commercial FE code is 
also provided for a preliminary verification of the procedure at a structural level. The good 
agreement found and the very limited computational effort required for the simulations conducted 
with the presented model indicate that the proposed simple tool can be used by practitioners for the 
safety assessment of out-of-plane loaded masonry panels subjected to blast loading. An exhaustive 
parametric analysis is finally conducted with different wall thicknesses, joint tensile strength and 
dynamic pressures, corresponding to blast loads (in kg of TNT) ranging from small to large. 

Keywords: Masonry, out-of-plane loads, homogenization, dynamic rigid-plasticity, blast pressures. 
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1 Introduction 
Structures and buildings are occasionally called upon to withstand dynamic loading regimes, caused 

by accidental events, such as for instance impacts (vehicles) or explosions (gas / terrorism). In order 

to take into account the effect induced on structures by exceptional loads (as for instance 

explosions), codes of practice of many countries (see the European Code EC1 2006) require the 

safety assessment of buildings when subjected to ad-hoc equivalent static loads. Such loads are 

usually obtained through empirical coefficients and are aimed to mimic the effect of quasi 

instantaneous dynamic actions.  

An alternative to the static load distributions approach, usually based on simplifications and rules of 

thumbs, is the utilization of sophisticated finite element non-linear dynamic analyses (Burnett et al. 

2007, Wu and Hao 2006 and 2008), usually performed by means of commercial software available 

in the market. Nevertheless, when dealing with blast loads on masonry structures, a non-linear 

standard dynamic finite element approach presents a number of drawbacks that limits its 

applicability to walls of small dimensions, basically for research purposes. Among other factors, the 

most important aspect is the considerable expertise needed to perform such kind of analysis. 

Furthermore, computational cost is usually prohibitive even for small walls with a low number of 

bricks, due to the need of modeling separately mortar joints and units in the framework of a 

heterogeneous approach. Finally, modeling cracking of joints between masonry units makes the 

non-linear dynamic analysis difficult and makes the input parameters selection a crucial issue. As a 

consequence, despite the importance of the problem and the growing interest in the scientific 

community with respect to the safety assessment of structures subjected to quasi instantaneous 

dynamic loads, only a few works have been presented in the technical literature, e.g. Wu and Hao 

(2006 and 2008), Gilbert et al. (1998 and 2002), Mayrhofer (2002). 

In this framework, it appears necessary to develop a FE numerical approach for masonry subjected 

to blast loads that avoids independent modeling of bricks and mortar joints, and is able to reproduce 

failure mechanisms and the displacements evolution at successive time steps. With this aim, a rigid-

plastic FE model for the dynamic analysis of masonry walls is presented, in which out-of-plane 

anisotropic masonry failure surfaces are obtained by means of a simplified homogenization model.  

Masonry skeleton is represented by a 3D discrete system of blocks interacting through interfaces 

(mortar joints). Blocks are supposed infinitely resistant, whereas for joints a Mohr Coulomb failure 

criterion for representing frictional phenomena with tension cut-off and compressive limited 

strength is adopted. In this way, a full description of the model can be given considering a 

representative volume constituted by a generic brick with its 6 neighbors. In order to obtain a 
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Kirchhoff-Love equivalent plate, a sub-class of motions for the representative volume is a-priori 

assumed, so that horizontal flexure, vertical flexure and torsion are reproduced. Then, a numerical 

procedure of identification between the 3D discrete Lagrangian system and a continuum equivalent 

model is implemented. Such identification is based on a simple correspondence between motions in 

the 3D discrete model and the continuum. 

In the limit analysis model proposed, which requires a C0 continuity of the displacements field in 

the elastic range, discontinuous velocity fields can be assumed at the interfaces between adjacent 

blocks. This allows an accurate description of the actual out-of-plane failure mechanisms, mainly 

concentrated at the bond between mortar and bricks. Since internal dissipation can take place only 

at the interface between bricks, a simple constrained minimization problem in few variables is 

obtained. Macroscopic masonry failure surfaces are numerically evaluated as a function of the 

macroscopic bending and torsional moments and in-plane actions.  

At structural level, triangular Kirchhoff-Love elements with linear interpolation of the 

displacements field and constant moment within each element are used (Hellan 1967, Herrmann 

1967). With the aim of numerically evaluating nodal displacements and internal actions at 

successive time steps, the simple quadratic programming approach proposed in (Capurso 1972a and 

1972b) is adopted. 

In order to test the capabilities of the model proposed, a full set of examples of technical interest is 

analyzed, consisting of an enclosure masonry wall of dimensions 5.60×2.80 m subjected to blast 

pressure. As preliminary verification of the procedure proposed, results in terms of deformed shapes 

at successive time steps and time-maximum displacement curves are compared with those provided 

by a heterogeneous 3D analysis conducted through standard commercial software. Considering both 

the good agreement of the results obtained with respect to the standard code and the very limited 

computational effort required for the homogenized rigid-plastic simulations, a full parametric 

analysis varying wall thickness, mortar joints mechanical properties and loads intensity (i.e. 

increasing kg of TNT, Bangash and Bangash 2006) is presented at the end of the paper. In 

particular, for a fixed blast load (TNT mass), joint tensile strength and wall thickness, the maximum 

displacement reached at the end of the simulations is reported, thus providing simple charts for 

preliminary assessment or design of enclosure masonry systems. 

2 Masonry out-of-plane failure surface 

2.1 Basic assumptions 

In this section, a procedure to build a Kirchhoff-Love plate model based on a correspondence 

between equivalent class of motions in a 3D discrete blocks system and a plate continuous model is 
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presented. The two models are described separately and then an equivalence procedure between the 

kinematic descriptors in the two systems is performed, in order to study masonry as a 2D thick 

plate. It is worth noting that the formulation of the model does not impose a field local solution as, 

for instance, occurs using standard homogenization procedures, but imposes only a kinematic 

correspondence between motions. This assumption implies that the obtained solution is 

kinematically admissible. 

2.2 Heterogeneous model 

Masonry is represented by infinitely resistant blocks connected by mortar joints reduced to 

interfaces with rigid-plastic behavior (Figure 1). The motion of a generic block A  may be described 

as a function of its center velocity [ ]TC
zz

C
yy

C
xx

C AAAA vvv=v  and its angular velocity 

[ ]TA
zz

A
yy

A
xx

A ΦΦΦ=Φ . Starting from this assumption, the motions of all the blocks in contact to 

block A  may be described. Hence, to describe the kinematic model it suffices to take into 

consideration the interaction of a generic couple of blocks, ( A , B ). 

Let the point ξ  (local coordinates 1ξ , 2ξ ) be a generic point on the interface I  between A  and B , 

as illustrated in Figure 2. Since I∈ξ  belongs respectively to A  and B  (where I  indicates the 

common interface between the two bricks), the following relations can be written: 
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Here, ( )ξv A  ( ( )ξv B ) is the velocity of point ξ , which is considered belonging to block A  ( B ) and 

( )ΦM  is the following 3×3 skew matrix: 
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In equation ( 1 ), the position ξ  of point P  is evaluated with respect to a local frame ( )21 ξξ  with 

origin on the centroid on the interface, see Figure 2. It is worth mentioning that the kinematic model 

here proposed is restricted to small rotation rates. The jump of velocity ( )[ ]ξv  between bricks A  

and B  in a point I∈ξ  is expressed by: 

( )  ( ) ( ) ( )( ) ( )( )BBAACCAB BA

CξΦMCξΦMvvξvξvξv −−−+−== -  ( 3 ) 

and the power dissipated at the interface I  can be written as: 
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( ) ( ) ( ) ( )[ ] ( ) ( )[ ]dSdS
I

A

I

BBAA ξvξtξvξtξvξt ⋅=⋅+⋅= ∫∫π  
( 4 ) 

where ( ) ( ) ( ) ( )[ ]TA ξξξξt 332313 σττ=  ( ( )ξt B ) is the stress vector acting at ξ  on brick A  ( B ), see 

Figure 2, with ( ) ( )ξtξt BA −=  

2.3 Continuous model 

A standard 2D Cauchy continuum, identified by its middle plane S  of normal e3 (Figure 3), is 

assumed as an equivalent plate homogenized model. The velocity field of a point P  (coordinates 

[ ]PPP xxx 321 ) belonging to the equivalent continuum plate is given by fields ( )xw  (components 1w , 

2w  and 3w ) and ( )xΨ  (components 1Ψ  and 2Ψ ), representing respectively the velocity and 

rotations rates of the plate in correspondence of the point [ ]021
PP xx=x  laying in the middle plane 

of the plate. 

The stored energy density in the equivalent plate model is: 
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where: 
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E  (in-plane strain rate vector, 

assuming as t  masonry thickness); 

- 3

2/

2/ 3223

3113

23

13

//

//1 dx
xwxw

xwxw

t

t

t
∫

− 











∂∂+∂∂

∂∂+∂∂
=












=

γ

γ





γ  (shear strain rate); 

- ∫
−



















∂Ψ∂

∂Ψ∂+∂Ψ∂

∂Ψ∂

=



















+=
2/

2/
3

22

2112

11

22

2112

11

/

//

/
1 t

t

dx

x

xx

x

t
χ

χχ

χ







χ  (strain rate vector); 

- [ ]TMMM 221211=M , with 11M  and 22M indicating bending and 12M  torsion; 

- [ ]TTT 2313=T ; 

- [ ]TNNN 221211=N . 

It is worth noting that, despite the fact that a full Reissner-Mindlin plate theory can be developed 

with the model proposed, here a 2D Kirchhoff-Love approach is adopted. This is possible adding 
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the further kinematic constraint γ = 0  at a cell level. The reason of limiting the study to thin plates 

is justified by the relatively high slenderness of the walls analyzed. It has been demonstrated, in fact 

(see Milani et al. 2006c), that a Kirchhoff-Love approach is able to give accurate results in the 

inelastic range for such cases, especially when running bond is adopted for the masonry. 

2.4 Simplified homogenization 

In order to substitute the heterogeneous material with the homogeneous equivalent 2D model, see 

Figure 4, a simple compatible identification model is proposed, assuming that the power dissipated 

by blocks assemblage (equation ( 4 )) is equal to the power dissipated by the equivalent model, 

equation ( 5 ). For this purpose, fields ( )xw  and ( )xΨ  are a priori chosen as a combination of 

elementary deformations in the unit cell, corresponding to actual failure mechanisms occurring in 

presence of running bond brickwork with weak joints reduced to interfaces. From a practical point 

of view, fields ( )xw  and ( )xΨ , corresponding to each sub-class of regular motions, are obtained 

assuming alternatively one component of vector E , γ  or χ  unitary and setting all the other 

components equal to zero, subsequently choosing the most simple polynomial expressions for ( )xw  

and ( )xΨ  that comply with equation ( 5 ). Once fields ( )xw  and ( )xΨ  are known, rotations rates 

and velocities of each brick belonging to the REV in the heterogeneous model are determined 

assuming as point x  the centroid of the brick under consideration.  

For instance, when only 11χ ≠0 is applied on the REV, a choice for ( )xw  and ( )xΨ  fields is: 

1111 xχ=Ψ  

2/

0
2
1113

2

31111

xw
w

xxw

χ

χ





−=

=
=

 

( 6 ) 

Equation ( 6 ) allows to directly determine velocities and rotations of each block, provided that the 

coordinates of the respective centroid are introduced in ( 6 ). 

Since a Kirchhoff-Love plate approach is adopted to study blasts at a structural level, it is possible 

to limit the study at the micro-scale to in-plane actions, out-of-plane bending and torsion (i.e. E  

and M  respectively). For instance, Figure 5-a shows the effect on the brickwork of a homogeneous 

deformation 11χ ≠0 with all the other strain measures set to zero. It must be noted that both head and 

bed joints are involved in the dissipation induced by this deformation. Figure 5-b shows the effect 

on the brickwork of a homogeneous deformation in which 22χ ≠0 and all the other strain measures 

are set to zero. In this case, it is interesting to note that only the bed joints present a relative jump of 

velocities between adjacent bricks. Similarly, in Figure 5-c and -d the cases 12χ ≠0 and 21χ ≠0 are 



 7 

examined. In the first case, no bending moment is present in the head joints, whereas there is torsion 

of the bed joints. On the contrary, in the second case, torsion is present in the head joints and 

bending moment acts in the bed joints. 

2.5 Unreinforced masonry failure surfaces 

In this section, after the original formulation by Suquet (1983), a general numerical procedure for 

obtaining macroscopic in- and out-of-plane unreinforced masonry failure surfaces is presented. 

Strength domains for periodic arrangements of heterogeneous materials can be obtained by means 

of a combined homogenization and limit analysis approach. Both static and kinematic theorems of 

limit analysis can be used for this purpose. In this framework, it is worth noting that several 

different models have been presented in the literature for the evaluation of both in-plane (e.g. 

Milani et al. 2006a and 2006b) and out-of-plane masonry failure surfaces (Milani et al. 2006c and 

Cecchi and Milani 2008). 

One of the basic assumptions of this approach is the utilization of associated flow rules for the 

constituent materials. Nevertheless, it is worth mentioning that sliding occurs in mortar joints with 

almost zero dilatancy, with typical non-associativity. The violation of one of the hypothesis of 

classic limit analysis (Orduna and Lourenço 2005, Ferris and Tin-Loi 2001, etc.), implies that the 

uniqueness of the ultimate load may be lost and a multiplicity of solutions can exist, see Begg and 

Fishwick (1995). On the contrary, the assumption of associated flow rules ensures the uniqueness of 

the ultimate load factor and leads to simple optimization problems which can be handled easily with 

linear programming (LP) packages. In any case, it has been demonstrated that associated limit 

analysis gives reliable results when failure mechanisms are mainly due to tensile cracking of the 

joints (see for instance Sinha 1978, Lourenço et al. 1998). As out-of-plane masonry failure occurs 

by triggering the joints tensile regime, associated limit analysis seems adequate. A failure criterion 

( )σφφ =  for the joints must be incorporated. The basic failure modes for masonry walls with weak 

mortar are a mixing of sliding along the joints (a), cracking of the joints (b) and compressive 

masonry crushing (c). These modes can be well reproduced adopting a Mohr-Coulomb failure 

criterion combined with a tension cut-off and a cap in compression, see Figure 6, as suggested by 

Lourenço and Rots (1997). 

Aiming at treating the problem in the framework of linear programming, within each interface I  of 

area IA , a piecewise linear approximation of the failure surface ( )σφφ =  is adopted, constituted by 

linn  planes of equation lin
I
i

TI
i nic ≤≤= 1σA , where [ ]231333 ττσ=σ , 33σ  is the normal stress on 

the interface and 13τ  and 23τ  are tangential stresses along two assigned perpendicular directions 
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( I
i

I
i

I
i

I
i cAAA =++ 23

3
13

2
33

1 ττσ  is the i -th linearization plane of the interface I , with 

[ ]I
i

I
i

I
i

TI
i AAA 321=A ), Figure 2 and Figure 6. 

The jump of velocity on interfaces varies linearly in the discrete model, equation ( 3 ). Thus, for 

each interface, only linn⋅3  independent plastic multiplier rates have to be introduced as optimization 

variables. Furthermore, for each interface I  between contiguous bricks, the following equality 

constraints between plastic multiplier rates ( )21 ,ξξλI
i
  and jump of velocity ( )[ ]21 ,ξξv  on the 

interface must be imposed: 

( )[ ] ( )
σ

v
∂
∂

= ∑
=

φξξλξξ
linn

i

I
i

1
2121 ,,   ( 7 ) 

where: 

- ( )21,ξξ=ξ  is a local frame of reference laying on the interface plane and with axis 3ξ  

orthogonal to the interface plane, Figure 2 and Figure 6; 

- ( )[ ] [ ]Tvvv 23133321 , ∆∆∆=ξξv  is the jump of velocity field (linear in ( )21 ,ξξ ) on the I -th 

interface and ijv∆  corresponds to the jump along the direction j . 

- ( )21 ,ξξλI
i
  is the i -th plastic multiplier rate field (linear in ( )21 ,ξξ ) of the interface I , 

associated to the i -th linearization plane of the failure surface. 

It is worth noting that, in order to satisfy equation ( 7 ) for each point of the interface I , nine 

equality constraints for each interface have to be imposed, which corresponds to evaluating ( 7 ) in 

three different positions ( )kk PP
kP 21 ,ξξ=  on the interface I  as follows: 

( )[ ] ( ) 3,2,1,,
1

2121 =
∂
∂

= ∑
=

k
lin

kkkk

n

i

PPI
i

PP

σ
v φξξλξξ   ( 8 ) 

Here, ( )kk PPI
i 21 ,ξξλ  is the is i -th plastic multiplier rate of the interface I  corresponding to 

( )kk PP
kP 21 ,ξξ= . 

From the previous equations, the internal power dissipated on the I -th interface can be written as:  

[ ] ( ) ( )∑ ∑∫∑∫
= ==
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TI AcdAdA
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21
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11
21int ,

4
1, ξξλφξξλπ  σ

σ
σv  ( 9 ) 

It is worth noting that in equation ( 9 ) only three of the four plastic multipliers are linearly 

independent, whereas 4=k depends linearly on 3,2,1=k  (the plastic multiplier field is linear on 

the interface). 

The external power dissipated can be written as ( )DΣΣ TT
ext 10 λπ += , where 0Σ  is the vector of 

permanent loads, λ  is the load multiplier, T
1Σ  is the unitary vector of loads dependent on the load 
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multiplier (i.e. the optimization direction in the space of macroscopic stresses) and D  is the vector 

of macroscopic kinematic descriptors. D  collects in-plane deformation rates 

( ( ) 22211211 5.0 EEEE  + ) and Kirchhoff-Love out-of-plane curvature rates ( ( ) 22211211 2/ χχχχ  + ). 

As the amplitude of the failure mechanism is arbitrary, a further normalization condition 11 =DΣT  is 

usually introduced. Hence, the external power becomes linear in D  and λ  and can be written as 

follows λπ += DΣT
ext 0 . 

From the above considerations, optimization variables necessary to determine masonry 

homogenized strength domain are respectively the vector of macroscopic kinematic descriptors D  

and the vector of assembled plastic multiplier rates Iλ at each mortar interface. 

From equations ( 6 ) and ( 3 ), a further set of linear equality constraints has to be imposed at each 

interface I , involving vector D  and jump of displacements field ( )[ ]21 ,ξξv : 

( )[ ] ( )DGv 2121 ,, ξξξξ I=  ( 10 ) 

where ( )21,ξξIG  is a 3x5 matrix that depends only on the geometry of the interface under 

consideration (see Figure 6). It is interesting to notice that, from equations ( 8 ) and ( 10 ), the jump 

of velocities ( )[ ]21 ,ξξv  does not enter as optimization variable in the optimization problem at a cell 

level, being ( ) ( )[ ] ( ) IPPP k

n

i

PPI
ikk

I
lin

kk ∈
∂
∂

== ∑
= σ

vDG φξξλ
1

21 , . In particular, from equations ( 8 ), ( 9 ), 

( 10 ) and from the kinematic formulation of limit analysis, the following constrained minimization 

problem has to be solved to obtain masonry failure surfaces: 
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 ( 11 ) 

Here, In  is the total number of interfaces considered and x̂  is the vector of total optimization 

unknowns. The linear programming problem ( 11 ) involves a relatively small number of 

optimization variables and therefore can be solved by means of simplex or interior point methods 

(vector x̂  of global unknowns collects only I
lin nn ⋅⋅3  plastic multiplier rates and 5 macroscopic 

kinematic variables D ). When it is required to investigate only masonry homogenized flexural 

behavior under the hypothesis of the thin plate theory, D  is a vector of length six collecting in-

plane macroscopic deformation rates ( 11E , )(5.0 2112 EE  +  and 22E ) and curvature rates ( 11χ , 

)(5.0 2112 χχ  +  and 22χ ), whereas masonry macroscopic strength domain is a surface in the six 
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dimensional space of membrane actions ( 11N , 12N  and 22N ), bending moments ( 11M  and 22M ) 

and torsion ( 12M ), i.e. ),,,,,(ˆˆ
221211221211 MMMNNNΦ=Φ . Obviously, the optimal value λ  

obtained from ( 11 ) represents only a point on Φ̂ , i.e. the intersection between surface Φ̂  and the 

direction unit vector 1Σ  in the six dimensional space ),,,,,( 221211221211 MMMNNN=Σ , see also 

Figure 7. Consequently, in order to obtain a reliable linear approximation of Φ̂  by means of 

Delaunay tessellations, the linear programming problem ( 11 ) has to be solved several times, each 

problem corresponding to a different choice for 1Σ  direction. 

In-plane influence on bending behavior has to be taken into account and, for the sake of simplicity, 

it is assumed that only vertical membrane load 22N  (typically due to masonry self weight and dead 

and live vertical loads acting at the top of the wall) is not negligible. Therefore, despite the fact that 

in the following section the full case ),,,,,(ˆˆ
221211122211 MMMNNNΦ=Φ  will be discussed, at 

structural level only ),,(ˆˆ
221211 MMMΦ=Φ  masonry strength domain projections at fixed vertical 

membrane load 22N  will be considered. 

2.6 A meaningful application at a cell level 

A masonry wall constituted by bricks of dimensions 300×200×150 mm (length × height × 

thickness) and mortar joints reduced to interfaces is considered. The same geometrical properties 

adopted here are assumed at a structural level for the dynamic analyses. Mechanical properties at 

failure adopted for the constituent materials are summarized in Table I. For mortar joints, a 

linearized Lourenço and Rots (1997) failure criterion is adopted, whereas bricks are assumed 

infinitely resistant. An ultimate tensile strength of joints tf  equal to 0.2 MPa is assumed for the 

simulations (case II of Table I). 

In Figure 8, vh NN −  masonry in-plane strength domains obtained with the model proposed are 

reported for three different orientations of the bed joint ( vN  in Figure 8 represents vertical 

homogenized membrane action). The results show that the model is capable of reproducing the 

typical anisotropic behavior of masonry along the material axes under in-plane loads. In particular, 

the masonry macroscopic failure surface is anisotropic in tension and compression (compare Figure 

8-a and –b). Since a reliable evaluation of masonry ultimate strength is crucial at structural level 

(especially when inclined yield lines with respect to bed joint orientation are considered), the model 

proposed seems suited for the analysis of brickwork panels in flexure. 

In Figure 9-a, several sections 2211 MM −  of the masonry failure surface Φ̂  are represented varying 

22N . In a similar way, in Figure 9-b, the same simulations are repeated representing sections 
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1211 MM − . As it is possible to note, vertical membrane load influences not only the horizontal 

bending moment but also the vertical one, as a consequence of the fact that also bed joints 

contribute to masonry vertical ultimate moment (frictional behavior). On the other hand, high 

values of membrane compressive loads reduce masonry out-of-plane strength (due to the limited 

compressive strength assumed for joints). 

Finally, it is stressed that the choice of a failure criterion for joints with frictional behavior 

combined with a limited compressive and tensile strength is suitable for providing results in 

agreement with experimental evidences. For the sake of completeness, in Figure 10 a typical 

deformed shape at collapse for the elementary cell obtained with the kinematic model proposed in 

case of pure torsion is shown.  

3 The FE thin plate triangular formulation 
In order to solve blast problems for masonry structures out-of-plane loaded, a FE thin plate 

triangular formulation based on the plate bending element proposed independently by Hellan (1967) 

and Herrmann (1967) is used. This triangular element has been preferred to more accurate elements 

(e.g. Krabbenhoft and Damkilde 2002, Krenk et al. 1994) due to the inherent simplicity and the low 

number of unknowns involved in the optimization. A constant moment field is assumed inside each 

element E , so that three moment unknowns per element are introduced; such unknowns are the 

horizontal, vertical and torsion moments ( E
xxM , E

yyM , E
xyM ) or alternatively three bending moments 

Ei
nnM , Ej

nnM , Ek
nnM  along the edges of the triangle (Figure 11-a). For what concerns the displacement 

field, the element turns out to be analogous to the Munro and Da Fonseca (1978) triangle. In 

particular, the displacement field is assumed linear inside each element and nodal displacements are 

taken as optimization variables. Denoting by [ ]TE
k

E
j

E
iE www=w  the element E  nodal 

displacements and by [ ]TE
k

E
j

E
iE ϑϑϑ=θ  the side normal rotations, Eθ  and Ew  are linked by 

the compatibility equation (Figure 12-a and –b): 

EEE wBθ =  ( 12 ) 

where: 
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1B , with kji yyb −= , jki xxc −=  and EA  is 

the element area. 

Plastic dissipation occurs only along each interface I  between two adjacent triangles R  and K  or 

on a boundary side B  of an element Q  (see Figure 12-c). Continuity of E
nnM  bending moments is 

imposed for each internal interface between two adjacent elements R  and K  (i.e. Kj
nn

Ri
nn MM = , see 

Figure 11-b), whereas no constraints are imposed for the torsion moment and the shear force. 

Due to the constant assumption for the moment fields, internal equilibrium for each element is 

ensured only in an integral form. Application element by element of the principle of virtual work, 

provides three equilibrium equations for each triangle: 

EEEE
T
EE wmPMBR +=+  ( 13 ) 

where 

- [ ]TkjiE RRR=R  are nodal (unknown) reactions, see Figure 11-c; 

- [ ] ( )dAyxpyx
A

T

E

T
E

E
E ,1

2
1

∫= TP  (
















=

kji

kji

kji
T
E

ccc
bbb
aaa

T , jkkji yxyxa −= ). Note that vector EP  

can be regarded as a lumped load equivalent to the resultant action associated to ( )yxp , . 

- the term EE wm   represents the contribution of inertia forces to the overall equilibrium. Here, 

matrix Em  is the matrix of equivalent lumped masses and is obtained analogously to vector EP  

assuming a constant density ρ  inside each triangular element. 

Further equality constraints have to be imposed in order to ensure nodal equilibrium, i.e. for each 

(not-constrained) node i  the following equation has to be satisfied: 

∑
=

=
p

r

E
iR

1
0  ( 14 ) 

where E
iR  is referred to element E  and p  is the number of elements with one vertex in i . 

Since moment fields are kept constant for each element E , only one set of admissibility conditions 

in the linearized form E
inE

in
E bMA ≤ is required, where in

EA  is a 3mx  coefficients matrix of the 

linearization planes of the strength domain, m  is the number of the planes in the linearization, E
inb  
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collects the right hand sides of these planes and [ ]TE
xy

E
yy

E
xxE MMM=M  is the vector of element 

moment unknowns. 

4 Dynamic analysis of rigid-plastic plates: a quadratic 
programming approach 

In the field of steel structures, basic theorems concerning rigid-plastic dynamics, as well as models 

devoted to the evaluation of the effect of impacts (including one degree of freedom mode solution) 

are well known, go back to 1960’s and are due to Martin (1964), Martin and Symonds (1965), 

Tamuzh (1962), etc.. The main hypotheses of such models are the following (see Capurso 1972a, 

Cannarozzi and Laudiero 1976, and a more recent paper by Kim and Huh 2006): 

1. rigid-perfectly plastic behavior of the material; 

2. strain rate insensitivity of the yield stress; 

3. negligible changes of the geometry during deformation. 

These requirements are somewhat contradictory, since large energy inputs will tend to cause large 

displacements and high velocities sensibly affect the value of yield stress. In order to circumvent 

these limitations, extensions to rate dependent materials and large deformations problems were 

attempted in the first applications (Capurso 1972b). Despite the obvious approximations and 

limitations connected to the previous hypotheses, it has been shown that rigid-plastic approaches 

perform well for ductile structural elements subjected to impacts and that experimental data 

available can be fitted with sufficient accuracy (see for instance Bodner and Symonds 1962). Thus, 

rigid-perfect plasticity has been used by many authors in design practice to obtain a fast estimate 

(Martin and Symonds 1965, Komarov and Nemirovskii 1985) of deformations induced by dynamic 

loads. For masonry structures subjected to static loads, following the pioneering work by Heyman 

(1969), limit analysis has been extensively utilized (e.g. Orduna and Lourenço 2005).  

In analogy to what is proposed in the static case, a rigid-plastic assumption for bricks and mortar 

joints is attempted, with the aim of analyzing full walls subjected to impacts. Since masonry out-of-

plane behavior is mostly related to joints tensile strength (Lourenço 1999), it is expected that the 

model provides good approximations of experimental results modeling joints with poor mechanical 

properties. When dealing with rigid-plastic plates discretized by means of triangular elements with 

linear interpolation of the out-of-plane displacement field, the analysis under impulsive loads can be 

carried out in the framework of a quadratic programming approach. In particular, within the class of 

all internal actions and accelerations that are dynamically and plastically admissible (i.e. obeying 

dynamic equilibrium and belonging to the class of internal actions connected with initial velocities, 
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so representing a static formulation, see Martin 1964), the actual set minimizes, following the 

original definition given in Capurso (1972a), the second order kinetic energy of the structure, i.e.: 
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 ( 15 ) 

where: 

- ER , EB , EP , Em , w  have been already introduced in the previous section. Following this 

notation, w  and w  will indicate in the following respectively velocities and displacements 

nodal vectors. 

- M~  is the assembled vector of elements internal actions (bending moments); 

- EP  collects the external forces vector, generally dependent on the time step under consideration; 

- Em  is the square matrix of masses, which typically are lumped at each nodal point; 

- EB  is a coefficients’ matrix that depends only on size and shape of finite elements utilized. 

More in detail, assuming a piecewise linear yield surface for an element E , the set of admissible 

internal actions states can be expressed by the set of linear inequalities: 

[ ] [ ]0bAM












≥

=
+− E  ( 16 ) 

where we denote with [ ]ineq AAA ;=  the matrix assembling the components of the outward unit 

normals to the linearized masonry failure surface hyperplanes and [ ]Tineq bbb ;=  represents the 

vector of the distance of each hyperplane from the origin. 

In equation ( 15 ), the superscript .~  indicates assembled matrices and vectors corresponding 

respectively to local elements matrices and vectors. The set of equations )(a  in the optimization 

problem ( 15 ) represents dynamic equilibrium condition. The principle of virtual works yields to 

the corresponding compatibility condition: 

0εwB =− pl
~~
  ( 17 ) 

where plε~  is the assembled plastic strain rate vector. 

In equation ( 15 ), a partition of matrix A  and vector b  into equalities and inequality constraints is 

imposed (see equation ( 16 )). In particular, equality constraints represent points at which yielding 

has been already occurred at the previous time step iteration, whereas inequalities stand for the 

points at which yielding on a linearization plane can occur.  
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A so called “kinematic” formulation is also available (Capurso 1972a). In particular, within the 

class of all accelerations and plastic multiplier rates which are kinematically admissible and 

obeying an associated flow rule (i.e. which comply with compatibility and with outward normal rule 

for the set of planes not activated by the initial velocities), the actual set minimizes the sum of the 

second order kinetic energy and the residual dissipation rate of the structure, i.e.: 
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 ( 18 ) 

where: 

- λ  is the vector of second derivatives of plastic multipliers (in the present case plastic multipliers 

are referred to each interface). [ ]TT
r

T
y λλλ  =  is the partitioned λ  vector, where index y  

indicates that the corresponding 0≠yλ , whereas index r  indicates that at the previous iteration 

0=rλ ; 

- m  is the matrix of masses lumped at nodes; 

- ( )tF  is the vector of lumped external dynamic actions; 

- EB~  is the assembled transposed matrix utilized in the static approach (see equation ( 15 )-a). It is 

interesting to notice that equation ( 18 )-(a) is the assembled compatibility equation already 

introduced in ( 12 ); 

- The superscript I  indicates quantities (i.e. vectors and matrices) referred to interfaces. It is 

worth noting that the procedure outlined by Krabbenhoft et al. (2005) was adopted to obtain 

homogenized masonry strength domains (and hence vectors and matrices in the rotated frame of 

reference) for an interface with generic orientation Iϑ  with respect to horizontal axis. 

More in detail, if the vector [ ]TE
n

EEE λλλ 21=λ  represents plastic multipliers of an element E  

(or an interface I ), the associated flow rule is expressed for each element as: 
ETE

pl λAε 

 =  ( 19 ) 

where E
plε  is the plastic strain rate vector of element E . In the framework of rigid-perfect plasticity, 

equation ( 19 ) is subjected to the following equality and inequality constraints: 

( ) ( )



=+−
≥

0bAMλ
0λ

E
TE

E





 ( 20 ) 
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w  with its derivatives with respect to time is a function of time, E
plε  and Eλ  are also time 

dependent functions. Thus, equation ( 19 ) differentiated with respect to time yields: 
ETE

pl λAε 

 =  ( 21 ) 

Element E  (or an interface I ), governed by plastic flow law ( 19 ), ( 20 ) and ( 21 ), at a given 

instant 0t  is in one of the following four cases: 

1. if the internal actions vector EM  is inside the failure surface, then 0ε =E
pl , implying that: 

0λλ == EE
  ( 22 ) 

with an undetermined state for the internal actions state. 

2. if the internal actions vector is a regular point of the linearized failure surface (say belonging to 

the j th hyperplane), but ( ) 0λ =0t
E
 , we have: 
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 ( 23 ) 

3. if the internal actions vector is a regular point of the linearized failure surface belonging to the 

j th hyperplane) and ( ) 0λ ≠0t
E
 , we have: 
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4. if the internal actions vector is a singular point of the linearized failure surface common to m  

hyperplanes we have: 
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  ( 25 ) 

In cases 2 and 3 the internal action vector is represented by any point of the j th hyperplane, 

whereas for case 4 the internal action state is uniquely determined. 

The assembly of all elements transfers the qualitative behavior of a single element (or an interface) 

to the overall discretized structure. Hence, even the assembled bending moments vector M~  remains 

constant during finite time intervals. In particular, if the vector of external loads is assumed constant 

during finite time intervals, it can be shown (see for instance Cannarozzi and Laudiero 1976) that 

the most general motion of a rigid plastic structure results in a sequence of uniformly accelerated 

motions of finite time interval. The interchange of two consecutive mechanisms is characterized by 
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a discontinuity of the acceleration fields. Therefore, if we assume to know the set of active yield 

planes of each element at a given time 0t , for a time step of duration t∆  we have: 

0λ
0λ

=
>

r

y




 ( 26 ) 

where index y  ( r ) indicates the vector collecting all the non-zero (zero) plastic multipliers rates in 

the structure, hence indicating that a yielding condition for a certain element has (has not) been 

reached. From the previous considerations, differentiation of equation ( 26 ) yields: 

0λ
λ

≥r

y


 free  ( 27 ) 

Hence, leading to the following assembled equation representing first derivative associated flow 

rule condition: 

[ ] 0~~~ =
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  ( 28 ) 

where the aforementioned partition of matrix A~  has been already introduced. Exploiting equation ( 

17 ), a relation between accelerations and second derivatives of plastic multipliers is obtained in the 

form: 
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  ( 29 ) 

with corresponding static conditions: 
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 ( 30 ) 

Previous conditions ( 19 )-( 28 ), from well known connections between linear complementarity 

problems and quadratic programming lead to the formulation reported in ( 15 ).The algorithm used 

to numerically solve the quadratic programming problem ( 15 )-( 18 ) is a modification of the 

revised simplex method, applied to the LCP problem obtained from ( 15 ), by means of the 

application of Kuhn-Tucker conditions. Details of the algorithm can be found in Jensen and Bard 

(2003). 

5 Numerical simulations: enclosure masonry walls 
An enclosure running bond masonry wall of dimensions 5.60×2.80 m (length × height) and 

subjected to a distributed blast pressure is considered. Bricks are assumed of dimensions 300×200 
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mm (length × height). The wall is supposed simply supported at the base and on vertical edges, 

whereas the top edge is assumed unconstrained, due to the typical imperfect connection between 

infill wall and RC beam. The situation illustrated is typical of enclosure masonry walls in existing 

buildings in Portugal. Several different thicknesses for the wall are considered, in order to 

investigate the capabilities of the structure to withstand increasing blast pressures. 

In this framework, for the numerical simulations, a number of non linear time-pressure distributions 

are assumed, as illustrated in Figure 13 (only seven different pressures are depicted for the sake of 

clearness), corresponding to increasing masses of TNT. Pressure is evaluated with reference to 

standardized formulas reported in Bangash and Bangash (2006).   

In what follows, we assume the mechanical properties summarized in Table I. As it is possible to 

notice from the table, five different tensile strength values for the joints (labeled from I to V) are 

investigated, with the aim to analyze the influence of joints limited tensile strength on the overall 

resistance of the wall when loaded out-of-plane. 

For the numerical simulations presented, a linear approximation with 80 planes of masonry strength 

domain is assumed in the three dimensional sub-space 11M - 12M - 22M . It is assumed, for the sake of 

simplicity, that membrane actions are equal to zero, except for 22N , which is kept equal to one-half 

of the self weight of the panel (i.e. we assume the typical vertical compression which occurs with 

good approximation in practice at the mid-height of the wall). 

When dealing with a thickness of the wall equal to 150 mm and a tensile strength for the joints 

equal to 0.10 MPa, a full 3D FE heterogeneous elastic-plastic dynamic analysis has been also 

conducted, in order to have a deep insight into the problem and to collect alternative data to 

compare the results with those provided by the present rigid-plastic approach. This latter analysis is 

what can be possibly performed by practitioners utilizing commercial software. Obviously, it cannot 

be considered either a reference solution or a standard procedure, due to the approximations 

introduced in the model and the prohibitive computational effort required. The two different meshes 

utilized in the homogenized rigid-plastic and the 3D case are depicted in Figure 15-a and –b 

respectively.  

For the heterogeneous 3D model, the commercial software Strand 7.2 (2004) was used to perform 

the dynamic non-linear analyses. As shown in Figure 15, a relatively refined discretization was 

adopted, in order to avoid possible inaccuracies due to mesh dependence. A rigid infinitely resistant 

behavior for bricks was assumed, whereas for joints a Mohr-Coulomb failure criterion with the 

same tensile strength and friction angle used in the homogenised approach for joints was adopted. 

Eight-noded brick elements were utilized both for joints and bricks, with a double row of elements 

along wall thickness.  
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A comparison between the deformed shapes at t=400 msec obtained with the present model and the 

commercial software is schematically depicted in Figure 16. As it is possible to notice, the models 

give almost the same response in terms of deformed shape for the particular instant time inspected 

(400 msec), confirming that reliable results may be obtained with the model proposed. On the other 

hand, it is worth underlining that the homogenized rigid plastic model required only 101 seconds to 

be performed on a standard PC Intel Celeron 1.40 GHz equipped with 1Gb RAM, a processing time 

around 10-3 less expensive with respect to the 3D case. Comparisons on time-maximum 

displacement curves provided by the two models analyzed is finally reported in Figure 17-a, 

whereas in Figure 17-b the evolution of the deformation provided by the homogenized model 

proposed is depicted. 

Due to the low computational effort required, full sensitivity analyses are possible even for complex 

structures, varying both external pressure and constituent materials mechanical properties. In order 

to put at disposal to practitioners a full set of parametric numerical results for design and safety 

assessment, a number of analyses are repeated with the model proposed, changing in a wide range 

(a) mass of explosive (and hence blast pressure profile), (b) masonry mechanical properties (in 

particular tensile strength) and (c) wall thickness.  Figure 18 to Figure 21 illustrate the response of 

the homogenized rigid-plastic model when subjected to the blast pressures in terms of maximum 

displacement achieved at the end of the simulations, with a wall thickness ranging from 110 mm 

(Figure 18) to 300 mm (Figure 21).  

For each figure, the results of the sensitivity analysis are obtained ranging the tensile strength from 

0.1 to 0.3 MPa (Table I) and the TNT mass from 5 to 70 Kg. As expected, the maximum 

displacement decreases sensibly when high strength mortar is adopted. Furthermore, it is clear that a 

mass of 40-50 Kg of TNT produces a final displacement that causes total collapse of the enclosure 

wall (second order effect are neglected in the present study). On the contrary, displacements ranging 

from small to medium are achieved in the range 5-25 kg of TNT, meaning that practitioners should 

decide on the safety assessment of the structure, once that a final admissible displacement is fixed 

by norms for a given blast pressure. For instance, the Italian norm [33] 3431 (2005) suggests not to 

exceed a limit displacement equal to 0.3% of the height of the wall (i.e. 8.4 mm in the example here 

analyzed) in case of seismic action, whereas no specific norm exists dealing with blast loads. In any 

case, a simple comparison between limit analysis final displacement and maximum displacement 

allowed (at fixed mass of TNT, wall thickness and masonry strength) is sufficient to establish if the 

wall is in the safe or unsafe region. 
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6 Conclusions 
A homogenized rigid-plastic plate model for the analysis of masonry plates subjected to blast 

pressure was presented. Out-of-plane anisotropic masonry failure surfaces have been obtained by 

means of a compatible kinematic limit analysis approach. In the model, each brick, assumed 

infinitely resistant, is supposed to interact with its six neighbors by means of mortar joints reduced 

to interfaces with frictional behavior and with limited tensile and compressive strength. Triangular 

Kirchhoff-Love elements with linear interpolation of the displacements field and constant moment 

within each element have been used at a structural level, leading to a discretized quadratic 

programming formulation at each time step for the analysis of entire walls subjected to blast. 

The multi-scale strategy presented has been adopted to predict the behavior of a rectangular wall 

supported on three sides (left, bottom and right) representing an envelope wall in a building and 

subjected to a standardized blast load. Comparisons with a standard elastic-plastic approach 

conducted by means of a commercial FE code were also provided to validate the procedure. 

An exhaustive parametric analysis has been finally conducted at different wall thicknesses, joints 

tensile strength and supposing the plate subjected to increasing dynamic pressures, corresponding to 

blast loads (in kg of TNT) ranging from small to large. 
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Figure 1: Masonry kinematic model. Two adjacent bricks ( A , centroid AC  and B , centroid 
BC ) connected by means of a mortar interface I  where plastic dissipation occurs. For each 

brick three velocities unknowns and three rotation rates must be introduced in the optimization 

problem at a cell level (infinite strength of bricks hypothesis). 
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Figure 2: Jump of velocities and stress field acting on an interface I  between contiguous 

bricks A  and B . 

 



 25 

 

S: Masonry middle plane

3

1

3e

t/2
t/2

2

e1

2e

x

x

x

 
Figure 3: Reference surface chosen for masonry. 
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Figure 4: Representative volume element and identification between discrete model and 

continuous model. 
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Figure 5: Elementary homogeneous deformations applied to the representative volume 

element. –a: 11χ . –b: 22χ . –c: 12χ . –d: 21χ . 
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Figure 6: Piecewise linear approximation of the failure criterion adopted for joints. Mohr-

Coulomb failure criterion with tension cut-off and linearized compression cap. 
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Figure 7: Meaning of λ  multiplier in the optimization 

problem and ψ  and ϑ  angles. 
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Figure 8: Homogenized masonry failure surfaces (in-plane 

sections at different orientations of the load with respect to the 

bed joint). 

  

 



 30 

 

 
-a 

 
-b 

Figure 9: Out-of-plane homogenized failure surfaces at increasing axial 

vertical compressive loads. –a: M11-M22. –b: M11-M12. 
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Figure 10: Typical deformed shape at collapse obtained with the kinematic model proposed in case 

of pure torsion. 
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-a -b -c 

Figure 11: Bending moment acting at the edges of the triangular plate element used for the FE 

rigid-plastic analysis (-a), continuity of the bending moment on interfaces (-b), integral 

equilibrium (-c). 
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Figure 12: Rotations at the edges of the triangular plate element used for the FE rigid-plastic 

analysis (-a), mutual rotation along an interface between adjacent triangles (-b), discretization 

of the 2D domain (-c). 
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Figure 13: Stretcher bond masonry infill wall. Geometry and boundary constraints 

 

 

 
Figure 14: Blast pressures applied to the FE rigid-plastic model. 
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Figure 15: Stretcher bond masonry parapet subject to low velocity impact.–a: FE limit 

analysis discretization. –b: elastic-plastic heterogeneous 3D model. 

 



 34 

  
-a 

  
-b 

Figure 16: Stretcher bond masonry infill wall subjected to blast pressure. Comparison among 

deformed shapes at t=400 msec –a: Homogenized limit analysis approach. –b: heterogeneous 3D 

elastic-plastic FE approach. Mortar joint tensile strength tf =0.1 MPa, 50 Kg TNT, thickness 150 

mm. 
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Figure 17: Infill masonry wall subjected to blast. Results from the rigid-plastic model. –a: 

maximum displacement-time diagram with a comparison with the 3D commercial software. –b: 

perspective and aerial view of deformed shape evolution. Mortar joint tensile strength tf =0.1 

MPa, 25 Kg TNT, thickness 150 mm. 
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Figure 18: Thickness 110 mm. TNT blast load vs maximum displacement at different values of 

mortar tensile strength. 
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Figure 19: Thickness 150 mm. TNT blast load vs maximum displacement at different values of 

mortar tensile strength. 
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Figure 20: Thickness 220 mm. TNT blast load vs maximum displacement at different values of 

mortar tensile strength. 
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Figure 21: Thickness 300 mm. TNT blast load vs maximum displacement at different values of 

mortar tensile strength. 
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9 Tables 

Table I: Mechanical characteristics assumed for bricks-mortar joints ( tf : tension cut-off, c : 

cohesion, Φ : friction angle, cf : compressive strength, 2Φ : shape of the linearized compressive 

cap). 

tf  MPa c  Φ  cf  MPa 2Φ  

I II III IV V     

0.10 0.15 0.20 0.25 0.30 1.2 tf  37° 15 60° 
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