An H-theorem for chemically reacting gases
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Abstract The trend 10 equilibrium of a quaternary mixture undergoing a reversible reaction of bi-
molecular type is studied in a guile rigorous mathematical picture within the framework of Boltz-
mann equation extended to chemically reacting gases. A characterization of the reactive summa-
tional collision invariants, equilibrium Maxwellian distributions and entropy ineguality allow 1o
prove two main results under the assumption of uniformly boundedness and equicontinuity of the
distribution functions. The first establishes the tendency of the reacting mixture 10 evolve to an
equilibrium state as time becomes large. The other states that the solution of the Boltzmann equa-
tion for the chemically reacting mixture of gases converges in strong L'-sense to its equilibrium
solution.

1 The Model Equations

In this section, we describe a model for a mixiure of four species undergoing elastic and reactive
(binary) collisions of type

Ar+As = Ag+Ag.

For a € {1,2.3.4}, we set mq, ¢g and fy(x.cq.1) the mass, velocity, and distribution function of
the & species respectively.
To describe this system, we consider the Bolizmann-like equatien
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where Q:Ex;’:i and 2R are the production terms with respect to Elastic and Reactive collisions, These
terms are given by:

25 = [ (fath~ fals) 8aCpad pades. @
where gg, = |cp — cal, d8p, is an element of solid angle and o,g a differential elastic cross

section. The models of hard sphere and Maxwell molecules [1] are commonly adopted in literature
for o4, Moreover,
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forward and backward reactions, respectively.

In the expressions (3) and (4) it was considered the micro-reversibility principle which gives a
relationship between oy, and o34, namely,
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Here, mqp = and the quantities oy, and o3, are differential reactive cross sections for

2 Collisional Invariants

For a reactive collision the conservation laws of mass, linear momenium and total energy read

my +mp = miz+ iy,

mcy + macy = m3cs + Mgcy. (6)
1,, .2 I A 1, 2

£+ zmicy + &+ M0 = €3+ smM3c; + &4+ sMacy.

Above, mg denotes the mass of molecule & = 1,...,4 whereas (c;.c2) are the velocities of the
reactants, (c3,c4) the velocities of the products of the forward reaction and &g is the formation
energy of a molecule of constituent a. In a certain sense, these are the only invariants for system
(1). Indeed, if we define a summational collisional invariant as a function y which obeys to the
constraints

Vet Wp=Vo+Vs,  VitWr=yatwa, Q)
where the first constraint refers to elastic collisions whereas the second one 1o reactive interactions,
then we have the following result:

Theorem 0.1. Let o be a smooth function of ¢f, of class C 2 This function is a summational
collision invariant if and only if

1
Vo =Ag + Bimgcl +C (Emﬂt‘i + &‘u) oa=1,....4 (8)

where Aq and C are arbirrary scalars with A1 + Ay = A3 + Ay, and B, an arbitrary vector that do
not depend on cf.
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3 Trend to Equilibrium

3.1 The Equilibrium Solution

The equilibrium solution for the present reacting mixture is characterized, at the molecular level,
by the vanishing of the collision terms (3-4) on the rh.s. of the reactive Boltzmann equation (1),

Hence, the equilibrium distribution functions fém are obtained when the equalities

fu(:mf;im - _/;(O:fé(”)~

o) A{0) 0 0 9
R A _ a0 f
fn'? m; "1% "13 .

hold almost everywhere in the velocity space.
By noticing that In{f,(0)) is a summational collisional invariant , one can use Theorem 0.1
to derive an explicit expression for the equilibrium functions (see [2]). We obtain the well-known

Maxwellian 5
(0) _ ( Mg ) - g2 1
s AT e (10)
with number densities #g subjected to the mass action law
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3.2 An 3€-Function for System (1)

We now define an .#"-function for our system.

Definition 0.1. We put
4
o= szum(f—‘;)dca. (12)
= nlg
The following results were proven in [2]:

Theorem 0.2. For allt € [0; +oo], d—&"f (z) £ 0. Furthermore, let J¢ denote the 5t°-function refer-

red 1o equilibrium Maxwellian distributions fcf,u). Then

Vi € [0.4oe]. 3 — g 20, (13)

3.3 Convergence Results

Finally, we state the following result concerning the convergence of the distribution functions to
equilibrivm:

Theorem 0.3. Assuming that 7 is a continwously differentiable function, # € %) ([0 +e<]), and
that every fq is uniformly bounded and equicontinuous in 1, then
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Under these conditions, fu converges in strong Ll-sense to f‘(zo).
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