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is given by /A, where A is the closure equivalence given by
(x,p)ed; = L:x=(:0.
Moreover, when § is regular the bimaximum element is the biggest idempaotent.
‘The natural order on the set £ of idempotents of 5 is given by
edf = e=ef=/e

and § is said to be naturally ordered if the ordenng € of S extends this natural
ordes, in the sense that il ¢ < f then e< f. As shown in [2], for an orthodox
strong Dubreil-Jacotin semigroup § the property of being naturally ordered is
equivalent 10 § being perfect, in the sense that x = x(£ 1 x)x for cvery x € §.
The structure of such semigroups has been deeply investigated in [3). Here we
consider the existence also of a smallest idempolent, and the analogous notion
of being dually perfect. This implies, but is not equivalent 1o, the property of
being dually naturally ordered. The main objective of the paper is to oblain
a structure theorem for dually perfect orthodox Dubreil-Jacotin semigroups on

which Green's relations £, R are tegular.

2. PRELIMINARIES

1 § is a strong Dubreil-Jacolin semigroup then a subset T of § will be called a
transversal of the Ag-classes i, for every x € 8, T0[x] 4, is a singleton {t,}); and
isotone if x < y implies 7, <1, By a bounded Dubreil-Jacolin semigroup we
mean a sirong Dubreil-Jacotin 1egular semigroup that has a smallest idempotent
B whose subgroup H-class Hy is an isotone transversal of the 4-classes.

If § is a bounded Dubreil-Jacotin semigroup then with every x € § we can

associate the element A, given by
HyN[xly, = {B)-
since B8, € [x]4,[¥1a, = [x¥)4, 2nd B, f, € Hy we have BB, = By, whence
(We€E) L.=f and (Y'eV(x) B.=45"

We shall say that x € § is dually perfect if x = xf7'x, and that § itself is
dually perfect if every element of § is dually perfect
Theorem 2.1 [f § 15 an orthodax bovinded Dubretl-Jacotin semigroup then the
Jollowing statements are equivalent:

(1) § is dually perfect;

(2) § 15 dually naturally ordered and (Vx € §) f, = min[x],,.
Proof (1) = (2) : Suppose that (1) holds and let e, f € E be such that e < f.
Then e = ef = fe = fef. Butas [ is dualy perfect we have /= f5,'f = fAS.
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Consequendy, g being the smallest idempotent,

e=fef2f3) =/,
and 50 § is dually naturally ordered,

Now for every x € § we have x = 81 5o xfZ' € £. Consequently,

x=xx'nzxf=x00.> 88, = 4,
and thereflore g, = min (], . )
(2} = (1) : If (2} hoids then, by the dual of (5, Pro

idempotent § is a middle unit. Since B'=p.ex] ey el
¥ A,

, We have

i € lax'ly, = [el,
and so, by (2), xg:' > 8. Consequently,

2= 2P > X B = ety = x
But on the other hand, again by (2),

%= xx'% 3 2B = xflx.
Hence x = 287 x, whence § is dually perfect. ¢

That the condition of bein,

. X g dually naturaily ordered i in i i
to imply that § is dually pesfect is shown by the nozcﬁ_-._mw:n_wﬁﬂzh_wﬂn:. suffcien
wwﬁ“%m NﬂM. .m_oam.n_n,. :_n. set Sg consisting of the 2 % 2 matrices I, O, E,
SIE {o 1s the idenlity matrix, O, is the zero matrix, and E,; has 1 j 55 o
position and 0 elsewhere, From the fact that : Sner:.z_

Q. if :
EuE, =]% Hi#p
b Ts if1=p,

migroup with idempotents O, J., F
h,ie. that given by s

Xy ¥ 4= XXz xp

it follows that 54 is an inverse se
Under the duat of the natural orde:
this inverse semigroup is an ordered semigroup with Hasse diagram
Oy
Ep e Ey B2z @ By
Iy
Clearly, 54 is strong Dubyreil i
\ -Jacolin (consisting of a si
O2). The smallest idempotent js /. 2 and Its w_._w s—

{2} which is uivially an isotone lrangversal
bounded. By construction, it is dually natural

gle Ag-class, with €=
bgroup M-class is the singleton
of the Ag-classes, Hence Sg is
lly ordered. But it is not dually
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perfect; for example, Ej32E;2 = Oy 50 By is not dually perfect. This also
follows from Theorem 2.1 since I, is noi the smallest element of (its A, class)
Se-

We now show (hat every element of a dually perfect orthodox Dubreil-Jacotin
semigroup has a smallest inverse. For this purpose, for every x € § define

xt= hﬂuk._wmu,

Theorem 2.2 Le! S be a duaity perfect ortbodox Dubrail-Jacotin semigroup.
Then, for epery X € S,

(1) =* = min V(x);

[2) x+ = pxg;

(3) xx" is the smallest idempotent In the R-class of x, and x*x is that in
the L-class of x;

(4) (x,p)ER &= xx*=yy*, (x))€L = Px=y'y.
Proof (1) Since every x € S is dually perfect we have xf;' € E. 1t follows
from this that x* € ¥{x). If now x' € V(x) then, by Thecrem 2.1,

= filafpt = Punfa g x'xd = X,
{2) Since f,. = 7' we have
2 = Glxt A = B AT, = Pxfl

(3) Since x* € V{x) we have xx* € E and (x,xx*)eR. inoweeE is

such that {e, x) € R then (e,xx*) € R and so
e=xx*e>xxtB=xxt.
{4) This is immediate from (3). ¢

3, CONSTRUCTING DUALLY PERFECT SEMIGROUPS

We now proceed 1o describe a method of constructing a dually perfect or-
thodox Dubreil-Jacotin setigroup. By the natuce of its consiruction, Green's
relanons R, £ turn out to be regular, in the sense that

xgy = 2xTgyyt, Xxgyty.

In Section 4 we shall prove that every dually perfect orthodox Dubreil-Jacotin
semigroup on which R, L are regular is isomorphic to a semigroup that is con-
structed in this way, and we shall see that a considerable simplification occurs
when the semigroup is connecled.

Theorem 3.1 Let B beanordered bandwith a biggest element o anda smallest
element B, the latter being a middie unit. Let End B be the ordered semigroup
of isotone endomorphisms on B and let G be an ordered group. Suppose that
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(:G—EndB, described by g v L
() (vxed) (ix)=grp
(2) (vgeG) GB) =g
G) (ve,heG) gghm =g,
On the cartesian ordered set

(8:Cle = {(x.8,0) € B x G x BB, ¢ () =

define the rmudtiplication

(%,2,9)(0,6,8) = (x(,), 85, ¢, . (@)b).

w@m:__.w" Gle 15 a duatly perfect orbodge Dubreil facotin
R.L are rogular

Proof Observe first that the above multiplication is we

A purely routine ealculation

that under the cantesian order [8; G,
regolar, lake (x, g, ale[g
We have

(x.g.a)(3,8™, B)(x, g, 2) = (%8,1.¢(a)8) (x, £, )
= (xpxp, g, {erlglalBla)
=(xgxp, g, Bapa)
=(x,8,a)

Is an Sotone morphism such thar

il defined; for
{en[Cpm(a)b] = Cla) 16 (e)] = ¢, el = Gl ().
shows that it is 1150 associative.
the venification, using Propeny (3) and the fact that ¢ and

T is an ordered semigron
B: Gl¢ and consider the element [V}
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Consider now the mapping ¢ : [B; Gl — G defined by
plx.g,a) =g .
i i i ince the pre-image under p of the
is i n isotone epimarphism.  Since ; ol
! - “_m wn_”w”._“ wwm‘mla‘ﬁ principal order ideal {a,1,a)!, the epimorpl )
negatvi

: incipal and so [ B; G]; is Dubreil-Jacotin. Consider now the mapping p* :
18 prin Gl 15 L n
, : e b
¢ ek Pt lg) = (o, g, 0).
oz -
. Clearly, ¢ is isotone a A
| * prolr.g.al = o' (g) = (@,g,0) 2 (¥,8,4)
Pt (g) = plo,g.c) = g. . .
i i i idual p*. Thus {8: G}, is strong Du H.
i , i is residuated with residual p s -
.ﬂﬂﬂ“@cﬁuﬁ%»ﬁﬂ:ﬁ elementis £ = p* (1) = (@, 1,a), and it is easy
that the residuals of £ are given by .
{o,1,0) : (x,8,&) = (e, 87, 0).
Thus the d-classes are given by )
(%) [(x, 8,604 = {r. 5, 4); b=2g). b
We now identify the H-class of the smallest idempotent {f,1,8). For
e n

Iemigroup on which

1
|

Equally routine js .
all ¢, are isotone,
p. To see that it is

b) and
purpose, suppose first that (x,g,4)R(8,1,8). Then for some (y,h,b) an
- = ke, ¢) we have .
.LWf%&hEF-f o (8,1,8) = (x,8, Ay, b, b) = (x{g(0),85, {1 (@)B);

i Tn.m.a = (8,1, Bz, k,c) = (Bz,k.c).

e The first of these gives b~ = g, whence

by (1),(2)

*E€Bf acpB.

Itis readily seen that the set of idempotents of i8; G, is

1 E(U2:G10 = {120 ; pp= gy,

S0 [B; Gl hasa Emmﬂ&nﬁggilﬁu. @), and a smalles

[B:G); is anhodox; for if (x, V) and (3,1, 5) are

namely (4,1, 4). Moreover,
idempolents in [5; Gl then

(x,1,a)(»,1,b} = (xBy8,1, apb) = (x,1,

and fxyf@= BxByB= Bapbp = BLabp, whence (xp,1

That [ B; Gle is doally naturally ordered Tesults froy
(%,1,8) < (y,1,6) then

(x,1,a)= (xy, 1ab)= (x,1,bq)

sothalx < yand g X bin B. Butsince §is 4 middle unjt
dual of [5, Proposition 1.9] that 5 is dually nanaral]
bga,and consequently (y,1, b} < (x, 1, ).

ab)

«ab) € E(18; G),).
m the observation thar if

y ordered. Hence y £ x and

B=(gla)b = §(x)b = Bxb;

i €l. we
d the second gives x = Az, whence gx = x. Consequently, since x
an
e B=xb>xf=x
tidempotent,

— CHONEI,

and therefore x = f. Arguing similatly with £, we deduce that
Hyy s C{(8.8.8): 86G}.
But the equations IR,
(8,1,8)8,8.8) = (8,8, 8), (8,8.08,87.8) = (8,1,
how that (8,2, 8) R (B,1,8); and similarly (8,8, 8) L (8,1,B). Hence
5 .5 Mooty AP
Hyam= (8.8 8€G),
It now follows from (%) and (w) tial
| Hgagnl(xg.a), = {{,8.8)}-

()
it follows by the
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Consequently, [B; Gl; is.boupded- Since ] = mi i
follows by ‘Theorem 2.1 that [B; Gle is dually mmﬁ.mvn - :...«.m..n:\:. e

To prove that R is regular on [B; G, w N
that xx* = x87, we have [8: G) we use Theotems 2.1, 2.4 and the fact

(8, a)fpl = (v.2.a)(8,8.6)7 = x8.a)8,87,8) = (=.1,¢,(a)B).
That R is regular now follows from th i
e o, s Irom the fact that ¢ and €, are isotone, Similarly,

Note that in the above construction we have g
; oVE e g1 = G and E([B: e
B. ﬁM._n. first _.uuaaﬁrﬁa_ s given by the assignment ( B.&8.B) — w,:.ﬁ N._MVn
mmmoo i no:ma_n._. Em,EnEuBm A: B E([B; G)e) given by A (x) = (x4,1, 8x)
This is 2 morphism since, B being a middle unil, e

AMMY) = (xB.ByB,1, <. 8y) = (<¥8,1,0%) = A(xz)

W.aw H_.NM?Q Mowm_. ?ML:@..& = (8,1, 4y) then xf = yg pives x = xfx =
2 A and fr s I Bives ¥ = yy = yfix = yx so v o .
sueclive since given (ef, 1,7) ¢ E{[5: ) we have fop o gig o

AMef)= (efB,1,8ef) = (eB/B.1, Peff) = (efef,1,878f) = (6,1, 81)
4. THE ISOMORPHISM

on Mﬂ“.cﬂ »Mos. that every dually perfect orthodox Dubreil-Jacotin semigroup
L are is i i i
e regular is isomorphic to 2 semigroup as constructed in The-

HWMMM.MB%.M Let S bea duatly perfect ortbodar Dubreil-facottn Semigroup on

i w..@a%& ~WM..SW5 £ be Swanna.o.\.ﬁwaﬁo_.maa of S and let B be the
/2. e of B. Then B tsa middle wrir and H

Ty - g the mapping  ; Hy — End £

Ve€ B} dp(e)=Bep;,

is an fsotone morphism that satisfies conditions {1), (2 Theorem 3.1 and,
Nt 13) o 3 J

S (B Hy,.
M.M.Momz mmE:nu it ..m.r dually nam*.nnr itis dually naturally ordered and so Bisamiddle
olows that i i
e Brefiy' € E. Moreover, each Y, is 2 motphism; for, given
Tale)p ) = B2 BT < Beprpit = ey - g.(e/)
W (ef).
Clearly, each ﬁ.s. is isotorte, so Vs, € End £,

observe first that
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Since, foralle € £,
0, (95, (€] = Bubyefiy B2 = BoBye(BB,) = Up,p, (0),

we also have

9,98, = Vg,

50 § : Flg — End £ i5 also a morphism.

That ¥ 1s isolone is a consequence of the regularity of R on §. To see this,

vz € S)(ve € E) o= 5

In fact, on passing to quotieats modulo A, and using Theorem 2.1, we have

that

1B.ela, = [x2)4, = [*)aps
whence the result follows by Theorem 2.1 again, Using this fact and the regu-
larity of R, we then have

B.£8, (Yee E) Bie<fye

=5
= [e€E) f.efil.< b,

= (Yee B} f.efs < Byeh;

= 05, €0,

50 that ¥ is isotone.

We now show thal ¢ satisfies conditions {1), {2}, (3) of Theorem 3.1 As for
(1), we have
dyle) = Pef = fep;
and as for (2),
g (B} = BBE =8
To establish (3), we use the regularity of £ on 5. In fact, we have

B.5 B = {(YeeE) ef'<ef:}
= (YeeE) Flef'< Bhess!
= (Ye€Z) Bef'< Buefs!
= &bv ES Q.mr.
But as 4 is isolone f, < B, gives 0y, < 95, . Consequently, we have

ﬁth& = &h« = _uba_

which is (3). .
Using Theorem 3.1, we can now construct the semigroup |E; Hgly which is

dually perfect orthodox Dubreil-Jacotin with R, £ regular. Now since §is dually
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perfect we haye
{(Vxe )
X = x ,_ =
e X = Rhm_..mabm_ﬁ
x = xt
X'x € BE. Moreover,

9, (A1
can thereflore define a 00 = BBt = gytpy.
mapping . §
S [EiHyly by
Y the

where xf! =
Byl = 2xt € £6 and gy

Vx €5)
We

, Wlx) = frg) assignment
Using the fzct that Y= (x87, B, Bilx,

_ Bisa middle uni A
. » We see that pisa morphismy; in Ia
'S St ; cl, for

W) ()= (B A, (et
& ?n.m‘u...&r eh, .
ﬂﬁkﬁ_uﬂ»ﬁmuh_,
=263, 4.,
Since R and [ = dlxy).
That i _.:_.”MHW.:_E._ itis dlear that ¢ is Isotape.
¥ is also sujective, RMMMHMH_.M%MM_MW_Q that aﬁ_.m» flx=x 1
! igly. Thenwe have 0 see that

and Vg (d) = dy(x) = Bxf = fx,

s ’ bv. Ehuuxu

hu‘.: _wni Qﬁi;@.é
Eyr 1 4
iy A

Uga{x) =y

Als > 4la) = faf = a5
0. x and a are idempotents so, as bef; i

» G

1
Consequently, Prtye = 5.
Viya)= (=g, By, B'x8,3)
(%0, (), By Bgo Ewu
. ﬁﬁ\d.m«.ﬁ .m._c _uh?éhu
i ={x,
Hence ¢ i an order isomorph; ik

sm, ¢

n

5. PARTIGULAR CAsgS

A temarkable fe.

. atu

inthe form : i g ¢ ma of Theorem 3,1 is (he conditi

there is a single morph: are comparable then ¢, = on (3) which can be 5

the : orphism ¢, for e $e = i or, ron ¢ stated
n that & is con, # {or every Hasse dia - roughly speaking, (hay

gram

e, i
cted in the sense (hag jt consists

n.w.m_ucaﬁ: of G. Suppose
ol a single component, so
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(hat for all g,5 € G there is 2 finite zig-zag chain joining g to B. Then clearly
(3) is satished; and since {; = G for all g & G, condilion {1) implies condinon
(2). In this case we then have that

[B: Gl = ({x,g,a) EBE % GwxfB; fx= ap}
and since gis a middle unit the multiplication becomes
(x,g, @)y b, b) = (xy,8P,0b).

So if G s connected [Bi G 5 2 subalgebra of the cartesian ordered cantesian
product semigroup B x Gx .mm.\ Focussing more closely, we se¢ by the
principal theorem of [1 that [B; G); reduces to the cartesian ordered carlesian
product of G with the spined product BA x| 8B.

Another situation shere & simplification ocaurs is when the dually naturally
ordered band B is 2 V-semilattice. in this case E{{B; Gl is a semilatice and so
{B; G is an inverse semigroup. Moreover, B i the identity of B so (1) holds;
and ; = idg and each ¢, ian isolone automorphism, whence (2) is satisfied. S0
we can obtain the structure of 2  duglly. perfect [ Dubreil-facotin jnivesse scmigroup
on which R, L are regular by taking B 0 be a v-semilattice, { : G — AutB an
isotone morphism and TERAiNIng only propenty (3).

| Finally, combining the above two observations we can deduce thal a con-
,ﬁ nected dully perfect Dubreil-Jacotin inverse semigroup 00 which R, L are reg-
| ular is the cartesian ordered cartesian product of an ordered group and a V-
i semilattice that has a biggest element and a smallest element.

Example 5.1 Let 7= {xeR; 0<x< 1} and consider the canesian ordered
set § = I x I x Z made inlo an ardered semigroup by the multplication

(a, by #)c,d,y) = (ave,bx+ )
The idempotents are the elements of the form (a, b,0), 50 § is orthodox, The
mapping 7 : § — Z given by w(a,b,x) = xisan isotone epimorphism which is
residuated, with residual 7 : Z — § given by n*(x) = (1,1,%). So § is skrong
Dubreil-jacotin. The bimaximum element is £ = vt {0) = (1,1,0), and residuals
are given by £ : (a,b,x)= (1,1,-%). The Ag-classes ate given by

{la, b, %)a, = {6, d.2)3 cdel)
The R-classes and L-classes are given by

Riap = e 0:3): ¥ & Z}, Lupm={l@cy)iceliye Z).
S0 the H-class of the smallest idempotent {0,0,0] is
Hipom={(0,0,3): ¥ €Z}.

1t follows that

Hpppo N [(@,b,x)]a, = {{0,0,x)}
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and so § is bounded. Here Blapx = (0,0,%) = ::a:a..w.ir.. Since §
is dually namrally ordered, it follows by Theorem 2.1 that § is dually perfect.
Since

(@, b,x)05), ., = (a, b, x)(0,0,x) = (a,b,0);

o0 (@, 6.5) = (0,0,){a, b,x) = (a,0,0),

we see that R, £ are regular. In this case, § is connected. The coordinatisation
of the isomorphism thecrem is

{a,b,%) ~ ((a,b,0), (0,0, x), (a,0,0)}.

The subset 5, = 7 (0}xZ of S is a connected inverse subsemigroup. Seiting
the middle components to 0 in the bove or, equivalently, ignoring them, we
have in this case the coordinatisation

(a,x) ~ ((a,0), (0, ).
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