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DESIGN-ORIENTED APPROACH FOR STRAIN-
SOFTENING AND STRAIN-HARDENING FIBRE HYBRID
REINFORCED CONCRETE ELEMENTS FAILING IN
BENDING
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Abstract:

In the present paper a design oriented model isppsed to evaluate the flexural
resistance of elements of fibre reinforced conci@RC) of tensile strain-softening or
tensile strain-hardening behaviour and strengthetmuitudinally by steel bars in the
tensile zone of a rectangular cross section. Tlesssectional moment-curvature response
predicted by this model is used in a numerical apph to predict the load-deflection
relationship of beams failing in bending. To apprithe predictive performance of this
approach, the results obtained in an experimentalgmm with shallow beams of steel
fibre reinforced self-compacting concrete and sgtéened with distinct reinforcement
ratios are compared to those estimated by the dpeel model. The predictive
performance of the model is quite satisfactory,ingkinto account the simplified
approaches adopted in order to have a closed falution that can be used in the scope
of design FRC elements failing in bending.

Keywords: Fibre reinforced concrete, Tensile strai-softening, Tensile strain-
hardening, Longitudinal steel bars, Moment-curvature response; Flexural failure

1. Introduction

The benefits provided by the participation of deter fibres in the reinforcement of
cement-based structures are already well knowmégtientific and technical community
of the concrete technology. Discrete fibres canfact, decrease the crack opening and
crack spacing of concrete elements, contributinipcoease the load carrying capacity, the
energy dissipation and the ductility at servicagbdnd at ultimate limit design states [1].
In consequence of the crack arrestment providedhkypullout resisting mechanisms
offered by fibres bridging the crack surfaces, dioeability and concrete integrity are also
enhanced [2]. However, the potentialities of fibessa reinforcement system are not yet
well explored, mainly for structural applicatiorsnce models in a format adjusted for
design practice, like closed-form solutions, ane.r&kecently, Soranakom and Mobasher
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[3] developed a closed-form solution for the prédic of the moment-curvature
relationship of rectangular cross section eleméitsg in bending, constituted by fibre
reinforced concrete (FRC) that can have a tensidnssoftening (SS) or a tensile strain-
hardening (SH) character [4]. A bilinear stressistisoftening diagram was utilized in [5]
to study the FRC section strengthened with stee, k@mposed by an abrupt stress decay
branch (vertical branch) at crack initiation, felled by a constant residual tensile strength
and a stress cut-off at a certain ultimate terstii@n. However, it is being recognized that
between the crack initiation and the post-crackiegidual strength phases, a transition
softening branch should be adopted, since it hasigaificant contribution on the
performance of FRC structural members, mainly atsérviceability limit states [6].

In the present work the model proposed in [3] ieleaed in order to derive a closed-form
solution able of determining the moment-curvatwkatronship (MCR) of both SS or SH
fibre reinforced concrete elements failing in bewdthat also includes tensile steel bars.
Using the flexural stiffness (EI) provided by theCHR, a simple, but enough accurate
numerical approach is developed that can prediet fdrce-deflection relationship of
statically determinate elements failing in bendifidne predictive performance of the
model was appraised by simulating experimentas tesecuted with steel fibre reinforced
self-compacting concrete (SFRSCC) shallow beamsfamied with distinct steel
reinforcing ratios.

2. Constitutive laws for the intervening materials

Tensile stress-strain relationship of FRC can keratterized in three different phases as
depicted in Fig. 1la. The initial linear elastic betour is defined by an elastic tensile
modulus (£) and concrete crack straiw (). For current practical applications of FRC,
fibre reinforcement mechanisms have a negligibliei@mce on this phase, therefore the
and £, can be assumed equal to the corresponding valu¢seohomologous plain
concrete. Experimental evidence [7] shows thatraftack initiation in SS-FRC, in
general, an abrupt decay of the residual tensrength occurred for a relatively low

increase of tensile deformability, since this phésenainly controlled by the fracture
characteristics of the cement matrix. This secdmakp is, in a simplified way, assumed as

a linear branch characterized by the post-crackmoglulus £_. and the transition strain

e, . These two variables are also used to simulates¢ksend phase of SH-FRC, but in

trn
this type of high tensile and ductile FRC the can be several times higher thg due
to the formation of a diffuse crack pattern [8].thre present approach, after the tensile
transition phase, the tensile residual strengtf () is assumed constant up to the ultimate

tensile strain £, ), above which it is assumed that FRC loses itsilencapacity.

Experimental research with SS-FRC shows that, meg#, after a minimum post-crack
residual strength, a pseudo-hardening phase ocdcdue to the fibre pullout mechanisms
[7], followed by a smooth softening branch up te tomplete loss of tensile load carrying

capacity. Therefore, the amplitude of this thirdph (betweerr,  ande, ) is, in general,
of relatively high amplitude. In case of SH-FRCstlhird phase can be regarded the
2
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transition phase between the stabilization of tiffese crack pattern and the formation of
the failure crack (localization), which correspontdsan amplitude that, in general, is

smaller than the one corresponding to the secoadeptbetweerr . and ¢, ). The third

phase is, therefore, characterized by the resteualle strengthr_, .

The experimental research shows that for both 88&-S#-FRC the pre-peak compression
behaviour is marginally affected by the presencdiloes, unless quite high content of
fibres are used. In fact, the benefits of fibrenf@icement for the compression behaviour
are most reflected in the compression softening@hsince a significant increase of the
post-peak energy absorption capacity can be olastagepending on the characteristics of
the fibres and surrounding matrix [9]. Thereforde tsimplified constitutive law

represented in Fig. 1b is adopted to simulate RE I compression, which is the same
one proposed in [3]. This law is composed by atainiinear branch characterized by the

compressive Young's Modulus£() up to the compressive “yield” strainscg,), and
continues with a constant value of compressiveldyistress @Cy) up to the ultimate

compressive strair{¢_,), after which it is assumed that FRC loses the dgpaf

supporting compressive loads. In Fig. 1lc is represk the idealized stress-strain
relationship adopted for the steel bars, which asmmgosed by an initial linear elastic

branch, characterized by the elasticity modulés)(up to the yield strain 5(5y), and
continues with a plastic response of a constarid @eess ésy) up to attain the ultimate

tensile strain £_ ), after which it is assumed that the steel losesensile capacity. The
symbols used for the characterization of the FRECtla& same ones proposed in [3].
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Fig. 1: Idealized stress-strain response of FRC: (a)leehshaviour, (b) compression behaviour
(based on [3]); and (c) idealized stress-straigrdian for steel bars.

3. Derivation of a closed-form solution for moment—cuvature diagram
The closed-form solution is derived for a rectaagafoss section of width and heightoof
and d, respectively, as shown in Fig 2. The reinforcenmatio of steel bars4) is the
quotient between the total area of steel bats) (and the cross section ardad); The

concrete cover thickness of the steel bars is septed byd'. The tensile and the
compressive stress variation of cross sectionalpoomnts can be normalized by the FRC
stress at crack initiations; . (=£¢,,), in according to the following equations:
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Fig. 2 Main variables that describe the geometry andtten profile in a FRC reinforced
rectangular cross section.
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where, o, and o are the tensile stress of FRC and steel barsgcésply, ando,. is the

compressive stress of FRC. The other dimensiorpasameters are obtained from the
following equations (Fig. 1):

a:é‘tﬂﬂ :gﬂ-’]:i-‘uzaﬁﬁ }/:iﬂ :gﬂ (4)
1 t L 1 1 1
gfr ! gL'r E EEL‘I‘ E “ gfr
gQV 85}’ ES gsu
w= : = =— =24 5
SCT gCr }/S E wsu gCr ( )

The normalized concrete tensile strain at the botfdre (£ ), normalized concrete

compressive strain at the top fibrg)( and normalized steel tensile strain Y are defined

as:

B= Etbot A= ngUP LY :‘9_5 (6)
P ;

cr cr cr

A linear variation of strain is assumed on the depf the section and, hence,
parameter® , 1, andy are linearly related together:
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k 1-k-A
A=——fB, p=—— 7
By —F (7)
wherek and A are the neutral axis depth ratio and normalizegercohickness of steel
bars, respectively (Fig. 2). Regarding the matepabperties, nine possible strain
configurations can be distinguished according tb. Ta

Tab. 1 Possible strain variation of the materiahp@eters [10].

S_.train_ , FRC ; Steel bars
configuration Tension Compression

1 0sp=<1 0<l<sw 0osy<{
211 1<f<a 0<i<w osy<¢
2.1.2 1<f<a 0<i<w (<y<y,
221 1<f<a w<A<A, 0y
2.2.2 1<f<a w<A<A, (<ys<y,,
3.1.1 L>a 0<i<w 0sy<¢
3.1.2 B>a 0<i<w (<ys<y,
3.2.1 p>a w<A<A, osy<¢
3.2.2 B>a w<A<A, {<ys<y,

For each value of applied normalized concrete kessiain, 5, the net force is obtained as

a difference between the tensile and compressiocesoequated to zero for internal
equilibrium, and solved for the neutral axis demhio 4, which is obtained from the
equations included in Tab. 2 for the distinct polesistages. Depending on the stage of

loading (), the resisting bending moment and the correspgnclirvature ¢/, , @) of the
cross section can be calculated from the follovaggations:

Mi = M1' Mcr; (pl = (B' (pcr (8)

where, M, andg@ are the normalized moment and curvature at stagéained from the

equations indicated in Tab. 3, whil®_ and @, are the cracking moment and the
corresponding curvature calculated for a rectamgdation from the following equations:

_1, 2 .28
M, =bd*(Ee,); @, === 9)
After having been supplied the geometric charasties and reinforcement arrangement of
the cross section, as well as the parameters dgfthe constitutive laws of the intervening
materials, an incremental procedure of the norredlizoncrete tensile strain at bottom

fibre AS is given up to a maximum supplied limit gf (£ __ ). For the applied value of

max

[, parameterk is obtained by trial and error using gradually éugiations of Tab. 2 for

stage 1 up to stage 3.2.2. The resultant forcebiaireed as the difference between the
tensile and compression forces indicated elsewi€ije
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Tab. 2 Equation for the neutral axis depth radiogfach strain configuration [10].

Strain
configuration k
2ysp(1—A)+1 for y=1
2,
1 _ - _
k= —(1+py )+\/D71 Dl-ZySp(O.Spys+y yA+A)+y
——>3~ ~ fory<lory>1
(v-1)
Dy, +y Bep= || (Dyyy + B20) =\ Doy, = B2y |(Dyyy +2v B2 p=2r B2 0D)
P 211" Vs 211" Vs 211 211 s s
211 ~
2.1.1 D, -B%
D,y =n(?-25+1)+25-1
0212 +(}’S,B,0 _\/I:(Dzu +(y5ﬂp)2 _(0212 _ﬂzy)(Dzu +(ysﬂp):|
k.. =
212 2
2.1.2 0212 =By
D, =r](£2 —2ﬁ+1)+2p’—1
P D221 +w}/,b’ +V5132p_\/[(0221 +w}/,3+)/5,32p)2 _(0221 +2A%3)(0221 +2}’5,32ﬂ_2)’5,32/7A:
221 =
221 0221 +2w}/ﬁ
Dy, =n(B2-2p+1)+2p -1+ 0y
D,,, +25y .p
222 kzzz:m 0222:77(52—25+1)+25—1+w2;/
222
L = D311 +}’S,32,0_\/|:(D311 +}/5,B2p)2 _(0311 _IBZ}/)(D311 +275,32,0‘2}’5/>)2,0A)}
311 2
3.1.1 D311 _,B 14
Dy =77(a2 —2a+1) +2a-1+2uf -2ua
D312 +(}’s,3,0_\/|:(0312 +(}/5,3,0)2 _(D312 _ﬂzy)(sz +2(y5ﬂp):|
k =
312 2
3.1.2 Dy, - B
D, =r](a2 —2a+1) +2a-1+2uf -2ua
Do N -\/[(D321 twyB+y B2p) ~(Dyyy +28¥B)(Dyyy +2¢ 20 =27 5 o)
3.2.1 321 Dy, +2wyf
Dy =r](a2 —2a+1)+2a—1 +wly +2uf - 2ua
_ Dy 258y .p
322 P Dy, + 200

- 2 2
D, —ry(a —2a+1)+2a—1+a) y+2uf -2ua
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Tab. 3 Equation for the normalized moment and &tune for each strain configuration [10]

Strain ,
. . M
configuration
. .y 28| (y-1)k7 +(37,0+3) &7 +(67,0(8-1)~3) k; +3y (A1) +1]
- (1-4,)
3 2 2
M. = (2/”7’ +Cz11)k211 +(6}/S,l?p _36211)1"211 + (3G +1275ﬁp(A _1))k211 +6;/S/;’p(A _1) Gy
211 (1—1{211)
2.1.1
c =T2nB +3nB*-35%—n+1
211 =
ﬁz
Mo = (Zﬁy +Cz12)k2312 +3(2Vs(p _5212)1"2212 +3(Cyy, +2y5(p(A _2))k212 +6y (p(1-A)-Cyy,
212 (1—/(212)
2.1.2
c =T2nB +3nB* =34 —p+1
212 =
,32
3 2 2
M. = _(3“)}""0221)1"221 +3(a)}/+6‘221 +2}/S,6’p)1(221 +3(4}/5,6’p(A—1)—6‘221)k221 +6}/5,6’p(A—1) +Co
221 (1—1(221)
2.2.1
c =28 =3npt +36° iy +p-1
221~ 2
B
' 2
My, = (3“)}/ +szz)k222 —2(3(ysp+6'222)k222 +6((}/Sp—(yspA) +Cyp
2.2.2 c - 2583 3Bt +3B%1 -y +p-1
221~ 52
3 2 2
M= (5311 _2'8}/)1%11 —3(2V5ﬁp +C311)k311 +3(Cyn —4y5ﬁp(A _1))k311 —6y5ﬁp(A _1) Gy
311 (k311 _1)
3.1.1 3(yﬂ2—ya2—rya2+a2)+2r7a3+77—1
311~ VE
Mo = (C3lz _Zﬁy)kgn _3(2}/5('0 +C312)k§11 +3(Cyy, +2Vs(p(2 _A))kmz +6y {p(A-1)-Cyy,
312 (k312 _1)
3.1.2 3(/1ﬁ2—,ua2—r]a2+a2)+277a3+77—1
311 = 5
3 2 2
M. = _(3‘”7’+C321)k321 +3(“’}""6321 +2ysﬂp)k321 +3(4}/5,b’p(A—1)—C321)k321 +6ys/>’p(A—1) +C3
321 (1—/(321)
3.2.1
3(,u,b’2 -ua®-na® +a2) +2na® -’y +n-1
Ci1 = 2
B
ro_ 2
Ms,, = (3‘”}’ +C322)k222 '2(3(7’5'” +Cszz)k322 +6((y5p—(yspA) +C5p0
3.2.2 3(,uﬁ’2-,ua2-r]a2+a2)+277a3-a)3}/+77-1
Cpp = 2
B
d%/ :L
2(1-k;)
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If the resultant force is smaller than a given éotalerance value, the correct valuekofis
obtained, otherwise the trial procedure continnethe following stage. After having been
obtained the correct value of theparameter and the stage number, the normalized

moment (. ) and the corresponding curvaturg () are calculated from the equations

included in Tab. 3. These values are introduce@dn 8 to calculate the moment and
curvature due to that specific normalized tenditaiis. This incremental-iterative process

is terminated when the normalized concrete tessiéen at bottom fibre attain_ .

Using the obtained moment-curvature relationshiyg force-deflection response of a
statically determinate beam failing in bending t&ndetermined. The beam is discretized
in Euler-Bernoulli beam elements of 2 nodes. Tingeatial or the secant flexural stiffness
of each elementEl)re, is determined from its moment-curvature relatiopghat is stored

in a data file (each element has its owngMfile). Therefore, the present approach can
simulate the deformability of a beam composed afesoof distinct moment-curvature,
giving to the model the possibility of predictingtivenough accuracy the force-deflection
response of quite heterogeneous beams in terms abériad constitutive laws and
arrangements of the materials, if these const#uaws are known [11]

4. Model appraisal

To evaluate the predictive performance of the psedomodel, an experimental program
with shallow beams of steel fibre reinforced sefpacting concrete (SFRSCC) was
carried out. The mix composition adopted for thenuofacture of the SFRSCC was
optimized for a solid skeleton that includes 45nk&/of hooked end steel fibres (SF) of a
length (;) of 60 mm, a diameterd{() of 0.75 mm, an aspect ratib /d;) of 80 and a yield
stress of 1100 MPa. The performed experimentalrarogncluded three series of shallow
beams, submitted to a four points load configurafiig. 3).

lF/Z lF/Z

Concrete—‘ -~ M -~ M -~
4 da 4 N 06— T —— 1]
150mm = - - -] < P = i
“ T T T T o 7.7 4 PAEIR: z
=5 = o

125mm 450mm 450mm 125mm
L 1 1350mm 1 !

L ]
-
L
()
—

| 1600mm |

Fig. 3. Dimensions (in mm), support and load conditionsl monitoring system.

Using 3p6, 3p8 and 10 of steel bars for the series of beams desigratedt6-45, B-8-

45 and C-10-45, respectively, the influence ofrétieaforcement ratio on the effectiveness
of the fibre reinforcement can be assessed. lheaims three steel bars of 6 mm diameter
were used in the top part of the cross section,clwwigontribution was, however,
disregarded in the numerical simulations. The faves applied by a load cell of 300 kN
capacity, and the deflections were measured bylfi@T's. The values of the parameters
of the constitutive model are indicated in Tab. 4.
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Tab. 4 - Values computed for the constitutive medet series of beams

Series’ E £ a u B %

designation (GPa) (0;;) “ 4 “ A POO) Yo Y,
A-6-45 45 001 25 06 30 1.0 2596 375 0.2 45B 200
B-8-45 45 001 25 06 43 1.0 2596 375 0.36 438 143

C-10-45 45 001 25 06 43 1.0 2596 375 056 438 115

The force-deflection curves predicted by the nuoarapproach and recorded in the
experimental tests are compared in Fig. 4, fromctvht can be concluded that the

predictive performance of this approach is quitedyfor design purposes of FRC elements
failing in bending.

2

Load (kN)

Load (kN)
Load (kN)

—— Numerical 20 Numerical —— Numerical

- - Experimental 20
= = - Experimental ?

- - Experimental

0 1 2 3 4 5 0 2 4 6 8 0 D, 4 6 8 10

Displacement at mid-span (mm) Displacement at mid-span (mm) Displacement at mid-span (mm)

Fig. 4: Evaluation of the predictive performance of thealeped model.

5. Conclusions

In the present work, a closed form solution wasettgy to predict the moment-curvature
relationship of rectangular cross sections of sthardening or strain-softening fibre

reinforced concrete (FRC) beams that can also diectensile longitudinal steel bars. The
moment-curvature relationship was used as theyerapable of supplying the tangential
or the secant flexural stiffness of small elemehtst discretize a statically determinate
beam, in order to predict its force-deflection @sge. The predictive performance of this
design-oriented approach was evaluated in an erpatal program composed of three
series of shallow steel fibre reinforced self-conipe concrete beams with distinct

percentage of longitudinal steel bars. The predictperformance evidences that the
developed strategy can be adopted by designers e obtained levels of accuracy are
quite satisfactory, taking into account the adoieaplifications in order to turn the model

of simple implementation.
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