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1 INTRODUCTION

Exhibiting remarkable compressive strength and durability, concrete is one of the most widely
adopted materials for the construction of bridges. The tensile strength of concrete is contrarily low
and is about 8 to 10 times less than its compressive strength. This inherent weak tensile strength of
concrete makes it prone to the tensile cracking in tensile and flexural loadings and brings numerous
problems in application of this material, mainly in its durability [1].

Reinforcement of cementitious materials with short randomly distributed fibers has been
successfully practiced for more than 40 years [2]. In the Fiber Reinforced Cementitious (FRC)
materials, reinforcing fibers allow crack bridging, a mechanism that improves the post-cracking
residual strength of concrete with restraining crack opening [3]. Debonding and pulling out of fibers
dissipate energy leading to a substantial increase in toughness, which enhances the energy absorption

and ductility of the concrete composite [4,5].
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2 MOMENT REDISTRIBUTION

Typical tensile stress—strain responses for plain and fiber reinforced concrete registered in
experimental tensile tests are represented in Fig. 1. Curves obtained after different concrete ages are
presented on the same diagram in order to show the behavior as a function of the cement hydration
development. For plain concrete, the stress—strain diagram demonstrates a brittle behavior of the
material. After peak stress, the residual strength decreases rapidly with increasing strain. When the
macrocrack is localized, its propagation is very rapid and needs only low energy. In the fiber
reinforced concrete, however, the stress decay in the post-peak of the stress-strain diagram is not so

pronounced. In this case, due to the relatively large value of ultimate strain, the energy dissipation

capacity is increased.

5.0
5 28d (a)
sofp—1 =
T v Y 7d
o 3.0 —
= w |
“{g' 25| /4 ‘-i o
U /)
2 2044
[# m
A7 L
05 ;‘I:IJ i :r‘::'t‘_‘?‘._:____" = — —
- ; I—— :-_--_t'-:_-'_'_-_'-':-_—,___.
O.G T T T T —
0 0.2 0.4 06 08 1.0
Strain (mm/m)
- (b)
.
.- - —m_
.84
\-t;y_.__'__’__._ R R L,
2d
10.0 15.0 20.0 25.0 30.0

Fig. 1: Stress-strain relationship in direct tensile test; (a) for plain concrete; (b) for fiber reinforced concrete [3].

Strain (mm/m)

5/35

Azurém — 4800-058 Guimaraes



~

lls

1 /7 University of Minho
= Department of Civil Engineering www.civil.uminho.pt

In the present report, the moment curvature relationship of FRC material is generated by utilizing

the stress-strain (c-¢) diagrams proposed by Soranakom and Mobasher, represented in Fig. 2 [6, 7].
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Fig. 2: Fiber reinforced concrete model; (a) Tension model; (b) Compression model [7]

These diagrams are based on an idealized model proposed by Lim et al. [8] for steel fiber concrete.
The first model represents a bilinear response for tension and compression as shown in Fig. 2.
According to the Fig. 2a, the tension response increases linearly from origin up to the cracking strain
(&cr). After that, tensile stress remains constant at the post peak tensile strength (o,,) that can be
related to the ultimate tensile strength (o,,-) by defining the normalized post-peak tensile strength ().
This factor may be a function of fiber volume fraction, geometry, stiffness, and bond characteristics
of the fibers, and also depends on the properties of the cement past surrounding the fibers [7]. The
residual stress is assumed constant up to an ultimate strain (&,,).

Fig. 2b describes the compressive response with stress increasing linearly up to the yield point
(O¢y) Ecy) and remains constant until termination point at the ultimate compressive strain (&, ). The
elastic modulus in compression is assumed equal to tensile. In this model w is the normalized
compressive “yield” stress, and S, and A, are normalized ultimate tensile and compressive strain,

respectively. Both tension and compression models are expressed as [7]:

ESt 0< & = &
oc(&) = UEe., & <& < &y (1)
0 & > &y
Ee, 0<e¢g <¢gg,
oc(e) = wEe,, Ecy <& <& (2)
0 & > &y
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where o, oy, €. and g, are compressive and tensile stresses and strains, respectively. Soranakom and
Mobasher [6] in their another model proposed a constitutive model for homogenized strain softening

and hardening behavior of fiber reinforced concrete as shown in figure 3.
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Fig. 3: Stress-strain diagrams for modeling the: a) compression and b) tensile behavior of fiber

reinforced concrete with softening or hardening character [6].

As shown in Fig. 3b, the linear portion of an elastic—perfectly plastic compressive stress—strain
response terminates at yield point (&, 0.,) and remains constant at compressive “yield” stress oy
until the ultimate compressive strain €.,. Compressive modulus of materials (E,) is defined as a ratio
of tensile modulus (E) by representing the normalized compressive strain factor (y). As shown in
Fig. 3a, the tensile behavior is described by a trilinear diagram with an elastic range defined by tensile
modulus (E), followed by a post-cracking modulus (E..) that can be obtained by using a post-crack
modulus parameter (). By setting 1 to either a negative or a positive value, the same model can be
used to simulate strain softening or strain hardening materials, respectively. At the third region of
tensile response, tensile stress remains in a constant stress value defined as o,g. For strain softening
materials, o is equal to the post peak tensile strength represented by g, in previous model (Fig. 2a).
The meaning of the others parameters of this model was already introduced. The stress—strain

relationship for compression and tension can be expressed as [6]:

Eé‘t 0< &t = Eer
O-t(gt) —{Ee + Ecr(gt - gcr) Eor S & = Epn 3)
L/iEgcr Etrn = & S &y
0 & > &y
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E e, 0<e <é
oc(e) = E ey Ecy S & < &gy 4)
0 & > &y

In the following equations, the model is represented in normalized form with utilizing the first

cracking tensile strain (&) and tensile modulus (E) as two inherent parameters of the material [6]:

(5 0<p<1
O't(ﬁ): 1+T](ﬁ—1) 1S,8£a (5)
Eer u a<p < Pu
0 B > Btu
yA 0<i<w
UECE—(’D: 140 w<A< Ay (6)
o A> Ay
where, the dimensionless parameters are represented from the following equations:
p p g¢q
0= ()
a = ‘Egﬂ (8)
B =3 9)
Ao =22 (10)
EC
y="5 (11)
ECT'
g =te (12)
=t (13)

The normalized tensile strain at the bottom fiber (£) and compressive strain at the top fiber (1) are

also defined as (Fig. 4):

p=-2 (14)
_ Ectop
A== (15)

Due to linear variation of strain on the height of section, § and A are linearly related together as the

following equation:
k
r=-Lp (16)
where, k is the neutral axis depth ratio obtained by dividing the neutral axis depth by depth of

section.
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3 MOMENT-CURVATURE RESPONSE

When a bending moment is applied on a section of a beam, the curvature of section can be
determined by dividing the top compressive strain by the depth of neutral axis. Representing relation
between applied moment and established curvature for any stage of loading generates the moment-
curvature diagram of the cross section. Representing the relation of moment-curvature of a cross
section is a method for demonstrating strength, ductility, energy dissipation capacity, and the rigidity
of the section under investigation. If a complete moment-curvature relationship is available, one can
also observe strength reduction beyond the peak bending moment, as well as the influence of having a
strain softening or strain hardening material [10].

However, the most fundamental requirement in predicting the moment curvature relationship of a
flexural member is the knowledge of the behavior of its constituents in both tensile and compression

loading.

4 CLOSE FORM SOLUTIONS FOR MOMENT-CURVATURE

By applying the Kirchhoff hypothesis, which assumes that a plane section remains plane after
bending, and shear deformation of the section can be ignored, the moment curvature diagram for a
rectangular cross section of a width b and a depth d, and composed of FRC materials, can be derived
in accordance with the Fig. 4. The distribution of tensile and compressive stresses in this figure is in
accordance with the model proposed by Soranakom and Mobasher [6]. The three possible stages of
tensile strain at bottom fiber, 0 < f < 1,1 < B < a,and a < f < [y, are represented in Fig. 4a, 4b,
and 4c, respectively. Each of Stage 2 and 3 has two possible conditions due to the value of
compressive strain at top fiber in either elastic (0 < 4 < w) or plastic (w < 1 < A,) behavior in
compression. Table 1 and 2, represent the normalized heights of compression and tension zones with
respect to beam depth d and the normalized magnitudes of stress at the vertices with respect to the
first cracking stress (E€.,), respectively. The deduction of the expressions in Tables 1 and 2 can be

found elsewhere [9].
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Fig. 4: Stress-strain diagram at different stages of normalized tensile strain at the bottom fiber (f):
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Table 1: Normalized height of compression and tension zones for each stage of normalized tensile

strain at bottom fiber (f) [6, 9].

Stage 1 Stage 2.1 Stage 2.2 Stage 3.1 Stage 3.2
Normalized
0<p<=<1 1<f=<a 1<f<a B>a B>a
stress 01w 0<1<w w <A< Ay 0<1<w w <A< Ay
heo kf —w(1—-k) kB —w(l—k)
I - - | T - | T
hey w(l—-k) w(1l-k)
i k k T k T
P » Tk Tk Tk Tk
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Table 2: Normalized stress at vertices in the stress diagram for each stage of normalized tensile strain

at bottom fiber (f) [6, 9].

Stage 1 Stage 2.1 Stage 2.2 Stage 3.1 Stage 3.2
Normalized

0<p=<1 1<f<a 1<f<a B>a B>a
stress

0<1<w 0<1<w w <A< A 0<1<w w <A< Ay
& W wys
Ee., - - v - Y
fer YBk YBk YBk
Jer Rt W - w
Ee., 1—k 1-k 4 1-k Y
Ju B 1 1 1 1
Eecy
Ef: _ 1+n(B-1) | 1+n@B-1) | 1+n(@—-1) | 1+n(@-1)

cr

fe3
Ee., - - - H H

The force components and their lines of action shown in Fig. 4 are obtained from the area and
centroid of stress in each zone. The normalized values with respect to cracking tensile force (bdEe,,)
and beam depth d are presented in Tables 3 and 4, respectively. The deduction of the expressions in
Tables 1 and 2 can be found elsewhere [9].

At each stage of applied tensile strain, 5, the net force is obtained as the difference between the
tensile and compression forces calculated from Table 3, equated to zero for internal equilibrium in
accordance with the fourth column of Table 5, and solved for the neutral axis depth ratio k. It is
notable that the expressions for net force in Stage 2.1 and 3 are in the quadratic forms and result in
two acceptable solutions for k. With a large scale of numerical tests covering a practical range of
material parameters, only one solution of k yields the valid value in the range 0 < k < 1 [6]. These
values are presented in Table 6. After achieving the correct value of k in each stage, internal moment
is obtained by operating on the force components and their distance from neutral axis as the equations
represented in the fifth column of the Table 5. Related curvature also is determined as the ratio of

compressive strain at top fiber to the depth of neutral axis.
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Table 5: Equilibrium of force, moment and curvature for each stage of normalized tensile strain at

bottom fiber (f) [6].

Stage Tension Compression Force equilibrium Internal moment
1 OSﬂﬁl OS/'{,S(U _F01+Ft1 Fclycl+Ft1Yt1
2.1 1<f<a 0<1<w —Fey + F + Fpp Fayer + FuyatFoYe
2.2 1<fp<a w <A< Ay —Foq —Fpp + Fyy + Fp FerVer + FaYer + FraYirtFeVes
3.1 B>a 015w —F +F +Fp+Fs FeiYer + FrnYatFoYe + Fisyes
FeiYer + FoYer + FryutFoayem +
32 ﬁ>a a)</1Slcu _L‘l_FC2+Ft1+Ft2+Ft3
Fi3Yes

At stag i of loading, the moment and curvature (M; , ¢; ), are obtained from the following equation:
M; = M; M, (17)
i = ¢{ ber (18)
where, M; and ¢; are normalized moment and curvature at stage i obtained from Table 6. M., and

¢ are also cracking moment and curvature calculated for a rectangular section from the following

equations:
1
My = gbdz(Egcr) (19)
2&cr
Gber = ST (20)
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5 ALGORITHM TO PREDICT MOMENT-CURVATURE RESPONSE OF FRC
MATERIALS

To generate computer software for calculating moment-curvature response of bending members
made from fiber reinforced concrete, an algorithm is illustrated based on Soranakom and Mobasher
model proposed for behavior of FRC in tensile and compression. Inherent mechanical properties of
material obtained according to the conventional standard tests and used with geometrical details of
section to achieve parameters w, @, Sy, Acy, V.7, and p by using Eq. 7-13, respectively. The
procedure used for obtaining the complete moment-curvature relationship for a rectangular cross
section is given bellow:

The normalized ultimate tensile strain (B;,) is divided in discrete values obtained from the
following equation:

np =L 1)
where, A is accuracy index of calculation and can be represented by operator at the beginning of
calculation.

The normalized tensile strain at bottom fiber (B) is increased uniformly from 48 to By,.

For selected value of 8, parameter k is calculated by trial and error. At each loading stage, according
to the value of f3, the stage of loading is detected and base on it, one of the expressions given in Table
6 for stages 1, 2.1, 2.2, 3.1, or 3.2 is utilized periodically to obtain k. According to the value obtained
for k, the net force of section obtained as the difference between the tensile and compression forces is
calculated from Table 3. If the net force was little or equal than a constant value represented as
acceptable tolerance, the correct value of k is obtained. Otherwise parameter k is calculated by using
the next expression. At the end of this step, the stage of load bearing of section is also represented.

After achieving the correct value neutral axis depth ratio (k) and the stage of loading, normalized
moment (M;) and curvature (¢b;) are obtained from expressions given in Table 6.

Moment and curvature of each stage are obtained from Eq. 17 and 18, respectively. The value of
cracking moment and curvature in these equations can be calculated in accordance with the material
properties that are represented by user in primary step of calculation.

Steps 3-5 are repeated to calculate another point of moment-curvature diagram.

Algorithm is terminated when normalized tensile strain at bottom fiber achieves it ultimate value

and the ultimate tensile strain is governed.
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6 MODEL APPRAISAL

To evaluate the accuracy of proposed algorithm mentioned earlier, the results of the software
developed according to the algorithm were compared to the results obtained from the DOCROS
software. According to the model implemented in DOCROS, a cross section is discretized in layers
that can have distinct constitutive laws for the characterization of the behavior of the material that
constitute these layers. A cross section can be composed of plain concrete and FRC layers, and can
include steel bars and fiber reinforced polymer reinforcing elements. The cross section can be
subjected to axial load and increase bending curvature. The position of the neutral axis is determined
from the equilibrium of the axial force. Detailed description can be found [11]. This appraisal was
done for a beam made with fiber reinforced concrete failing in bending. The cross section has a width
of 300 mm and a depth of 400 mm. The stress-strain relationship adopted to simulate the compression
behavior of the FRP is represented in Fig. 5, while the two stress-strain diagrams depicted in Fig. 6
were considered for modeling its tensile behavior, one assuming that the FRC presents a strain-

softening response, and the other considering this composite has a strain-stiffening behavior.

Gc‘

(MPa)

20

o=
0.001 0.003 Ec

Fig. 5: Compression response of FRC material

Ot Ot
(Nll’a}‘ (Ml’a)‘
2 f—— . 2 ‘ 1
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' |
0.0001 0.001 0015 Et 0.0001 0.015 Et

Fig. 6: Tensile modeling of FRC material; (a) strain softening, (b) strain hardening
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Tensile behavior of FRC material is assumed in both strain softening and strain hardening as shown

in Fig. 6a and 6b, respectively.

behavior of FRC material is assumed in both strain softening and strain hardening as shown in Fig.

6a and 6b, respectively.
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Fig. 7: Moment-curvature response of strain softening behavior of FRC
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Fig. 8: Moment-curvature response of strain hardening behavior of FRC

The moment-curvature relationships obtained from proposed algorithm and DOCROS software are
compared in the Fig. 7 and 8 for strain softening and strain hardening behavior of FRC, respectively.
According to the Fig. 7 and 8, the results of proposed algorithm has a good agreement with those
obtained from DOCROS software in both strain softening and strain hardening behavior of FRC. As
shown Fig. 7, the moment-curvature relationship of a FRC material with strain softening has a sharply
drop, right after achieving the resisting moment of section that is calculated 29 kN.m for studied beam
section. This value is about 1.8 time greater than the cracking moment of the section. However in the

case of strain hardening behavior, the moment-curvature relationship continues to increase up to the
18/35
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ultimate point. Moment capacity obtained in this kind of behavior is higher than the last one, and is
calculated 45 kN.m for the case of studied beam section. This value is about 2.8 time greater then the

cracking moment of the section.

7 PARAMETRIC STUDIES OF MATERIAL PARAMETERS

Two sets of parametric studies were investigated to show the behavior of strain softening and strain
hardening materials and their effects on moment-curvature response. Figures 9 to 11 present the
parametric study of a typical strain softening material that some parameters were specified as a
compressive to tensile strength ratio yw = 10, normalized ultimate compressive strain A, = 30 and
ultimate tensile strain B¢, = 150. For each case of study, all parameters were held constant to the
typical values while the parameters subjected to study were varied. It is noticeable that parameters

a, u and 1 are related together by Eq. 22:
1-
n=- a-w (22)

(a-1)
Fig. 9a and 9b depicts the compressive and tension model with the transition strain a varied from

1.01 to 15. Fig. 9c indicates when a increases the moment-curvature response increases too.
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Fig. 9: Parametric study of typical strain softening material: the effect of parameter a for E =
20 GPa, e, = 0.0001, u = 0.33, By, = 150,y = 1, w = 10,4, = 30; (a) compressive stress-strain

relationship, (b) tensile stress-strain relationship, (¢) moment-curvature diagram.
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relationship, (b) tensile stress-strain relationship, (¢) moment-curvature diagram.

2.5
b3 2
£
H
w 15
g
g, \ 20 '|‘
S I
E 0.5 ‘
n —
(b) 0 0.0005 0.001 0.0015 0.002 £ 15
=
Tensile Strain (mm/mm) E
g
=
% g
@
E 10
= 20
F z
£
E = y=1,w=10 —y=1lw=10
v
2 - = y=2,0=5 s - - y=2,w=5
3 10 - ey=3,0=333 -+ =y=3,w=3.33
=
: ——= v=4w=25 === yedwsls
8 s
0 0.0
(a) 0 0.001 0.002 0.003 (c) o 20 0 60 80 100

Compressive Strain (mm/mm)

Normelized Curvature(p')

Fig. 11: Parametric study of typical strain softening material: the effect of parameter y for E =
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compressive

relationship, (b) tensile stress-strain relationship, (¢) moment-curvature diagram.
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Figs. 10a and 10b depicts that p varied from 0.01 to 0.99 and Fig. 10c shows that moment-curvature
response is very sensitive to the variations in parameter p. The flexural response changes from a
brittle to ductile character as p changes from 0.01 to 0.99.

Figs. 11a and 11b investigate the effects of the increase in relative compressive to tensile stiffness

from 0.1 < % < 1.6 at a fixed compressive to tensile strength ratio yw = 10. Fig. 11c shows that the

changes in the relative stiffness slightly affect on moment-curvature response. Figures 12 to 14
present the parametric study of a typical strain hardening material, with a compressive to tensile
cracking strength ratio of yw = 10, normalized ultimate compressive strain A, = 30 and ultimate

tensile strain 3y, = 150. The parameters o, u and 7 are related together by Eq. 23.

— (“_1) (23)

(a1
Fig. 12a and 12b shows the compression and tension model of a typical tensile strain hardening
material with varying a from 1.01 to 15. Fig. 12¢ shows that when a increases directly increases the
moment-curvature response. Fig. 13a and 13b indicate that when the parameter n varies from 0.01 to

0.99, a significant increase of the momen-curvature diagram occur.
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Fig. 12: Parametric study of typical strain hardening material: the effect of parameter a for E =
20 GPa,e. = 0.0001,7 =033,y =1, w = 10, B¢, = 150, A, = 30; (a) compresive stress-strain

relationship, (b) tensile stress-strain relationship, (¢) moment-curvature diagram.
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Fig. 13: Parametric study of typical strain hardening material: the effect of parameter n for E =
20 GPa,e, = 0.0001,0 =10,y = 1,w = 10, B, = 150, A, = 30; (a) compresive stress-strain

relationship, (b) tensile stress-strain relationship, (¢) moment-curvature diagram.
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Fig. 14: Parametric study of typical strain hardening material: the effect of parameter y for E =
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relationship, (b) tensile stress-strain relationship, (¢) moment-curvature diagram.
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Similar to the strain softening materials, the increase in relative compressive to tensile stiffness at

constant compressive to tensile strength ratio yw = 10 as shown in Fig. 14a and 14b from 0.1 < % <

1.6 slightly affect on moment-curvature response. So the transition strain o and the stiffness in the

post-cracking tensile range 1 have a noticable effect on moment-curvature response (Fig. 14c).

8 CONCLUSIONS

Using reinforcement fibers in concrete is an effective method for improving the tensile behavior of
concrete. Fiber reinforced concrete (FRC) represents noticeable capacity of bending load bearing and
ductility in comparing with plain concrete. To study bending behavior of a bending member made
from FRC, the model proposed by Soranakom and Mobasher is selected. Normalized expressions of
this model also presented to facilitate calculations. At each of loading step, a trial and error method is
used to obtain the correct value of neutral axis depth by equalizing tensile and compression force in
the section. Bending moment and curvature are obtained due to the position of neutral axis depth for
each stage of loading. The algorithm is terminated when the ultimate tensile strain is governed. To
insure the accuracy of algorithm results, an appraisal has been done by using DOCROS software. This
evaluation showed that the moment-curvature response estimated from proposed algorithm has a good
agreement with ones that obtained from DOCROS software in both strain softening and strain

hardening behavior of FRC.
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Annex 1

Calculating the normalized height of compression and tension zones for each stage of normalized
tensile strain at bottom fiber (f):

Stage 1 (Fig. 4a)

hy=kd = =k
hy=d—kd=d(1—-k) = %:(1—1@
Stage 2.1 (Fig. 4b1)
hCl

hey =kd = —==k
her _ Ecr hey l h _ (1-k)
d—kd ~ PBecr d(i-k) B d B

h (1-k)(f-1)
hi = d = hy = hy = "2 = 080
Stage 2.2 (Fig. 4b2)
hei _ Ecy _ _WEcr her _ w(1-k)
kd — Aer Lope, d B

hea = kd — hey = kd =252 d = e = Hef )

d B
hiq — Eer h¢q =l — htq _ (1-k)
d—kd  PBecr d(1-k) B d B
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hiz =d—=hez = hey — heyy = sz
Stage 3.1 (Fig. 4cl)

— her
hey = kd = - = k
hiq — Ecr h¢q — l h _ (1—k)
d—kd  PBecr d(1-k) B d B
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_he  _ fer ) for B hez _ (1=K)(a-1)
ht1+hiz B Etrn aécr N (1;k)d+ht2 a B
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hys=d—kd — Ry —hyy =d—kd — 28 g - @D 5 e (-0OE-0)

B B a B

Stage 3.2 (Fig. 4c2)
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Annex 2

Calculating the normalized stress at vertices in the stress diagram for each stage of normalized
tensile strain at bottom fiber (f):

Stage 1 (Fig. 4a)

fe1 — vBk
E&cr 1-k

k
fer = VEAe, = VE (E) Ber =
ft — ﬁ

ft = EBey = ;;

Stage 2.1 (Fig. 4b1)

k fe Bk
fer = vEAee, = VE (E) Becr = L=r

E&cr _ﬁ
foo = for =E&e = Ef;; =1
fi
fto = Eeer + UE(Et - Ecr) =Eeer + NE(Beer — &¢r) = ?jr =1+n(B—-1)
Stage 2.2 (Fig. 4b2)
_ for
fcl - wscryE = KCT = wy
_ fez _
fcz - wechE = ;ﬂ = wy
fi
ftl = fcr =Eey = EZT =1
fi
feo = E&er + UE(Et - Ecr) =Eeer + NE(Beer — &r) = ?jr =1+n(B—-1)

Stage 3.1 (Fig. 4cl)

k £ k
fcl = yEAe, = YE (E) Becr = L_ 18

E&cy T 1-k

£=1

for = for = Eéer = Eeor

f
fto = E€cr + NE(€ern — &cr) = E€er + ME(@Er — €cr) = Ei: 1+n(a—-1)

Ecr
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ft3

ftz = fest = UEEy = e M
cr
Stage 3.2 (Fig. 4c2)
_ o1 _
fcl = wWeyYE = Eeor wy
_ fez _
ch = we VE = = wy
Egcr
fi
foo = for = Eéer = E;ZT =1

fi
feo = Eecr + NE(trn — &) = Egr + NE(agy — &) = EL; =1+n(a—1)

ft3

ft3 = fest = UEE, = FCTZ u
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Annex 3
Calculating the normalized force component for each stage of normalized tensile strain at bottom

fiber (B):

Stage 1 (Fig. 4a)

_ b _ vBk b fu _ ypK
Fey = fer X heg X 2 1-k Eecr X kd X ; = bdEec,  2(1-k)
b b F, B(-k)
Fip = fu X hey X5 = BEey x (1 —k)d X - = bd};i‘cr T2
Stage 2.1 (Fig. 4b1)
_ b _ yBk by fa _ YBK
Fcl - fcl X hcl X 2 1_kESCT X fed X 2 = bdEe - 2(1-k)

b 1-k b Ft1 1-k
Fi1 = fuu Xhyy Xo=1Ee, X —d X - = =—
tn = fro X hey X5 = 1Eecr B dx3 bdEec, 2P

b 1-K(B-1) b F
Fi, =(ft1+ft2)ht2><5=(1+1+n(ﬂ—1))580r>< B dx} = bd;zcr_
A-K)(B-DMB-—N+2)

2B

Stage 2.2 (Fig. 4b2)

w-k) ;o b For  _ w?y(1-k)

b
= X X == X
Foi = fea X hy 2 wyEe, I 2 bdEe., 28

_ _ kﬁ—w(l—k) Feo _ ﬂ _
Fez = fea X hez X b = wyEeg, X F; de:}—defcr_ﬁ(ﬁk-l_wk )

b 1-k b Ft1 1-k
Fr1 = fra Xhyy X-=1Ee, X —d X - = =—
tn = fro X hey X5 = 1Eecr B dx3 bdEec, 2P
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bdEesr 2B

Stage 3.1 (Fig. 4cl)
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Annex 4

Calculation normalized moment arm of force component for each stage of normalized tensile strain
at bottom fiber (f):

Stage 1 (Fig. 4a)

2 Ve 2
:—h - —:—k
Ye1r = 31 4 3

Yoo =2hy = 2 =2(1-1k)

Stage 2.1 (Fig. 4b1)

3
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Stage 2.2 (Fig. 4b2)
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Annex 5

Calculating the neutral axis depth ratio, normalized moment and curvature for each stage of
normalized tensile strain at bottom fiber (f):

Stage 1 (Fig. 4a)
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Stage 2.1 (Fig. 4b1)
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k218
Aecr (1_k21)£C1"
d)' — kp1d — kp1d — ﬁ
21 d’cr d’cr 2(1_k21)

Stage 2.2 (Fig. 4b2)

2 (1-k) | A-B(B-D@B-N+2)
F61+F62=Ft1+Ft2=>a;—;(1—k)+%(ﬁk+a)k—a))= 28 + Zﬁn U

n(B%-2p+1)+2p+w?y—-1

= kyz = n(B%2-2B+1)+2p+w?y—1+2wyp
D
Dy =n(B? =28+ 1)+ 2B+ 0’y —1 = ky, = —D22+Zzwyﬁ
. 2 2w(1-k
Mso = FerYer + FeoVer + Fays + Feoyee = SE (1= IObdEeqy x 25 ked + <L (Bk + ok —

wbdEscr Xr+wl—R2L0d+1—kZ2LbdEscr231—kfd+1—kfF—1nf—n+22L0bdEscrZnf2—nf—n+
3L+3306nf—n+21—kd=3wy+2nf3—3nf2+3F2—w3y+n—1F2/k222-2X2n[F3—-3nf2+3F2—w3
V1+—1L02k22425F3—3nf2+302—w3y+yp—162

__2nB3-3nB%+3p2%-w3y+n-1

T 2
C2 = 57 = M,, = Bwy + c22)k3, — 2052k, + ¢,
k228
Agcr (1—2—1322)£CT
¢' — k22d _ kaod — B
227 o ber 2(1-k32)

Stage 3.1 (Fig. 4cl)

Byk? _(1-k) +(1—k)(a—1)(na—n+2) +(1—k)(B—a)u

Foy=Fy+Fp+Fs = 20-K) 28 28 5

_ n(a?-2a+1)+2u(f-a)+2a-1—yp2(n(a?-2a+1)+2u(B-a)+2a-1)

= k31 n(a?2-2a+1)+2u(B-a)+2a—1-B2y

Dy =n(a*—2a+1)+2uB—a)+2a—1 = k31=D3;_— “B;yf/)“
317

(1-k) 2 (1-k)
25 deECTETd +

’ —k2 2
M3y = FoyYer + FoVer + FoVeootFsY; = zl(gr—k) bdEecskd +

(1-K)(a-1)(na-n+2) 2na’-na—n+3a+3 . -k (B-a)u (@+B) (1 _ _
>3 bdEe,, Y IeT— (1—-k)d + 5 bdEe,, X 7 (1-k)d =
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( 1 ) [(3(uﬁ2—uaz—na2+a2)+2na3+n—1 _ 2,3]/) kgl _3 3(;1[5’2—uaz—na;:a2)+2na3+n—1 k32’1 n

k31—1 B?

3 3(uB2-pa?-na?+a?)+2nad+n-1 k 3(uB?—pa?-na?+a?)+2nad+n-1
B2 31 B2
_ 3(up?-pa-na*+a?)+2nad+n-1 +_ (c31—2BY)k31-3c31k%,+3C31k31—C31
C31 = > = M3, = _
B k31—1
k31B
lscr (1_k31)£C1"
¢’ — k31d — k31d — ﬁ
31 ¢cr ¢cr 2(1_k31)

Stage 3.2 (Fig. 4c2)

(1—k)_l_(l—k)(a—;;(na—nﬂ)_}_

2
FC1+FC2:Ft1+Ft2+Ft3:a;_;(l_k)‘l'%(ﬁk‘}'wk_w): ZB

A-R@-p _ w?y+na+2(uf-na—pa+a)+n-1
B 32 7 wly+naz+2(uf-na-pa+a)+n-1+2wyf
D3,

D32 = (1)2)/ +T]0{2 + z(ﬂﬁ —na —ua + a) +n- 1= k32 - D3z+2wyp

My = FoYer + FraYer + FouVe + FooVea+HFayes
w(1-k) d+

2 2 w(1-k) B+
%(1 — k)bdEs,, x 3“’ 5 kd + %(ﬁk + wk — w)bdEee, X =

2 _no— - -
2na“—na—n+3a+3 (1 _ k)d + (1 k);[)’ au degcr %

(1-k) 2(1-k) (1-k)(@-1)(na-n+2)
25 bdE¢,, 3 B d+ 25 bdE¢,, 3Ba—n+2)
(@+p) (1-k)d

2B

:(3(uﬁ’2—ua2—na2+([z;)+2na3—a)3y+n—1 n 3(1))/)](3%2 _0 3(uﬁ2—ua2—na2+([z;)+2na3—a)3y+n—1 Ky +
3(up?-pa?-na’+a?)+2nad-wdy+n-1

B2
3(uB?-pa?-na?+a?)+2nad-wdy+n-1 .
C32 = ( Bz) = M3y = (c32 + 3wy)k3; — 2¢32k3; + c37
Aecr (1k_3,§fz)fcr
¢' — k3pd — k3pd — B
327 ¢ ber 2(1~ks2)
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