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Abstract

Using a design oriented model, which was recentyetbped for the prediction of the moment-curvature
relationship of a cross section of beams madeaynssoftening or strain hardening fiber reinforcmocrete (FRC)
and that can also include a certain percentagengfitudinal steel bars, a parametric study is edrdut to evidence
the effect of relevant characteristics of the mratking behavior of these materials in the monoemtature and
force-deflection responses of this type of strugtuelements. The study also analyzes the influebicehe
reinforcement ratio of longitudinal steel bags,in order to show that for a certain content befis the benefits of
fiber reinforcement, mainly at serviceability linstate conditions, decrease with the increasp. dtdopting the
formulation of Model Code 2010, the moment-cracktwirelationship of FRC beams reinforced with stesks are
obtained and the predictive performance of thisreggh is assessed by comparing analytical and iexpetal

results.
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1.INTRODUCTION

The reinforcement of discrete fibers can decre&ése crack opening and crack spacing in concrete exlsn
contributing to increase the durability and intggof concrete structures (ACI 544 2010). In consswe of the
crack arrestment provided by the pullout resistirgchanisms offered by fibers bridging the crackasas, the load
carrying capacity, the energy dissipation and thetitity at serviceability and at ultimate limit sign states are
increased (Barros 2008, Cunéial. 2010). However, the potentialities of fibers ai@forcement system are not
yet well explored, mainly for structural applicat®) since few models in a format adjusted for depigctice, like
closed-form solutions are available (Olesen (2081gng and Olesen (1998), Barragan (2002)).

Soranakom (2008) has recently developed a closed-fmlution capable of determining the moment-ctunea
relationship of a cross section of a beam reinfbtoagitudinally with steel bars and made by stisoftening fiber
reinforced concrete (FRC). Strain-softening (SS)CHRas the characteristic of presenting a post-angctensile
stress that is lower than its tensile strengtithinlast years, with the advent of new generatidibers, admixtures
and superplasticizers, as well as a better knowledgarticle distribution process, behavior of Hygregate-paste
and fiber-paste interface zones, and FRC mixingcquares in the context of FRC technology, tenditairs
hardening (SH) fiber reinforced cement-based nelterre being developed, with the special charaties of
having a post-cracking tensile stress that is highan their stress at crack initiation (Li 200&nEli et al. 2009,
Kang et al. 2010, Pereira et al. 2010). The typieature of SH-FRC is the development of a diffaszck pattern
before the localization of the failure macro-créBlereira et al. 2010). The model of Soranakom (R&)&however,
not prepared to simulate reinforced beams madehb¥BC. In fact, the tensile post-cracking behawba FRC is
simulated by an abrupt stress decay branch (vethieach) at crack initiation, followed by a constaesidual
tensile strength and a stress cut-off at a cettiiimate tensile strain. This post-cracking tenstiess-strain diagram
does not allow the simulation of SH-FRC, sincedkailable experimental research on the tensile\iehaf these
materials shows a gradual increase of stress #ftercrack initiation of the matrix, up to the faiucrack
localization.

In the present work the model proposed by Soranaf20f8) is extended in order to be obtained a dideem
solution able of determining the moment-curvatwlationship of SS- or SH-FRC elements failing imdieg that
can also include tensile steel bars. In the preseotle a parametern) is introduced to simulate distinct

softening/stiffening modulus just after crack iaiion, turning the model developed by Soranakon@§2@pplicable



for both SS- and SH-FRC. This apparently minorratten is quite relevant in the structural analysfsFRC
elements failing in bending. In fact, in the par#mcestudy to be presented later, the introductba gradual stress
variation after crack initiation, which dependstba values attributed t parameter, has a significant impact on the
moment-curvature relationship, and, consequentiythe corresponding force-deflection responsebéth SS- and
SH-FRC, mainly in the phase between crack inittaamd yielding of the steel bars. This aspect itegmportant
since this is the phase when fibers can contribatehe verifications of the serviceability limitages imposed by
design codes. Furthermore, available FEM-based ricah@esearch also evidence that the structuspaese of a
FRC structure is quite dependent on the valuebatet to the softening/stiffening modulus corresjiog to the
branch just after crack initiation of the consiitet model that defines the post-cracking behavibthe FRC
(Ventura-Gouveia et al. 2011). As largemiss higher is the load carrying capacity of a FRGesure after crack
initiation.

Soranakom and Mobasher (2008) have proposed &-stregn diagram for SS- and SH-FRC, but their rhodes
not prepared to simulate the reinforcement providgdongitudinal steel bars. The model that will presented
hereafter is, therefore, a generalization of ths® models, capable of analyzing the mutual infheerof the
parameters that define the softening/stiffeningrati@r of a FRC and the percentage of longitudie@forcement,
on the behavior of RC beams failing in bending.

Using this model, in the present work a paramestiedy is performed to show the influence of the mai
characteristics of SS- and SH-FRC materials in rii@ment-curvature relationship and in the forceatgibn
response of beams failing in bending. Finally, heofparametric study is carried out in order tovslioe influence
of the residual tensile strength versus steel oetgiment ratio on the flexural resistance corredpmnto a certain

crack width. The model is briefly described and pheametric studies are presented and discussed.

2.NUMERICAL STRATEGY FOR THE EVALUATION OF THE MOMENT-CURVATURE AND FORCE-

DEFLECTION OF FRC BEAMSFAILING IN BENDING

2.1 Constitutive lawsfor theintervening materials

Tensile stress-strain relationship of FRC can lganded as having three phases (Figure 1a): thalihitear elastic

behavior characterized by the elastic tensile melglF’) and concrete crack straire (). For current practical



application of FRC, fiber reinforcement mechanishave a negligible influence in this phase, theftire E
ande,, can be assumed equal to the corresponding valuig dfomologous plain concrete. Experimental eviden
(Barragan 2002, Cunkhet al. 2009, Oliveira 2010) shows that after crack ititia in SS-FRC, in general, an abrupt

decay of the residual tensile strength occurrechfaelatively low increase of tensile deformabijlisyince this phase

is mainly controlled by the concrete fracture cltastics. This second phase is, in a simplifieywassumed as a

linear branch characterized by the post-crackingrssoftening modulug’ . =7£ (negative value for SS-FRC) and
the transition straire,  =ac . . These two variables are also used to simulatesgkend phase of SH-FRC, but in

this type of relatively high tensile and ductile Efhe ¢, can be several times higher tee due to the formation

of a diffuse crack pattern (Markovic 2006, Stahliog, Fantilliet al. 2009, Kanget al. 2009). In the present

approach, after the tensile transition phase,ghsile residual strength is assumed constant thetaltimate tensile

strain (¢,, = B,,£,,. ), above which it is assumed that FRC lost itsitermpacity. Experimental research with SS-

cr
FRC shows that, in general, after a minimum poaticresidual strength, a pseudo-hardening phaseredcdue to
the fiber pullout mechanisms (Cunke# al. 2009, Oliveira 2010), followed by a smooth softenibranch up to

complete loss of tensile load carrying capacityhef specimen. Therefore, the amplitude of thigltpimase (between

£,,ande, ) is, in general, of relatively high strain ampties In case of SH-FRC this third phase can be degar

the transition phase between the stabilizationhef diffuse crack pattern and the formation of thack failure

(localization), which corresponds to a strain atoplé that, in general, is smaller than the oneespwnding to the

second phase (between. and ¢, ). The third phase is, therefore, characterizedhyresidual tensile strength
o-cst :'Llacr'
According to this approach the FRC post-crackimgsststrain constitutive law can be characterized by and

B,, parameters, since thesoftening/hardening modulus parameter is deperatetite « and ¢ parameters:

__ (- @)
" (a-1)

Experimental research shows that for both SS andFB@ the compressive strength is marginally affédig the
presence of fibers, unless quite high content bér§ is used (Barros 1999). In fact, the benefitfilwer

reinforcement for the compression behavior are meftcted in the compression softening phase, witlincrease



of the energy dissipated that can be quite siganificdepending on the characteristics of the filad surrounding
matrix (Cunhaet al. 2008). Therefore, the simplified constitutive laepresented in Figure 1b was adopted to

simulate the FRC in compression, which is the saneposed by Soranakom and Mobasher (2008). Thisidaw

composed by an initial linear branch characterizgthe elasticity modulug’, =y£" up to the compressive “yield”

strain (scy =we, ), and is continued with a constant value of corsgixe “yield” stress (rcy :Ecgcy) up to the

ultimate compressive strains(, =4, ¢, ), after which it is assumed that FRC lost the capaof supporting

compressive loads.

In Figure 1c is represented the idealized strasgastelationship to simulate the tensile behawabthe steel bars,

which is composed by an initial linear elastic lmfancharacterized by the elasticity modutys=y £, up to the
yield strain(ssy ={¢,), and continues with a plastic response of a cahgteld stress (rsy :Esgsy) up to attain

the ultimate tensile straire(, =y £, ), after which it is assumed that the steel Iastensile capacity.

2.2 The closed-form solution to estimate the moment-curvatur ereationship

The closed-form solution was derived for a rectdagaross section of width and heightd, as shown in Figure 2.
The reinforcement ratio of steel barg ) is the quotient between the total area of stee$ 4. ) and the cross

section areab(d) of the element. The central distance of steet ram tensile face of section is represented’by

The tensile and compressive stress relationshigheofcross section components can be normalizethdyRC

stress at crack initiationg,,. (= £¢,,), in according to the following equations:

B 0<p<1
o (B) _[1+n(p-1) 1<f<a
Ee - H a<ﬂsﬂw @
T p>P.,




- (/1) VZ! 0<Agw
; =1 yw w</1£/1m (3
fo o A>2,
v O<y<¢
Us(l//) =y J<ysy, (4)
Ee
cr 0 l//>l//5u

where, g, and o, are the tensile and the compressive stress iIRRE respectively, and _ is the tensile stress in

the steel bars. The other dimensionless paramatermsbtained from the following equations (Figuye 1
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The normalized tensile strain at the concrete bofiber (£ ), the normalized compressive strain at the coadog

fiber (1), and the normalized tensile strain of the stee) @re defined as (Figure 2):

8
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A linear variation of strain can be assumed ondepth of the section and, hence, paramefersi, and ¢ are

linearly related together:

(9)

(10)



where & and A are the neutral axis depth ratio and the normélcantral distance of steel bars from tensile fzce
section, respectively (Figure 2).

The nine strain configurations indicated in Tableded to be considered (Taheti al. 2010). There are three

possible main configurations for tensile strairbattom fiber (Table 1): 0< /<1, 1<f<a,anda<pf<p, .

Each configuration 2 and 3 (see Table 1) has fossiple conditions due to the value of compressorecrete strain

at top fiber in either elastic)(< 1< w ) or plastic w <1< 4, ) behavior in compression, and also due to theevalu

of tensile steel strain in either elastie{y < {') or plastic ¢ <y <y ) behavior.

For each strain configuration the valuekgfarameter can be obtained by the equations presenieable 2 (Taheri
et al. 2010). After having been obtained the correct @abfi k in each strain configuration, internal moment is
obtained by operating on the force components hei tlistance from neutral axis. The correspondimgyature is

also determined as the ratio between the concoetgi@ssive strain at top fiber and the depth ofrtbigtral axis.

The moment and curvature at stagé the loading processi{, , @ ) is obtained from the following equations:

M =M M (11)

1 1 cr

9=¢ @ (12)

where, M. and @ are the normalized moment and curvature at stafpained from Table 3/ and @, are
the cracking moment and the corresponding curvatateulated for a rectangular section from theofelhg

equations:

(13)

2& (14)

2.3 Model to estimate the for ce-deflection relationship

Using the moment-curvature relationship, the fate#lection response of a statically determinatenela failing in
bending can be determined using the algorithm destrin Figure 3. According to this algorithm, atitally
determinate beam or slab is discretized in EulenBalli beam elements of 2 nodes. The load increnigsf is
imposed to the total applied load in each stagearfing @) (step 2) and the corresponding moment is caledlat

7



the centre of each element (step 3). The tangentitthe secant flexural stiffness (the developediehdvas both
approaches implemented) of each eleml)y., is determined from its moment-curvature relatiopgstep 4) that

is calculated by the model and is stored in a fil@geach element has its own K-file). The (El)te is used to
evaluate the tangential stiffness matrix of eaddmeint, £, (step 5). The tangential stiffness matrix of the

structure, X - , is obtained by assembling the tangential stinemtrix of each element (step 6). The increment
vector of displacements in tlgestage of loading is calculated by solving the exysbf linear equation represented in
step 7, and is used to obtain the total displacémesetor of the structure (step 8). Therefore, ghesent approach
can simulate the deformability of a beam/slab coseploof zones of distinct moment-curvature, givinghte model
the possibility of predicting with enough accurabg force-deflection response of quite heterogesastuctures in
terms of material constitutive laws and arrangesefitthe materials, as long as these constituéives lare known
(Barroset al. 2006). The predictive performance of the developedel was assessed in another work (Tadtea.

2010) by simulating the deflection response of FR@llow beams reinforced with distinptvalues.

3 PARAMETRIC STUDIES

3.1Introduction

Figure 4 illustrates the variables of the tenstiess-strain diagram of FRC materials that are idensd in the
parametric studyr parameter for SS-FRC (th@ parameter is maintained constant and equal to 0.BRfure
4a);u parameter for SS-FRC (theparameter is maintained constant and equal to 16i@Qre 4b)x parameter for
SH-FRC (the u parameter is maintained constant and equal tag8iré 4c); ¢ parameter for SH-FRC (the
parameter is maintained constant and equal to Bi@0re 4d). For each one of these parametersithence of the
steel reinforcement ratiqg, is also analyzed, assuming valuespofarying from 0.0 (pure FRC) to 0.8%, which
cover most of the cases in which hybrid reinforcetn@ibers and steel bars) is technically and ecoioally

justifiable. The influence of each variable is exdéd in terms of normalized moment-curvature @iag(M' —¢ ),
as well as in terms of a beam’s normalized fordéedgon response f'—u'), where p'=p / p,. andu'=u /u

cr’

being p. andu, the beam distributed load at FRC crack initiato the corresponding deflection, respectively.

P, is thep load when in the center of the beam the bendingemb coincides with/ . For the parametric study,

8



a simply supported beam of 5 m span length sulbjeat constant distributed load) (is considered. The geometry
characteristics of the cross section of this beaththe values that define the diagrams represettimgonstitutive
laws of the intervening materials are indicated able 4.

The results of the parametric study are represeimegigures 5 to 12. As expected, for staticallyedainate

elements the variation gb' —u' follows closely the variation oM’ —¢ .

3.2Influence of a parameter for SS-FRC

Figures 5a-d shows that the maximum normalized nmome (=M

max

/M) increase with the parameter for
SS-FRC for all thep considered values. In consequence of the highrurfal stiffnessEl) provided by the increase
of aparameter, the beam’s load carrying capacity irsgga(Figures 5e-h). In Figure 6a is represented the

effectiveness of thex parameter in terms of the cross section resishiegding momentAM /M ., where

mi.

AM =M, . —-M,_ s the difference between the maximum resistingdbey moment {7/, . ), which occurs

X

fora=15 (M, =

" 4=15) and the minimum resisting bending moment ( ), which occurs

fora=1.01(M,, =M,

). Figure 6b represents the effectivenessagiarameter in terms of beam’s load
carrying capacitypp / p, ., whereAp=p  -p . with p —=p _.andp_ . =p. _ . ) From Figure 6 itis

clearly visible that the effectiveness in termsio¥/ / M,

i andAp/p . provided by the increase afdecreases
with the increase op (if the remaining FRC parameters are maintainedctzon). It is also visible that, for statically

determinate elements the effectiveness of incrgatia « parameter is higher in terms of cross section tingis
bending moment than in terms of beam’s load cagryapacity. The maximum effectiveness in terms roks

section resisting bending moment occurred for therval of ¢ varying between 2.44=0.8) and 4.2 (p=0.0),
while in terms of beams load carrying capacity o in the range of' J[2.6(p =0.8) —5.1(p =0.0)] . According
to the Eurocode 2 (prEN 1992-1-1 2002), the maxinalefiection for serviceability limit statesz&s_max) should be

restricted to the intervdl/2501/500 (depending on the type and utility of a stuoe}, wherel is the beam’s span

length. For the present bean;LS'maX 0[10-20]mm, which is approximately 10 to 20 times higher thheu



( uSLS ,max

/u,. 0[10-20]). Taking into account the results of Figures Sedan be concluded that the increase of
a is quite effective in terms of serviceability linstates.

According to the fiber pullout mechanisms and thfluence on the FRC tensile behavior, to increaseshould

be selected fibers that provide the maximum effectess in terms of fiber pullout resistance fortirimum slip
between fiber and surrounding paste. ThereforetHersame content of fibers it is preferable the aofsfibers of

high aspect ratio and with a geometry configuratiapable of increasing, as much as possible (biltowi the

occurrence of fiber rupture), the fiber pulloutderat the incipient formation of micro-cracks.

3.3 Influence of g parameter for SSFRC
Figures 7a-d and Figures 7e-h represent the inflierf the post-cracking residual strength parameterof SS-

FRC in terms ofM' — ¢ and p' —u' responses, respectively. When compared to theeinfie of @ parameter (Figure

5) it can be concluded that, as expectguarameter provides higher increment in terms ohbeft _and p; .

However, experimental research on uniaxial teris#¢s with FRC indicates that the incremenfgquires higher

increase of fiber concrete than the incrementz¢Barragan 2002, Li, 2003, Markovic 2006, Fantiti al. 2009,
Cunhaet al. 2009, Kanget al.2010), so cost considerations should be takenaiotount in the selection of the most
appropriate hybrid reinforcement for a certain ¢argf FRC post-cracking performance. Still compguritigures 5

and 7 it is verified that the increase @provides a continuous increase d# and Ap between crack initiation and
the yield initiation of the conventional reinforcem, while in the case of an increaseatgthe AM and Ap decrease
with the increase off andu', respectively. This has a significant impact om diffectiveness of fiber reinforcement

for the serviceability limit states (SLS) due tack opening and deflection of structural elemesits;e for SLS the
structures are working between concrete craclaiiuth and the yield initiation of conventional rigircement.
In terms of the load carrying capacity of statigaleterminate elements failing in bending, Figubbee8idences that

the effectiveness of increasing thef SS-FRC is smaller whew =0, than when the beams have the minimum
reinforcement ratio that assures a stabilized craapagation, o, (about p_ [0.2%). For SS-FRC beams

without conventional reinforcement, apart the cabeu=0.99, the ¥'—¢@ curve of the remaining cases has a

softening branch, leading to a marginal increasteims beam’s load carrying capacity (Figures 7¢ 2@). For

10



beams withp = p

.+ tNE INCrease ofthas the most favorable impact in termsA¥/ and Ap (Figure 7). However,

for beams withp > p

.+ the effectiveness of increasing tieparameter in terms oAM /M, andAp/p, .

decreases with the increasemffFigure 8).
Finally it should be mentioned that to incregsm SS-FRC it is required the existence of highembar of fibers

with an orientation that forms an angle between® 20 degrees with the orthogonal to the crackased. Available

research shows that above 30 degrees there if1gitugability of fiber rupture (Cunhet al. 2010, Oliveira 2010).

3.4 Influence of a parameter for SH-FRC

Figure 9 represents the influence of increasipgarameter of SH-FRC (Figure 4c), in termsMf-¢ andp'-u'.
Since the tensile stiffness after crack initiatidecreases with the increaseadfy decreases, see Figure 1a), the
flexural capacity of the cross section and the Bedoad carrying capacity decrease with the inaeaafsa (Figure

9). When compared to Figures 5 and 7, Figure 9eeniés that a much higher increaself and p' is obtained in
SH- than in SS-FRC, regardless tpevalues. For all the and p values considered, a pronounced hardening

behavior is registered after crack initiation. Hoee the decrease aef in SH-FRC, which means retaining as much
as possible the initial elastic tensile stiffneggll( see Figure 1a), requires the use of high confivetr
reinforcement systems that can delay the degenarafimicro-cracks into meso- and macro-cracksh|#ind Van

Mier 2004).

Figure 10 shows that thés, -M .= (=M, _.-M,.,) and p; -p. . (=p,.c-P,,,) decreases with the

increase ofp (maintaining the remaining FRC properties).

3.5Influence of uparameter for SH-FRC

Figure 11 represents the effect of the increaseuof SH-FRC (Figure 4d) in terms oM'-¢ and p'-u'
responses. Figures 11a and 11e show that, evem=#0ra quite significant increase @f' and p' is obtained with
the increase ofufor SH-FRC. Regardless the values, a hardening response in termaWf-¢ and p'-u' is
obtained for all values considered far. In between the crack initiation and the yieldiation of steel bars, an

increase ofM' and p' is registered with the increaseof Furthermore thep and &' corresponding to the yield

11



initiation of steel bars increase wjgh However, after yield initiation of steel bars thariation of M'—¢ and
p'—u' is almost constant for the distinct values sof regardlessp values. It is also observed that for SH-FRC

elements the variation gf induces similar tendency on the variation of treximum normalized bending moment

M'  and on the variation of the maximum normalizediloarrying capacityp’

max max "

Figure 12 shows that the effectivenessuobf SH-FRC, in terms oM / M,

in

andAp/ p,.. , decreases with the
increase ofp. However, the relatively high costs of a fibemfercement system that assures SH characteristias t
FRC in order to provide the sandé¢' and p' of a conventional reinforcement systems is stiliyqustifiable in very

specific structural systems, such is the case ehehts of geometric complexity, elements that cboro of steel
bars cannot occur, and in cases where time congutmiprepare and apply conventional reinforcemegsiiesns has
significant impact on the final costs of the stiuet Therefore, the use of SH-FRC is still limitiedcomposite
structural systems that can effectively mobilize trenefits derived from the relatively high posteking residual

strength and ultimate tensile deformability of #nesaterials (Wuest 2007).

4 Evaluation of the moment-crack width relationship for fibrous concretereinforced with steel bars
Model Code (2010a) recommends equation (15) toutatk the crack width of flexural members reinfarce

simultaneously with fibers and steel bars:

d E(f —f
wy =Lt fem Fromd (g ) as)
2 ps,ef Tbm ES

whered, ,  is the equivalent diameter of tensile bars insbetion, and ,

'm

is the average value of the axial tensile

eq
strength of fibrous concrete (that can be assurseghaal to the , = of the plain concrete of same strength class).

f is the average value df;,_, which is the residual strength of fibrous coneretalculated from equation 16,

Ftsm
where f ., is the residual flexural tensile strength at ackrenouth opening displacement (CMOD) of 0.5 mm,

evaluated from the force-CMOD relationship detemdirirom three point notched beam bending testsechout

according to the recommendations of Model Code Z20Q0b).

f e =0.45f 5, (16)

12



In equation (15),7, ~is the average bond strength between reinforciag land concretek, is an empirical
coefficient to assess the mean strain over thethemgere slip between steel and concrete occyys,is the
coefficient taking into account the shrinkage citmition, £, is the strain at the onset of cracking. In therstesm

and instantaneous loading and 7, can be considered equal to 0.6 and zero, respégtivhile 7, = is obtained
from the following equation (Model Code 2010a):
Tpm =181, (17)

o_.in equation (15) is the maximum steel stress iraakcat the crack formation stage, and is deterdfream:

sr

o _(fctm_thsm)[gl_'_y ) (18)
sr P
ps,ef
where Py or is the effective reinforcement ratio obtained lyirly the total area of steel barsl (= pbd ) by the

effective area of concrete in tensiod, (). For case of FRC sections, the effective areeootrete in tension can

be considered equal to the total area of concreterision (d(1 - k) ), which is dependent of the actual position

of the neutral axis. Therefore, the effective reinément ratio of a steel reinforced FRC sectiam lza obtained

from the following equation:

0

—(1 S (19)

ps,ef =

When using the model proposed to determine the mbmevature relationship for a cross section bfdis
concrete reinforced with steel bars, describedhm previous sections, at each equilibrium configonaof the

curvature evolution process the normalized deptthefneutral axis £ ) is known, as well as the average stress in

the steel barsq, =¢_£_). Introducing this information into equations (1€)8) and (15), the relationship between

the crack width and bending moment can be obtained.

To evaluate the predictive performance of propokechulation, the obtained results are compared wlise
measured in previous experimental programs (Vantieww800, Tan et al. 1995) composed of two serfesteel
reinforced FRC beams subjected to four point logdiigure 13). The geometrical and mechanical ptaseof the
considered beams are summarized in Table 5. Theesaf parameters utilized in the proposed fornurnabre

indicated in Table 6. Since in these experimentagm@ams it is not available data for a full chaesization of the

13



FRC tensile behavior according to the post-crackifagram that is proposed in the present model eseatues of
the parameters indicated in Tables 5 and 6 wemmatstd taking into account the recommendationhefGEB-FIP
Model Code 2010, and considering the data availaltlee corresponding papers.

The moment-maximum crack width relationships debeeth with the developed model and registered
experimentally, for both considered beams, are @atpin Figure 14, where it can be concluded thiatapproach
can predict with enough accuracy the variationhef tnaximum crack during the loading process ofciare of a
fibrous concrete element reinforced with steel bars

To evidence the usefulness of the present modealdsign purpose, mainly in terms of serviceabditgtes due to
crack width limit, a parametric study was execubgdevaluating theM,,¢/M., ratio for distinct values op and 4,
whereM,4 is the resisting bending moment for a certainlckgith, wy (determined from Eq. (15)). In this parametric
study range of values of [0.2-1.0]% and [0-0.8] eveponsidered fop and 4, respectively, since they covered the
major part of FRC for structural applications. Dwethe lack of a comprehensible experimental retean the
correlation between FRC residual tensile strength() andfqs, it is assumed that g, = frsm however, specific
research should be done in this topic in ordebtaio a reliable relationship betwegmndfgsy,

In figure 15 the variation dfl,./M,, ratio for the distinct par of values consideredd@andy, is represented in two
distinct formats wheréM,4 is the resisting bending moment for a design cra@kth of 0.1mm, which is the
minimum value recommended by Euro Code (prEN 1992-2002) in terms of crack width serviceabilitynit
state. The values of the model parameters adoptéllis parametric study are indicated in Table ffe Dbtained
results show clearly the benefits of the post-dragkesidual strength of a FRC for any steel raicdment ratio
considered. If the total costs of adopting an FR@ oertain residual strength are known for thdasgment of a
certain percentage of conventional reinforceméis, &pproach can be extended to obtain the mostetfestive

reinforcement solution for structural applications.

5 CONCLUSIONS

In this work a design oriented closed-form formigliatwas proposed for the flexural design of elemndatling in
bending, built by strain-softening (SS) or straardening (SH) fiber reinforced concrete (FRC) et also include
tensile steel bars, which is designated as hyliitfarcing system. The minimum number of parameters used to

characterize the FRC behavior in tension and cossjpe, as well as the tensile behavior of steed.bEne closed-

14



form solution was developed in order to determhme moment-curvature relationship of rectangulasgmections.
Using the moment-curvature relationship and impleting an algorithm based on the stiffness-methatyraerical
strategy was developed for the prediction of thedaleflection response of hybrid reinforced eletmdailing in
bending. This methodology was used to execute anpetric study in order to evidence the influencehaf main
parameters of SS- and SH-FRC on the cross sedégrurél resistance and on the load carrying capadihybrid
reinforced elements. The relevance of both thenssaftening/hardening modulus and the residuansith of SS
and SH-FRC, as well as the influence of the regdorent ratio of steel barg, of this hybrid concept were analyzed
in terms of moment-curvature relationship and beawad carrying capacity. Based on the influencpashmeters
that characterize the post-cracking constitutiver laf FRC, and taking into account the fiber reicfment
mechanisms determined from fiber pullout tests, esamcommendations were proposed concerning to costs
considerations of this hybrid reinforcement systémfact, a quite significant increase of beam’adocarrying
capacity can be obtained when using SH-FRC, butelatively high costs of this composite matere¢toammends
its use in very special applications. Even forictdity determinate elements, a SH-FRC can incre@geficantly the
load carrying capacity of beams for the deflectlomits corresponding to serviceability limit statéisetween
concrete crack initiation and yield of conventiomainforcement), mainly for beams with the minimymthat
assures a stabilized crack propagation. In faetjrtbrease of beam’s load carrying capacity praViole certain FRC

is as smaller as higher s The developed closed-form solution and the eqoatproposed by fib bulletins 55 and
56 of the Model Code 2010 were adopted to deterntiitee maximum crack width versus bending moment
relationship of a cross section of fibrous concleams reinforced with steel bars. The good priedigterformance

of this strategy was assessed using available iexpetal data. A design methodology was also propasgable of

determining the most competitive hybrid reinforcetnsolution (fibers and steel bars) for crack widgimtrol.
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Notation

AF9

ctm
f ctm (t)

Fts

Ftsm

beam width
beam depth

equivalent diameter of tensile bars

central distance of steel bars from tensile fafcgection

tensile modulus of elasticity of FRC

compressive modulus of elasticity of concrete
modulus of elasticity of steel bars

flexural stiffness of elemeat

total applied load in the stage of loading

load increment in each stage of loadigp (

average value of the concrete axial tensile gtten

mean value of axial tensile strength at concagtet

residual flexural tensile strength parameterstawiceability limit state analysis of FRC

mean value of the residual flexural tensile sithrparameter for serviceability limit state anaysf
FRC

residual flexural tensile strength at a crack thapening displacement of 0.5 mm in a standasl tre
point notched beam bending test

stiffness matrix of structure
stiffness matrix of element

the neutral axis depth ratio

empirical coefficient to assess the mean straim theslength where slip between corte and
steel occurs
normalized bending momen¥i(M,) in stage

bending moment at FRC crack initiation

moment in the centre of each element inglstage of loading

uniform distributed load

uniform distributed load at crack initiation

normalized uniform distributed load

vector of displacements in thgestage of loading

increment vector of displacements in thstage of loading
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trn

S

=

SN

u

ASTRS

RS

s,ef

deflection at beam’s mid-span

deflection at beam’s mid-span at crack initiation

normalized deflection at beam’s mid-span
crack width
normalized transition strain

normalized tensile strain at bottom fiber

normalized ultimate tensile strain

normalized compressive modulus of elasticity-BIC

normalized modulus of elasticity of steel bars
compressive yield strain of FRC

ultimate compressive strain of FRC

strain at the onset of cracking

tensile yield strain of steel bars

ultimate tensile strain of steel bars

tensile strain at crack initiation of FRC
tensile strain at transition point of FRC
ultimate tensile strain of FRC

normalized transition tensile strain of steelsbar

normalized post-crack modulus of FRC

coefficient taking into account the shrinkagetcibuition

normalized compressive strain at the FRC toprfibe

normalized ultimate compressive strain of FRC

Normalized post-crack residual strength of FRC
reinforcement ratio of longitudinal steel bars

effective steel reinforcement ratio

compressive stress of FRC

tensile stress of FRC

tensile stress of the steel bars

the maximum steel stress in a crack in the cfackation stage

tensile strength of FRC
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s s &

>

residual tensile stress of FRC
mean bond strength between reinforcing bars andrete
curvature at crack initiation of FRC

normalized curvaturep/ Q,

normalized tensile strain of steel bars

normalized ultimate steel tensile strain of steeb

normalized compressive yield strain of FRC

normalized central distance of steel bars fromsite face of section
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TABLE CAPTIONS

Table 1 - Variation of the material parametershie possible strain configurations (Tahetral. 2010).

Strain

FRC

configuration Tension Compression Steel bars
1 0sp<1 0<l<w Osy<¢
211 1<f<a 0<1<w Osy<¢
2.1.2 1<f<a 0<isw {(<ys<y,
2.2.1 1<fsa w<aAsA, osys¢
222 1<f=<a w<A<4, {<y<y,,
3.1.1 B>a 0<i<w 0sy<¢
3.1.2 B>a 0<sl<w {<ys<y,
3.2.1 B>a w<A<A, osys<(
322 L>a w<A<A, {<y<y,,
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Table 2 — Equation for the neutral axis depth riifceach strain configuration (Tahetial.2010).

Strain

configuration k

2ysp(1—A)+1 for y=1
o
A
(v=1)

D, :2ysp(0.5pyS +y—yA+A) +y

for y<lor y>1

Dy, +V5,6’2p-\/[(0211 1,207 ~(Dy1y - 77 ) Dy +2V5ﬁ2p—2VSﬁZpA)]

2
Dy =By

kle =

211

D,y =n(p*-28+1)+25-1

B i o o )
212~

2.1.2 D,,=B%

Dm:r](ﬁz—z,b’+1)+2,6’—1

B i e o L Y o)

221~
221 D,,, +2wyp
Dy :U(ﬂz ‘Zﬂ"'l)"'Z/J7 -1+aly
_ Dy *255rp
222
2.2.2 D,,, +2wyp

— 2 2
D, —77(,3 —2,6’+1)+2ﬁ—1+a) Y

Dy, +Vs,32ﬂ‘\/[(0311 7,807 =(Dy1 -7 )y, +2}’sﬁzﬂ‘21’5,32,0ﬂ)]

3.1.1 D, -B%y

Dy, =77(a2—2a+1)+2a—1+2,u,3—2,ua

Doy + 01 5= Doy 07,50 = (D= 677 ) (Do, + 200, |

k =
312 2

3.1.2 Dy, =By

D1y =r](a2 —2a+1)+2a—1+2/1,6’—2/1a

b = D321 +wypf +y5ﬂ2p_\/|:(0321 +wypf +y5ﬂ2p)2 _(0321 +2A}/ﬂ)(D321 +2}/Sﬂzp—2}/s,6’2pA)}
321 . D,,, +2wyp

Dy, =77(a2 —2a+1)+2a—1 +’y +2uB - 2ua

_ D 255y .p

3.2.2 Dy 200p

Dy, =r](a2—2a+1)+2a—1+w2y+2/1ﬂ—2/1a
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Table 3 — Equation for the normalized moment arrdature for each strain configuration (Tahetral. 2010).

Strain ,
configuration M i
. 28] (y 1)k +(3r,p+3) Kk +(61,p(8 1) =3)ky +3y,p(8 - 1) +1] ="
My = 1-k) 21-k,)
1
o _(28y + oy )G + (67,80 =3, ) K + BCny +12y, Bp(8-1)kyy, +6y,80(8-1) - C,y,y (\%:L
211 (1 kzn) 2(1-ky1)
2.1.1
c =218’ +3nB* -35° -n+1
211~
B
M, _(Zﬂ}’ Cora) ki +3(20:99 = Copa ) iy +3(Cosy + 20 P (B =2y, +61,0p(1- ) =C,, glzzi
212 (1 kz1z) 2(1=kyp)
2.1.2
c =218’ +3nB* =35 -n+1
212~
B
M. :_(3w7+5221)k2321+3(w7+52 +2y ,b’p) kjpy +3(4y, ,b’p(A 1) PYYOLS 221+6ys,b’p(A—1)2+sz1 (\%IZL
221 (1 kzzl) 2(1-kpy)
221 2083 =3nB% +38% —wdy +n—-1
c =2 =3nfT*3F" —wy +y
221 B
M,,, = (3a)V+szz)k222 (3()’ p+ 222)k222+6((ysp—(y5pA)+C @zzzﬁ
2.2.2 _2nB° =3pB* +3B% -’y +n-1 -
Coo = ﬁ,z
2
M ( 311 25}’) 311~ (27’ Bp+ 311) kg, +3(Cayy 4Vsﬂp(A_1))k311_6ysﬂp(A_1) ~Csu (gllzﬁ
3117 (k311 _1) ( 311)
3.11 3(/1,6’2—yaz—na2+a2)+277a3+77—1
Capy = 2
B
M _( 312 2,6’}/) 312~ (2}/ P+ 312) ke, +3(Cyp + 20 (p(Z A)) ky1p TOV P8 -1~ Gy, ¢, = s
312 (km 1) 2(1-k515)
3.1.2 3(/1,b’2—/zaz—f]a2+a2)+277a3+77—1
G =
B
M, (3‘“}""6321)1"321 3(‘”}""6321"'2}’ ﬂp) Ky +3(47, ﬂp(A 1) Caa ks +6y5/5'p(A-1)2+C321 @2 =—f
321~ (1 k321) 2(1_k321)
3.21
3(,u,b’2-,uaz-77a2+a2)+277a3-a)3y+77-1
C31 = B
o P
My, _(3“’7’+C322)k222 (3(7’5/7"'6322)‘1"322 +6((ysp-(y5pA)+C322 @5 _m
3.2.2

3(/1,6’2-,ua2-77a2 +a2)+277a/3 -y +p-1
322 = B

)
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Table 4 — Geometric data and values for the caistt models for the parametric study (see Figtraad 2).

o

b d d £ E
RN

(mm) (mm) (mm) (OZ) (GPa) P a # yoeo o 4, v

[1.01-15] [0.01-0.99]

250 500 50 0.01 30 150[5'0_20.01* [1.02-2.98]

1 10 40 10 12 120 [0.0-0.8]

* For strain softening ** For strain hardegin
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Table 5 - Geometrical and mechanical propertigb®beams

Bee_lm Reference b d d L1 L2 As f ck f R1 f ¥ E s

series (mm) (mm) (mm) (mm) (mm) (MPa) (MPa) (MPa) (GPa)

B1 Va(';%%"(‘)’;‘"e 200 350 35 750 17502420 37.5 43¢ 500 200

B2 Tanet al 100 125 25 665 665 2010 345 095 500 200
(1995)

2Estimated
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Table 6 - Values computed for the constitutive niedier series of beams

N R
Bl 34.66 0.01 1.5 0.35 190* 1.0 17.5 35 0.898 5.77 25 450
B2 33.96 0.01 1.08 0.10* 180* 1.0 17.5 35 1.257 5.89 25 450
#Estimated

28



Table 7 — Geometric data and values for the paemsief the constitutive model for the parametricigton the

influence ofp andy on theM,,¢Mc, (see Fig. 15).

b d d £ E

cr ﬁ P
(mm) (mm) (mm) (%) (GPa) tu

a H Y w Acu Vs ¢ ll/su (%)

250 500 50 0.01 30 150 3[0.0-0.8] 1 10 40 6.67 12 120 [0.2-1.0]
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Figure 5a
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Figure 5f
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Figure 5¢g
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Figure 7a
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Figure 7¢
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Figure 7e
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Figure 7f
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Figure 7h

Normalized Load (p/pcr)
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Figure 9a
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Figure 9b

Normalized moment (M/Mcr)
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Figure 9d
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Figure 11c

Normalized moment (M/Mecr)
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Figure 12a
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Figure 15a
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