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Abstract

In this PhD thesis, we apply several mathematical concepts to sciences,
like, Finances, Hydrology, Energy and Psychology. We analyze real data of
different areas and develop techniques of Dynamical Systems, Statistics and
Game Theory to study the data. We, also, build mathematical theoretical
models suitable to investigate the decisions/behavior of an individual by
establishing an analogy to a psychological theory.

In chapter 1, we do an introduction mentioning the main scientific con-
tributions presented in this thesis.

In chapter 2, we exploit ideas of nonlinear dynamics and statistical
physics in a complex non-deterministic dynamical setting using the Ruelle-
Takens embedding. We present some new insights on the quality of the
prediction in the laminar regime and we exhibit the data collapse of the
predicted relative first difference fluctuations to the universal BHP distri-
bution. We observe that the nearest neighbor method of prediction acts as
a filter that does not eliminate the randomness, but exhibits its universal
character.

In chapter 3, we consider the « re-scaled I, index positive returns r(¢)®

and negative returns (—r(¢))® that we call, after normalization, the a pos-
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itive fluctuations and a negative fluctuations. We use the Kolmogorov-
Smirnov statistical test, as a method, to find the values of a that optimize
the data collapse of the histogram of the o fluctuations with the truncated
Bramwell-Holdsworth-Pinton (BHP) probability density function (pdf). Us-
ing the optimal o’s we compute the analytical approximations of the pdf of
the normalized positive and negative I, index returns r(t), with periodicity
p. The main indices I, that we study are the PSI-20 and the Dow Jones
Industrial Average but we extend our analysis to world wide indices. The
periodicity p varies from daily (d), weekly (w) and monthly (m) returns to
intraday data (60 min, 30 min, 15 min and 5 min). We also compute the
analytical approximations of the pdf of the normalized positive and nega-
tive spot daily prices or daily returns r(t) of distinct energy sources E'S and
exchange rates EFR. Since the BHP probability density function appears in
several other dissimilar phenomena, our results reveal a universal feature of
the stock market exchange.

In chapter 4, we construct a model, using Game Theory, for the Theory
of Planned Behavior and we propose the Bayesian-Nash Equilibria as one
of many possible mechanisms to transform human intentions into behavior
decisions. We show that saturation can lead to the adoption of a variety of
different behavior decisions, as opposed to no saturation, which leads to the
adoption of a single consistent behavior decision. Furthermore, we use the
new game theoretical model to understand the impact of the leaders and of
their characteristics in the decision-making of other individuals or groups.
We also apply the model to a students success example, describing Nash

equilibria and “herding” effects, identifying a hysteresis in the process.



Resumo

Nesta tese, aplicamos diversos conceitos matematicos em ciéncias, como,
Financas, Hidrologia, Energia e Psicologia. Analisamos dados reais de dife-
rentes areas e desenvolvemos técnicas de Sistemas Dinamicos, Estatistica e
Teoria dos Jogos para estudar esses dados. Construimos, também, modelos
matematicos tedricos adequados para analisar decisoes ou comportamentos
de individuos, estabelecendo uma analogia com uma teoria da Psicologia.

No capitulo 1, efectuamos uma introducao na qual mencionamos as prin-
cipais contribuicoes cientificas apresentadas nesta tese.

No capitulo 2, exploramos ideias de dinamica nao-linear e fisica es-
tatistica, num contexto dinamico complexo nao deterministico, usando o
método de reconstrucao de Ruelle-Takens. Apresentamos novas percepgoes
sobre a qualidade da previsao no regime laminar e exibimos a sobreposigao
do histograma da primeira diferenca prevista das flutuagoes com o da dis-
tribuicao universal BHP. Observamos que o método do vizinho mais préximo
da previsao actua como um filtro que nao elimina a aleatoriedade, mas ev-
idencia a sua universalidade.

No capitulo 3, consideramos os retornos re-escalados positivos r(t)* e os

retornos re-escalados negativos (—r(t))®, do indice I,,, que chamamos, apds



a normalizacao, flutuacoes « positivas e flutuacoes a negativas. Usamos o
teste estatistico Kolmogorov-Smirnov, como um método para encontrar os
valores de av que optimizam a sobreposicao do histograma das flutuagoes «
com o da funcao densidade de probabilidade Bramwell-Holdsworth-Pinton
(BHP) truncada. Usando os valores éptimos de « calculamos uma aproxi-
macao analitica das fungoes densidade de probabilidade dos retornos 7(t)
positivos e negativos normalizados do indice Ip, com periodicidade p. Os
principais indices Ip que estudamos sao o PSI-20 e o Dow Jones, alargando
o nosso estudo a outros indices mundiais. A periodicidade p varia desde
periodos de 5 minutos até periodos mensais (m). Estudamos, também,
diferentes fontes de energia F.S e taxas de cambio FR. Dado que a funcao
densidade de probabilidade BHP aparece em varios outros fenémenos di-
ferentes, os nossos resultados revelam um caracter universal do mercado
bolsista.

No capitulo 4, construimos um modelo, usando conceitos de Teoria de
Jogos, para a Teoria do Comportamento Planeado e propomos o equilibrio
Bayesian-Nash como um, dos muitos, mecanismos possiveis de transformar
intencoes em decisoes comportamentais. Mostramos que a saturacao pode
levar a adopcao de uma variedade de diferentes decisoes comportamentais,
em oposicao a nao-saturacao que conduz a adopc¢ao de uma decisao com-
portamental consistente. Além disso, utilizamos este modelo de teoria de
jogos para compreender o impacto dos lideres e das suas caracteristicas na
tomada de decisao de outros individuos ou grupos. Aplicamos, também, o
modelo a um exemplo de sucesso de estudantes, descrevendo os equilibrios

de Nash e efeitos de "rebanho”, identificando uma histerese no processo.
)
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Chapter 1

Introduction

This PhD Thesis is the result of different research projects where several
mathematical concepts of Dynamical Systems, Statistics and Game Theory
are applied to sciences, like, Finances, Hydrology, Energy and Psychology.

The probability density function (pdf) of a global measure in a large
class of highly correlated systems has been suggested to be of the same
functional form. Here, we identify the analytical form of the pdf of one
such measure, the magnetic order parameter in the low temperature phase
(critical) of the 2D XY model using a quadratic (spi-wave) approximation.
We present strong evidence that this pdf describes the fluctuations of global
quantities in other correlated systems.

The application of dynamical systems methods (see [22, 55]) found a
firm ground on the reconstruction theorem of Ruelle-Takens [66] and in the
probabilistic justification due to Sauer, Yorke and Casdagli [64]. We pretend
to develop some new insights between the quality of the prediction, the

embedding dimension [43] and the number of nearest neighbors considered
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for river data and stock market data. In particular, our aim is to study the

collapse of the data to the universal BHP distribution.

We also create mathematical theoretical models, using Game Theory
concepts, suitable to investigate the decisions/behavior of an individual by

establishing an analogy to a psychological theory.

Universality in nonlinear prediction of com-

plex systems

A direct link between the real world and deterministic dynamical systems
theory is given by the analysis of real systems time series in terms of non-
linear dynamics with noise (see [40, 42, 58]). Advances have been made
to exploit ideas of dynamical systems theory in cases where the system is
not necessarily deterministic, but it displays a structure not captured by
classical stochastic methods. Here, the real system time series is the daily
runoff of the river Paiva. The time series of the daily runoff reveals that
the daily runoff is an intermittent dynamical system, this intermittent dy-
namical behavior is characterized by a laminar and an irregular phase. The
laminar phase occurs in the absence of rainfall and the irregular phase oc-
curs under the action of rain (see [41, 47, 60, 61]). Hence, the forcing of
the dynamical system is not of a deterministic type (see [34, 35]). Our goal
is to built a Markov process for the laminar regime that models the runoff
stochastic process and that can be useful to do one step ahead prediction.

To built the Markov process for the laminar regime, we start by introduc-
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ing a modified version of the usual nonlinear prediction methods based in
the Ruelle-Takens embedding (see [39, 61]). After a careful study of the
reconstruction vectors sets taking into account the Ruelle-Takens embed-
ding dimension, we find that a one-dimensional Ruelle-Takens embedding
already gives good prediction results. We also study the improvement of
the prediction results with the increase of the Ruelle-Takens embedding di-
mensions. Since the one-dimensional Ruelle-Takens embedding gives good
predictability results, we built a first order Markov process for the lami-
nar regime. Given the present day runoff value, we find the data collapse
of the histogram of the predicted relative first difference fluctuations, that
determine the transition probabilities of the first order Markov process, to
the universal BHP pdf. Hence, we link the predicted relative first difference
fluctuations in a prediction method for a natural and complex dynamical
system, based in the Ruelle-Takens embedding, with the universal BHP pdf
(see [32, 56]).

Universality in the Stock Market Exchange

Modeling the time series of stock prices is important in economics, finance
and energy market, and it is essential in the management of large stock port-
folios (see [6, 8, 9, 14, 16, 17, 23, 38, 45, 46, 48, 49, 50, 52, 59]). Here, we
analyze specifically the well known Dow Jones Industrial Average (DJIA)
index (see [30]) and compare it to the S&P 100 (see [25]), the NASDAQ
Composite, the S&P 500 index, and the Russell 2000 index, that corre-

spond to the most closely-watched benchmark indices in terms of stock
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market activity. We extend your study to European indices, in particular

the Portuguese PSI20 (see [29, 56]) and world wide indices.

Let Y'(t) be the index I, adjusted close value at day ¢t. We define the I,

idex return on day t by

Y(t) - Y(t—1)
Y(t—1)

r(t) =

We define the « re-scaled 1, index positive returns r(t)®, for r(t) > 0, that
we call, after normalization, the a positive fluctuations. We define the «
re-scaled I, index negative returns (—r(t))®, for r(t) < 0, that we call, after

normalization, the o negative fluctuations.

We analyze, separately, the o positive and a negative fluctuations that
can have different statistical and economic natures (see, for example, [6,
8, 42, 44, 49]). Our aim is to find the values of a that optimize the data
collapse of the histogram of the a positive and « negative fluctuations to
to the Bramwell-Holdsworth-Pinton (truncated BHP) probability density
function (pdf) truncated to the support range of the data (see chapter 2
and Bramwell et al [11]). Our approach is to apply the Kolmogorov-Smirnov
(K-S) statistic test as a method to find the values of a that optimize the
data collapse. Using this data collapse we do a change of variable that allows
us to compute the analytical approximations of the pdf of the normalized

positive and negative [, index returns

_(l—at ot
fBHP,Ip7+(.’B) = Az a BHP)fBHP<B1fE Lup _Cl)

fBHP,Ip,_(x) = AQCC_(l_aBHP)fBHP(B2xa]_3HP _ 02)
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in terms of the BHP pdf fgyp. We exhibit the data collapse of the his-
togram of the positive and negative returns to our proposed theoretical pdf”s
IBup1,+ and fpupr, . We also extend our study to energy sources prices
ES and exchange rates F' R, obtaining similar results (see [27, 29, 30, 36]).
Since the BHP probability density function appears in several other dis-
similar phenomena (see, for example, [18, 24, 32, 33, 36, 57]), our results
reveal a universal feature of the stock market exchange. Furthermore, these
results lead to the construction of a new qualitative and quantitative econo-
physics model for the stock market based on the two-dimensional spin model
(2dXY) at criticality (see [31]) and to a new stochastic differential equation
model for the stock exchange market indices (see [53]) that provides a better

understanding of several stock exchange crises (see [54]).

Modeling Human Decisions

The main goal in the study of Planned Behavior or Reasoned Action theory
(see [1, 7]) is to understand and predict how individuals turn intentions into
behaviors. We construct a general model for the Theory of Planned Behav-
ior or Reasoned Action, inspired by the works of J. Cownley and M. Wooders
[15], where specific characteristics of individuals, defined as taste type and
crowding type are considered. The crowding type of an individual deter-
mines his influence on the welfare (utility) function of the other individuals.
The taste type determines the characteristics of an individual specifying
his welfare function taking in account the decisions of the other individu-

als. We start by constructing a model, that we call the platonic idealized
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psychological model, which consists of individuals with no uncertainties in
their taste and crowding types and welfare function. Then we construct the
general model, that we call the cave psychological model, which consists of
individuals whose taste and crowding types follow the shadows of the taste
and crowding types of the platonic idealized psychological model, according
to a given probability distribution. Furthermore, in the cave psychological
model, individuals know only the expected value of their welfare function.
In both models, we present sufficient conditions for an individual or group
to adopt a certain behavior decision according to both the Nash and the
Bayesian-Nash Equilibria, i.e. the best strategic individual decision taking
into account the collective response. We show how saturation, boredom and
frustration can lead to different behavior decisions and how no saturation
can lead to a single consistent behavior decision. Following the works of
J. Driskel, E. Salas and R. Sternberg [20, 21, 65] on leadership, we use the
new game theoretical model to understand the impact of the leaders in the
decision-making of individuals or groups. We study how the characteris-
tics of the leaders have an influence over the others’ decisions (see [3, 5]).
We apply the model to a students success example and we describe Nash

equilibria and “herding” effects, identifying a hysteresis in the process.



Chapter 2

Universality in nonlinear

prediction of complex systems

We exploit ideas of nonlinear dynamics and statistical physics in a complex
non-deterministic dynamical setting using the Ruelle-Takens embedding.
We present some new insights on the quality of the prediction in the lam-
inar regime and we exhibit the data collapse of the predicted relative first
difference fluctuations to the universal BHP distribution. We observe that
the nearest neighbor method of prediction acts as a filter that does not

eliminate the randomness, but exhibits its universal character.



26 Universality in nonlinear prediction of complex systems

2.1 Universality of the Bramwell-Hodsworth-

Pinton distribution

The universal nonparametric BHP pdf was discovered by Bramwell, Holds-
worth and Pinton [12]. The universal nonparametric BHP pdf is the pdf
of the fluctuations of the total magnetization, in the strong coupling (low
temperature) regime for a two-dimensional spin model (2dXY), using the
spin wave approximation (see [11]). The magnetization distribution, that
they found, is named, after them, the Bramwell-Holdsworth-Pinton (BHP)
distribution. The BHP probability density function (pdf) is given by

. 1 N—-1 1 N—-1| 34 1 3
i[5 SN =i 4% &~ sarctan (% )]
e

G

, (2.1)

where the {\;}£_| are the eigenvalues, as determined in [11], of the ad-
jacency matrix. It follows, from the formula of the BHP pdf, that the
asymptotic values for large deviations, below and above the mean, are ex-
ponential and double exponential, respectively (in this work, we use the
approximation of the BHP pdf obtained by taking L = 10 and N = L2
in equation (2.1)). As one can see, the BHP distribution does not have
any parameter (except the mean that is normalized to 0 and the standard
deviation that is normalized to 1). Furthermore, the BHP distribution
is universal in the sense that appears in several physical phenomena (see

[29, 63]). For instance, the universal nonparametric BHP distribution is a
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good model to explain the fluctuations of order parameters in theoretical
examples such as the Sneppen model (see [12, 19]), auto-ignition fire mod-
els (see [62]), self-organized models, and percolation models (see [12]). The
universal nonparametric BHP distribution is, also, an explanatory model
for fluctuations of several phenomenon such as width power in steady state
systems (see [12]), plasma density and electrostatic turbulent fluxes mea-
sured at the scrape-off layer of the Alcator C-Mod Tokamak (see [51]), the
Wolf’s sunspot numbers (see [26, 33]) and the stock exchange’s indices, daily
returns of stocks and commodities (see [25, 27, 29, 30, 36]). The universal
BHP distribution also appears in river heights and flow (see [10, 19, 24, 32]).
However, the approaches used to study the deseasonalised Danube height
data (see [13]) and the Mississippi runoff fluctuations (see [19]) to find the
universal distribution BHP in these dynamical systems do not give a sim-
ilar result in river Paiva due to its different character (see [37]). In this
chapter, we show the re-appearance of the BHP pdf as an approximation of
the distribution of the predicted relative first difference of the river Paiva

runoff.

2.2 Data and preliminary analysis

The most relevant data for this chapter consist of the time series of mean
daily runoff of the river Paiva, measured at Fragas da Torre in the North
of Portugal. The data is available for download in the Instituto Nacional

da /fgua webpage!. The sample period runs from 1st of October of 1946 to

Thttp://www.inag.pt
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30th of September of 2006 for a total of 21900 observations (see chronogram
of Figure 2.1).
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1 2921 5841 8761 11681 14601 17521
Time (days)

Figure 2.1: Chronogram of the daily mean riverflow of Paiva measured at
Fragas da Torre 1946-99

The riverflow of Paiva is the closest to a natural flow one might expect.
The river Paiva has a small basin of about 700Km? and it is not a runoff
intermittent river in the sense that at the referred location and in the 60
years of observation the surface stream never disappeared. The river Paiva
is a mountain river with a rocky bed reacting very fast to rainfall. The river
Paiva basin does not have regulators such as dams or glaciers. The water

of river Paiva is used for public supply in the metropolitan area of Porto.

2.3 Nonlinear prediction

Following Ruelle-Takens [66], we consider the m-dimensional embedding set

Ry = {Xt = (Xi—me1, -+, Xp), t = [m, -+ ,21900]} of the runoff data. Our
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goal is to predict the runoff value X;,; during the laminar regime (absence
of rain phase). Hence, we filter appropriately the reconstruction vectors
X; € R,, by considering only those X; that satisfy the following d-relative
non-increasing rule Xy > Xypi(1+9), for all 1 < i < m. We call

the reconstruction vectors satisfying the d-relative non-increasing rule by

laminar reconstruction vectors and we denote by LR, the set

LR, = {Xi, : Xij;4i-1 > Xipi(1+0), 1 <i <mj}

of all laminar reconstruction vectors. We define the regime reconstruction

vectors set D|xg, z1] by
D[$0,$1] = {Xt = (Xt*m+17 e 7Xt) € LRm L Xo < Xt < 33'1}

We define the real relative first difference b(t) of the runoff X;, at time ¢, by

VX,
=

b(t)

where VX, = X;,1 — X;. We define the real relative first difference mean

b [zo, 1], in the regime D[zq, x1], by

oo = ———— S b(t).

#D[l’o, .[L'l] XzED[xo,xﬂ

Similarly, we define the relative first difference standard deviation b°[xq, 1],
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in the regime D[xg, 1], by

b7 o, 21] = \/W Z b2(t) — (b"[xo, x1])2.

o, Il]} X:€Dlzo,z1]

We denote by || X;|| the maximum norm of the vector X; = (Xy—pmy1,- -, Xt).
We define the relative distance rd(X;,X;) of two reconstruction vectors X;

and X; by

1Xi = X

We define the neighboring set N,,(x) of x by
Nm(fE) = {XT = (XT'*m+17 T 7XT) € LR, : X, < SL’}

In Figure 2.2, we show the curve of the cardinal #N;(z) and #Ns(z) of
the neighboring sets Ni(z) and Ny(x) with embedding dimensions 1 and 2,

respectively.

x 10

25

=
&
T

Total number of neighbors
n
T

0.5

. . .
107 10° 10' 107 10°
In(X‘) (Logarithm of the runoff)

Figure 2.2: Plot of #N1(z) and # N(x)
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For every runoff value X;, we order the vectors

Al,m(Xt)7 e 7A#Nm(m)—1,m(Xt>

in N,,(X;) by their distance to Xy, i.e. || Xy — Ajn| < [1Xi — Ajr1m|. We

define the reconstruction vectors set RV ,,(t) of the runoff value X; by
RVim(t) = {Ajn(Xy) € Nn(Xy) 1 < #Np(X) Pi}

as the collection of the first #N,,(X;)P; ordered vectors in N,,(X;). In table

2.1, we exhibit the values of P;, for i € {1,---,9}, that we use in this work.

Table 2.1: Percentages P; of the total number of neighbors
1 1 2 3141516 | 7]8]9

P 10.125]10.25(05]1.0/2.0[3.0[4.05.0|75

We define the predicted relative first difference a;,(t) of the runoff at

time ¢ by

1 VX,
"ol LT 2, N

X, ERV; m(t)
We define the predicted relative first difference mean aj,,[xo,21], in the

regime D,, [z, 1], by

ot [0, 71] = L S w22

#Haim(t) -1 € Duleo.aly  fr

We define the predicted relative first difference standard deviation af,, [0, z1],
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in the regime D,, [z, 1], by

g = 1 2 _ (" 2
oo, ] \/ ol b el @9

We define the predicted relative first difference fluctuations a{ m(f), in the

regime D,, [z, 1], by

 aim(t) — af, [0, 7]

agm[l’o, .Tl]

(2.4)

In Figures 2.3, 2.4 and 2.5, we observe the data collapse of the histogram
of the predicted relative first difference fluctuations to the BHP pdf, for the
regimes D[0, 3], D[3,9] and D[9, 30].

a0

Figure 2.3: Histogram of the fluctuations afl(t) with the BHP pdf on top,
for the regime DJ0, 3]

The error ¢; ., (t) is the difference between the real relative first difference
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afz‘ L®

Figure 2.4: Histogram of the fluctuations agjl(t) with the BHP pdf on top,
for the regime D3, 9]

afl‘ L®

Figure 2.5: Histogram of the fluctuations a{}l(t) with the BHP pdf on top,
for the regime D[9, 30]

b(t) and the predicted relative first difference a; ,,(t), i.e.

Ci,m(t) = aiym(t) — b(t)
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We define the error mean cf,, [z, 21], in the regime D,,[2o, 71], by

& lvo, o] = L S  (25)

#{C%m(t) . t E Dm[‘r()?xl]} XtEDm[ZO)xl]

We define the error standard deviation cf,, [xo, x1], in the regime D, [z, 11],

by

ol \/#{Dm[lxo,m} ity o il 20
In Figure 2.6 and 2.7, we present the error mean c;, [a,b] and the error
standard deviation ¢f,,[a, b] for the regimes [a, b] € {[0, 3], [3,9],[9, 30]}. We
observe that the values of the error mean ¢}, [a, b] considered are close to 0.
The values of the error standard deviation ¢f,, [a, b] decrease, approximately,
to half, when we increase the embedding dimension from 1 to 2. After that
the changes are small except for the regime D[9,30]. In the regime DI[9, 30]
the lack of close neighbors starts to be visible for the values observed for m

equal to 4 and 5.
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Error mean ¢ [a,b]
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Figure 2.6:  Error mean cf,,[a,b] for m € {1,---,5} and [a,b] €
{[0,3],[3,9], 9, 301}

Error standard deviation cgm[a,b]
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''''' 3-9
- = = 9-30)
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Figure 2.7: Error standard deviation c{,,[a,b] for m € {1,---,5} and

[a,b] € {10, 3], 3,91, 9, 30]}
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2.4 Conclusion

A dynamical analysis of the river Paiva data was performed using the Ruelle-
Takens method of dynamical reconstruction. The river Paiva is an intermit-
tent complex dynamical system. We studied the dependence of the nearest
neighbors predictor of the relative first difference on the embedding dimen-
sion and on the relative average distance of the nearest neighbors with re-
spect to the runoff value. The prediction results revealed that it is essential
to know the current runoff to predict future values that lead us to recon-
struct an approximation of the one-dimensional stochastics dynamics of the
runoff. We noticed improvements in prediction when the former runoffs are
used. The mean of the error between the real and predicted values, com-
puted for different regimes and embedding dimensions, gives the correction
of the runoff predictor. The standard deviation of the error between the
real and the predicted values gives an insight for the best predictor. We
observe the data collapse of the histograms of the predicted relative first

difference fluctuations to the universal BHP pdf.



Chapter 3

Universality in the Stock
Market Exchange

In this chapter, we consider the a re-scaled I, index positive returns r(t)”
and negative returns (—r(¢))* that we call, after normalization, the o pos-
itive fluctuations and a negative fluctuations. We use the Kolmogorov-
Smirnov statistical test, as a method, to find the values of a that optimize
the data collapse of the histogram of the « fluctuations with the truncated
Bramwell-Holdsworth-Pinton (BHP) probability density function. Using
the optimal o’s we compute the analytical approximations of the pdf of
the normalized positive and negative I, index returns r(t), with periodicity
p. The main indices I, that we study are the PSI-20 and the Dow Jones
Industrial Average but we extend our analysis to world wide indices. The
periodicity p varies from daily (d), weekly (w) and monthly (m) returns to
intraday data (60 min, 30 min, 15 min and 5 min). We also compute the

analytical approximations of the pdf of the normalized positive and neg-



38 Universality in the Stock Market Exchange

ative spot daily prices or daily returns r(t) of distinct energy sources ES
and of the pdf of the normalized positive and negative spot daily prices or
daily returns r(t) of distinct exchange rates ER. Since the BHP probability
density function appears in several other dissimilar phenomena, our results

reveal a universal feature of the stock market exchange.

3.1 Dow Jones Industrial Average

The Dow Jones Industrial Average, also referred to as the Industrial Average
or the Dow Jones, is one of several stock market indices created by Wall
Street Journal editor and Dow Jones & Company co-founder Charles Dow.
It is an index that shows how 30 large, publicly-owned companies based
in the United States have traded during a standard trading session in the
stock market. In our analysis we investigate the time series of the DJIA
index from October of 1928 to October of 2009, considering, respectively,

daily, weekly and monthly returns as well as intraday values (see [30]).

3.1.1 DJIA index daily returns
Positive DJIA index daily returns

Let Tt be the set of all days ¢ with positive returns, i.e.
T ={t:r(t) >0}

Let n*t = 10605 be the cardinal of the set Tt. The « re-scaled DJIA daily

index positive returns are the returns r(¢)® with ¢ € TT. Since the total
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number of observed days is n = 20404, we obtain that n*/n = 0.52. The

mean pt of the a re-scaled DJTA daily index positive returns is given by

pi == >l (3.1)

teT+

The standard deviation o} of the « re-scaled DJIA daily index positive

returns is given by

ot = o 3 ity - (g (32

teT+

We define the a positive fluctuations by

rh(t) = T@Z—:“g (3.3)

for every t € T*. Hence, the « positive fluctuations are the normalized «

re-scaled DJIA daily index positive returns.

Let L} be the smallest o positive fluctuation, i.e.

LT = min{r!(t)}.

teT+

Let R} be the largest a positive fluctuation, i.e.

+ +
Ra - ?el%i{{ra (t)}

We denote by F, ; the probability distribution of the a positive fluctuations.
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Let the truncated BHP probability distribution Fppa .+ be given by

_ FBHP(ZL")
Fpup(RY) — Fpup(LY)

FBHP,a,+<x>

where Fppp is the BHP probability distribution (see definition in Chapter
2). We apply the K-S statistic test to the null hypothesis claiming that the
probability distributions F,, ; and Fppp. .+ are equal. The Kolmogorov-
Smirnov P wvalue P} is plotted in Figure 3.1. Hence, we observe that
apyp = 0.45... is the point where the P value P*, = 0.055... attains

YBHP

its maximum. We note that

ut. =0.098..., of, =0046..., LT, =-1.964... and R', =7.266...

Apgp ApHpp ApHgp ApHpp

It is well-known that the Kolmogorov-Smirnov P value P, decreases

with the distance

Doy = [[Fag — Feara+|

between F,, 1 and Fppq,+. In Figure 3.2, we plot

DagHP,+(I) = FagHP,+($) - FBHP,agHP,Jr(x)

and we observe that D,+ () attains its maximum value 0.0130 for the

a}p positive fluctuations above the mean of the probability distribution.

In Figures 3.3 and 3.4, we show the data collapse of the histogram fang, i

of the o} p positive fluctuations to the truncated BHP pdf TBuPat, .t
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Figure 3.1: The Kolmogorov-Smirnov P value P} for values of « in the
range [0.3,0.6], in DJIA.
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0.012¢

0.017

IFo.45.+ ) Fepp 0,45, {3

Figure 3.2: The map Do 45 +(2) = [Fous+(x) — Fpupoas+(x)|, in DJIA.
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Figure 3.3: The histogram of the o'y p positive fluctuations with the trun-
cated BHP pdf fgupoas+ on top, in the semi-log scale, in DJIA
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Figure 3.4: The histogram of the 'y p positive fluctuations with the trun-
cated BHP pdf feupo.as+ on top, in DJIA
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Theorem 3.1.1 (DJIA pdf daily index positive returns pdf fpyra,+) As-

sume that the probability distribution of the o' p positive fluctuations ™, ()

*BHP
s approzimated by FBHP,aEHP,Jrf the pdf of the DJIA daily index positive re-
turns r(t) is approximated by

+ tup-1 s + +
Apppt™BHP ™ fpHp ((fa““’ —uy ) Jo, )
ApHp Apgp

U; (FBHP (R} ) — Fpup (L;l >)
BHP BHP BHP

fBuppira+(x) =

Hence, we get

fBHP,DJ[A7+(:U) = 4.60%70'55]03[-]})(21.86560'45 — 214)

In Figures 3.5 and 3.6, we show the data collapse of the histogram of

the positive returns to our proposed theoretical pdf fepppira +-

- In(f,,)
¥ _In(fBHP,DJIA,-I-)
<
3
o
I
q_m
€
0.1 0.15
r+
1

Figure 3.5: The histogram of the fluctuations of the positive returns with
the pdf feuppira+ on top, in the semi-log scale, in DJIA

Proof.
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Figure 3.6: The histogram of the fluctuations of the positive returns with
the pdf feuppsra+ on top, in DJIA

Let X be a positive random variable. Let p, and o, be, respectively,
the mean and standard deviation of the random variable X, with a > 0.
Let fy : [L, R] — R™ be the smooth pdf of the normalized random variable
Y = (X® — pa)/04. We note that

Xo — N a o
P(ng)zp( o 2 “)
Oq Oq
- P(Ygx _“a)
Ta
Hence,
z® o
Fx<£lj'> = Fy< H >
Ta
Therefore,
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Negative DJIA index daily returns

Let T~ be the set of all days ¢ with negative returns, i.e.
T ={t:r(t) <0}.

Let n= = 9713 be the cardinal of the set 7~. Since the total number of
observed days is n = 20404, we obtain that n~/n = 0.48. The « re-scaled
DJIA daily index negative returns are the returns (—r(t))® with ¢t € T
We note that —r(t) is positive. The mean p, of the a re-scaled DJIA daily

index negative returns is given by

pa = S (o) (3.4

The standard deviation o, of the a re-scaled DJIA daily index negative

returns is given by

7 - \/ni > (r() - iz (35)

We define the a negative fluctuations by

ro () = (3.6)

for every t € T~. Hence, the a negative fluctuations are the normalized «

re-scaled DJIA daily index negative returns.
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Let L, be the smallest o negative fluctuation, i.e.

L, = min{r, (t)}.

telT—

Let R, be the largest o negative fluctuation, i.e.

R, = max{r_(t)}.

telT—

We denote by F,, _ the probability distribution of the a negative fluctuations.
Let the truncated BHP probability distribution Fppp,— be given by

FBHP(ZE)
F e =
BiPa,-(7) Fpup(R;) — Feup(Ly)

where Fpyp is the BHP probability distribution (see definition in Chapter
2). We apply the K-S statistic test to the null hypothesis claiming that the
probability distributions F, _ and Fppp. - are equal. The Kolmogorov-
Smirnov P value P, is plotted in Figure 3.7. Hence, we observe that that
agyp = 0.46... is the point where the P value P__ ,,, , = 0.147... attains its

maximum. We note that

w - =0.093., o =0047..., L= =-1894... and R~ =8.797...

YBHP XBHP YBHP YBHP

It is well-known that the Kolmogorov-Smirnov P value P, decreases with

the distance

Dy_ = ||Fo- — Fpupa,|
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Figure 3.7: The Kolmogorov-Smirnov P wvalue P, for values of o in the
range [0.3,0.6], in DJIA.

between Fi, — and Fpppq,—. In Figure 3.8, we plot

DQBHPvf(x) = Fangvf(x) o FBHP’QEHP’i(w)

and we observe that D, _(x) attains its maximum value 0.0116 for the

oy p Degative fluctuations above the mean of the probability distribution.

In Figure 3.9 and Figure 3.10, we show the data collapse of the his-

togram f,  _ of the apyp negative fluctuations to the truncated BHP

pdf fBHP,ocBHP,— :

Theorem 3.1.2 (DJIA daily index negative returns pdf fpyra—) Assume

that the probability distribution of the agy p negative fluctuations v~ (t) is
ABHP

approzimated by FBHPuaEngu—’ the pdf of the DJIA daily index (symmetric)
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Figure 3.8: The map Dos —(z) = |Foa6— () — Fpupoas—(x)|, in DJIA.
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Figure 3.9: The histogram of the afyp negative fluctuations with the trun-
cated BHP pdf fpupo.s— on top, in the semi-log scale, in DJIA.
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° f0.4(:3,—

_fBHP,0.46,—7

Figure 3.10: The histogram of the o’y p negative fluctuations with the trun-
cated BHP pdf fgupoas— on top, in DJIA.

negative returns —r(t), with T € T, is approximated by

apypr®Par! fppp ((ﬂfaBHP — U ) Jo )
YBHP YBHP

o (Fone (R, ) = Foue (15,))
BHP BHP BHP

fBHP,DJIA,—(«T =

Hence, we get
fBHP7DJ[A7_<x) = 4.951’_0'54fBHp(21.371’0'46 — 199)

The proof of Theorem 3.1.2 follows similarly to the proof of Theorem 3.1.1.
In Figures 3.11 and 3.12, we show the data collapse of the histogram of the

negative returns to our proposed theoretical pdf ferppira,—.



50 Universality in the Stock Market Exchange

. In(f, )

N _In(fBHP,DJlA,-)
<
3
o
T
“_m
£

015 0.2

Figure 3.11: The histogram of the negative returns with the pdf ferppyra,—
on top, in the semi-log scale, in DJIA.
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Figure 3.12: The histogram of the negative returns with the pdf feuppyra,—
on top, in DJIA.
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3.1.2 DJIA index daily returns through the decades

We divide the time series of our analysis in 8 distinct time series that corre-
spond to 8 different decades and study each decade using the methodology
described previously. The results are presented in Tables 3.1, 3.2 and in
Figure 3.13, where we can observe that the values of ajyp vary between
0.45 and 0.65 and the values of ag,p vary between 0.36 and 0.59. Both
P and P~ are higher that 0.01.

ABHP YBHP

Table 3.1: DJIA trough the decades-1
appp | Opmp | P P DY, D
BHP BHP BHP BHP
1930-1939 | 0.45 0.45 0.84 0.31 0.017 | 0.028
1940-1949 | 049 | 0.36 | 0.32 0.54 | 0.027 | 0.023
1950-1959 | 0.65 | 0.48 | 0.03 0.75 | 0.039 | 0.020
1960-1969 | 0.55 0.50 0.43 0.12 0.024 | 0.034
1970-1979 | 0.48 | 0.59 | 0.29 0.03 | 0.028 | 0.041
1980-1989 | 0.49 | 0.53 | 0.11 0.72 | 0.033 | 0.020
1990-1999 | 0.52 0.52 0.16 0.22 0.031 0.031
2000-2009 | 0.48 | 0.51 0.93 0.20 | 0.015 | 0.031

Table 3.2: DJIA trough the decades-

T = T =
Mo+ M- 0.+ 0.~
BHP BHP BHP BHP

1930-1939 | 0.13 0.13 0.06 0.06
1940-1949 | 0.07 0.13 0.03 0.05
1950-1959 | 0.03 0.07 0.02 0.03
1960-1969 | 0.05 0.06 0.02 0.03
1970-1979 | 0.08 0.05 0.04 0.03
1980-1989 | 0.08 0.07 0.04 0.04
1990-1999 | 0.07 0.06 0.03 0.03
2000-2009 | 0.09 0.08 0.05 0.04
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1930-1939 1940-1949 1950-1959 1960-1969 1970-1979 1980-1989 1990-1999 2000-2009
e==q+BHP 0,45 0,49 0,65 0,55 0,48 0,49 0,52 0,48
e==q-BHP 0,45 0,36 0,48 0,5 0,59 0,53 0,52 0,51

Figure 3.13: Values of afyp and agyp for each decade, in DJIA.
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3.1.3 DJIA index weekly and monthly returns

We consider the same time series between 1928 and 2009 but with differ-
ent periodicity, respectively, weekly and monthly returns. Using the same

methodology, we obtain the results presented in Tables 3.3, 3.4 and in Figure

3.14.

Table 3.3: DJIA weekly and monthly returns-1

appp | Opmp | Pl P DT, D~
BHP BHP BHP BHP
weekly | 0.56 | 0.47 0.55 0.59 | 0.016 | 0.018
monthly | 0.37 | 0.65 0.94 0.90 0.026 | 0.024

Table 3.4: DJIA weekly and monthly returns-2

t = o', o __
XpHP YBHP *BHP XpHp
weekly | 0.09 | 0.14 | 0.05 | 0.07
monthly | 0.27 0.10 0.11 0.06

Hence, considering weekly returns, we get

fBHPDIIA, +(2) = 6.152 % fp p(20.342°°% — 1.85)

fBHP,DJIAw,—(:E) = 3.44[L‘_0'53fBHP(15.371130'47 — 210)

Considering monthly returns, we get

ferp.pIA, () = 1.3627 %9 f5pp(8.802°37 — 2.40)

feupDIIA, () = 62107 %% f5pp(17.222%% — 1.80).
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Figure 3.14: Values of a}yp and agyp for weekly and monthly returns, in
DJIA.

3.1.4 DJIA intraday returns

We analyze four time series of intraday closure values of DJI A in periods of
60 minutes, 30 minutes, 15 minutes and 5 minutes. We compare the same
number of observations (7000) in all series, studying in fpyra,,, 292 days,

in fpsras,, 146 days, in fpyra,,,, 73 days and in fpya,, 24 days.

The values of the parameters are presented in Tables 3.5, 3.6 and in

Figure 3.15, where we can observe that P, and P~ are higher that

YpHP ApHp

0.01 and afpp and agyp vary between 0.36 and 0.45.
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Table 3.5: DJIA intraday returns-1

appp | Opup | P P D7, D
BHP BHP BHP BHP
60 min | 0.37 | 0.36 | 0.18 0.02 | 0.018 | 0.026
30 min | 0.37 | 040 | 0.34 0.32 | 0.016 | 0.016
15 min | 044 | 041 | 0.49 0.58 | 0.014 | 0.013
5min | 041 | 045 | 0.24 0.16 | 0.019 | 0.021
Table 3.6: DJIA intraday returns-2

IgIJP ;;HP UI%HP U;EHP

60 min | 0.10 0.10 0.05 0.05

30 min | 0.10 0.08 0.04 | 0.04

15 min | 0.05 0.06 0.03 0.03

5 min | 0.04 0.03 0.02 0.02

0,5

0,45

0,4

0,35

0,3

0,25

0,2

0,15

0,1

0,05

Wo+BHP ®a-BHP

Figure 3.15: Values of a}yp and agyp for intraday returns, in DJIA.
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Considering 60 min returns, we get
fBHP’DJIAGOmin’+(‘T) = 3.831‘70'63.]631113(21.22$0'37 — 205)

fBHp,DJ[AG()mmﬁ(x) = 3.43I70'64fBHp<19.64%0'36 — 206)

Considering 30 min returns, we get
fBHP7DJIA3Omin7+(w) = 3.783370'63][3]-113(22.571‘0'37 — 221)

fBEP.DI Ao, (7) = 4.832700 fpp p(24.642°40 — 2.04).

Considering 15 min returns, we get
fBHRDJIAwmm,-i-(m) = 8.5O$_0'56fBHP(38.951’0'44 — 202)

fBprDJIAIS’mina_(I) = 6.451'_0'59fBHP(32.961‘0'41 — 210)

Considering 5 min returns, we get

fBHP,DJIA5mm,+<x) = 9.79$_0'59fBHp(53.981‘0'41 — 226)

fBHP,DJIAg)mm,—(x) = 14.62[L‘_0'55fBHP(64.325E0'45 — 198)
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3.2 Dow Jones and other North American
Indices

After making a particular study of the DJIA index, we extend our study
to other North American relevant indices and analyze if the values of the
apyp and gy p are similar.

We consider four time series, the S€P 100 index from January of 1987
to September of 2008 (see [25]), the Nasdagq index from February of 1971 to
January of 2010, the Russell 2000 index from September of 1987 to January
of 2010 and the S&P 500 index from January of 1950 to January of 2010.

Considering daily returns, we obtain the results presented in Figures

3.16, 3.17, 3.18, 3.19 and 3.20.

0,6

0,5

0,4

0,3

0,2

0,1

SP100 Nasdaq Russell2000 SP500

M o+BHP Ma-BHP

Figure 3.16: Values of atBHP and agyp for each index daily returns
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SP100 Nasdaq Russell2000 SP500

W P+BHP mP-BHP

Figure 3.17: Values of Pf} and P_  for each index daily returns
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Figure 3.18: Values of D;Zr and D~_  for each index daily returns
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Figure 3.19: Values of ,u;;

and p__  for each index daily returns
BHP XpHP
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Figure 3.20: Values of 0™, and o—_  for each index daily returns
BH
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For weekly returns, we obtain the results presented in Figures 3.21, 3.22,

3.23, 3.24 and 3.25.

SP100 Nasdaq Russell2000 SP500

W o+BHP M a-BHP

Figure 3.21: Values of a}yp and agyp for each index weekly returns
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Figure 3.22: Values of P:+

BHP

and P~

Appp

for each index weekly returns
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Figure 3.23: Values of DT,
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and D_
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for each index weekly returns
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Figure 3.24: Values of p,  and p~_  for each index weekly returns
*pHP *BHP
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Figure 3.25: Values of a; and o _  for each index weekly returns
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Considering monthly returns, we obtain the results presented in Figures

3.26, 3.27, 3.28, 3.29 and 3.30.

SP100 Nasdaq Russell2000 SP500

M o+BHP Wo-BHP

Figure 3.26: Values of a}yp and agyp for each index monthly returns

In all the periodicities, especially in daily returns, we observe that the values

_l’_ — . . . . .
of agyp and agyp are similar in the four indices, and close to 0.50.
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SP100 Nasdaq Russell2000 SP500

M p+BHP M p-BHP

Figure 3.27: Values of P,  and P for each index monthly returns
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Figure 3.28: Values of D',  and D for each index monthly returns

ABHP BHP
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Figure 3.29: Values of p*,  and u—_  for each index monthly returns
*pHP *pHP

0,1
0,09
0,08
0,07
0,06
0,05
0,04
0,03
0,02
0,01

SP100 Nasdaq Russell2000 SP500

Wo+BHP MWo-BHP

Figure 3.30: Values of a;“+ and o~ _  for each index monthly returns
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3.3 European Indices

We use the same methodology to study European indices, in particular the

Portuguese index, PSI-20 (see [29, 56]).

3.3.1 PSI-20

The PSI-20 (an acronym of Portuguese Stock Index) is a benchmark stock
market index of companies that trade on Euronext Lisbon, the main stock
exchange of Portugal. The index tracks the prices of the twenty listings
with the largest market capitalization and share turnover in the PSI Geral,
the general stock market of the Lisbon exchange. It is one of the main na-
tional indices of the pan-European stock exchange group Euronext alongside
Brussels (BEL20), Paris (CAC 40) and Amsterdam (AEX).

For the positive PSI-20 index daily returns, the Kolmogorov-Smirnov P
value P is plotted in Figure 3.31. We observe that af,p = 0.48... is the
point where the P value P, = 0.95... attains its maximum. In Figure

ApHp

3.32, we plot

D+ () = |Fz (z) — FBHP,agHP,Jr(m)

apppt Apppt

and we observe that D+ . (z) attains its maximum value 0.0151 for the
o positive fluctuations below the mean of the probability distribution. In
Figures 3.33 and 3.34, we show the data collapse of the histogram fOéEHpHr
of the a};p positive fluctuations to the truncated BHP pdf fBrpat, .+

The pdf of the PSI-20 daily index positive returns r(¢) is approximated



3.3 European Indices 67

0.8 * :
0.6 * N
+ 3 %
[a
0.4 . *
0.2f A * *
£ x * * . L L L L L ) * *
8.3 0.35 04 0.45 0.5 0.55 0.6
o

Figure 3.31: The Kolmogorov-Smirnov P value P for values of a in the
range [0.3,0.6], in PSI-20.
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Figure 3.32: The map Dous +(z) = |Foas+(x) — Fpupoas+(x)|, in PSI-20
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Figure 3.33: The histogram of the o}, p positive fluctuations with the trun-
cated BHP pdf feupoas+ on top, in the semi-log scale, in PSI-20.
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Figure 3.34: The histogram of the a},p positive fluctuations with the trun-
cated BHP pdf fpupo.as+ on top, in PSI-20.
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+ tup—1 I + +
ApypT*BHP~ fprp <<xaBHP — M 4 )/‘7 + )
YBHP “BHP

U; (FBHP <R:+ ) — Fpup (L:} ))
BHP BHP BHP

fBHP,PSIQO,Jr(f) =

Hence, we get

fBHp7pS[207+(JZ> = 5.711'_0'52fBHp(24.3ZE0'48 — 204)

For negative PSI-20 index daily returns, the Kolmogorov-Smirnov P value

P is plotted in Figure 3.35. Hence, we observe that ayg,p = 0.46... is the

87

point where the P value P~ = 0.77... attains its maximum. In Figure
*BHP
3.36, we plot
a};HP,—(I) = FagHP,—(x) - FBHP,a};HP,—(x)

and we observe that DOCBHF_(x) attains its maximum value 0.0202 for the
app Negative fluctuations below the mean of the probability distribution.
In Figures 3.37 and 3.38, we show the data collapse of the histogram fangﬁ

of the oy p negative fluctuations to the truncated BHP pdf fppp,— .

The pdf of the PST—20 daily index (symmetric) negative returns —r(t),
with T" € T, is approximated by

appr Bar! fpip <<93O‘BHP — M- > o, )
ApHp YpHp

o (FBHP (R;gHP> — Fpup (L;ng)>

fBHP,PSIzo,— (95) =
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Figure 3.35: The Kolmogorov-Smirnov P value P, for values of o in the
range [0.3,0.6], in PSI-20.
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Figure 3.36: The map Do .46 —(x) = |Foa6— () — Frapo.as— ()|, in PSI-20.
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Figure 3.37: The histogram of the agyp negative fluctuations with the trun-
cated BHP pdf feupo.as— on top, in the semi-log scale, in PSI-20.
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Figure 3.38: The histogram of the agy p negative fluctuations with the trun-
cated BHP pdf feupo.6— on top, in PSI-20.
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Hence, we get

fBHRpS[QO’, (l‘) = 4.80%70'54‘]['3]113(21.0130'46 — 20)

3.3.2 Other European Indices

We analyze the time series of the following European indices: from France,
the (FCHI)- CAC 40 index between March of 1990 and September of 2009;
from Germany, the (GDAXI)- DAX index between November of 1990 and
September of 2009; from Italy, the (MIBTEL)- MIBTEL index between
January of 2000 and May of 2009; from Netherlands, the (AEX)- AEX
General index between October of 1992 and September of 2009; from Nor-
way, the (OSEAX)- OSE All Share index between February of 2001 and
September of 2009; from Spain, the (SMSI)-Madrid General index between
June of 2006 and September of 2009; from Sweden, the (OMXSPI)- Stock-
holm General index between January of 2001 and September of 2009; from
Switzerland, the (SSMI)- Swiss Market index between November of 1990
and September of 2009; and from UK, the (FTSE)- FTSE 100 index be-
tween April of 1984 and September of 2009. The results obtained for these
indices are presented in Tables 3.7, 3.8 and in Figure 3.39.

In all the indices, we observe that the values of aj,p and agyp are
similar and vary between 0.40 and 0.57 and that P, and P~ are

ApHgp XpHpp

higher that 0.01, which can indicate universality in FEuropean indices.
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Table 3.7: European Indices-1
+

OEnp | Ogyp Pa+ Pa, Da+ Da,
BHP BHP BHP BHP

FCHI 0.56 | 0.53 | 0.07 0.08 | 0.026 | 0.026

DAX 0.50 | 0.48 0.19 0.24 0.021 | 0.022

MIBTEL | 0.47 | 0.43 0.83 0.15 0.018 | 0.034

AEX 0.46 | 0.43 0.59 0.31 0.016 | 0.021

OSEAX | 0.57 | 047 | 0.79 094 | 0.019 | 0.017

SMCI 0.40 | 0.44 0.90 0.95 0.027 | 0.026

OMXSPI | 0.52 | 0.50 0.44 0.15 0.026 | 0.035

SSMI 0.53 | 0.53 | 0.22 0.62 | 0.021 | 0.016

FTSE 0.55 | 0.55 0.19 0.14 0.019 | 0.021

Table 3.8: European Indices-2

T, s J++ o _
YBHP YBHP YBHP YBHP

FCHI 0.07 0.08 0.04 0.04
DAX 0.09 0.10 0.05 0.05
MIBTEL | 0.09 0.12 0.05 0.06
AEX 0.10 0.12 0.05 0.06
OSEAX | 0.07 0.11 0.04 0.05
SMCI 0.15 0.13 0.06 0.06
OMXSPI | 0.08 0.10 0.04 0.05
SSMI 0.07 0.07 0.04 0.04
FTSE 0.06 0.06 0.03 0.03
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Figure 3.39: Values of afyp and agyp in European indices.
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3.4 World Wide Indices

We analyze the time series of the following World wide Indices: from Ar-
gentina, the (MERV) index between October of 1996 and September of
2009; from Brazil, the (BVSP)- Bovespa index between April of 1993 and
September of 2009; from Mexico, the (MXX)- IPC index between Novem-
ber of 1991 and September of 2009; from Japan, the (N225)- Nikkei 225
index between January of 1984 and September of 2009; and from Hong-
Kong, the (HSI)- Hang Seng index between January of 2000 and October
of 2010. The results obtained for these indices are presented in Tables 3.9,
3.10 and in Figure 3.40.

Table 3.9: World Wide Indices-1
abup | Qgup | Ph P D*, D
ApHp Appp ApHp ApHp

MERV | 048 | 0.46 0.92 0.50 0.016 | 0.025
BVSP | 0.51 | 0.50 0.29 0.15 0.021 | 0.027
MXX | 0.54 | 0.53 0.68 0.19 0.015 | 0.023
N225 | 047 | 045 0.45 0.07 | 0.015 | 0.023

HSI 0.48 | 0.42 0.51 0.12 0.023 | 0.035

Table 3.}0: VVorlid Wide JIrndices—%

N _ o', o __
YBHP YBHP YBHP YBHP

MERV | 0.12 0.13 0.06 0.06
BVSP | 0.12 0.12 0.06 0.06
MXX | 0.08 0.08 0.04 0.04
N225 0.10 0.11 0.05 0.05

HSI 0.10 0.14 0.05 0.06

. . + — . .
In all the indices, we observe that apy,p and agzyp are similar and vary

between 0.42 and 0.54 and that P, and P~ are higher that 0.01.

YBHP ApHP
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Figure 3.40: Values of a}yp and agyp in World wide indices.



3.5 Energy Sources 77

3.5 Energy Sources

We consider, in our analysis, several energy sources daily data series that
correspond to periods of time between 6-14 years. We study energy sources
data of two distinct groups: Non-renewable Sources and Renewable Sources
(see [28]). In the first group, we consider oil and petroleum products, namely
crude oil (from January 1986 to January of 2010), heating oil (from June
1986 to January of 2010), gasoline (from June 1986 to January of 2010)
and propane (from May 1992 to January of 2010). In the second group,
we analyze biofuels such as ethanol (from March 2005 to October of 2009)
and biodiesel (from December of 2006 to October of 2009). We also study a
product from which renewable energy is produced, respectively corn (from
February 1998 to October of 2009)

The results obtained for the different energy sources are presented in

Tables 3.11, 3.12, 3.13, 3.14 and in Figures 3.41 and 3.42, respectively.

Table 3.11: Non-renewable Energy Sources Prices-1

apup | Opmp | P P DY, 2
BHP BHP BHP BHP
Crude Oil | 0.52 | 0.51 0.26 0.43 0.018 | 0.016

Heating Oil | 0.52 | 0.57 0.16 0.70 0.021 | 0.013
Propane 0.32 | 0.30 0.64 0.70 0.017 | 0.017

Gasoline 0.55 0.55 0.13 0.02 0.021 0.029

In the non-renewable energy sources prices, we observe that a5 and
apyp vary between 0.30 and 0.57.

In the renewable energy sources prices, we observe that ajfy,p and agyp
vary between 0.20 and 0.50.

The results indicate universality in energy sources prices.
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Table 3.12: Non-renewable Energy Sources Prices-2
T = F =
_ W o', o
*pHP *BHP *BHP *pHP
Crude Oil 0.11 0.12 0.06 0.06
Heating Oil | 0.11 0.09 0.06 0.05
Propane 0.25 0.28 0.08 0.08

Gasoline 0.11 0.11 0.05 0.05

Propane Gasoline

Crude Oil Heating Oil

Wo+BHP W a-BHP

Figure 3.41: Values of afyp and agyp in non-renewable energy sources

prices.

Table 3.13: Renewable Energy Sources and Products-1
apup | apup | P P DY, D
BHP BHP BHP BHP
Ethanol | 0.20 | 0.26 | 0.02 0.46 | 0.070 | 0.034
Biodiesel | 0.30 | 0.50 | 0.46 0.94 | 0.064 | 0.035

Corn 0.41 | 041 0.56 0.25 0.021 | 0.027
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Table 3.14: Renewable Energy Sources and Products-2
T = Pt =

agHP QpHp aEHP

Ethanol 0.51 0.40 0.14 0.12

Biodiesel | 0.56 0.35 0.16 0.14

Corn 0.16 0.17 0.07 0.07

ApHp

0,6

Biodiesel

Ethanol

Wa+BHP ma-BHP

Figure 3.42: Values of ok and ap i renewable energy sources prices.
BHP BHP
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3.6 Exchange Rates

In finance, the exchange rates (also known as the foreign-exchange rate,
forex rate or FX rate) between two currencies specify how much one cur-
rency is worth in terms of the other. It is the value of a foreign nation’s
currency in terms of the home nation’s currency. The foreign exchange mar-
ket is one of the largest markets in the world. We study the daily returns of
the following exchange rates: EURCHF Euro vs. Swiss franc (from March
1979 to January 2010) and EURJPY Euro vs. Japanese yen (from March
1979 to January 2010).

The results obtained for the different exchange rates that we analyzed

are presented in Tables 3.15, 3.16 and in Figure 3.43.

Table 3.15: Exchange Rates-1
appp | Opmp | Pl P DT, D
BHP BHP BHP BHP
EUR-CHF | 0.38 | 0.42 0.05 0.02 | 0.021 | 0.024
EUR-JPY | 0.58 | 0.52 0.03 0.01 0.023 | 0.028

Table 3.16: Exchange Rates-2

T — ot o
YBHP YBHP YBHP YBHP

EUR-CHF | 0.10 0.08 0.04 0.04
EUR-JPY | 0.04 0.06 0.02 0.03

In the studied exchange rates, we observe that aj;,; p and a g, p vary between

0.38 and 0.58 and P, and P~ are higher that 0.01, which can indicate

XpHp ApHp

universality in these data series.
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Figure 3.43: Values of ayp and agyp in exchange rates.
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3.7 Conclusion

We used the Kolmogorov-Smirnov statistical test to compare the histogram
of the «a positive fluctuations and a negative fluctuations with the trun-
cated Bramwell-Holdsworth-Pinton (BHP) probability density function. We
found that the parameters afy,p and agzyp for the positive and negative
fluctuations, respectively, vary mostly around 0.50. The fact that afyp
is different from ag,p can be due to leverage effects. We presented the
data collapse of the corresponding fluctuations histograms to the BHP pdf.
Furthermore, we computed the analytical approximations of the pdf of the
normalized [, index positive and negative returns in terms of the BHP pdf.
We showed the data collapse of the histogram of the positive and negative
returns to our proposed theoretical pdfs fgrpr,+ and feupr,—. We also
computed the analytical approximations of the pdf of the normalized pos-
itive and negative spot daily prices or daily returns r(¢) of distinct energy
sources FS and exchange rates FR.

Since the BHP probability density function appears in several other dis-
similar phenomena (see, for example, [18, 24, 32, 33, 36, 57]), our results
reveal a universal feature of the stock market exchange. Furthermore, these
results lead to the construction of a new qualitative and quantitative econo-
physics model for the stock market based on the two-dimensional spin model
(2dXY) at criticality (see [31]) and to a new stochastic differential equation
model for the stock exchange market indices (see [53]) that provides a better

understanding of several stock exchange crises (see [54]).



Chapter 4

Modeling Human Decisions

In this chapter, we construct a model, using Game Theory, for the Theory
of Planned Behavior and we propose the Bayesian-Nash Equilibria as one
of many possible mechanisms to transform human intentions into behavior
decisions. We show that saturation, boredom and frustration can lead to
the adoption of a variety of different behavior decisions, as opposed to no
saturation, which leads to the adoption of a single consistent behavior de-
cision. Furthermore, we use the new game theoretical model to understand
the impact of the leaders in the decision-making of individuals or groups and
we study how the characteristics of the leaders have an influence over the
others’ decisions. We also apply the model to a students success example,
describing Nash equilibria and “herding” effects, identifying a hysteresis in

the process.
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4.1 Theory of Planned Behavior or Reasoned

Action

The Theory of Planned Behavior or Reasoned Action is summarized in Fig-
ure 4.1 (see [1]), where we observe that external variables are divided in three
categories: intrapersonal associated to individual actions; interpersonal as-
sociated to the interaction of the individual with others; and sociocultural
associated to social values. These external variables influence, especially,
the intermediate variables which are also subdivided in three major groups:
social norms, attitude, and self-efficacy. The social norms can be the opin-
ions, conceptions and judgments that others have about a certain behavior;
attitudes are personal opinions in favor or against a specific behavior; and
self-efficacy is the extent of ability to control a certain behavior. These
external and intermediate variables lead to a consequent intention to adopt

a certain behavior.

4.2 Platonic Idealized Psychological World

In the platonic idealized psychological model, inspired in Plato‘s world of
thoughts or of the intelligible reality, the individuals have no uncertainties
in their taste and crowding types and welfare function. We consider that
the individuals are pure in the sense that the external and intermediate
variables of the model are known, to all individuals.

In this model, the individuals will choose a certain behavior/group g €

G. Those choices will be done, taking in account their characteristics and
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I— Intrapessoal _I * Social Norms

s Attitude
«Self-Efficacy Intention e

Variables

Figure 4.1: Theory of Planned Behavior

personal preferences (taste type) and the other individuals observable char-
acteristics (crowding club vector). The goal is to present a decision mecha-

nism for the individuals, taking in account their and the others types.

Let us consider a finite number S of individuals. For each individual
s € S, we distinguish two types of characteristics: taste type T : S — T
and crowding type C : S — (. We associate to each individual s € S one
taste type T (s) =t € T that describes the individual’s inner characteristics,
which are not always observable by the other individuals. We also associate
to each individual s € S one crowding type C(s) = ¢ € C that describes the
individual’s characteristics observed by the others and that can influence the
welfare of the others. In accordance with the Theory of Planned Behavior
or Reasoned Action, we associate the intrapersonal external variables and

the attitude and self efficacy intermediate variables with the taste type, and
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the interpersonal and sociocultural external variables and the social norms
intermediate variable with the crowding type.

The individuals, with their own characteristics, can define a strategy
G:S — G,ie. eachindividual s € S chooses a behavior/group G(s). Each
strategy G corresponds to an intention in the Theory of Planned Behavior
(see [5]). Given a behavior/group strategy G : S — G, the crowding vector
m(G) € (N is the vector whose components m? = m?(G) determine the
number of individuals that choose behavior/group ¢ with crowding type

ceC, ie.
mid=#{s€S:G(s)=gANC(s)=c}.
We denote by s; . the individual s with taste type ¢ and crowding type c.
We measure the level of welfare, or personal satisfaction, that an individual

St acquires by choosing a behavior/group g € G with crowding vector

m = m(G), using a utility function u;. : G x (N)¢ — R given by

ue(g,m) = Vi, + Y AL m?,
cec

where V%, measures the satisfaction level that each individual s;. has in
choosing a behavior/group g € G, and Afjcc/ evaluates the satisfaction that
each individual s;. has with the presence of an individual with crowding
type ¢’ that chooses the same behavior/group g.

The strategy G* : S — G is a (pure) Nash Equilibrium behavior/group,
if given the choice options of all individuals, no individual feels motivated
to change his behavior/group choice, i.e. his utility does not increase by

changing his behavior/group decision (see A.A.Pinto [57]).
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The platonic idealized psychological model gives rise to a dictionary
between Game Theory and Theory of Planned Behavior that is summarized

in Figure 4.2 (see Almeida [4, 5]).
[Optimization probler |

Figure 4.2: Theory of Planned Behavior / Platonic idealized psychological
world

We denote by S the group of all individuals s; . with the same taste
type t € T and the same crowding type ¢ € C. Let n(t,c) correspond to

the number of individuals in S ).

Remark 1 An interesting way to interpret Sy is to consider that n(t,c)
is the number of times that a single individual s, . has to take an action. In
this case, A, > 0 can be interpreted as the individual positive reward by
repeating the same behavior/group choice g € G, i.e. the individual s; . does
not feel a saturation effect by repeating the same choice. On the other hand,

ADS <0 can be interpreted as the individual negative reward by repeating the
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same behavior/group choice g € G, i.e. the individual s;. feels a saturation,

boredom or frustration effect by repeating the same choice.

4.2.1 Individuals that like to repeat the same behav-

ior (no-saturation)

In this section, we consider the hypothesis that A77 > 0. We exploit situ-
ations where no-saturation can lead to the adoption of a single consistent

behavior decision.

Lemma 4.2.1 Let G* be a Nash Equilibrium. Let A]; > 0, for every g € G,
t € T and ¢ € C. For every taste type t € T and every crowding type
c € C, all the indwiduals sy . € Su ), with the same taste type and the same

crowding type, choose the same behavior/group G*(s:.) = G*(Sw,e))-

Remark 2 [If Lemma 4.2.1 holds, considering that n(t,c) represents the
number of times that a same individual s, . has to take an action, one con-
cludes that the individual s, . does not have a negative reward by repeating
the same behavior/group choice and so has a single consistent behavior de-

CiS10M.

Proof. Let us suppose that for a group strategy G : S — G individuals
with same taste type ¢t and same crowding type ¢ choose more than one
behavior /group. Let us denote by g the behavior/group choice where these
individuals s; . attain the highest welfare (does not need to be unique). Then
any individual s;. that chooses another behavior/group ¢’ by changing his
choice to the behavior/group g will increase his welfare because AJ7 > 0.

Hence G : S — G is not a Nash Equibrium behavior/group. =
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4.2.2 Individuals that choose what they prefer

In this section, we exploit situations where individuals choose the behav-
ior/group that they prefer, independently of the influence of the others.

We define the worst neighbors W N,(t, c) of the individual s; . in choosing
the behavior/group g by

WN,(to) =Vi+ Y ALY nlt),

./ /
¢ eC,AYE <0 ver

where V%, represents the valuation of the individual s;. in choosing the
behavior/group g, and 3 ,_ 0,47 <0 Atg,f/ > ver n(t', c') represents the worst
neighbors that the individual $t7c can have for the same choice of behav-
ior /group g.

We define the best neighbors BN,(t, c¢) of the individual s;. in choosing
the behavior/group g by

BNy(t,c) =Vi+ Y ALY n(t.d),

/ !
'€C,ATE >0 ver

where V%, represents the valuation of the individual s;. in choosing the
behavior/group g and >_ ,_ €A% 50 Aff > vern(t', ) represents the best
neighbors that the individual s;. can have for the same choice of behav-
ior/group g.

Let gw = argmaxy ey WNy(t, ¢) and BN(t, ¢) = maX(yec.ggy} BNy(t, ).

Lemma 4.2.2 If WN,, (t,c) > BN(t,c) then G*(S;.) = gw, for every
Nash Equilibrium G*.
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We note that there is a value V4 such that Lemma 4.2.2 holds, for all V/7" >
Vo.

Remark 3 If Lemma 4.2.2 holds, considering that n(t,c) represents the
number of times that a same individual s, . has to take an action, one con-
cludes that the individual s, . chooses the same behavior/group gw , indepen-

dently of the Nash Equilibrium behavior/group considered.

Proof. Let us suppose, by contradiction, that G* is a Nash equilibrium,
such that, at least one individual s;. chooses the behavior/group g € G'\
{gw}. By construction of the best neighbors BN (¢, c), the utility function

is bounded above by
ure(g,m) < BNy(t,c) < BN(t,c).

If the individual changes his behavior/group choice to gy, then by con-
struction of the worst neighbors W Ny, (¢, ¢), the utility function is bounded
below by

U e(gw,m) > WN,, (t c).

Since W Ny, (t,c) > BN(t,c), we get

ut,c(gWa m) > ut,c(ga m)7

which is a contradiction. m
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4.2.3 Boredom and Frustration

In this section, we consider the hypothesis that A7 < 0. We exploit the
situations where boredom and frustration can lead to the adoption of a
variety of different behavior decisions.

We define the worst lonely neighbors W N Ly(t, c) of the individual s;.
in choosing the behavior/group g by

WNL,(t,¢) = V& + AVS + > A ().

/ !
c’EC’,c’;ﬁc,Af”f <0 t'eT

Let g1 = argmax ey WNLy(t, ¢) and gy = argmax g eq.g2q.1 WINLy(2, ).
We define the best lonely neighbors BN L(t, ¢) of the individual s; . by

BNL(t,c) = max BN,(t,c)
{QEG:gl 76911)#92}

Lemma 4.2.3 Let G* be a Nash Equilibrium, A{.* <0 and A% < 0. If
BNL(t,c) < WNLgs(t,c)

and

Al n(t, c) + BNy, (t,c) < WNLgy(t,c),

for everyi,j € {1,2} withi # j, then G*(St.)Ng1 # 0 and G*(Si.)Nga # 0.

Remark 4 If Lemma 4.2.3 holds, considering that n(t,c) represents the

number of times that a same individual s;. has to take an action, one
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concludes that the individual s;. splits his decision, at least, between the
behavior/groups g1 and ge, independently of the pure Nash Equilibrium be-

havior/group considered.

Proof. Let us suppose, by contradiction that G* is a Nash Equilibrium,
such that either

a) G (Sie)Ng1=0ANG" (Sie) Nga=0; or
b) G (Sie) Nt ZOANG*(Sie) Nga =0; or
c) G (Ste)Ngr =0ANG" (Sie)Nga #0

In case a), let s;. be an individual that chooses a behavior/group g €
G\ {g1,92}. By construction of the best lonely neighbors BN L(t,c), the
utility function is bounded above by

ue(g,m) < BNy(t,c) < BNL(t, c).

If the individual s; . changes his behavior/group choice to g2 (or g;) then, by
construction the worst lonely neighbors W N Lgs(t, ¢), the utility function is
bounded below by

ut,c(.gQa m) 2 WNL92 (t7 C)‘

Since BNL(t,c) < WN Lgs(t, c) we get

ut,c(927 m) > ut,c(.ga m)7
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which is a contradiction.

In case b), either i) all the individuals choose the behavior group ¢;
or ii) there is at least one individual s;. that chooses a behavior/group
g € G\ {g1,92}. Case bii) does not occur and the proof follows similarly to
the proof of case a). In case bi), by construction of A7 “n(t,c) and of the

best neighbors BN, (, ¢), the utility function is bounded above by

upc(gr,m) < A7 n(t, ¢) + BNy, (t, c).

If this individual changes his behavior/group choice to gs, then by con-
struction of the worst lonely neighbors W N Lgs (¢, ¢), the utility function is
bounded below by

Ut (g2, m) > WNLg,(t,c).

Since

Atgylc’cn(t, c) + BNy, (t,c) < WNL(t,c),

we get

Ug (g2, m) > upe(g1,m),

which is a contradiction.

The proof of case c¢) follows similarly to the proof of case a).
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4.3 Cave Psychological Model

Our cave psychological world is inspired in Plato “s concrete world, where all
things are shadows of the intelligible reality in Plato’s world of thoughts.
This world consists of individuals whose taste and crowding types follow
the shadows of the idealized taste and crowding types according to a given
probability distribution. Furthermore, the individuals know their welfare

function just in expected value.

Let n be equal to the cardinality #.S5 of S. Let us denote the individuals
in S by s1,...,5,. We represent by £ the set of all external variables e and
we represent by Z the set of all intermediate variables 7. The values of
the external and intermediate variables determine the taste type ¢t and the
crowding type c of the individuals s;, by amap t; X ¢; : EXZ — T xC given
by

(e,7) = (ti(e, 1), (e, i)).

Let V; : Gx E XZ — R be a map, where V;(g,t,(e;,4;), ¢i(er,4;)) measures
the satisfaction level that the individual s;, with external and intermediate
variables (e, 1;), has in choosing the behavior/group g. Let f; : (G x € X

Z)" — R be a map, where

fl(gla -"7gn7tl(6l7il); 61(617i1), "'acn(ermin))

measures the satisfaction level that the individual s; has taking in account
the crowding types ¢, of the other individuals s, and their behavior /group

choices g;.
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The welfare u; : (G x € x Z)™ — R of the individual s, is given by the

utility function

U1 vy Gy €15 ooy €y U1y weey i) =

Vilar, (e, i), ailer, i) + filgus o gns tiler, i); ca(er, in), ooy Cn(ens in)).

The shadow is the joint probability distribution P, of all the individuals
in S, with support contained in (€ x Z)", and P, is the marginal probability

distribution, of the individual s;, with support contained in & x Z;. Let

E(V,1,9) = Ep, [Vig, ti(er, 0r), ci(er, ir))]

and

E(f? lagla 7gn> = EP [fl(gl7 "'gTL’tl(el’il); Cl<€17 il)a (R cn(en, Zn))] .

The expected utility F(u;) of an individual s; € S is given by

E(ul) = E(%J’g) + E(fv l?.glv "';gn)

In this way, when the individuals pass from the intention to the behav-
ior /group decision, the indetermination of their types is solved arbitrarily,
for incidental reasons or reasons that the individuals are not able to pre-
dict except in probability. Another possible construction is presented in [3]
where the individuals know their own taste and crowding types, but ignore

the external and intermediate variables of the other individuals, except in
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probability.

The strategy G* : S — G is a (pure) Bayesian-Nash Equilibrium, if
given the choice options of all individuals, no individual feels motivated to
change his behavior/group choice, i.e. his expected utility does not increase

by changing his behavior/group decision (see Pinto [57]).

The cave idealized psychological model gives rise to a dictionary between
Game Theory and Theory of Planned Behavior that is summarized in Figure

4.3.

sa- oL
Te—I [

Figure 4.3: Theory of Planned Behavior / Cave Psychological Model
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4.3.1 Individuals that like to repeat the same behav-

ior (no-saturation)

In this section, we exploit situations where no-saturation can lead to the

adoption of a single consistent behavior decision.

A class F C S is cohesive, if for every s;, s, € F' we have

EP[uk(gla gk? <y G9n, €1, .1, enaib 72n)] > EP[“Z(QD -y G9n; €1, "'7en>i17 77/71)]7

for every (g1, ..., gn,) € G™ and g = g;.

Lemma 4.3.1 Let G* be a Bayesian-Nash Equilibrium. All the individuals
of a cohesive class F' choose the same behavior/group G*(F) = G*(sy), for
all s, € F.

The proof of Lemma 4.3.1 follows similarly to the proof of Lemma 4.2.1.

When all the marginal probabilities P, are Dirac masses and P is the

corresponding product measure, Lemma 4.2.1 is a sub-case of Lemma 4.3.1.

Remark 5 An interesting way to interpret the class F is to consider that
consists of a single individual sp € S that has to take #F behavior/group
decisions. If Lemma 4.5.1 holds, the individual sp does not have a negative
reward by repeating the same behavior/group choice and so has a single

consistent behavior decision.
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4.3.2 Individuals that choose what they prefer

In this section, we exploit situations where individuals choose the behav-

ior /group that they prefer, independently of the influence of the others.

Let f;" : G x (€ x I)" — R be given by

flJr(g;ela "'767177;17 7Zn) =

maxy(g,....gn)€Gn:g;=g} {07 fl(gla ooy Gny tl(ela Zl)a Cl(elv 2:1)7 ) Cn(€n7 Zn))} .
Let f; : G x (€ X I)™ — R be given by

i (gie1s s ln, ity .yiy) =

min{(gl ----- gn)EG”:gz:y} {07 fl(gl7 ey gTLJ tl<€la Zl)) Cl (617 Z.l)7 ceey Cn(€n7 Zn))} .

We define the shadow worst neighbors SW Ny(1) of the individual s; that
chooses the behavior/group g by
SWN!](l) = E(‘/’ l) g) + EP [fl_(ga €1,..-,6n, ila ceey Z’rl)i|

We define the shadow best neighbors SBN,(l) of the individual s; that
chooses the behavior/group g by

SBNQ(Z) = E(V7lag) + EP [fl+(ga €1, -4y enaih 7Zn):|

Let gw (1) = argmaxg ey SW N, (1) and SBN (1) = max{geagzgw (1)) SBN,(1).
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Lemma 4.3.2 If SWNy, y(l) > SBN(l), then G*(s1) = gw for every
Bayesian-Nash Equilibrium G*.

The proof follows similarly to the proof of Lemma 4.2.2.
The class F' C S is gw cohesive, if, for every s; € F, gw(l) = gw and
SW Ny, (1) > SBN(I).

Corollary 4.3.1 If a class F is gw cohesive then G*(F) = gw, for every
Bayesian-Nash Equilibrium G*.

When all the marginal probabilities P, are Dirac masses and P is the cor-

responding product measure, Lemma 4.2.2 is a sub-case of Corollary 4.3.1.

Remark 6 If Corollary 4.3.1 holds, considering that #F represents the
number of times that a individual sp has to take an action, one concludes
that the individual sp chooses the same behavior/group gw, independently

of the Nash Equilibrium behavior/group considered.

4.3.3 Boredom and Frustration

In this section, we exploit the situations where boredom and frustration can
lead to the adoption of a variety of different behavior decisions.

Let F C Sand s; € F. Let by : G x (£ xI)" — R be given by

hy(g;er, .., €ny i1,y in) =

min{(gl ..... gn)EG™:g1=gNgr#9, Vs, EF\{s;}} {07 fl (917 <oy On,y tl(el7 Zl)v (&1 (617 Z.l)u ) CTI(env Zn))} .
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We define the worst family lonely neighbors W N F(1) of the individual
s; in choosing the behavior/group g by

WNEF,(1)=E(V,l,9) + Ep [hy (g; €1, e, €, 11, o0y in) ] -

Let g1(I) = arg max ey WNF, (1) and g2(1) = arg maxgeq.gzq, 03 WNEFy(1).

Let bt : G x (€ x I)™ — R be given by

+( . ; N
h (g;e1, .. €n, ity ey in) =

maXx{(g,,....gn)€G™:gr=g,Ys, €F} {07 fl(gl> -+ Gn; tl(elv il); G (617 Z.1)7 ) Cn<ena Zn))} :

We define the best family lonely neighbors BN Fy(l) of the individual s,
in choosing the behavior/group g by

BNFQ(Z) = E<V7lag) + EP [h;r(g’ €1, "'7en7i17 72n):| .

Let SBN(I) = max{geqig, ()29} SBNg (1)

The class F'is (g1, g2) split, if, for every s; € F, g1(1) = ¢1, g2(1) = go,
SBN(l) < WNFgy(l) and BNF,,(I) < WNFE,(l), for every 4,5 € {1,2}
with 4 # 7.

Lemma 4.3.3 Let F be a (g1,92) split class. For every Bayesian-Nash
Equilibrium G*, G*(F) N g1 # 0 and G*(F) N g2 # 0.
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The proof of Lemma 4.3.3 follows similarly to the proof of Lemma 4.2.3.
When all the marginal probabilities P, are Dirac masses and P is the

corresponding product measure, Lemma 4.2.3 is a sub-case of Lemma 4.3.3

Remark 7 If Lemma 4.3.3 holds, considering that #F represents the num-
ber of times that the individual sp has to take an action, one concludes that
the individual sp splits his decision, at least, between the behavior/groups
g1 and go, independently of the pure Nash Equilibrium behavior/group con-

sidered.

4.4 Leadership in a Game Theoretical Model

A leader is an individual who can influence others to choose a certain group/
behavior. We consider that the leader makes his group/behavior choice be-
fore the others, and therefore the others already know the leader’s decision
before taking their behavior/group decision. We study how the choice of
the leader sy . can influence the followers s,s s to choose the same behav-
ior/group ¢ as the leader, see [2, 3].
The leaders and the followers are characterized by the parameters (o, R, V, L)

and we distinguish the following types:

o Altruist and individualist leaders. The leader sy 4 values V' > 0 the
behavior/group ¢ and can donate a part (1 — R)V to the followers.
The parameter R determines the fraction (1 — R)V of the good V

donated from the leader to the followers. After the donation, the new
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valuation of the leader s, . for the group g is Vj’cl = RV. The altruist
leader is the one who distributes a valuation to the followers of the
behavior/group g, i.e. R < 1 and the individualist leader is the one
who gives a devaluation or debt to the followers of the behavior/group

g,ie. R>1.

Consumption or wealth creation by the followers. We define a as the
parameter of the consumption or wealth creation on the valuation of
the good distributed by the leader to the followers. Therefore, the
new valuation of the followers s,s . to choose the behavior/group g is

given by
a(l — R)

Al =Ny,
n(t! c)

g9 _1/9
Viter = Viror +

where ‘Z?ﬁcf corresponds to the previous valuation of the followers to
choose behavior/group g. There is wealth creation by the followers
when R < 1and @ > 1 or when R > 1 and 0 < a < 1. There is wealth
consumption by the followers when R < 1 and 0 < a < 1 or when

R>1and a>1.

Influent and persuasive leaders. The influence or persuasiveness of the
leaders su .+ on the followers (t/,¢f) is measured by the parameter L.
We consider that

Af}flcf =L

corresponds to the satisfaction that the followers have by choosing

the same behavior/group as the leader. Alternatively, we consider

that Af;clcf = 0 and that the followers have a new valuation Vt‘?lcf =
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Vﬂl’cf — L when they choose the behavior/group ¢’ € G\ {g} under the

influence of the leader. If L < 0, the followers do not like to choose

the same behavior/group as the leader, but if L > 0, the followers like

to choose the same behavior/group as the leader.

We define the leader worst neighbors LW N,(t/,c!) of the individual

syt 0s in choosing the behavior/group g by:

LWN,#, ¢l =

;

\

! / . 7
A{Z}C,Cf + Z Af}fcf Z n(t',d) if Af‘}cycf >0

cfec,Af}C' <0 t'eT
Ne

c . ,Cf
Z Af},cf Zn(t’,c’) if Affﬁcf <0

c’EC’,Af}CI £ <0 t'eT
,CY

We define the leader best neighbors LBN,(t/,¢!) of the individual s .s

by:

LBN,(t',cf) =

Let

and

/ : s
E ATE E n(t', ) it A%, >0
c'eC,Aff/cf>0 t'eT
! / !
g,c g,c / / 3 9,C
Al + E Al s E n(t',d) it Af, <0
/

CeC,AT >0 t'eT
Ne

gw = argmax LW N, (t/, /)
{9eG}
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LBN(/,¢/)= max LBN,(t/,c/)
{9€G g#gw }

Lemma 4.4.1 Let the leader su o choose the behavior/group g € G. If

a(l — R)

it Sl VAN A f .f
n<tf,cf>V+L>LBN(t,c) LWN,, (t/,¢%)

then G*(s4r 0r) = gw, for every Nash equilibrium G*.

Inequality above gives a sufficient condition, in the value of the donation
(1 — R)V, in the influence and persuasion L of the leader and, also, in the
creation or consumption of wealth a by the followers, implying that the
followers choose the same behavior/group as the leader.

Proof. Let us suppose, by contradiction, that G* is a Nash equilibrium,
such that, at least one follower s;s s chooses the behavior/group g € G\
{gw}. By construction of the leader best neighbors LBN (t/,¢/), the utility

function is bounded above by
Wi o1 (9,m) < LBN(t,¢')

If the follower changes his behavior/group choice to gy, then by construc-
tion of the leaders worst neighbors LW N,, (t/,¢f), the utility function is
bounded below by

Utf7cf(gw,m) Z WV+L+LWNgw(t , C )
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Since 24y o [, > LBN(#f,¢f) — LW N, (t5,¢7), we get

n(tf,el)
Uyt of (G, M) > Wer o1 (g, M),

which is a contradiction. m

4.5 Game Theory in an Educational Context

In this example each student chooses a behavior/group. We consider two
different behavior/groups g € {A, F'} = G that correspond to results that
the students can have in the end of the academic year: A means that he

will approve and F means that he will fail, with some probability.

The students have preferences, over different behavior/group and over
the crowding profile of the other students in the same behavior/group, that
are described by the taste type. We consider a student community with
four taste types, t € {tsw,tsn,tvw,tun} = T, that can be defined by
considering two possibilities of different learning skills and previously sci-
entific knowledge obtained by the students, namely tgw,tsy, that corre-
spond to students with skills for success (S) and tyw,tyny correspond to
students without skills for success, that tend to be unsuccessful (U). The
taste types can also be defined by considering two possibilities of different
socializing behaviors, for instance, tsw, tyw (working-W), correspond to the
students that like to be with students that work/study more than average
and tsy,tyy (non-working-N), corresponds to the students that like to be

with students that work/study less than average.
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We consider that the choice of a behavior/group depends not only on the
characteristics of each student and their behavior/group valuation but also
on the characteristics of the other students that have chosen the same be-
havior/group. We refer these observable characteristics by crowding types.
In this example we consider four illustrative crowding types related with
the study frequency, namely ¢ € {Cy,Cr,Co,Cr} = C. If a student has
a crowding type Cy it means he studies very frequently, if a student has a
crowding type Cf it means he studies frequently, if he has a Cp crowding
type, he studies occasionally and with crowding type Cg he rarely studies.

Overall, we can now consider four possibilities of different socializing
behaviors that we pass to describe: T' = {tsw.oy, tsn.cos tuw.cps tuN.C |-

Given the behavior/group g € G, let us consider the crowding club

vector:

g g g g g
m? = {mgy, MEp, Mo, MER}

where mg,,, represents the number of students with crowding type Cy that
choose the behavior/group g, mf, represents the number of students with
crowding type Cp that choose the behavior/group g, mg,, represents the
number of students with crowding type Co that choose the behavior/group
g, mip represents the number of students with crowding type Cg that
choose the behavior/group g.

Let us now introduce the payoff of the four taste types in the model.

Students of type tsw,c, are students with skills for success that study more

than average. They also prefer to be with students that study very fre-
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quently.

Utgwe, (9:m7) =V, +mby Vi, =
Students of type tsn,c, are students with skills for success that study less
than average. Furthermore, they prefer the company of students that study
occasionally or rarely.

View if g=A
0 it g=F

Utsn op (g,m?) = Vtiz\r + mgCO + mgCR ) V;Z‘N -
Students of type tyw.c, are students without skills for success that study

more than average. Furthermore, they prefer the company of students that

study frequently or very frequently.

uw
View if g=F
0 if g=A

TT— (g,m9) =V7 +mip+1+a)md, ,a>0,

Viow =
Students of type tyn ¢, prefer to be with a group of students without skills
that study less than average. Furthermore, they prefer the company of
students that rarely study.

Vien it g=F
0 if g=A

g\ — g g g _
utUN,CR (g7m ) - V;UN +mCR ’ ‘/;UN -

We can represent the utility function by

(g, m?) = Vi + Y Al m?.

deC
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The information concerning the satisfaction function is summarized in two
following tables: (A) a table of the behavior/group power V)%, in the wel-
fare /payoff of each student taste type t and (B) a table of the crowding type
influence Af;ccl in the welfare/ payoff of each student taste type ¢. For this
example the tables are described below:

A) The table of the behavior/group valuation in Figure 4.4 that shows
the welfare/profit of a student depending on his taste type:

I VA T

sw Visw 0
tsN Visn 0
tow 0 Viuw
(LU 0 Viun

Figure 4.4: Table of the behavior/group valuation

B) The table of the crowding type influence, in Figure 4.5 that shows
the positive or negative proportional effect of each crowding type for each

student depending on his taste type:
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TSN 0 1 0 1
TUW 1ta 0 1 0
TUN 0 0 0 1

Figure 4.5: Table of the crowding type influence
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The distribution of all students is characterized in the table of Figure 4.6,
where for each pair (t,c) we consider the corresponding number of students

n(t,c) :

I O
o {SW.CV) ) o )

(o (] n{tUW,CF) (] i
co 0 0 n{t5N,C0} (1]
x 0 0 0 n{tUN,CR)

Figure 4.6: Table of the distribution of all students

Given the utility function we can now determine the Nash equilibria. Study-

ing all the cases we obtain four different equilibria, as we pass to describe.

We will assume from now on that:

H; :n(tun) < Vun

and

H, : n(tsw) < Vsw

and consider that S, ) represents the students s € S with taste typet € T
and crowding type ¢ € C.

Lemma 7: Under hypothesis H; and H,, for every Nash Equilib-
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rium G*, G*(s) = F, for every s € S y and G*(s) = A, for every

tUN,CR

S € S(tsw,cV).

Hence, from the Nash Equilibrium point of view, we have some students
with permanent choice of behavior/group, and we assume that the students
with taste type tyn and crowding type cg always choose behavior/group
F and students with taste type tsy and crowding type ¢y always choose

behavior/group A, under H; and H,.

Lemma 8 (Students of types tyy and tgy prefer what they like) : If
n(tun) < Vigy + nltsy) and (1 + a)n(tsw) < Vi, + n(tuw) then there

is a Nash Equilibrium G* such that G*(s) = A for every s € S(1gy o) and

co

G*(s) = F for every s € S(i,y cr)-

In this case (Figure 4.7) the determinating factor for students of type
tyw is the valuation of the behavior/group and not the members of the
behavior /group. For students of type tgy the determinating factor is also
the valuation of the behavior/group and not the members of the behav-
ior/group. Then the students of type ¢ty choosing behavior/group F and
the students of type tgy choosing behavior/group A form a Nash Equilib-

rium.

Lemma 9 (Students of type tgy prefer who they like): If n(tyy) +
n(tsy) > Vigy and (1 + a)n(tsw) < Vi, + n(tyw) then there is a Nash
Equilibrium G* such that G*(s) = F for every s € Sy o) and G*(s) = F
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{t5W,Cv) n{i5W,Cv) o
{tUW,CF) o n{tUW,CF)
{tSN,CO) n{iSN,CO) 0
{tUN,CR) o n{LUN,CR)

Figure 4.7: Students of types tyw and tgy prefer what they like

for every s € S cp)-

In this case (Figure 4.8) the determinating factor for students of type
tyw is the valuation of the behavior/group and not the members of the
behavior/group, but for students of type tsy the determinating factor are
the members of the behavior/group and not the valuation of the behav-
ior/group. Then the students of type ¢ty choosing behavior/group F and
the students of type tgy choosing behavior/group F form a Nash Equilib-

rium.

Lemma 10 (Students of type tyw prefer who they like): If n(tyy) <
Vign + nltsy) and (1 4+ a)n(tsw) + n(tvw) < Vi, then there is a Nash
Equilibrium G* such that G*(s) = A for every s € S(4y.c0) and G*(s) = A
for every s € S

tuw,cr)*

In this case (Figure 4.9) the determinating factor for students of type
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{15wW,Cv) MiSW,CV) o

{tUW,CF) o n{tUW, ()
{15N,CO} 0 n{L5N,CO)
{tUN,CR) 0 n{tUN, (R}

Figure 4.8: Students of type tsy prefer who they like

tyw are the members of the behavior/group and not the valuation of the
behavior /group, but for students of type tgy the determinating factor is
the valuation of the behavior/group and not the members of the behav-
ior/group. Then the students of type tyy choosing behavior/group A and
the students of type tsn choosing behavior/group A form a Nash Equilib-

rium.

{t5W,CQv) n{ISW,Cv) o
{tUW,CF) n{tUW,CF) 0
{15N,00) n{t5N,C0) 0
{tUN,CR) (1] n{iUN,(R)

Figure 4.9: Students of type tyw prefer who they like
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Lemma 11 (Students of types tyw and tgy prefer who they like) If
n(tUN) + n(tSN) > ‘/tSN and (1 + Oé)?’b(t,gw) + n(tUw) < ‘/tUW then there

is a Nash Equilibrium G* such that G*(s) = F for every s € Sty ,c,) and

co

G*(s) = A for every s € Suyy cp)-

In this case (Figure 4.10) the determinating factor for students of type
tyw are the members of the behavior/group and not the valuation of the
behavior /group, and the same happens for students of type tgy. Then the
students of type tyw choosing behavior/group A and the students of type

tsn choosing behavior/group F form a Nash Equilibrium.

{tSw,Cv) n{t5W,CV) 0
{HUW,CF) n{tUW,CF) 0
{L5MN,CO) (1] n{15N,C0)
{tUN,CI) (1] r{tUN,CR)

Figure 4.10: Students of types tyw and tsy prefer who they like

Hence, we can have an “herding” effect in students of types tyw and

tsny as we pass to explain:
e Herding Effect in students of type tyw

Herding from F to A : Suppose that (1 + a)n(tsw) < n(tow) + V (tuw)
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| |
1- n(rw__) + (1 + a)n(rm.-) (1 + a)n(rsﬂ,.) (1 + a)n(rﬂ__) + ”(fm—) V(tur)

Figure 4.11: Herding Effect in students of type tyw

and that tyy C F, a small increase in n(tsy) and n(tyw) or decrease in
valuation V (tyw ) can alter the above inequality to > leading tyy to change
as a herd his choice from behavior/group F to behavior/group A.

Herding from A to F : Suppose that (1 + a)n(tsw) +n(tow) > V(tow)
and that tyy C A, a small decrease in n(tsy) and n(tyw) or increase in
valuation V (tyw) can alter de above inequality to < (less than) leading ¢y w

to change as a herd his choice from A behavior/group to behavior/group F.

e Herding Effect in students of type sy

|
Vitsy)
H(fu\,— ) - H(IS_\,.- ) . n(tii\" ) M(IE\; ) +n (IS_\."_

Figure 4.12: Herding Effect in students of type tsn

Herding from F to A : Suppose that n(tyy) +n(tsy) > V(tsy) and that
tsny C F, a small decrease in n(tsy) and n(tyy) or increase in valuation
V(tsn) can alter the above inequality to < leading tsy to change as a herd

his choice from behavior/group F to behavior/group A.
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Herding from A to F' : Suppose that n(tyn) < n(tsy)+V(tsn) and that
tsny C A, a small increase in n(tgy) and n(tyy) or decrease in valuation
V(tsy) can alter the above inequality to > leading tgy to change as a herd

his choice from behavior/group A to behavior/group F.

4.6 Conclusion

We constructed two game models for the theory of Planned Behavior or
Reasoned Action. The first model, the platonic idealized psychological
model, consists of individuals with no uncertainties in their taste and crowd-
ing types and welfare function. The second model, the cave psychological
model, consists of individuals whose taste and crowding types follow the
shadows of the taste and crowding types of the platonic idealized psycho-
logical model, according to a given probability distribution. Furthermore,
the individuals know only the expected value of their welfare function. In
both models, we presented sufficient conditions for an individual or group
to adopt a certain behavior decision according to both the Nash and the
Bayesian-Nash Equilibria. We demonstrated how saturation, boredom and
frustration can lead to the adoption of a variety of different behavior deci-
sions and how no saturation can lead to the adoption of a single consistent
behavior decision. We studied how the characteristics of the leaders have
influence over other individual’s decisions. We presented a students suc-
cess model, described Nash equilibria and “herding” effects, identifying a

hysteresis in the process.
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