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1. Introduction and summary. In the semigroup literature, regular
semigroups have attracted more attention than other classes of semigroups.
But within the class of regular semigroups, there is a wide spectrum of special
classes, again some of them more popular than others. We deal in this paper
with a class of regular semigroups which has been considered by a limited
number of mathematicians. We set out here to show that their structural
properties deserve a thorough treatment.

Let S be a semigroup. For s, t ∈ S, t is an associate of s if s = sts; denote
by A(s) the set of all associates of s. Let E(S) be the set of all idempotents
of S and C(S) the core of S, that is the subsemigroup of S generated by
E(S). For z ∈ E(S), Green’s H-class Hz is an associate subgroup of S if
for every s ∈ S, the set A(s) ∩ Hz is a singleton, say {s∗}; the mapping
s → s∗ is a unary operation on S. Even though z is not unique, we call it
the zenith of S. Also, z is called a medial idempotent if for all s ∈ C(S),
we have s = szs, in which case we call S medial. Under these hypotheses, a
structure theorem for such semigroups was established in [4] in terms of an
idempotent generated semigroup, a group and a single homomorphism.

The parameters of the relevant construction consist of an idempotent gen-
erated regular semigroup C with a medial idempotent w, a group G and a
homomorphism of G into the group of automorphisms of wCw. The semi-
group C is isomorphic to the core C (S) while the group G is isomorphic to an
associate subgroup. Hence the core of S and a single maximal subsemigroup,
the associate subgroup, and the action of the latter on a part of the former
determine the structure of the whole semigroup, a remarkable phenomenon.
In some special cases, this construction reduces to the semidirect product.

2. Terminology and notation. For any semigroup S, we use the following
notation: in addition to E(S) and C(S) defined above,

G (S) — the set of completely regular elements of S (the union of all
subgroups of S),
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A (S) — the group of automorphisms of S,
V (s) = {t ∈ S | s = sts, t = tst} for any s ∈ S.

If ρ is an equivalence relation on S and s ∈ S, ρs denotes the ρ-class of s.

3. Axioms (A1) - (A7). A semigroup S with a unary operation s → s∗

will be referred to as a ∗-semigroup.

For ∗-semigroups, we will consider the following axioms. For all s, t ∈ S,

(A1) s = ss∗s, (A5) s∗t∗ = (s∗t∗)∗∗ ,
(A2) s∗s∗∗ = t∗∗t∗, (A6) s = st∗s ⇒ s∗ = t∗,
(A3) (st)∗ = t∗s∗, (A7) s∗ = s∗∗∗.
(A4) (st)∗∗ = s∗∗t∗∗,

The common value in (A2) will be called the zenith of S and denoted by z.

We start with a link between semigroups with an associate subgroup and
∗-semigroups.

Theorem 3.1. Let S be a semigroup, z ∈ E(S), and assume that Hz is an

associate subgroup of S. For every s ∈ S define s∗ by

A (s) ∩ Hz = {s∗} . (1)

Then S is a ∗-semigroup satisfying axioms (A1) , (A5) and (A6) .
Conversely, let S be a ∗-semigroup satisfying axioms (A1) , (A5) and

(A6) . Then S has Hz as an associate subgroup where z = s∗s∗∗ for any

s ∈ S and (1) holds.

Proof. Let s, t ∈ S.
Direct part. Then s = ss∗s and (A1) holds. Next s∗t∗ (s∗t∗)∗ ∈ E (S) ∩

Hz = {z} so that

(s∗t∗)∗ (s∗t∗) (s∗t∗)∗ = (s∗t∗)∗ z = (s∗t∗)∗

and hence s∗t∗ ∈ A ((s∗t∗)∗) ∩ Hz = {(s∗t∗)∗∗} and (A5) is satisfied. Finally,
if s = st∗s, then t∗ ∈ A (s) ∩ Hz = {s∗} and (A6) holds.

Converse. Let S∗ = {s∗ | s ∈ S} . By (A1) and (A6) , we have that A (s)∩
S∗ = {s∗} and by (A5) that S∗ is a subsemigroup of S. By ([1], Theorem
2), S∗ is a maximal subgroup of S. Axiom (A1) implies that s∗ = s∗s∗∗s∗ so
that s∗s∗∗, s∗∗s∗ ∈ E (S) . But s∗s∗∗, s∗∗s∗ ∈ S∗. Letting S∗ = Hz, we have
s∗s∗∗ = z = s∗∗s∗.

Lemma 3.2. (A1) , (A2) ⇒ (A7).
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Proof. In fact,

s∗ = s∗s∗∗s∗ = s∗ (s∗∗s∗∗∗s∗∗) s∗ = (s∗s∗∗) s∗∗∗ (s∗∗s∗)

= (s∗∗∗s∗∗∗∗) s∗∗∗ (s∗∗∗∗s∗∗∗) = s∗∗∗.

Lemma 3.3. (A1) − (A3) ⇒ (A4) − (A6) .

Proof. Indeed,
(st)∗∗ = (t∗s∗)∗ = s∗∗t∗∗

and thus (A4) holds. By (A4) and Lemma 3.2, we have

(s∗t∗)∗∗ = s∗∗∗t∗∗∗ = s∗t∗

and (A5) is satisfied. If s = st∗s, then

s∗ = s∗s∗∗s∗ by (A1)
= s∗s∗∗t∗∗∗s∗∗s∗ by (A4)
= t∗t∗∗t∗∗∗t∗∗t∗ by (A2)
= t∗ by (A1)

which gives (A6) .

Lemma 3.4. (A1) , (A2) , (A4) ⇒ (A3) .

Proof. Indeed,

(st)∗∗ (t∗s∗)∗∗ (st)∗∗ = s∗∗t∗∗t∗∗∗s∗∗∗s∗∗t∗∗ by (A4)
= s∗∗s∗∗∗s∗∗t∗∗t∗∗∗t∗∗ by (A2) applied to s∗ and t∗

= s∗∗t∗∗ by (A1)
= (st)∗∗ by (A4)

and hence

(st)∗ = (st)∗ (st)∗∗ (st)∗ by (A1)
= (st)∗ (st)∗∗ (t∗s∗)∗∗ (st)∗∗ (st)∗ by the above
= (t∗s∗)∗∗ (t∗s∗)∗∗∗ (t∗s∗)∗∗ (t∗s∗)∗∗∗ (t∗s∗)∗∗ by (A2)
= (t∗s∗)∗∗ by (A1)
= t∗∗∗s∗∗∗ by (A4)
= t∗s∗ by Lemma 3.2.

Lemma 3.5. (A1) , (A5) , (A6) ⇒ (A2) .

Proof. By the proof of Theorem 3.1, S∗ = Hz with z = s∗s∗∗ = s∗∗s∗ for
any s ∈ S. Then for every s, t ∈ S, we have s∗s∗∗ = z = t∗∗t∗ and (A2) holds.
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4. Properties of ∗-semigroups. In this section, S stands for a ∗-
semigroup.

Notation. For any s ∈ S, let

s+ = s (ss)∗ s, s◦ =
(

s+
)2

.

The idempotents of S can now be easily characterized.

Lemma 4.1. Let S satisfy (A1) . Then E (S) = {s◦ | s ∈ S} .

Proof. If e ∈ E (S) , then e◦ = [e (ee)∗ e]
2

= e2 = e. Conversely, for any
s ∈ S, we have

s◦s◦ = s (ss)∗ [ss (ss)∗ ss] (ss)∗ ss (ss)∗ s

= s (ss)∗ [ss (ss)∗ ss] (ss)∗ s = [s (ss)∗ s]
2

= s◦.

Lemma 4.2. Let S satisfy axiom (A1) and let s, t ∈ S.
(i) s L t ⇐⇒ s = st∗t, t = ts∗s ⇐⇒ s∗s L t∗t.
(ii) s R t ⇐⇒ s = tt∗s, t = ss∗t ⇐⇒ ss∗ R tt∗.
(iii) s H t ⇐⇒ s = tt∗st∗t, t = ss∗ts∗s.
(iv) s H t, s∗ = t∗ =⇒ s = t.

Proof. (i) For s, t ∈ S, we have

s L t ⇔ there exist u, v ∈ S1 such that s = ut, t = vs

⇔ s = st∗t, t = ts∗s

⇔ s∗s = s∗st∗t, t∗t = t∗ts∗s

⇔ there exist w, x ∈ S1 such that s∗s = wt∗t, t∗t = xs∗s

⇔ s∗s L t∗t.

(ii) This is the dual of part (i).
(iii) This follows easily from parts (i) and (ii).
(iv) If s H t and s∗ = t∗, then by parts (i) and (ii), we get s = tt∗s =

ts∗s = t.

Completely regular elements of a ∗-semigroup satisfying only axiom (A1)
admit multiple characterizations as follows.

Theorem 4.3. Let S satisfy (A1) . The following conditions on s ∈ S are

equivalent.
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(i) s is completely regular.
(ii) s = s+s = ss+.
(iii) s = s◦s = ss◦.
(iv) s = ss (ss)∗ s (ss)∗ ss.
(v) s H s◦.

Moreover, if these conditions are satisfied, then

s◦ = s+, s−1 = s (ss)∗ s (ss)∗ s.

Proof. (i) ⇒ (ii) Then s L s2 which by Lemma 4.2(i) yields that

s = s
(

s2
)

∗

s2 = s+s

and dually s = ss+.
(ii) ⇒ (iii) Indeed,

s = s+s = s+s+s = s◦s

and dually s = ss◦.
(iii) ⇒ (iv) In fact,

s = ss∗s = (ss◦) s∗ (s◦s)

= s [s (ss)∗ s] [s (ss)∗ s] s∗ [s (ss)∗ s] [s (ss)∗ s] s

= ss (ss)∗ s (ss)∗ ss.

(iv) ⇒ (i) Then s ∈ s2Ss2 and is by ([6], Proposition II.1.3) completely
regular.

(iii) ⇒ (v) The hypothesis implies that s ∈ s◦S ∩ Ss◦ and the definition
of s◦ yields that s◦ ∈ sS ∩ Ss. Hence s H s◦.

(v) ⇒ (i) This is well known, see [6].
Now assume that the above conditions are fulfilled. Then

s+ = s (ss)∗ s = s (ss)∗ ss+ = s+s+ = so.

Next let s = s (ss)∗ s (ss)∗ s. We obtain

sss = [s (ss)∗ s (ss)∗ s] ss = (s (ss)∗) s+ss = (s (ss)∗) ss = s+s = s

and s ∈ sS and dually s ∈ Ss. By definition s ∈ sS ∩ Ss and hence s H s.
Now s H s2 by Lemma 4.2(iii) implies that

s = (ss (ss)∗) s ((ss)∗ ss) = sss

and thus s = s−1.
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The next proposition relates the unary operation on S with the least
group congruence on S in a generic way.

Proposition 4.4. Let S be a ∗-semigroup satisfying axioms (A1) , (A5),
(A6) . Define a relation θ by

s θ t ⇐⇒ s∗ = t∗ (s, t ∈ S) .

Then the congruence θ♯ generated by θ is the least group congruence σ on S
and S/σ ∼= Hz/ (σ|Hz

) .

Proof. Since S is a regular semigroup, so is S/θ♯. Let e ∈ E (S) . By Lemmas
3.2 and 3.5, we get that e θ e∗∗ and thus e θ♯ e∗∗ whence ee∗ θ♯ e∗∗e∗ = z and
similarly e∗e θ♯ z. Hence, by Theorem 3.1,

e = ee∗e θ♯ e∗ee = e∗e θ e∗e∗∗ = z.

Hence all idempotents of S are θ♯-related to z. In view of Lallement’s lemma,
we conclude that S/θ♯ is a group, that is θ♯ is a group congruence.

Next let ρ be a group congruence on S and let s θ t. Then s∗ = t∗ and
s = ss∗s and t = tt∗t imply

ρs = (ρs∗)−1 = (ρt∗)−1 = ρt

and thus θ ⊆ ρ. But then also θ♯ ⊆ ρ proving the minimality of θ♯.
By Lemmas 3.5 and 3.2, we have s∗ = s∗∗∗ for any s ∈ S and that s θ s∗∗

and finally s θ♯ s∗∗, which implies the last assertion of the proposition.

Proposition 4.5. Let S satisfy axioms (A1) − (A3) .
(i) E (S) = {s+ | ss∗ ∈ V (s∗s)} .
(ii) C (S) = {s ∈ S | s∗ = z} = {s+ | s ∈ S} = {ef | e, f ∈ E (S)} .
(iii) G (S) = {s ∈ S | ss∗ ∈ V (s∗s)} .
(iv) C (S) ∩ G (S) = E (S) .

Proof. (i) If e ∈ E (S) , then e = ee∗e = e (ee)∗ e = e+ and

(ee∗) (e∗e) (ee∗) = e (ee)∗ ee∗ = ee∗ee∗ = ee∗

and similarly e∗e = (e∗e) (ee∗) (e∗e) so that ee∗ ∈ V (e∗e) .
Conversely, let ss∗ ∈ V (s∗s) . Then

ss∗ = (ss∗) (s∗s) (ss∗) (1)

whence

s+s+ = s (ss)∗ ss (ss)∗ s = (ss∗) (s∗s) (ss∗) (s∗s) = s+.
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(ii) For every e ∈ E(S), we have

e∗ = e∗e∗∗e∗ = e∗(ee)∗∗e∗ = e∗e∗∗e∗∗e∗ = zz = z.

For p ∈ C (S) , we have p = e1e2 · · · en (ei ∈ E (S)) and by (A3) ,

p∗ = e∗n · · · e
∗

2e
∗

1 = z

and C (S) ⊆ {s ∈ S | s∗ = z} .
Let s ∈ S and s∗ = z. Then

s = ss∗s = szs = (sz) (zs) = (ss∗) (s∗s) = s+

and {s ∈ S | s∗ = z} ⊆ {s+ | s ∈ S}. For any s ∈ S, we have ss∗, s∗s ∈ E (S)
and thus {s+ | s ∈ S} ⊆ {ef | e, f ∈ E (S)} . Finally by definition, we have
{ef | e, f ∈ E (S)} ⊆ C (S) .

(iii) If s ∈ G (S) , then by Theorem 4.3, we have s = s+s = ss+ which
evidently implies (1) and its counterpart for s∗s so that ss∗ ∈ V (s∗s) . The
converse follows essentially the same way.

(iv) This is an obvious consequence of parts (i) – (iii).

Since
(s+)3 = [s(ss)∗s][s(ss)∗s][s(ss)∗s]

= s(ss)∗[ss(ss)∗ss](ss)∗s = s+s+

we see that (s+)
2

= (s+)
3

which in view of Proposition 4.5(ii) shows that
C (S) is periodic. By Proposition 4.5(iv) we have that C (S) is combinatorial.
Both of these statements were proved in ([2], Theorem 1.1).

Lemma 4.6. Let S be a ∗-semigroup satisfying axioms (A1) − (A3) . For

s, t ∈ S, we have

s ≤ t ⇐⇒ s = ss∗t = ts∗s.

Proof. By Proposition 4.5(ii), for e ∈ E(S), we have e∗ = z, and thus

s ≤ t ⇒ s = et = tf for some e, f ∈ E (S)

⇒

{

s = ett∗t = ett∗e∗t = et (et)∗ t = ss∗t
s = tt∗tf = tf ∗t∗tf = t (tf)∗ tf = ts∗s

⇒ s ≤ t.

5. Characterizations. It was proved in [4] that a regular semigroup S
with an associate subgroup G whose identity is medial can be constructed by
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an action of G on a part of the core C (S) of S. We state this construction
below and establish a number of its properties. This serves primarily for
understanding of the structure of these semigroups, but it will be also prove
useful for general manipulation.

We start with a multiple characterization of the basic conditions in this
section.

Lemma 5.1. Let S be a ∗-semigroup satisfying axioms (A1) , (A5) , (A6) and

write z for the zenith of S. Then the following statements are equivalent.
(i) z is medial.

(ii) S satisfies axiom (A3) .
(iii) p∗ = z for all p ∈ C (S) .
(iv) The relation θ in Proposition 4.4 is a congruence.

Proof. (i) ⇒ (ii) For s, t ∈ S, we have

(st) (t∗s∗) (st) = ss∗stt∗t∗∗t∗s∗stt∗t by (A1)
= s (s∗stt∗) z (s∗stt∗) t by Theorem 3.1
= ss∗stt∗t by mediality of z
= st by (A1)

and thus t∗s∗ ∈ A (st) Then by (A5) and (A6) , we have t∗s∗ ∈ A (st)∩S∗ =
{(st)∗} .

(ii) ⇒ (iii) This follows from Lemma 3.5 and Proposition 4.5(ii).
(iii) ⇒ (i) If p ∈ C (S) , then p = pp∗p = pzp.
(ii) ⇒ (iv) This is obvious.
(iv) ⇒ (ii) For any s ∈ S, by Lemmas 3.2 and 3.5, we get s θ s∗∗. Hence

(st)∗ = (s∗∗t)∗ for any s, t ∈ S. By Lemma 3.5, we have that

s∗t(t∗s∗∗)s∗t = s∗tt∗(s∗∗s∗)t = s∗tt∗t = s∗t

which by (A6) yields that (s∗t)∗ = t∗s∗∗. Using this formula, we get ((s∗)∗ t)
∗

=
t∗s∗∗∗ = t∗s∗ and thus (st)∗ = t∗s∗.

The equivalence of parts (i) and (ii) in Lemma 5.1 was proved by a longer
argument in ([1], Theorem 4).

The following construction represents the basic device for a description
of the semigroups discussed throughout this section.

We quote from [4].
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Construction. Let C be an idempotent generated semigroup with a medial
idempotent w. Let G be a group and ζ : G → A (wCw) be a homomorphism
and write ζ : g → ζg. On the set

{(x, g, a) ∈ Cw × G × wC | ζg (aw) = wx}

define a multiplication by

(x, g, a) (y, h, b) = (xζg (ay) , gh, ζh−1 (ay) b)

and denote the resulting structure by [C, G; w, ζ ] .

Additionally, we introduce a unary operation

(x, g, a)∗ =
(

w, g−1, w
)

.

Toward the proof of the characterization theorem (Theorem 5.7 below),
we first establish lemmas each of which implies one of the implications in
the proof of the theorem. These lemmas state explicitly the transition of one
characterization to another thereby contributing to a better understanding
of the content of various parts of the theorem.

Lemma 5.2. Let S be a semigroup with an associate subgroup Hz whose

identity z is medial. Define

ζ : g −→ ζg (g ∈ Hz)

where

ζg : p −→ gpg−1 (p ∈ zC (S) z) .

Then [C (S) , Hz; z, ζ ] is defined. For every s ∈ S, define s∗ by A (s)∩Hz =
{s∗} . Then the mapping

ϕ : s −→ (ss∗, s∗∗, s∗s) (s ∈ S)

is an isomorphism of S onto [C (S) , Hz; z, ζ ] .

Proof. This is the content of ([4], Theorem 4).

Lemma 5.3. Let S = [C, G; w, ζ ] . Then S satisfies axioms (A1) − (A3) .

Proof. Let (x, g, a) , (y, h, b) ∈ S. Then

(x, g, a) (x, g, a)∗ (x, g, a) = (x, g, a)
(

w, g−1, w
)

(x, g, a)

= (xζg (aw) , 1, ζg (aw) w) (x, g, a)

= (xwx, 1, wxw) (x, g, a) = (x, 1, wx) (x, g, a)

=
(

xwxx, g, ζg−1 (wxx) a
)

= (x, g, awa) = (x, g, a)
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and therefore (A1) is satisfied. Next,

(x, g, a)∗ (x, g, a)∗∗ =
(

w, g−1, w
)

(w, g, w) = (w, 1, w) ,

(y, h, b)∗∗ (y, h, b)∗ = (w, h, w)
(

w, h−1, w
)

= (w, 1, w)

and so (A2) holds. Finally,

(y, h, b)∗ (x, g, a)∗ =
(

w, h−1, w
) (

w, g−1, w
)

=
(

w, (gh)−1 , w
)

= (xζg (ay) , gh, ζh−1 (ay) b)∗

= ((x, g, a) (y, h, b))∗

and (A3) is satisfied as well.

Lemma 5.4. Let S be a ∗-semigroup satisfying axioms (A1) − (A3) . Then

the mapping

χ : s → s∗∗ (s ∈ S)

is a retraction of S onto Hz, where z = s∗s∗∗ for every s ∈ S, such that

s = s (χs)−1 s for every s ∈ S.

Proof. By Lemma 3.3, χ is a homomorphism. Let z = s∗s∗∗ for any s ∈ S.
Then by (A1) ,

zz = s∗s∗∗s∗s∗∗ = s∗s∗∗ = z,

and so Hz is a maximal subgroup of S.
For any g ∈ Hz, we get

g∗g = g∗gz = g∗gg∗g∗∗ = g∗g (g∗g)∗ = z,

gg∗ = gzg∗ = gg∗g∗∗g∗ = gg∗ (gg∗)∗ = z,

zg∗ = g∗g∗∗g∗ = g∗,

g∗z = g∗g∗g∗∗ = (g∗gg)∗ = (zg)∗ = g∗,

thus g∗ ∈ Hz and g−1 = g∗. For any g ∈ Hz, we have

χg = g∗∗ =
(

g−1
)

−1
= g.

The fact that z∗ = z−1 = z gives that for every s ∈ S,

s∗∗s∗∗∗ = z, s∗s∗∗ = z, zs∗∗ = s∗∗s∗∗∗s∗∗ = s∗∗,

s∗∗z = s∗∗z∗ = s∗∗ (s∗s∗∗)∗ = s∗∗s∗∗∗s∗∗ = s∗∗
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and so s∗∗ ∈ Hz. It follows that χ is a retraction of S onto Hz. In addition,
for any s ∈ S we have s∗∗∗ = χ (s∗) = s∗ since s∗ ∈ S∗ = Hz by the proof of
Theorem 3.1, and

s = ss∗s = ss∗∗∗s = s (s∗∗)−1 s = s (χs)−1 s.

Let ρ be a congruence on a semigroup S. A subset T of S is a transversal

of ρ if T intersects each ρ-class exactly once. If also for every element s of
S, T contains exactly one associate of s, then T is an associate transversal

of ρ.

Lemma 5.5. Let S be a semigroup, z ∈ E (S) and χ be a retraction of S
onto Hz such that s = s (χs)−1 s for all s ∈ S. The kernel ρ = ker χ is a

congruence which has Hz as an associate transversal.

Proof. The relation ρ is obviously a congruence on S. We will prove that
for any s ∈ S,

A (s) ∩ Hz =
{

(χs)−1
}

, ρs ∩ Hz = {χs} .

We have (χs)−1 ∈ Hz ∩ A (s) . If χt ∈ A (s) , then s = s (χt) s and thus
χs = (χs) (χt) (χs) so that χt = (χs)−1 . Since χ is a retraction of S onto
Hz, we have χ (χs) = χs and thus χs ∈ ρs. If t ∈ Hz ∩ ρs, then t = χt = χs.
Hence Hz is an associate transversal of ρ.

Lemma 5.6. Let S be a semigroup having a congruence ρ for which Hz is

an associate transversal for some idempotent z. Then z is medial.

Proof. For any s ∈ S define s∗ by the condition A (s) ∩ Hz = {s∗} . By
Theorem 3.1 and Lemma 3.5, we get z = s∗s∗∗ = t∗∗t∗ for all s, t ∈ S, and
by Lemma 3.2, we have s∗ = s∗∗∗ for all s ∈ S. For t∗ ∈ ρs ∩ Hz, we have

s = ss∗s∗∗s∗s ρ t∗ (s∗s∗∗) s∗t∗ = t∗ (t∗∗t∗) s∗t∗ = t∗s∗t∗

whence t∗s∗t∗ = t∗. Thus s∗ = t∗∗ and so t∗ = t∗∗∗ = s∗∗. It follows that
ρs ∩ Hz = {s∗∗} .

For every e ∈ E (S) , we have e ρ e∗∗ and thus e = ee ρ e∗∗e∗∗. Since
e∗∗e∗∗ ∈ Hz, we have e∗∗e∗∗ ∈ ρe ∩ Hz = {e∗∗} and e∗∗ ∈ E (Hz) = {z} . For
p ∈ C (S) , p = e1e2...en (ei ∈ E (S)) , and hence p∗∗ ρ p ρ e∗∗1 e∗∗2 ...e∗∗n = z,
which implies that p∗∗ = z and thus p∗ = p∗p∗∗p∗ = p∗zp∗ = p∗p∗. Hence
p∗ = z and therefore p = pzp.

We are finally ready for the desired result.

Theorem 5.7. The following conditions on a semigroup S are equivalent.
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(i) S has an associate subgroup whose identity is medial.

(ii) S ∼= [C, G; w, ζ ] for some parameters C, G, w and ζ.

(iii) S is a ∗-semigroup satisfying (A1) and any of:

(α) (A2), (A3);

(β) (A2), (A4);

(γ) (A5), (A6) and its zenith z is medial;

(δ) (A5), (A6) and the relation θ in Proposition 4.4 is a congruence.

(iv) S has a retraction χ onto a maximal subgroup of S such that s =
s (χs)−1 s for every s ∈ S.

(v) S has a congruence ρ with an associate transversal which is a maximal

subgroup of S.

(vi) A maximal subgroup G of S contains an associate of each element of

S and is a transversal of the least group congruence on S.

Proof. (i) ⇒ (ii) This follows from Lemma 5.2.
(ii) ⇒ (iii) This follows from Lemmas 3.3 - 3.5, 5.1 and 5.3.
(iii) ⇒ (iv) This was proved in Lemma 5.4.
(iv) ⇒ (v) This follows from Lemma 5.5.
(v) ⇒ (vi) Let the transversal be Hz. Since the transversal is a group, ρ

is a group congruence. Let λ be a group congruence on S. For s ∈ S write

[s] = ρs ∈ S/ρ and s = λs ∈ S/λ.

Suppose that s ρ t. Then [s∗] = [s]−1 = [t]−1 = [t∗]. Now for u ∈ S we have
[u∗∗] = ([u]−1)−1 = [u] and so

[s∗∗t∗∗∗s∗∗] = [s∗∗][t∗∗∗][s∗∗] = [s][t∗][s] = [s][s∗][s] = [s] = [s∗∗].

Thus s∗∗t∗∗∗s∗∗ ρ s∗∗. But since s∗∗t∗∗∗s∗∗, s∗∗ ∈ Hz we have s∗∗t∗∗∗s∗∗ = s∗∗.
By Theorem 3.1 we have t∗∗∗ = s∗∗∗ and it follows, by Lemmas 3.2 and
3.5, that t∗ = s∗. In S/λ, we have s = ss∗s and t = t t∗ t which yields

s−1 = s∗ = t∗ = t
−1

so that s = t and s λ t. Therefore ρ ⊆ λ which proves
the minimality of ρ.

(vi) ⇒ (i) We show first that G is an associate subgroup of S. By
hypothesis, for every s ∈ S, the set A (s) ∩ G is nonempty. Suppose that
u, v ∈ A (s)∩G. Then s = sus = svs which in S = S/σ becomes s = s u s =
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s v s so that u = v. This means that u σ v. Since G is a transversal of σ, it
follows that u = v. Therefore |A (s) ∩ G| = 1 and G is an associate subgroup
of S. By Lemma 5.6, we conclude that the identity of G is medial.

We denote by σS the least group congruence on any regular semigroup
S. A monoid S is uniquely unit orthodox if S is orthodox and every element
has a unique associate in the group of units of S, see [3]. A semigroup S is
F -regular if S is regular and each class of the least group congruence on S
has a greatest element under the natural partial order, see [5].

We now list some supplementary information to that in Theorem 5.7.

Proposition 5.8. Let S be as in Theorem 5.7 having z as zenith.

(i) If the parameters in part (ii) are chosen as in Lemma 5.2, the isomor-

phism ϕ in Lemma 5.2 is a ∗-isomorphism.

(ii) In part (iv) for every s ∈ S, we have χs = s∗∗.

(iii) The congruence ρ in part (v) is the least group congruence on S.

(iv) For every s ∈ zSz, s∗ is the unique associate of s in Hz and zSz is

orthodox. Consequently the semigroup zSz is uniquely unit orthodox.

(v) For every s ∈ zSz, s∗∗ is the greatest element of the σzSz-class of s.
Consequently the semigroup zSz is F -regular.

Proof. (i) For any s ∈ S, we get by Lemma 5.2,

ϕs∗ = (s∗s∗∗, s∗∗∗, s∗∗s∗) =
(

z, (s∗∗)−1 , z
)

= (ϕs)∗

and ϕ is a ∗-isomorphism.
(ii) For s ∈ S, we have (χs)−1 ∈ A (s) ∩ Hz = {s∗} and (χs) s∗ = z.

Then s∗ (χs) s∗ = s∗z = s∗ and thus χs ∈ A (s∗) ∩ Hz = {s∗∗} whence the
assertion.

(iii) This was established in the proof of the implication (v) ⇒ (vi) in
Theorem 5.7.

(iv) Since Hz is the group of units of zSz it suffices to show that zSz is
orthodox. For any e, f ∈ E (zSz) , we have

ef = (ef) z (ef) = (ef) (ef) .

(v) Let σ = σzSz and s ∈ zSz. Then

s = ss∗s = (ss∗) s∗∗ (s∗s) σ s∗∗,

s = zs = s∗∗ (s∗s) = sz = (ss∗) s∗∗
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and thus s ≤ s∗∗. For any s, t ∈ S∗, by Proposition 4.4 and Lemma 5.1, we
have

s σS t ⇐⇒ s∗ = t∗ ⇐⇒ s σzSz t

and hence σS|zSz = σ. Next let t ∈ zSz be such that t σ s. Theorem 5.7 and
Lemma 5.1 imply that t∗ = s∗ whence t∗∗ = s∗∗. But then t ≤ t∗∗ implies
that t ≤ s∗∗. Therefore s∗∗ is the greatest element of σs. By definition, zSz
is F -regular.

Corollary 5.9. Let S = [C, G; w, ζ ] . Every subgroup of S can be embedded

into G. Every group homomorphic image of S is a homomorphic image of

G.

Proof. This follows from Theorem 5.7(vi), Proposition 5.8(ii) and Lemma
4.2(iv).

So all these properties boil down to properties of a maximal subgroup. It
in turn is determined by its identity, that is an idempotent of S. Hence we
may ask the following question: what are necessary and sufficient conditions
on an idempotent z of a (regular) semigroup S in order for S to have Hz as
an associate subgroup? From Theorem 5.7(vi):

The following conditions on an idempotent z of a semigroup S are equiv-
alent.

(i) Hz is an associate subgroup of S.
(ii) Hz is a transversal of the least group congruence on S and every

element of S has an associate in Hz.

6. Regular semigroups with group transversal. As a generalization of
the case considered in the preceding section, we construct here a system of
axioms which characterizes the regular semigroups S having a subgroup G
which is a transversal of a (necessarily group) congruence on S. Relative to
the case studied in the preceding section, we drop the requirement that G
contains an associate of every element of S.

Theorem 6.1. Let S be a regular semigroup.

Let ρ be a congruence on S having a transversal G which is a subgroup of

S. For every s ∈ S, define s∗ by (ρs)−1 ∩ G = {s∗} . Then G = {s∗ | s ∈ S}
and the unary operation s → s∗ satisfies the axioms:

(A1∗) s∗ = s∗s∗∗s∗

and (A2) , (A3) .
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Conversely, let S have a unary operation s → s∗ satisfying these axioms.

Define a relation ρ by

s ρ t ⇐⇒ s∗ = t∗ (s, t ∈ S) .

Then ρ is a congruence on S and S∗ = {s∗ | s ∈ S} is a subgroup of S and

a transversal of ρ.

Proof. Since the transversal G is a group, ρ is a group congruence with
S/ρ ∼= G and G ⊆ Hz for some z ∈ E (S) . Then S∗ = {s∗ | s ∈ S} ⊆ G. Let
s ∈ G. Then ρs∗ = (ρs)−1 so that (ρs∗)−1 = ρs and

s ∈ (ρs∗)−1 ∩ G = {s∗∗} .

Hence s = s∗∗. Therefore G ⊆ S∗ and thus G = S∗.
Let s, t ∈ S. The definition implies that (ρs∗)−1 = ρs∗∗ and thus

s∗s∗∗s∗ ρ s∗. Since s∗, s∗∗ ∈ G, we deduce that (A1∗) holds. Also s∗s∗∗ is
contained in the unit ρ-class as is t∗∗t∗. Since s∗s∗∗, t∗∗t∗ ∈ G, it follows that
(A2) is satisfied. Finally ρt∗ = (ρt)−1 , ρs∗ = (ρs)−1 and

ρ (t∗s∗) = (ρt∗) (ρs∗) = (ρt)−1 (ρs)−1 = (ρ (st))−1 = ρ (st)∗

so that t∗s∗ ρ (st)∗ where t∗s∗, (st)∗ ∈ G and thus (A3) holds as well.
Conversely, by (A3) the map: S → S, s 7→ s∗ is an antihomomorphism,

so its kernel ρ is a congruence and its image S∗ is a subsemigroup of S. If
e, f ∈ E(S) then, by (A1∗), (A2), (A3) and duality,

e∗ = e∗e∗∗e∗ = e∗e∗e∗∗ = (ee)∗e∗∗ = ee∗∗ = f ∗∗f ∗ = f ∗

so e ρ f . Since S is regular this proves S∗ ≡ S/ρ is a group. By the proof
of Lemma 3.2, using (A1∗) in place of (A1), (A7) holds, so for all s, t ∈ S,
we have s ρ s∗∗ and

s ρ t∗ ⇒ s∗ = t∗∗ ⇒ t∗ = t∗∗∗ = s∗∗,

which proves S∗ is a transversal for ρ.

We have seen in the preceding section that the group transversal was ac-
tually a maximal subgroup of S and the corresponding congruence was the
least group congruence. This is generally not the case in the present con-
text. First we may take a trivial subgroup getting the universal congruence
for the group congruence. Conversely, in a completely simple nonorthodox
semigroup S, the unit class of the least group congruence σ on S contains
nonidempotents since S is not E-unitary. If a is such a nonidempotent and
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a ∈ He where e ∈ E (S) , then a σ e so σ|He
is not the equality relation on

He. So if G is a subgroup of He and a transversal of σ, G must be a proper
subgroup of He.
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